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Abstract
Aerial and aquatic animals have been employing flapping motion for millions of years.
Recently, there has been interest in improving the design of Micro Air Vehicles to carry
out military or civilian operations. The resemblance in the operating regimes between
the flapping-wingers and the man-made vehicles has sparked interests in the area of
aerohydrodynamics of these deforming bodies.
In computational fluid dynamics, research often involves the study of wake dynamics which requires the generation of a wake from sharp edges of a body. The
time-domain based Boundary Element Method has the ability of capturing the deforming body and minimizes the computational overheads by restraining the domain
on the body surface only. However, numerical problems arise when first or higher order
elements are used as the nodes on the upper and lower surfaces at the trailing edge
are at the same geometrical location. This gives zero potential jump, hence no lift, for
lifting cases.
A novel technique to circumvent the above problem has been developed in this
thesis. More precisely, the procedure enables the numerical limit to be obtained at
the sharp edge of a body, which is required by the Kutta-Joukowski condition. Satisfaction of this condition is essential for wake generation with the Morino boundary
integral equation. The first step of the procedure involves the relocations of each edgecollocation point away from the surface along its normal. The second step improves the
estimated values of potential at these new locations via a mathematical relationship between the original and relocated nodes. The first-order derivatives in the Taylor series
are deducted from the estimated values. Since the derivatives are readily available from
the boundary conditions, the newly-developed procedure can be easily implemented.
The procedure has been validated and applied on several practical examples in three
dimensions. First-order unstructured triangular elements are applied in the meshes.
Superconvergence has been achieved in all the cases assessed. At least second-order
convergence is obtained for the first-order method. Numerical evidence is given on the
importance of applying the Taylor series correction to improve the original solutions.
Time step and the normal distance by which the collocation points are moved, are
identified as the determining parameters of the numerical accuracy. Results from nonlifting cases have shown the ability of the code in solving the integral equations properly.
Simulations on lifting and plunging wings have shown good agreements with theoretical
and published results. The predicted thrust and power generated by a deforming fish
have also contributed to demonstrate the reliability of the new code. Reasonably good
thrust predictions can be acquired as long as the values of the parameters are carefully
chosen. The contribution made should enable an increased use of the boundary element
method in the area of aerohydrodynamic research.
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Prologue
A warrior of light often loses heart.
He believes that nothing can stir in him the emotion he so desired. He is forced to
spend many evenings and nights feeling that he is one of the vanquished, and nothing
seems able to restore his enthusiasm.
His friends say: ‘Perhaps his fight is over.’
The warrior feels pain and confusion when he hears such remarks because he knows
that he has not yet reached the place he wanted to reach. But he is stubborn and
refuses to relinquish his aims.
Then, when he least expects it, a new door opens.

Manual of the Warrior of Light, Paulo Coelho, 2003
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Chapter 1

Biomimetism—inspired by
nature
1.1

Learning from the experts

Human beings have long dreamed of flying freely in the sky. As early as the 11 th
century [1], Eilmer of Malmesbury had tried to glide like birds with his mechanical
wings. It was then Leonardo da Vinci who might be the first person to study bird
flight seriously and come up with the idea of ornithopter design in the 15 th century. An
example of his design is shown in Figure 1.1 [2]. After Leonardo, there was a blossoming
in designs of ornithopter. However, the lack of scientific basis almost guaranteed that
these “flapping-wingers” were doomed to failure.

Figure 1.1: Design of an ornithopter by Leonardo da Vinci [2].
Flapping motion is elegant and yet powerful as it generates both lift and thrust
at the same time, in contrast to a fixed-wing aircraft. In the aeronautical world,
passive flapping motion (flutter) of some loose parts on jet fighters has been reported
1

to be disastrous. In fact, studies of flapping wing motion were motivated by early
theoretical [3] and experimental [4] flutter investigations.
On the other hand, recent interest in Micro-Air-Vehicles (MAVs), which are smallscale (< 15cm3 ) [5] flying objects and Autonomous Underwater Vehicles (AUVs) to
carry out surveillance missions, has re-ignited research in flapping foils. Biomimetics, a
term coined by Otto Schmitt in the 1950s [6], provides a new paradigm in engineering
studies which “borrow” ideas from nature for relevant applications.

1.1.1

The power of “deforming bodies”

