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Branching Brownian motion:
Almost sure growth along scaled paths

Simon C. Harris and Matthew 1. Roberts

Abstract We give a proof of a result on the growth of the number of particles along
chosen paths in a branching Brownian motion. The work follows the approach of
classical large deviations results, in which paths of particles in C[0, T], for large T,
are rescaled onto C[0, 1]. The methods used are probabilistic and take advantage of
modern spine techniques.

1 Introduction and statement of result

1.1 Introduction

Fix a positive real number r > 0 and a random variable A taking values in {2,3,...}
such that m := E[A] — 1 > 1 and E[AlogA] < e. We consider a branching Brownian
motion (BBM) under a probability measure P, which is described as follows. We
begin with one particle at the origin. Each particle u, once born, performs a Brow-
nian motion independent of all other particles, until it dies, an event which occurs
at an independent exponential time after its birth with mean 1/r. At the time of a
particle’s death it is replaced (at its current position) by a random number A, of
offspring where A, has the same distrubition as A. Each of these particles, relative
to its initial position, repeats (independently) the stochastic behaviour of its parent.

We let N(z) be the set of particles alive at time 7, and for u € N(r) and s <1 let
X, (s) be the position of particle u (or its ancestor) at time s. Fix a set D C C[0, 1]
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and 0 € [0, 1]; then we are interested in the size of the sets
Nr(D,0):={ueN(OT):3f € DwithX,(t)=Tf(t/T) YVt €[0,0T]}

for large T'.

1.2 The main result

We define the class H; of functions by
N
Hy = {f € Cl0,1]: 3g € L2[0, 1] with f(s) = / g(s)ds Vs e [0, 1}} :
0

and to save on notation we set f(r) := oo if f € C[0,1] is not differentiable at the
point . We then take integrals in the Lebesgue sense so that we may integrate func-
tions that equal oo on sets of zero measure. We let

0o(f):= inf{G €1[0,1] : rm6 — %/Oef'(s)zds < O} € 10,1]U {0}

(we think of 6y as the extinction time along f, the time at which the number of
particles near f hits zero) and define our rate function K, for f € C[0,1] and 0 €
[0,1], as

rm6 — 1 [ f'(s)?ds if f € Hy and 6 < 6o(f)
oo otherwise.

k(r.6):={
We expect approximately exp(K (f, 0)T) particles whose paths up to time 67 (when

suitably rescaled) look like f. This is made precise in Theorem 1.

Theorem 1. For any closed set D C C[0,1] and 6 € [0,1],

T

1

limsup — log |N7(D, 0)| < supK(f,0)
T feb

almost surely, and for any open set U C C[0,1] and 0 € [0, 1],

1
liminf — log|Nr (U, 0)| > supK(f,0)
T—eo T feu
almost surely.
Sections 3 and 4 will be concerned with giving a proof of this theorem.

An almost identical result was stated by Git in [2]. We would like to give an
alternative proof for two reasons.
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Firstly, we believe that our proof of the lower bound is perhaps more intuitive,
and certainly more robust, than that given in [2]. There are many more general setups
for which our proofs will go through without too much extra work. One possibility
is to allow particles to die without giving birth to any offspring (that is, to allow A to
take the value 0): in this case the statement of the theorem would be conditional on
the survival of the process, and we will draw attention to any areas where our proof
must be adapted significantly to take account of this. There is work in progress on
some further interesting cases and their applications, in particular the case where
breeding occurs at the inhomogeneous rate rx?, p € [0,2), for a particle at position
X.

Secondly, there seems to be a slight oversight in the proof of Lemma 1 in [2], and
that lemma is then used in obtaining both the upper and lower bounds. Although the
gap seems minor at first, the complete lack of simple continuity properties of the
processes involved means that almost all of the work involved in proving the upper
bound is concerned with this matter. We give details of the oversight as an appendix.

Our tactic for the proof is to first work along lattice times, and then upgrade to the
full result using Borel-Cantelli arguments. We begin, in Section 2, by introducing a
family of martingales and changes of measure which will provide us with intuitive
tools for our proofs. We then apply these tools to give an entirely new proof of the
lower bound for Theorem 1 in Section 3. Finally, in Section 4, we take the same
approach as in [2] to gain the upper bound along lattice times, and then rule out
some technicalities in order to move to continuous time.

This work complements the article by Harris and Roberts [5]. Large deviation
probabilities for the same model were given by Lee [6] and Hardy and Harris [3].

2 A family of spine martingales

2.1 The spine setup

We will need to use some modern “spine” techniques as part of our proof. We only
need some of the most basic spine tools, and we do not attempt to explain the details
of these rigorously, but rather refer the interested reader to the article [4].

We first embellish our probability space by keeping track of some extra infor-
mation about one particular infinite line of descent or spine. This line of descent is
defined as follows: our original particle is part of the spine; when this particle dies,
we choose one of its offspring uniformly at random to become part of the spine. We
continue in this manner: when a spine particle dies, we choose uniformly at random
between its offspring to decide which becomes part of the spine. In this way at any
time 7 > 0 we have exactly one particle in N(¢) that is part of the spine. We refer to
both this particle and its position with the label &; this is an abuse of notation, but
it should always be clear from the context which meaning is intended. It is not hard
to see that the spatial motion of the spine, (&;),>0, is a standard Brownian motion.
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The resulting probability measure (on the set of marked Galton-Watson trees with
spines) we denote by IP, and we find need for four different filtrations to encode
differing amounts of this new information:

e %, contains the all the information about the marked tree up to time ¢. However,
it does not know which particle is the spine at any point. Thus it is simply the
natural filtration of the original branching Brownian motion.

e %, contains all the information about both the marked tree and the spine up to
time ¢.

e &, contains all the information about the spine up to time ¢, including the birth
times of other particles along its path, and how many particles were born at each
of these times; it does not know anything about the rest of the tree.

e ¥, contains just the spatial information about the spine up to time #; it does not
know anything about the rest of the tree.

YVe note that .%; C %, and %, C 4, C .%,, and also that P is an extension of P in that
P| ., = IP. All of the above is covered more rigorously in [4].

Lemma 1 (Many-to-one lemma). If g(¢) is %,-measurable and can be written

g) =Y sult)lig=y
)

ueN(t
where each g,(t) is F;-measurable, then
E [ )y gu(t)] =™ E[g(r)]-
ueN(t)

This lemma is extremely useful as it allows us to reduce questions about the entire
population down to calculations involving just one standard Brownian motion — the
spine. A proof may be found in [4].

2.2 Martingales and changes of measure

For f € C[0,1] and 6 € [0, 1] define
Nr(f,€,0) :={ueN(OT):|X,(t)=Tf(t/T)| <eT Vte[0,0T]}

so that Ny (f,€,0) = Nr(B(f,€),0). We look for martingales associated with these
sets. For convenience, in this section we use the shorthand

NT(t) = NT(f,S,l/T).

Since the motion of the spine is simply a standard Brownian motion under P, if
f € C?[0,1] then Ito’s formula shows that for ¢ € [0, T], the process
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2 272 T Lol Lot oo ITV2 4
V(1) := ™ /3T cos (ﬁ(ét - Tf(t/T))) o 15/ T)d =5 Jo f'(s/T)"ds

is a ¢,-martingale under P. By stopping this process at the first exit time of the
Brownian motion from the tube {(x,z) : |T f(¢t/T) — x| < €T}, we obtain also that

Cr(t) := Ve () Lyj7p(s/1)—& | <eT Vs<t}

is a %-martingale on [0,7]. As in [4], we may build from {7 a collection of F,-
martingales {r on [0, T] given by

Gr(t) := [T Ave™ (1),

V<§1

but these martingales will not be examined in this article — they are important only
in changing measure below, and in that when we project {7 () back onto .%; we get
a new set of mean-one .%;-martingales Zr. These processes Zr are the main objects
of interest in this section, and can be expressed for ¢ € [0, T] as the sum

Zr(t)= Y v ()e ™
ueNr(t)

where

Vi 0) = T cos (ST (X,(0) — T 0/T)) ) 86/ T50) L8 6/,

We now define new measures, QT, via
Qrlz =Gr(0)Bl 4
for t < T — and note that
Qrlz =Zr(1)Blz and  Qrly, = {r(t)Ply,

Lemma 2. Under Qr, the spine & moves as a Brownian motion with drift

F6/T) = sz tan (5o (= TF(t/T)) )

when at position x at time t; in particular,
& —Tf(t/T)| <eT YVt <T Qr-almost surely.

Each particle u in the spine dies at an accelerated rate (m+ 1)r, to be replaced by a
random number A, of offspring where A, is taken from the size-biased distribution
relative to A, given by Qr (A, =k) =kP(A=k)(m+1)"', k=0, 1,... (note that this
distribution does not depend on T ). All other particles, once born, behave exactly
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as they would under P: they move like independent standard Brownian motions, die
at the usual rate r, and give birth to a number of particles that is distributed like A.

Proof. Most of this is standard in the spine literature; for example proof can be
found in [4]. We will not use the precise drift of the spine except for the fact that the
spine remains within the tube: to see this note that since the event is 47 -measurable,

Qr(3 <T:|&—Tf(t/T)| > eT) =E[Sr(T)L(z<ri&—T1(/T)|>eT}] = O
by the definition of {7 (T).
Another important tool in this section is the spine decomposition.

Lemma 3 (Spine decomposition). Q7-almost surely,

(@T[ZT(I”gr] = Z (A, — I)VT(SL,)eirmS” +Vr(t)e ™

u<

where we recall that {u < &} is the set of ancestors of the spine particle at time t,
and S, denotes the time at which particle u split into two new particles.

A proof of the spine decomposition may be found in [4].

Lemmad. If f € C?[0,1] then for any u € Nr(t), almost surely under both P and
Qr we have

t/T
gzeT/O £ (s)|ds + €T £ (0)].