The mysterious flapping mechanism has been mastered in nature after millions of years
of evolution. The power of the flapping motion which can lift a heavier-than-air-object
into the sky is remarkable but not uncommon in nature.
Some fish are fast swimmers. Tuna have been recorded swimming at 77km/h.
Some of them are famous for their outstanding agility: pike, Esox lucius, is reported
to have a maximum acceleration in excess of 150m/s 2 during starting [7].
Cetaceans are found to be efficient. According to Gray’s Paradox [8], the power
required for a dolphin to propel itself is seven times larger than that available. This
means there must be some efficient means for a dolphin to reduce drag while it is
swimming. Moreover, the propulsive efficiency of dolphins can be up to 90% within
the optimal range of certain parameters relating to the propulsive motion and the
surrounding flow [9].
Birds exhibit supreme ability. The only known hovering bird, the hummingbird,
can fly deliberately backwards or vertically with its flapping wings beating up to 80
times per second. On the other hand, starling, Sturnus vulgaris, can fly at a maximum speed of 120 body lengths/s whereas supersonic aircraft can only reach 75 body
lengths/s. This implies that flapping motion can be extremely powerful and lessons
still have to be learned from nature.
The smaller counterparts of birds, insects, surprise engineers in an alternative way.
With a tiny wingspan ranging from 1 to 100mm, insect wings can produce 2 to 3 times
more lift proportionally than can be accounted for by conventional aerodynamics [10].
The secret behind the extra lift production is still waiting to be discovered by scientists.
Not only having superb capabilities, these flapping-foiled-experts have outperformed man-made vehicles by far. Two parameters are adopted by Kozlov to compare
the aerohydrodynamic characteristics of natural and man-made propulsive systems [11].
The first is the coefficient of aerohydrodynamic perfection, K = N L 0 /mU0 , which is
used as a performance indicator. This coefficient compares the input power N with the
speed U0 , of the corresponding propulsion achieved, with L 0 as the maximum length
of object and m the mass of the system. Hence, the smaller the coefficient, the better.
The second parameter introduced is the relative speed. It is defined as the ratio of
speed of swimming or flying to the maximum length of the object (i.e. U 0 /L0 ).
The data obtained by Kozlov [11] are depicted in Figure 1.2. Propulsive systems in nature have beaten those developed by human beings. Birds and insects have
successfully made themselves into the “star” region, by having the highest maximum
relative speed and a low value of K. Dolphins achieve the lowest coefficient of perfection, followed by other aquatic animals. One of our most admirable inventions, the jet
aeroplane, is surprisingly in the “least desirable” region of the figure.
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Figure 1.2: Maximum relative speed against aerohydrodynamic characteristics of various natural and man-made propulsive systems.
Another implication of Figure 1.2 is that creatures have evolved to the best form
for surviving in their own environment. Marine animals aim to minimize drag while
maximizing speed at the expense of efficiency. On the other hand, their avian counterparts seem to find that efficiency is more important for survival such as migration. To
this end, man-made submersibles have performed better in mimicking nature than jet
aeroplanes by being in the same region as their models in the sea.

1.1.2

The kinematics: how do they do it?

In order to make better vehicles, it is important to understand the kinematics of these
natural propulsors that have demonstrated outstanding performance. Zoologists have
long studied the movement of creatures so as to work out the evolutionary road map
of animal locomotion. Various modes of motion have been adopted by animals and
within groups.
Fish propel themselves by transferring momentum to the surrounding fluid. Fluid
is displaced, leading to reaction forces. Three swimming modes were originally identified by Breder in the 1920s according to Sfakiotakis et al. [12], namely, anguilliform,
carangiform and thunniform. Fish which have adopted these three modes mainly use
their bodies and/or caudal fins (BCF). They generate thrust by bending their bodies
into backward-moving propulsive waves (flexion waves) that travel towards the caudal
fins. The shaded areas on the animals in Figure 1.3 represent the parts that are respon3

sible for thrust generation. Swimming motions change from undulatory to oscillatory
as the swimming modes traverse from anguilliform to thunniform. The changes can be
identified by the gradual increase of the undulation wavelength.

Anguilliform

Carangillform

Thunniform

Figure 1.3: Swimming modes of aquatic animals with body and caudal fin (BCF)
propulsion [12].
Fish in anguilliform motion, Anguillidae, make full use of the whole flexible body
to perform pure undulatory eel-like motion which causes only a small increase in the
amplitude of the flexion wave. On the other hand, carangiform swimmers (from the
family of Carangidae) such as salmon have stiffer bodies and the undulation is confined
to the tail region. Their rapidly oscillating tails have enabled them to perform better
than the anguillidae in terms of speed [13]. Some fast, long-distance swimmers such
as tuna which are equipped with vertical, lunate-tails with lateral motion, swim in a
thunniform mode. Marine animals which have adopted the thunniform mode belong
to the family of Thunnus. They generate most of the thrust with their caudal fins
and the area near the peduncle which refers to the necking anterior to the tail. Both
anguilliform and carangiform modes are associated with the added-mass method for
thrust generation whereas thunnus use lift-based (vorticity) methods [12].
Similar to the thunnus but equipped with horizontal lunate tails with two flukes,
cetaceans, such as whales and dolphins, have fully adapted to marine life by giving
up their limbs. The vertical motion of the horizontal tail provides enough power for
long-distance migration. A comprehensive review of the performance of cetaceans was
carried out by Fish and Rohr [9]. According to the survey, cetaceans generate thrust
by symmetrical, sinusoidal fluke oscillations in the vertical plane. Moreover, stroke
frequency increases with speed but decreases with pitch angle and angle of attack.
Also, the amplitude of the oscillation remains constant over the ordinary speed range.
Special drag reduction mechanisms may also exist according to Gray’s Paradox [8].
Wave and bow riding are used by dolphins to reduce swimming effort [14].
With the requirement of generating not only forward thrust but also lift, the mechanisms involved in bird and insect flight are far more complex. Unsteady mechanisms
are normally dominant [15].
Birds fly in different modes. Large birds such as seagulls, make use of their long
wings and glide in the air. Brown [16] filmed a trained pigeon, Columba, which flew
along a passage at around 10m/s. A rapid wing rotation with positive pitch angle
(known as supination) was identified during the downstroke. This was then followed
by a “bend” of the “wrist” of the wing during the upstroke. The use of flexure was
suggested to be related to the maintenance of thrust in the middle of the upstroke when
feathers near the wing tip were swung backwards, causing thrust reduction.
Small birds such as hummingbirds, on the other hand, have adopted mechanisms
similar to those of insects. As shown in Figure 1.4 from reference [17], the flapping
motion in insect flight can be broadly divided into four phases: wing pronation (pitch4

down in aeronautical terms) which occurs dorsally at the beginning of the downstroke,
the translational downstroke, followed by the supination (pitch-up) which occurs ventrally at the beginning of the upstroke and finally the upstroke [17]. Warrick et al. [18]
find that asymmetric forces are produced by the symmetric flapping motion of a hovering hummingbird, Selasphorus rufus. The hummingbird produces 75% of its weight
support during the downstroke and only 25% during the upstroke.
Supination