! t
[ rsmaxo- [ rimras
0 JO
Proof. From the integration by parts formula for Itd calculus (since for any particle

u € N(t), (Xu(s),0 < s <t) is a Brownian motion under P) we know that for any
g € C?[0,1] with g(0) = 0, under P,

't 't
%)= [ £ ON(s)ds+ [ &)X ).
From ordinary integration by parts,
t t
| ¢ 6rds =g s~ [ s(5)¢" w)ds

Now set g(t) = T f(¢/T) for ¢ € [0,T]. We note that, if u € Ny () then |X,(s) —
g(s)| < €T for all s <. Thus
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‘/f (s/T)dX, (s /f (s/T)%ds

‘/g )dX,( /g Zdi

()X, / ¢ _ g(s))ds

<1g'(t) = ¢'(0)[eT +g'(0) €T — /0 18" (s)|eTds

<2eT [ [¢/(9)|ds+eT|g'(0)
t/T
= 26T [ |7"(5)lds+eTI(0)]

almost surely under P and, since @T < IF’, almost surely under QT.

We now use this result to give approximations on Zr(¢) under certain conditions.
One of these conditions involves the seemingly unnatural assumption f'(0) = 0.
This is caused by the fact that in this section we make no approximations to the
path of the spine under Q7 except for using that it always remains within €7 of our
T-rescaled path — hence we are left with a rather bad estimate on its path at small
times, where it will not get anywhere near €7. This does not matter to us, however,
precisely because of this freedom to move within the e-tube about f: if f/(0) # 0
then we may choose g near to f (in an appropriate way; certainly within the &-tube)
such that g’(0) = 0. This issue arises in Lemma 8 and rigorous details are given
there.

Lemma 5. If f € C2[0,1], f'(0) =0and rm¢ > 1 [ f'(s)?ds for all ¢ € (0, 6], then
for small enough € >0 and any T > 0 andt < 0T, there exists 1 > 0 such that

2 /@g2 2 /g2
\% < Z 7r/8£T nSquen/SsT nt

M<~':T

Qr-almost surely.

Proof. Since rm¢ > %foq) f(s)%ds for all ¢ € (0,6] and f'(0) = 0, we may choose
1 > 0 such that

1 o
2mg <rmp— 5 [ f/(s7ds o € 0.6,
JO
Then for any € > 0 satisfying
9
2 [*1f"(s)lds <m0 Vo € [0.6]
0

we have, by Lemma 4 (since f/(0) = 0 and using the fact that under Q7 the spine is
always in Nz (1)),
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V’r(l‘)eirmt < 6752/8£2T7rmt+% é/T.f’(s)zd‘s'#»ZeTfé/T | (s)|ds < enz/Sesznt

for all 7 € [0, 0T]. Plugging this into the spine decomposition, we get

@T[ZT(I)ngT] < Z (Au— ])ezrz/SesznSu _~_en2/882T—nt.

u<ér

Proposition 1. If f € C2[0,1], f/(0) = 0and rm¢ > L [ f'(s)2ds for all ¢ € (0,6,
then for small enough € > 0 the set {Zr(t) : T > 1,t < 0T} is uniformly integrable
under .

Proof. Fix & > 0. We first claim that there exists K such that

sup  Qr(Qr(Zr(1)|9r) > K) < /2.

T>1, t<0T

To see this, take an auxiliary probability space with probability measure O, and on
this space consider a sequence Aj,A3,... of independent and identically distributed
random variables satisfying

0(Ai=k) = %jk)

so that the A; have the same distribution as births A, along the spine under Qr (recall
that there is no dependence on 7). Take also a sequence ey, es,... of independent
random variables that are exponentially distributed with parameter r(m + 1); then
set S, = e +...+ e, (so that the random variables S, have the same distribution as
the birth times along the spine under Q7). By Lemma 5 we have

[ agki

;lili Qr(Qrlzr(1)|9r] > K) < Q (

(Aj— 1)e™ /3 nS) 4 o7/8e? K) .
t<0T

j=1

Hence our claim holds if the random variable Y7 (A; — 1)e~"5i can be shown to
be Q-almost surely finite. Now for any y € (0, 1),

Q(Z(An —1)e ™" = o0) < Q(Ane ™" > ¢ infinitely often)
n
NSy
n

logA
<Q (Oi" > logy+ infinitely often> .

By the strong law of large numbers, S, /n — 1/r(m+ 1) almost surely under Q; so
if y € (exp(—n/r(m+1)),1) then the quantity above is no larger than

logA
0 <limsup0g” > 0) .
n—soo n

But this quantity is zero by Borel-Cantelli: indeed, for any 7,
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ZQ <logA,, > 8) = ZQ(logAl > en)

n

< /°° O(logA; > ex)dx=Q {logA] ]
0

€

which is finite for any € > 0 since (by direct calculation from the distribution of
A; under Q) Q[logA;] = P[AlogA] < o (this was one of our assumptions at the
beginning of the article). Thus our claim holds.

Now choose M > 0 such that 1 /M < §/2; then for K chosen as above, and any

T>1,t<60T,
Qr(Zr(t) > MK) < Qr(Zr(t) > MK, Qr[Zr (1)|9r] < K)

+Qr(Qrlzr (1)|%r] > K)

~ [ Zr(1)
Qr { MK I{QT[ZTOM%]«}] +6/2

~ [Qr[Zr(1)|%7]
:QT{ Mk Wrlzrgrizky| T9/2

<1/M+8/2<8.

IN

Thus, setting K’ = MK, forany T > 1, < 6T,
P(Zr (1) Lz, ()>xy] = Qr (Zr (1) > K') < 6.
Since 6 > 0 was arbitrary, the proof is complete.

As our final result in this section we link explicitly the martingales Zr with the
number of particles Nr.

Lemma 6. For any § > 0, if f € C?[0,1], £(0) =0 and € is small enough then

720

20(67) < Ny (7..0) exo ( gea7

0
—rm@T—l—%/ f’(s)zds—&—ST).
0

Proof. Simply plugging the result of Lemma 4 into the definition of Z7(0T) gives
the desired inequality.

We note here that, in fact, a similar bound can be given in the opposite direction,
so that Ny (f,€/2,0) is dominated by Z7r(6T) multiplied by some deterministic
function of 7. We will not need this bound, but it is interesting to note that the study
of the martingales Z7 is in a sense equivalent to the study of the number of particles
Nr.
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3 The lower bound

3.1 The heuristic for the lower bound

We want to show that Ny (f,€,6) cannot be too small for large 7. For f € C[0, 1]
and 6 € [0, 1], define

1(7,0):= { 710 RSO e

—o0 otherwise.
We note that J resembles our rate function K, but without the truncation at the
extinction time 6. We shall work mostly with the simpler object J, before deducing
our result involving K at the very last step. We now give a short heuristic to describe
our route through the proof of the lower bound.

Step 1. Consider a small (relative to T7) time 7. How many particles are in
Nr(f,e,m)? If n is much smaller than &, then (with high probability) no particle
has had enough time to reach anywhere near the edge of the tube (approximately
distance €T from the origin) before time 17 Thus, with high probability,

N (f,€,m)| = IN(nT)| = exp(rmnT).

Step 2. Given their positions at time N7, the particles in Ny (f, €,1) act indepen-
dently. Each particle u in this set thus draws out an independent branching Brownian
motion. Let N7 (u, f, €, 0) be the set of descendants of u that are in Ny (f, €, 6). How
big is this set? Since 1 is very small, each particle u is close to the origin. Thus we
may hope to find some g < 1 such that

P (N7 (u, f,€,0)| <exp(J(f,8)T —8T)) <g.

(Of course, in reality we believe that this quantity will be exponentially small — but
to begin with, the constant bound can be shown more readily.)

Step 3. If Nr(f,€,0) is to be small, then each of the sets Ny (u, f,€,0) for u €
Nr(f,€,m) must be small. Thus

P(INr(f,€,0)| <exp(J(f,0)T = 8T)) < g **™1"),

and we may apply Borel-Cantelli to deduce our result along lattice times (that is,
times 7}, j > 0 such that there exists 7> 0 with T; — T, = tforall j > 1).

Step 4. We carry out a simple tube-reduction argument to move to continuous
time. The idea here is that if the result were true on lattice times but not in continuous
time, the number of particles in N7 (f, €, 0) must fall dramatically at infinitely many
non-lattice times. We simply rule out this possibility using standard properties of
Brownian motion.
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The most difficult part of the proof is Step 2. However, the spine results of Section
2 will simplify our task significantly.

3.2 The proof of the lower bound

We begin with Step 1 of our heuristic, considering the size of Ny (f,€,n) for small
n.

Lemma 7. For any continuous f with f(0) = 0 and any € > 0, there exist 1 > 0,
k > 0 and T such that

P(3uc N(nT):u g Nr(f,e/2,m)) <e X VI >T.

Proof. Choose 1 small enough that supc (o 1 | f(5)| < €/4. Then, using the many-
to-one lemma and standard properties of Brownian motion,

P(3ue N(nT):u ¢ Nr(f,e/2,m))
=P <3u eEN(NT) :sup|X,(sT)—Tf(s)| > £T/2>
s<n
<P l Y Tsupeey Xu(sT)Tf(S)|>8T/2}]
ueN(nT)

< MNP (sup|§yT —Tf(s)| > 8T/2>
s<n

<e™TP ( sup|Eq| > eT /4
s<N

- 16\/ﬁermnT7£2T/32‘r].
ev2nT

A suitably small choice of 1 gives the exponential decay required.

We now move on to Step 2, using the results of Section 2 to bound the probability
of having a small number of particles strictly below 1. The bound given is extremely
crude, and there is much room for manoeuvre in the proof, but any improvement
would only add unnecessary detail.

Lemma 8. If f € C?[0,1] and J(f,s) > 0 Vs € (0, 8], then for any € >0 and § >0
there exists Ty > 0 and g < 1 such that

P(INr(f.€,0)| < /UOTT) < WT > T,

Proof. Note that by Lemma 6 for small enough € > 0 and large enough 7',
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N7 (f,€,8)[e VOTHT2 > 7, (6T)
and hence

P <|NT(f,e, 9)| < ej(fﬁ)T_‘ST) <P (ZT(BT) < e_ST/Z) .

Suppose first that f'(0) = 0. Then, again for small enough &, by Proposition 1 the
set {Zy(0T),T > 1,1 € [1,0T]} is uniformly integrable. Thus we may choose K
such that

SupEZr (67) iz, o7)>k)] < 1/4

and then
1 =E[Zr(6T)] = E[Z7 (6T) 1z, (o1)<1/2}] + E[Zr (0T) 11 j2<7 (07)<k}]
+E[Zr (6T) 1z, (01)>k}]
<1/2+KP(Zr(0T) > 1/2)+1/4

so that
P(Zr(6T) > 1/2) > 1/4K.