Upstroke

Pronation

Downstroke

Figure 1.4: Phases of insect wing kinematics [17].
For small insect flight, one of the most well-known unsteady flight mechanisms is
the Weis-Fogh mechanism [19], also called “clap and fling”. Weis-Fogh studied the
wings of a hovering wasp, Encarsia formosa and identified three unusual phases in the
wing stroke: the clap, the fling and the flip. The wings are brought together at the top
of the upstroke in the clap. The opposed wings are then flung open like a book in the
fling, which is a pronation, at the beginning of the downstroke. Finally, the wings are
rapidly twisted through about 180◦ in the flip, which is a supination at the beginning
of the upstroke. The role of wing rotation in insects is to provide aerodynamic forces
and to determine the orientation of forces with respect to the body. It also contributes
significantly to unsteady force generation as the mean lift coefficient can be more than
twice the quasi-steady value [20].

1.1.3

In common: flapping motions by flexible foils

Although the range of forms and motions involved is huge, the above “deforming bodies” perform similar kinds of “flapping” motion by combining pitching and plunging. In
addition, the inherent flexibility of tails and wings enables foils to deform in response
to loading.

1.2

The secret behind flapping foils

Knowing only the kinematics is not enough to resolve the sources of the powerful flapping motion. Aerodynamicists and biologists have been working to unveil the secrets
of aerial and marine animals. The objective is to investigate the effect of the aforementioned mechanisms on the surrounding fluids. In the following section, the operational
environments of the animals which are crucial for aerohydrodynamic study are first
defined. The corresponding mechanisms then follow.

1.2.1

Defining the operational regime

Despite the variety of appendages that aquatic and aerial animals use to keep them
moving in fluids, the mechanisms involved may be similar.
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The Reynolds number Re, which measures the ratio of inertial to viscous forces,
determines the flow regime around the creatures. Insects fly within the range of 10 0
to 104 ; avian warm-blooded vertebrates work within the range of 10 4 to 106 ; fish and
cetaceans operate from 104 to 108 [11]. Therefore, most of the creatures above can be
considered operating in the laminar regime (Re < 5 × 10 5 ) in which the boundary layer
is thought to be thin.
The Strouhal number (St = 2f a/U∞ ), relates flapping amplitude a, frequency f
and flying or swimming speed U∞ to efficiency. Rohr and Fish [21] have performed
an extensive experiment to verify the range of Strouhal number at which cetaceans
actually operate. The majority (74%) of Strouhal numbers obtained lie between 0.2
and 0.3 when cetaceans are performing at their best efficiency. The range is similar
to that of 0.25 to 0.35 for fish in efficient swimming [22]. It is also within the range
of 0.2–0.4, which is the operating range for the most efficient swimmers predicted by
experiments with oscillating foils [23, 24].
On the other hand, flow is found to be attached around the “sharp edges” of marine
animals. With the help of bioluminescence technology, Rohr et al. [25] found that the
flow remains attached over most of the body of dolphins, which glide at speeds of
approximately 2m/s. A lack of bioluminescence is observed on the dolphin’s rostrum
(the snout or beak), melon (the “forehead” of the dolphin which is used for echolocation)
and on the leading edge of the dorsal and pectoral fins, where the boundary layer is
thought to be thinnest.

1.2.2

The aerohydrodynamics: study of wake vortices

Aerodynamic theories explain how lift and thrust are generated by fixed wing aircraft
via the study of interaction of the aircraft and its surroundings. The visible jet and
wake behind aircrafts have also provided clues on what has happened to the flow before
leaving the aircraft.
The same idea applies to the study of aerohydrodynamics in flapping foils. Three
major unsteady mechanisms found in insect flight are identified by Dickinson et al. [26].
These unsteady mechanisms are composed of one translational phenomenon, delayed
stall and two rotational phenomena, wake capture and rotational circulation. They
are thought to be accountable for exceptionally large lift generation which cannot be
explained by classical aerodynamic analysis. Triantafyllou et al. [27] have also suggested
that these mechanisms are employed by both fish and birds.
1. Delayed stall is due to the formation of leading edge vortices (LEV). It is suggested that insects cannot fly according to “traditional” aerodynamics without
the existence of some unsteady mechanisms that could provide the extra lift
needed [10]. Some experiments on insect flight seem to be able to resolve this
contradiction. Maxworthy [28] visualized the leading edge vortices on a flinging
wing. Ellington et al. [29] also confirmed that a leading edge vortex is formed on
the downstroke by dynamic stall and accounts for the high lift forces.
Humpback whales, Megaptera novaeangliae, also make use of small rounded nodules located on the leading edge of the flippers to delay the stall angle. These
nodules are known as tubercles as shown in Figure 1.5. The stall angle is found
to be increased by approximately 40% to 16 ◦ while increasing lift and decreasing
drag [30].
6

Figure 1.5: Left: A breaching humpback whale (Megaptera novaeangliae). Right: A
detail view of the pectoral flipper of the humpback whale. The tubercles provide the
leading edge of the flipper with a scalloped shape [30].
2. Rotational circulation or the Kramer effect, accounts for the extra circulation
generated by wing reversal (rotation) at the end of each stroke. The Kramer
effect is more pronounced in insect flight using the Weis-Fogh mechanism. Extra circulation is generated to counteract the effect of wing rotation and hence
re-establish the Kutta condition which has been destroyed by the wing rotation
itself [17]. However, it is also pointed out that the Kramer effect must be distinguished from the Magnus force which arises from circulation generated by a
blunt body as the Kutta condition does not apply in such calculations. For a
thin aerofoil or foil with sharp edges, the Kutta condition cannot be ignored.
According to Anderson [31], Magnus force is generated due to the asymmetric
flows about spinning bodies, for example, a spinning cylinder. When the cylinder spins, extra fluid is “dragged” near the surface in the same direction as the
rotational motion due to the friction between the fluid and the surface. This
additional velocity contribution means that a lower-than-usual (compared with
non-spinning) pressure is created on the top of the cylinder and thus the extra
lift.
3. Wake capture and vorticity control due to shed vortex-foil interaction have attracted most attention in fish-swimming studies as they are believed to be closely
linked to efficient propulsion. Anderson [32] shows that a jet is formed behind
the fish body, along which vorticity is formed and interacts with the caudal fin to
improve propulsive efficiency. In insect flight, Dickinson et al. [26] identify wake
capture as another source of rotational forces, which comes right after the end of
each stroke. The wing benefits from capturing its own shed vortices when it is at
the angle at which negative lift is generated.
In fact, despite some experiments that try to extract information from living creatures, much research has been conducted on the flapping motion of two-dimensional
foils or those with finite spans. These “simpler” versions of investigation have helped
to break down the multi-disciplinary problem (body kinematics, flow dynamics and
structural mechanics) to a more manageable size and avoid the unnecessary difficulty
involved in performing in-vivo experiments. More details on the relationship of vortical
structures and propulsive efficiency will be discussed in §2.2.
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1.3

Tools for investigations

Experiments seem to be the most straightforward way to elucidate the flow around
the users of flapping motion. Animals used in the experiments are either trained
or “settled” in such a way that measurements can be taken. For example, trained
cetaceans in an aquarium were used by Rohr and Fish [21]. Obviously, any force
or power measurement on the living object cannot be obtained without exceptional
effort. Gray’s famous paradox [8] has been left unresolved for more than half a century.
Building up dynamically-scaled replicates (e.g. robotic tuna [33] or model insects [15])
could be a good alternative. However, the mechanical control is inevitably complicated
and the model can only move with limited understanding of the mechanism.
Theoretical analysis has a deep root in flapping wing studies due to the need to
understand the flutter problem in the 1930s [3]. Analytical models are based on twodimensional linearized theory in potential flow. Oscillations are also limited to small
perturbations. Lighthill [13, 34–37] applies mathematical fluid dynamics to the area of
animal locomotion. This provides a strong physical background for both experimental
and numerical study in this area. A brief history of the development of theoretical
studies in biofluiddynamics is given in §2.1.
With the growth in computational capacity, numerical tools have helped solve
some of the equations in fluid dynamics such as the Navier-Stokes equations. This
ability has also led to a wide range of numerical experiments being performed to mimic
highly unsteady motion in nature, from fish-like locomotion [38] and fluke dynamics
of cetaceans [39] to insect flight [20] and birds in hover [40]. As with other tools,
computational methods have their own limitations such as small amplitude assumptions
and predefined deforming motions. More details will be covered in §2.3.

1.4

Aim of the work

The aim of this work is to develop a boundary-element-based code which can compute
the thrust and the propulsive power generated by deforming bodies such as fish and
birds. By making use of the versatility of triangular elements which can cover most
surfaces (particularly those with sharp edges), it is expected that more accurate results
can be achieved. Moreover, one of the keys to success in the simulation of unsteady
mechanisms in flapping motions, as suggested by Dickinson et al. [26], is that the Kutta
condition cannot be ignored. In fact, the application of the Kutta condition at sharp
trailing edges, such as fins, is by no means straightforward. Strategies for circumventing
the problems faced by higher-order (non-zero) boundary element methods have to be
developed.

1.5

Road map of the thesis

The study of the propulsive performance of flapping foils covers a wide range of disciplines. The three main areas involved are aerohydrodynamics, structural mechanics
and kinematics, which are closely related to, and interact with, each other. The focus
of the thesis is on the aerohydrodynamical aspects due to the propulsive motion carried
out by flapping wings and deforming bodies.
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This chapter has addressed the question of why and how the research is carried
out. In Chapter 2, a detailed literature survey of what previous work in the area of
flapping wing aerohydrodynamics is presented. These studies provide the link between
flow around a deforming body and its propulsive efficiency. Other numerical methods
that have been used in the area are discussed. Chapter 3 focuses on the formulations of
the boundary element method. Formulations involving in two and three dimensions are
considered. Numerical difficulties faced by non-zero order boundary element methods
are discussed.
A novel way to circumvent the problems in the application of the Kutta condition
is suggested in Chapter 4. Details of the numerical algorithms employed in the code are
also covered in the chapter. The new limiting procedure is validated in Chapter 5. This
is performed via various simulations involving both potential and quasi-potential flow.
Results are compared with the published literature. In addition, practical examples
such as thrust generated via plunging aerofoil and deforming fish are illustrated in
Chapter 6. Finally, the thesis is closed by conclusions and recommendations for future
work in Chapter 7.
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Chapter 2

State of the art
Extensive research has been performed in the area of flapping wing aerohydrodynamics.
Interest has arisen from fields such as flutter analysis and the evolution of animals. In
order to capture the basic understanding of the subject matter, the simple case of
rigid aerofoils in two dimensions will be discussed first. It is then followed by studies
involving flapping motion. The vortical structures formed behind these moving aerofoils
have provided a strong link between the motion and the thrust or drag generated. The
discussion is then moved to advanced levels which concern the phenomena that lead to
high propulsive efficiency.