Hence for large enough T,
P <|Nr(f,£, 0)| < ef<f=9>T*5T) <1-1/4K.

This is true for all small € > 0; but increasing € only increases |Nr(f,€,0)| so
the statement holds for all € > 0. Finally, if f'(0) # 0 then choose g € C?[0, 1]
such that g(0) = g’(0) =0, sup,—g|f —g| < €/2, J(g,9) > 0 for all ¢ < 6 and
J(g,0) > J(f,0)—§&/2 (for small n, the function

f(t) ifren,1]”

with a = —f'(0), b = 3f'(0)/n, c = =3f'(0)/n? and d = f'(0)/n>, will work).
Then as above we may choose K such that

o(1) = {f(t)+at+bt2+ct3+dt4 ifr€[0,n)

P(|N7(f,€,0)| < &'VOT=9TY <P(|Ny(g,£/2,0)| < &/ ®OT=0T/2y < | _1/4K
as required.

Our next result runs along integer times — these times are sufficient for our
needs, although the following proof would in fact work for any lattice times.

Proposition 2. Suppose that f € C?[0,1] and J(f,s) > 0Vs € (0,6]. Then

1
liminf ~ log|N;(f,€.8)| > J(£.6)
Jjoreo
jeN
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almost surely.
Proof. For any particle u, define

Nr(u,f,€,0):={veN(OT):u<v, |X,(t)—Tf(t/T)|<eT Vre[0,0T]}
={v:u<v}NNr(f,e¢,0),

the set of descendants of u that are in Ny (f, €, 0). Then for § > 0 and n € [0, 0],

}P’(|Nr(f,e, 9)| < ef<fv9>T*5T‘ %T)

< 1 P(Ivrwseo) <oz,
ueNT (f,€/2,m)

< 1 P(nr(ge/20-m) <V OT7)
ueNt(f,e/2,m)

since {|Nr(u, f,€,0)| : u € Nr(f,€/2,m)} are independent random variables, and
where g : [0, 1] — R is any twice continuously differentiable extension of the func-
tion

§:[0,6—n] =R

t— flt+n)—f(n).
If i is small enough, then

(f,0)—J(g,0—m) <6/2

and
J(g,5)>0 Vse(0,6—n].

Hence, applying Lemma 8, there exists g < 1 such that for all large T,
P (INr(3,€/2,6 —m)| < /O3
<P (INr(g,6/2,6 — )| < &ONTT2) < g,
Thus for large T,
P(INr(f,€,0)| < /OO | 71 ) < gMrther2nl, M

Now, recalling that N(¢) is the fotal number of particles alive at time ¢, it is well-
known (and easy to calculate) that for a € (0,1),

NI « &
E[a }_a—k(l—a)er’

(in fact this is exactly E[O{‘N (’)|] in the case of strictly dyadic branching). Taking
expectations in (1), and then applying Lemma 7, for small 17 we can get
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T—oT
P(IN7(f,.0)| < 0737

SPGMGNMTyugNﬂﬂQQnD+EPWMDq

< o kT q
=¢ +q+(1*q)e””

for some k > 0 and all large enough T'. The Borel-Cantelli lemma now tells us that

1
P <lir_ninfjlog IN;(f,€,0)| <J(f,0)— 6) =0,
]

and taking a union over 8 > 0 gives the result.

We note that our estimate on E[a/V)l] may not hold if we allowed the possibility
of death with no offspring. In this case a more sophisticated estimate is required,
taking into account the probability that the process becomes extinct.

We look now at moving to continuous time using Step 4 of our heuristic. For
simplicity of notation, we break with convention by defining

1fllo :==sup |f(s)|

5€[0,6]

for f € C[0,0] or f € C[0,1] (on this latter space, || - ||¢ is not a norm, but this will
not matter to us).

Proposition 3. Suppose that f € C?[0,1] and J(f,s) > 0 Vs € (0,6]. Then
1
liminf — log|Nr (f,€,0)| > J(f,0)
T—oo T

almost surely.

Proof. We claim first that for large enough j € N,
{mireoi> it nir2eo)]
1E€[j,j+]

ClIeN@OG+1): sup X))~ X ()] > 2}
telj,j+1] 2

Indeed, if v e N;(f,€,0),t € [j,j+1] and s € [0, 6¢] then for any descendant u of v
at time O¢,
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(Xu(s) =2/ (s/0)| < Xu(s) = Xu(s N OJ)| +[Xu(s A 0) = jf((s N 6)) /)
+1if((sN8))/J) = if (s/0)]+if (s/t) =1 f(s/1)]
< [Xu(s) = Xu(s A8 )| +€j
+J sup [f() = FO)+ 1 lle

x,y€[0,0]
le—yl<1/j

3e .
<X (s) = Xu(s N 0|+ 7]’ for large j;

so that if any particle is in N;(f,€,0) but not in N;(f,2¢,0) then it must satisfy

sup X, (s) = Xu (/)| = €j/2.