2.1
2.1.1

Flapping foil aerohydrodynamics
Two-dimensional rigid aerofoils

At the beginning of the last century, researchers in Germany seemed to have taken
the lead in the area of flapping foil aerodynamics, according to Platzer and Jones [41].
Knoller and Betz were probably the first to identify the thrust generated by an aerofoil undergoing heaving motion in incompressible flow. This discovery, known as the
Knoller-Betz effect, was then justified experimentally by Katzmayr. A complementary
explanation of the Knoller-Betz theory is given by Birnbaum who suggested that vortex
shedding from the trailing edge of the aerofoil should not be omitted in the linearized
potential flow theory. This led to the study of the location and orientation of wake
vortices for thrust and drag investigation which was carried out by von Kármán and
Burgers.
At almost the same time, the classical theory of flutter analysis was derived by
Theodorsen [3], who linked the study of flutter to biomimetic foils. By combining
Theodorsen’s theory and the method suggested by von Kármán and Burgers, Garrick [42] extended the equations to predict the propulsive efficiency of a two-dimensional
aerofoil undergoing sinusoidal oscillation.

2.1.2

Aquatic hydrofoils

A theory tailored to the study of undulation of elongated animals was first described by
Taylor [43] and Hancock [44]. It was then extended further by Gray and Hancock [45]
to include motion with arbitrarily large amplitude. The theory which focuses on the
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resistive force between a small section of the animal and the water was called resistive
theory by Lighthill [36].
Complementarily, the reactive theory later proposed by Lighthill [34], emphasizes
the reactive forces between a small volume of water and the animal surface in contact
with it. The reactive theory, based on the slender-body theory in aeronautics, is also
known as elongated-body theory or reactive force theory in biomechanical studies [13].
The inertia of the water (virtual mass) which is neglected in the older resistive theory,
has been taken into account. This virtual mass of water corresponds to the mass of
water that requires additional forces in unsteady motion to accelerate. The water mass
which is close to the body section, can be particularly important for animals with
cross-section much smaller than the length. This is because the virtual mass of water
could be much larger than that of the animal via the momentum gained from such
displacement.
Both resistive and reactive theories have helped in the study of the evolution of
aquatic animals. Anguillidae with elongated bodies might be best analyzed by both
theories whereas carangidae might be better with the latter theory as the reactive force
is dominant in that form of locomotion [35]. Lighthill [13] suggested that those aquatic
animals with “good hydromechanical shape” might be able to improve propulsive efficiency by using the virtual mass effect. The good hydromechanical shape is further
elaborated as those aquatic animals with flattened posterior or “trailing edge” in aeronautical terms. Detailed quantitative analysis was performed by Lighthill in 1970 [35].
It shows that the evolution of carangiform from anguilliform benefits from the aforementioned morphological change with a rapid increase of amplitude of motions near
the caudal fin.
The advantage of carangidae over anguillidae is extended further by having a
greatly reduced depth (necking) of the body in the region immediately anterior to
the caudal fin as shown in Figure 1.3. This special feature helps carangidae to minimize “recoil” motions of yaw or side slip that cause energy loss [35]. In summary,
the features developed enable aquatic animals performing carangiform motions to have
high efficiency by increasing thrust and reducing energy loss.
The process of evolution continues. As pointed out in Lighthill’s survey in 1960 [34],
the fastest marine animals have all adopted high aspect-ratio tails of crescent moon
(lunate) shape, ranging from vertical caudal fins for fish to horizontal tail-flukes for
cetaceans. The convergence to a lunate tail of such a diversity of lines of evolution has
suggested that it may possess high hydromechanical efficiency.
However, elongated-body theory cannot be applied to lunate-tail propulsion [35].
This is because the assumption of the theory requires the body actions (that set the
water moving) to be distributed along the direction of motion so that each vertical slice
of water perpendicular to the motion is affected by the body motion close to the slice.
On the contrary, the action for cetacean flukes acts at right angles to the direction of
motion and the large extent of fish tails (in thunniform) does not allow a water slice
to move independently.
By considering the cross section of a lunate tail which has a round leading edge and
a sharp trailing edge, the method for studying lunate-tail propulsion is based on wing
theory. The two-dimensional theory of oscillating aerofoils and the lifting-line theory
which includes the streamwise wake are suggested by Lighthill [35]. Based on Lighthill’s
“small-amplitude” two dimensional theory [35], Chopra [46] developed a large ampli11

tude lunate-tail theory for cetaceans with horizontal flukes in vertical motion, which
also applies to fish with lunate tails by rotating the motion by a right angle. There
is no limitation on the amplitude of motion but the tail’s angle of attack (relative to
the instantaneous flow) remains small. Chopra’s parametric analysis also shows the
lunate-tail may be “forced” to perform undulation with quite a large amplitude and
frequency with a lower angle of attack so as to obtain enough thrust for its high speed.

2.2

In motion: moving bodies vs vortical structure

Expert flyers and swimmers in nature have chosen flapping motion as their form of
movement. This flapping motion can be described as the combination of heaving
(translational) and pitching (rotational) motion. Plunge motion is equivalent to heave.
Researchers have found that under the right conditions, thrust can be generated by
this motion. To this end, parameters are identified to characterize the effect of the
motion on the surrounding fluid and the motion itself.

2.2.1

The basics: parameters and wake patterns

As mentioned in §1.2, the regime of bodies in a fluid environment is defined by the
Reynolds number whereas the motion of the foil is described by the plunge or pitch
amplitudes, the effective angle of attack and the Strouhal number.
The flapping motion of large aspect ratio wings with two-dimensional foils in harmonic pitch and plunge motion has been studied intensively in response to the demand for faster and simpler simulations. The NACA0012 aerofoil is the benchmark
model used in these investigations. Others have used conformally-mapped Joukowski
or elliptical aerofoils. Flow visualizations of the vortical profile and thrust and power
measurements are often the aim of experimental studies.
Pure plunge
It is shown that thrust generation from a pure plunging aerofoil, known as the KnollerBetz or Katzmayr effect, can be explained with the argument of effective angle of attack,
αeff [41]. According to Figure 2.1, the combination of plunging velocity z 0 (t) and the
freestream velocity U∞ have contributed to the non-zero effective angle of attack. As a
result, thrust is generated from both upstroke and downstroke of the heaving motion.
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Figure 2.1: Explanation of thrust generation by pure heave motion [41].
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On the other hand, the wake that leaves the aerofoil provides an alternative means
of determining whether the aerofoil is extracting energy from the surrounding fluid or
otherwise. The distinctive “mushroom-like” wake pattern, known as the von Kármán
vortex street has always been an indicator. Jones et al. [47] identified the change
of these patterns with the aerofoil motion and the results are shown in Figure 2.2.
A drag-indicative wake is composed of the typical von Kármán vortex street with two
alternating vortex rows, clockwise above and anticlockwise below. On the contrary, the
two alternating vortex rows for a thrust-indicative wake are found to be anticlockwise
above and clockwise below. The corresponding pattern is known as the reverse von
Kármán street which has a jet-like velocity profile.
U/U∞

U/U∞

Drag-indicative vortex street

Thrust-indicative vortex street

Figure 2.2: Two forms of von Kármán vortex street and the corresponding velocity
profiles [47].
The effects of parameters on the wake pattern behind a plunging aerofoil were
first revealed by Garrick’s formulation [42]. The parameter investigated is the nondimensionalized frequency of the motion which is known as reduced frequency, k G =
πf c/U∞ , where f is the frequency of the motion and c is the length of the chord. It
should be noted that the reduced frequency, k, used in some modern literature, for
example [48], is different, with k defined as 2πf c/U ∞ . The one defined by Garrick in
1936 is known as “Garrick’s reduced frequency, k G ”.
Garrick [42] found that the predicted propulsive efficiency of a pure plunging aerofoil drops significantly from unity to about 0.6 when k G increases from zero to one.
This result agrees with that from the panel code developed by Jones et al. [49] and
hence demonstrates the validity of inviscid codes.
A combination of reduced frequency k and normalized heave amplitude h has been
found to be a good parameter to predict the drag-thrust wake pattern. h is normally
defined as the amplitude divided by chord length. Lai and Platzer [48] find that a
drag-producing wake behind a pure plunging NACA0012 aerofoil changes to a thrustproducing jet as soon as the ratio of maximum plunge velocity to freestream speed
or the non-dimensional plunge velocity kh, exceeds approximately 0.4. Furthermore,
the maximum jet velocity (streamwise) obtained at a certain downstream distance is
shown to be a linear function of the normalized plunge velocity.
Young and Lai [50] argue that kh is not the sole determining factor. Different
wake patterns can be evolved from a plunging aerofoil even with the same kh value.
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An increase in h (decrease in k for the same kh), would result in a more complicated
multiple-vortex-per-half-cycle-type wake rather than a typical mushroom-like pattern.
Moreover, an increase in h would result in a rise in thrust with relatively low efficiency
loss. Therefore, better performance could be achieved with large h and small k [47].
The Strouhal number St is found to have a strong influence on the wake structure,
lift and thrust generated by a NACA0012 aerofoil undergoing sinusoidal plunge at a
Reynolds number of Re = 104 [50]. On the other hand, Jones et al. [49] find that an
inviscid panel method performs well between 0.3 < St < 2. The reason is that viscosity
effects become more important outside the range. This has highlighted the relationship
between the viscosity in the flow and the flapping frequency and amplitude.
Viscosity becomes important to aerodynamic force generation when k and h exceed
certain limits at constant Reynolds number. Leading-edge separation appears to be
important in the contribution of aerodynamic force for low reduced frequencies whereas
trailing edge separation effects control the wake structures at all frequencies tested up
to k = 20 at Re = 104 [50].
Pure pitch
Pure pitch is the only case where thrust is generated when there is no forward velocity.
This motion is relevant to the hover mode in birds or insects [51].
Vortical patterns of a pure pitching aerofoil were first studied by Bratt [4] in the
1950s with smoke flow visualization techniques for flutter analysis. In the late 1980s,
Koochesfahani [52] performed experiments on a NACA0012 aerofoil pitching about its
quarter chord for potential applications in biofluiddynamics. Similar discrete vortices
to the von Kármán street were observed. A strong influence on the corresponding
wake patterns of the amplitude, frequency and shape of oscillation waveform was also
identified. The reduced frequency for vortex roll-up is found to decrease as the oscillation amplitude increases. Moreover, the discovery of axial flow in the cores of the
wake vortices means three-dimensional analysis is needed for a thorough understanding,
particularly for aerofoils with low aspect ratio.
High quality flow visualization of the three-dimensional von Kármán vortex street
behind a low aspect ratio rigid plate was obtained by Buchholz and Smits [53]. As
depicted in Figure 2.3, horseshoe-shaped vortices of alternating sign are shed twice per
flapping cycle and each horseshoe is deformed by the fellow horseshoes that immediately
follow.