J<s<t

This is enough to establish the claim, and we deduce via the many-to-one lemma
and standard properties of Brownian motion that

telj,j+1]

<P(auew<e<j+1>>: sup |xu<r>—xu<j>|>sj/2>
re(j,j+1]

zerme(jJrl)[ﬁ)( sup |§f—€j|28.]/2)
teljj+1]
8

EjV2rm

Since these probabilities are summable we may apply Borel-Cantelli to see that

< exp(rmG(j+1)—ezj2/8).

P(IN;(f,e,0)| > inf |N;(f,2¢,0)] infinitely often) = 0.
r€lj,j+1]
Now,
1
P (hminflog INr(f,€,0)] < J(f,G))
T—o T

1
< (limint < tog (1. 2¢.6)| < J(7.6)
J—reo

inflG[i f+1] |Nt(fag7 9)' >
+ P ( liminf <1
< Joreo |Nj(f72876)|

which is zero by Proposition 2 and Borel-Cantelli.

If we were including the possibility of death with no offspring then we would
have to check that no particles in N;(f,€,0) managed to reach the outside of the
slightly altered 2&-tube and then die before time j+ 1. The only added difficulty
would be in keeping track of notation.
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We are now in a position to give our lower bound in full.

Corollary 1. For any open set U C C[0,1] and 6 € [0,1], we have

1
liminf — log|N7 (U, 0)| > supK(f,0)
T—oeo T feu

almost surely.

Proof. 1f sup;c; K(f,0) = —oo then there is nothing to prove. Thus it suffices to
consider the case when there exists f € U such that 8 < 6y(f). Since U is open, in
this case we can in fact find f € U such that J(f,s) > 0 forall s € (0,0] Gf J(f,¢) =
0 for some ¢ < 6, just choose 1 small enough that (1 —7)f € U) and such that
f is twice continuously differentiable on [0, 1] (twice continuously differentiable
functions are dense in C[0, 1]). Thus necessarily sup,;, K (g, 0) > 0, and for any & >
0 we may further assume (by a simple argument, for example by approximating with
piecewise linear functions and then smoothing) that J(f, 0) > sup,.;, K(g,0) — 3.
Again since U is open, we may take € such that B(f,€) C U, then clearly for any T

Nr(f,€,0) CNr(U,9)

so by Proposition 2 we have

1
liminf — logNr (U, 6) > supK(g,0) — 6
T—>o0 T ggU

almost surely, and by taking a union over 6 > 0 we may deduce the result.

4 The upper bound

Our plan is as follows: we first carry out the simple task of obtaining a bound along
lattice times (Proposition 4). We then move to continuous time in Lemma 9, at the
cost of restricting to open balls about fixed paths, by a tube-expansion argument
similar to the tube-reduction argument used in Proposition 3 of the lower bound.
In Lemma 10 we then rule out the possibility of any particles following unusual
paths, which allows us to restrict our attention to a compact set, and hence a finite
number of small open balls about sensible paths. Finally we draw this work together
in Proposition 5 to give the bound in continuous time for any closed set D.

Our first task, then, is to establish an upper bound along integer times. As with
the lower bound, these times are sufficient for our needs, although the following
proof would work for any lattice times. In a slight abuse of notation, for D C CJ0, 1]
and 0 € [0, 1] we define

J(D,0) :=supJ(f,0).
feb
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Proposition 4. For any closed set D C C[0,1] and 6 € [0, 1] we have

1
limsup - log|N;(D,0)| < J(D,0)
jooo ]

jeN
almost surely.
Proof. From the upper bound for Schilder’s theorem (Theorem 5.1 of [7]) we have

1
llmsup—logp(ir € Nr(D,0)) < — inf = / f'(s)%ds.
T—o0 fGD

Thus, by the many-to-one lemma,
1 1 -
limsup — log]E [|Nr(D,6)|] < limsup — log (e”"eTP(fr € Nr(D, 6)))
T—roo Toe T

< rmf — inf 2 /ef’( )2d
<rm }ED 5 ), s)°ds
=J(D,0).

Applying Markov’s inequality, for any 6 > 0 we get

EIND.0)] _

1 1
limsup ? lOg]P)(|NT (D, 9)| Z EJ(D79)T+5T) S limsup — log W S
e’/ D,

T—s00 Toeo T

so that
P(|N;(D,8)| > ' P0)it0]) < oo

™

1

J
and hence by the Borel-Cantelli lemma

1

PP ( limsup — log|N;(D,6)| > J(D,0)+6 | =
jooo ]

Taking a union over 6 > 0 now gives the result.

We note that the proof by Git [2] works up to this point; the rest of the proof of
the upper bound will be concerned with plugging the gap in [2].
For D C C[0,1] and € > 0, let

D*:={reco1]: inflf —g < &}.

Recall that we defined Ny (f,€,0) := Nr(B(f,€),0).
Lemma 9. If D C C[0,1] and f € D, then

1
llmsup—log|NT(f,£ )| <J(D*,0)

T—oo
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almost surely.