Figure 2.3: “Horseshoe” wake structure behind a flapping wing with low aspect ratio [53].
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Combined plunge and pitch
The case of combined plunge and pitch is often found in flapping wing propulsion in
nature. The flapping motion is suggested to be a better strategy than the pure plunging
and pitching alone as it is more efficient and higher thrust can be generated [51]. The
complexity of coupling the two motions, plunging and pitching, means that two more
parameters are needed to add to the current set. They are the additional amplitude
and the phase angle between plunge and pitch.
Parametric tests in terms of plunge amplitude, Strouhal number, angle of attack,
and phase angle between plunge and pitch were carried out by Read et al. [24] to
assess the performance of an oscillating aerofoil in thrust production and effective
maneuvering. Best thrust performance is found when the phase angle between pitch and
plunge is about 90◦ –100◦ with the pitch pivot located at one third chord of a NACA0012
aerofoil. Anderson et al. [23] obtain the value of 75 ◦ with the same condition.
The effective angle of attack is the key parameter in determining whether the
aerofoil is creating thrust or extracting energy from the flow. Jones et al. [47] provided
a good explanation of this issue with Figure 2.4. In Figure 2.4a, a pure plunging aerofoil
creates an induced angle of attack α ind = arctan(hk). This case has been discussed
with Figure 2.1. Figure 2.4b, on the other hand, shows the case of a pure pitch aerofoil
for which αind depends on the pitching axis.
Various cases of combined plunging and pitching (flapping) motion are shown in
Figure 2.4c–e. Jones et al. [47] mentioned that thrust can be generated if the aerofoil
is pitched at a low amplitude. This results in a smaller geometric angle of attack α geo
than the induced one αind from the plunge. This implies a negative effective angle of
attack αeff = αgeo − αind as shown in Figure 2.4d. Otherwise, power is extracted from
the flow for the large amplitude case in Figure 2.4e with a positive effective angle of
attack. The case in between is depicted in Figure 2.4c. The induced angle of attack
cancels the geometric angle of attack, in which case the aerofoil is “feathering” through
without any disturbance to the flow.
The deployment of the coupled plunge and pitch motion in nature instead of the
individual components would mean higher efficiency or thrust could be obtained from
the corresponding motion. However, best efficiency and highest thrust cannot be obtained at the same time. Tuncer and Kaya [54] find that high thrust values may be
obtained only at the expense of propulsive efficiency due to the distinctive requirements
on the parameters such as the effective angle of attack.
Special phenomena are investigated to explain why coupled motion is used. A
NACA0012 aerofoil oscillating in combined pitch and plunge is found to have a higher
efficiency than the one in pure plunge as long as the flow remains attached [55]. This
is only one of the examples in coupled motion studies, in which leading-edge vortices
or the related dynamic stall phenomena have been the focus. In the next section,
thrust and efficiency enhancing phenomena mentioned in the previous chapter such as
dynamic stall and vortex capture will be discussed.

2.2.2

The advance: phenomena leading to high propulsive efficiency

Nature does not seem to compromise with simplified models. Large-amplitude motion,
performed by birds or insects, often exceeds the static stall angle. Non-uniform incoming flow adversely affects man-made submarines but not fish. On the other hand,
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Figure 2.4: Geometric vs. induced angle of attack [47].

two-dimensional models cannot explain the convergence of lunate tails in the swimming
world. Moreover, viscosity in fluids simply cannot be ignored. The above concerns have
been addressed in the last decade with more sophisticated models and analysis. In the
following, some phenomenon that affect the propulsive efficiency, which can be defined
as output over input power or thrust over power coefficient [41], are discussed. It should
be noted that the definitions of thrust and power coefficients may vary from one paper
to another. For example, the thrust and power coefficients used in reference [41] are
defined as thrust and power divided by the product of freestream velocity and chord
length. The definition of the thrust coefficient used in this thesis can be found in §4.4.
Leading-edge vortices and dynamic stall
Classical aerodynamic analysis is limited to small amplitude motion before the aerofoil
reaches the static stall angle. However, large amplitudes of oscillation are common in
insect or bird flight. Delayed stall or dynamic stall during the translational motion of
the foil is suggested to be related to the existence of leading-edge vortices (LEVs).
The effect of dynamic stall phenomena on the propulsive efficiency of an oscillating
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aerofoil is investigated numerically by Isogai et al. [56]. High efficiency is obtained
despite the high-amplitude oscillation. From the flow simulation, leading-edge vortices
depend on the reduced frequency and the phase difference. Maximum efficiency is
obtained when the phase difference is 90 ◦ (pitching oscillation advances ahead of the
heaving oscillation) and the reduced frequency is at some optimum value, at which no
appreciable flow separation is identified.
Experimentally, propulsive efficiency of a two-dimensional oscillating foil as high
as 87% is measured when leading-edge vortices exist and interact with trailing edge
vorticity [23]. The critical factor to obtain this optimal efficiency is the phase angle
between the heave and pitch motion, which determines the timing of formation and
shedding of leading-edge vortices. The recorded phase angle is 75 ◦ and the foil pitches
about the third-chord position.
Another factor that affects the occurrence of LEVs is the angle of attack profile.
Hover et al. [57] find that the cosine angle of attack achieves a significant improvement
though a sawtooth provides the highest thrust coefficients.
Wake capture and vorticity control
The second concern is the disturbance from incoming flow which is inevitable in nature.
The origin of the disturbance could be any foreign object or school of fish. Wake vortices
generated by previous foil movement have also been identified as a source [26]. Therefore, the ability to retain control or even better, extract energy from the surrounding
flow is important for efficient propulsion of animals or submarines.
Sunada et al. [58] provide evidence of the existence of separated vortices which
are believed to be related to the vortex capture phenomenon. The unsteady forces
acting on a two-dimensional aerofoil in sinusoidal coupled motion at zero freestream
velocity are reported to be higher than those estimated by quasi-steady analysis. Since
the effect of unsteady separated vortices on the fluid-dynamic forces is not considered
in quasi-steady analysis, it is suspected that these separated vortices are important
for thrust generation. Force measurements on flapping foils from Dickinson [26] also
suggest that extra lift is generated right after the end of each stroke. Their findings
have helped to explain the force-generating mechanisms in insect flight including the
rotational circulation and wake capture in addition to the delayed stall.
A simple single foil experiment may be able to explain the phenomenon better.
Streitlien et al. [59] show that a heaving and pitching hydrofoil can exploit the energy
from a von Kármán vortex street inflow. Highest efficiency is obtained when the foil
moves close to the oncoming vortices. This implies the phase between the unsteady
inflow and moving foil is an important parameter.
Since only the cross-stream component is considered in two-dimensional analysis,
the corresponding efficiency is often over-estimated. Flow structures behind a finite
span wing are presented by Buchholz and Smits [53]. At low aspect ratio, the streamwise vorticity generated by the wing tends to dominate the formation of the wake.
Spanwise flow is found to help stabilizing the leading-edge vortices from shedding.
Ellington et al. [29] visualized the airflow around the wings of the hawkmoth, Manduca
sexta. The leading-edge vortex which was found on the downstroke spiraled out towards
the wingtip with a spanwise velocity comparable to the flapping velocity.
The flow regime adopted by insects, birds and some marine animals is in the low
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Reynolds number range and hence viscosity cannot be ignored. The boundary layer is
often included in flow simulation. As a result, Navier-Stokes solvers have been among
the most popular computational tools. Obviously, this would not stop the development
of other modelling tools when other factors such as computational cost are taken into
account. More details of computational methods will be discussed in §2.3.