Proof. First note that
1
P (limsuplog IN7(f,€,0)| > J(D*,0) + 6)
Toeo 1

1
<P (limsup,log IN;(f,2¢,0)| > J(D28,6)>
J

Joree

. 1 N (f.€,0)]
+P | limsup-log sup ———"—*->96|.
( j=ee el j] IN;(f,2¢,0)]

Since f € D, the uniform closed ball of radius 2¢ about f is a subset of D*¢, so by
Proposition 4,

1
P <limsuplog IN;(f,2€,0)| > J(D28,9)> =0

iy

and we may concentrate on the last term. We claim that for j large enough, for any
t € [j,j+ 1] we have
Nt(fvsa ej/t) g Nj(f7287 9)

Indeed, if u € N;(f,€,60/t) then for any s < 6,

[Xu(s) = Jif (s/ )]
< Xuls) —2f (/)| +1if (s/ ) = 1f (s/ D) +21f (s/5) — £ (s/)]

<te+|fllo+t sup |f(x)—fO)]
x,y€[0,6]
[x—y[<1/j

which is smaller than 2¢ for large j since f is absolutely continuous.

We deduce that for large j every particle in N;(f,€,0) for any 7 € [j, j+ 1] has
an ancestor in N;(f,2¢,0); thus, letting N(u,s,t) be the set of all descendants (in-
cluding, possibly, u itself) of particle u € N(s) at time ¢,

E

|Nl(f78a9)|
sup —— L
relj,j+1] |Nj(f728»9)|

(E [Supte[j,ﬂ»l] \Nt(ﬁ&e)\‘fej}

<E
- IN;(f,2¢,0)]

E [Supte[j,j—H] ZueN,-(fJe.B) IN(u,87, 9t)|‘ 99,/}

<E
B IN;(f,2¢,0)]

Since |N(u, 0 j, 6t)] is non-decreasing in ¢, using the Markov property we get
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IN:(f,€,8)| Yuen(f,2e.0) E[IN(,0,6(j+1))|| Fo,]
E ——— | <E
et N, (F26.0)] | = [N, (f,2€,6)]
_E {INj(fJ& 9)IE[IN(9)I]}
IN;(f,2¢,0)|
= exp(rm0).

Hence by Markov’s inequality

P( N (.£,0)]
te

sup

> ex 6 1 S ex rme _ 6 .
.+ IN;(f,2€,0)] p( J>> p( 7)

and applying Borel-Cantelli

1 N, 0
P | limsup —log sup Ni(f.8,0) >0 |=0.
Jreo ) relj,j+1] |Nj(f72£»9)|

Again taking a union over 6 > 0 gives the result.

If we were considering the possibility of particles dying with no offspring then
N(u,6j,6t) would not be non-decreasing in ¢, but considering instead the set of all
descendants of u ever alive between times 6 j and 8¢ would give us a slightly worse
— but still good enough — estimate.

We move now onto ruling out extreme paths, by choosing a “bad set” Fy and
showing that no particles follow paths in this set. There is a balance to be found
between including enough paths in Fy that Cy[0, 1]\ Fy is compact, but not so many
that we might find some (rescaled) Brownian paths within Fj at large times.

For simplicity of notation we extend the definition of Ny (D, 0) to sets D C CJ0, 6]
in the obvious way, setting

Nr(D,0):={ueN(6T):3f e Dwith X, (t) =T f(¢/T) vVt €[0,6T]}.
Lemma 10. Fix 6 € [0,1]. For N € N, let

Fy = {fec[o,e] 2N, s €0,6] with u—s| < =, 1) — )] > %}
Then for large N
1
limsup?logWT(FNa )| = —oo

T—oo

almost surely.

Proof. Fix T > S > 0; then for any ¢ € [S,T],
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UG =8|
Ni(Fn,0)} =43n>N 0,0]:|u—s|<— —
{éle I(N’ )} {n— ,u,SE[, ] |M S|—n27 P \f
1 éuT ésT
Cedn>N, u,s€0,0]:|lu—s| < — —
< {anz N s 0] sl < . |35
Since the right-hand side does not depend on ¢, we deduce that
1 u A
Q{EnzN, u,s €[0,0]: Ju—s| < —, Sur —&7 > — }

Now, for s € [0,6], define m(n,s) := |2n%s]/2n>. Suppose we have a continuous
function f such that supyc(o g1 f(s) — f(m(n,5))| < 1/4/n. If u,s € [0, 6] satisfy
|u—s| < 1/n?, then

F) — £(5)

< V£ () — £ ((m )]+ |£(5) — £l 5))| + | f((r5)) — £ (2 ()
1 1 2 1

SN ANy

Thus

(3t €[S, T]: & € N,(Fy,0)} C {an >N, s<0: S _E”("*‘)T

1
> .
4v/n }
Standard properties of Brownian motion now give us that

PGre[S,T):& eN(Fy,0)) <P(3n >N, s <0 : |&x — Eppyyr] > S/4/n)

< Z 2n2P< [sup |Esr ]| >S/4\/ﬁ>

n>N €[0,1/2n2]

p< 52">
n>N 16T .

Taking S = jand T = j+ 1, we note that for large N,

8vVn3T S2n jn JjN
- < _ )< <
&, sym eXp( 16T) ;Ve"p( 32)-“"( 64)

)}

so that (again for large N),
PErej,j+1]:& € Ni(Fy,0)) < exp(—2rm}).

Applying Markov’s inequality and the many-to-one lemma,
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P( sup |N(Fy,0)|>1) S]El sup |N,(Fy,90)]
telj,j+1] telj,j+1]

<E [ Z ]l{g,e[jdur]], v<u vGN,(FNﬁ)}]
ueN(j+1)

<e™UIB(Ir e [, j+1]: & € N,(Fy, 0))
<exp(rm@(j+1)—2rmj).

Thus, by Borel-Cantelli, we have that for large enough N

P(limsup sup |N;(Fy,0)|>1)=0
Jree telf,j+1]

and since |Nr (Fy, 6)| is integer-valued,
. 1
limsup — log |Nr (Fy, 0)| = —oo
T —oo T

almost surely.

Now that we have ruled out any extreme paths, we check that we can cover the
remainder of our sets in a suitable way.

Lemma 11. For 6 € [0, 1], let
Col0, 6] := { € C[0,6] : £(0) = 0.

For each N €N, the set Cy[0, 0]\ Fy is totally bounded under || - ||g (that is, it may
be covered by open balls of arbitrarily small radius).

Proof. Given € >0 and N € N, choose n such that n > NV (1/&?). For any func-
tion f € Cy[0,0]\ Fy, if |u—s| < 1/n* then |f(u)— f(s)| < 1/\/n < €. Thus the
set Cy[0, 0]\ Fy is equicontinuous (and, since each function must start from 0,
uniformly bounded) and we may apply the Arzela-Ascoli theorem to say that
Cy[0, 6] \ Fy is relatively compact, which is equivalent to totally bounded since
(C[0,6],|-1le) is a complete metric space.

We are now in a position to give an upper bound for any closed set D in contin-
uous time. This upper bound is not quite what we asked for in Theorem 1, but this
issue — replacing J with K — will be corrected in Corollary 2.

Proposition 5. [f D C C[0,1] is closed, then for any 6 € [0,1]

1
limsup T log|N7(D,0)| <J(D,0)

T—o0

almost surely.
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Proof. Clearly (since our first particle starts from 0) Ny (D \ Gy[0, 1],6) = @ for all
T, so we may assume without loss of generality that D C Cy|0, 1]. Now, for each 6,

otherwise

Fos { LS (s)%ds if f € Hy

is a good rate function on Cy|0, 6] (that is, lower-semicontinuous with compact level
sets): we refer to Section 5.2 of [1] but it is possible to give a proof by showing
directly that the function is lower-semicontinuous, then applying Jensen’s inequality
and the Arzela-Ascoli theorem to prove that its level sets in Cy[0, 1] are compact.
Hence we know that for any 6 > 0,

{f € Col0,6]: J(£.0) > J(D,0) + &}
is compact, and since it is disjoint from
{f €C[0,0] : Ig € D with f(s) = g(s) Vs € ]0, 6]},

which is closed, there is a positive distance between the two sets. Thus we may fix
8 > 0 and choose € > 0 such that J(D%*,0) < J(D,0) -+ 8. Then, by Lemma 11, for
any N we may choose a finite & (depending on N) and some fi, k =1,2,...,a such
that balls of radius € about the fj cover Cy[0, 0]\ Fy. Thus

P (limsup % log|Nr(D,0)| > J(D,0) + 5)

T—5oo

1
< P|( limsup = log|Nr(Fy,0)| > J(D,0)+ 6
T—o0 T

X 1
+) P (ﬁmsupTlogNT(fk,e, 0)| > J(D28,9)> .
=1

T —o0

By Lemma 10 and Lemma 9, for large enough N the terms on the right-hand side
are all zero. As usual we take a union over é > 0 to complete the proof.

Corollary 2. For any closed set D C C[0,1] and 6 € [0, 1], we have

1
limsup — log |N7 (D, 0)| < supK(f,0)
Toeo 1 feb

almost surely.

Proof. Since |Nr(D, 6)| is integer valued,
1 1
?log\NT(D, 0) <0 = ?log |Nr(D, 0)| = —co.

Thus, by Proposition 4, if J(D, 0) < 0 then
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1
P limsup — log |N7 (D, 0)| > —oo | =0.
Toeo I

Further, clearly for ¢ < 0 and any T > 0, if Ny(D, ¢) = 0 then necessarily we have
Nr(D,0) = 0. Thus if there exists ¢ < 6 with J(D, ¢) < 0, then

1
P (limsuplog |N7(D,0)| > —oo) =0
T 1

which completes the proof.

Combining Corollary 1 with Corollary 2 completes the proof of Theorem 1.

Appendix: The oversight in [2]
In [2] it is written that under a certain assumption, setting
. 1 1
W, =< o € Q :limsup — log|Ny(D, 0)| > J(D,0)+ —
T I n

(it is not important what J(D, 6) is here) we have P(W,) > 0 for some n. This is
correct, but the article then goes on to say “It is now clear that

1 1
limsupflogIEHNT(D,@)H ZJ(D79)+E i

T —ro0

which does not appear to be obviously true. To see this explicitly, work on the proba-
bility space [0, 1] with Lebesgue probability measure P. Let X7, T > 0 be the cadlag
random process defined (for @ € [0,1] and T > 0) by

ETif T-nejw—e ™, @+e ) forsomen € N

Xr(w) = { T

e’ otherwise.

0

1

Then for every o,

1
limsup T logXr () =2

but
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1
TlogE[XT] -1
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