2.2.3

From rigid to flexible: coupling of aerohydrodynamics and structural mechanics

The studies reviewed in previous sections are limited to rigid aerofoils. The effect of
flexible structures on the forces and power generated is not fully explored due to the
complexity of coupling two subjects, namely the aerohydrodynamics and structural
mechanics. On the other hand, nature shows that rigid foils may not be good enough
for survival. Therefore, a MAV or AUV with high propulsive efficiency might have to
be equipped with flexible foils.
Attempts have been made to include inherent flexibility and can be divided into
two streams. Active or forced deformation predefines how the body shape deforms
and is normally used in numerical simulations. This enables an easier formulation as
“deformation” is part of the body movement. Passive deformation is a natural way to
consider the change in shape of a flexible body. Deformation of the body is determined
by the external aerohydrodynamic loadings.

Figure 2.5: Instantaneous positions of a whale’s flukes which have active control [39].
The effect of spanwise flexibility on the propulsive performance of a fin whale, Balaenoptera physalus, is investigated by Liu and Bose [39]. In their studies, deflections in
both chordwise and spanwise directions are predefined but the phase angle of spanwise
deflection (φs ) varies with the pitch and heave motion. A zero φ s is defined as the
case when the span of flukes starts to deflect downwards and the flukes start to move
upwards from their lowest point. A negative φ s means the deflection lags the heave.
Best efficiency of 83.2% and a fairly high thrust coefficient of 0.128 are obtained at a
phase angle of φs = ±180◦ . At this phase angle, the flukes deform against the motion:
tips deflect up while the flukes move up as shown in Figure 2.5. This could only be
achieved when active control is available. More work is required from the biologists
to verify this conclusion. Their thrust coefficient is defined as T /( 12 ρV 2 A), where T is
the thrust, V is the foil swim speed and A is the area of the foil. No positive thrust
is obtained when the fluke is heaving at small amplitude without any spanwise deflection. However, it should be noted that the above study does not include the effect of
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separated flow (dynamic stall effect) and spanwise vortices which would also affect the
efficiency.
On the other hand, the effect of chordwise flexibility on a pure heave 2D aerofoil
has been studied by Miao and Ho [60]. Thrust-indicative vortices are found when the
predefined flexure amplitude is smaller than half the chord. Optimal flexure amplitude
is found at 0.3 of the chord, giving a maximum propulsive efficiency of 0.307 at which
leading-edge vortices move downstream to the trailing edge. Their propulsive efficiency
is defined as output thrust power coefficient over input power coefficient.
Though active control has been proven on fish fins and bird wings, the question
of what degree of active control they have and under what conditions they apply the
control is still unknown. Before reaching any conclusions, it is valuable to find out
how flexible bodies deform according to the pressure applied by the flow on the body
surface.
The effect of aerofoil stiffness on thrust generation for a flexible aerofoil plunging
at zero freestream velocity, which is the case relevant to hovering birds and insects, is
investigated by Heathcote et al. [61]. The pure plunge motion induces a pitch motion
and hence results in a periodic change of angle of attack. It is suggested that there is
an optimum stiffness for maximum thrust generation at a given plunge frequency and
amplitude. Moreover, these flexible aerofoils are found to have a larger thrust-to-input
power ratio than in the rigid case. The same conclusions can be extended to a non-zero
Reynolds numbers less than 27000 [62].
A two-dimensional numerical model is developed by Murray [63] to investigate the
fluid-structure dynamics of a flexible propulsor in potential flow. The foil is allowed
to pitch about its quarter chord and plunge passively. It is found that passive plunge
reduces the critical frequency for positive thrust production [64].
A coupled for the combination of a non-linear membrane structural solver and a
Navier-Stokes flow solver is developed by Lian and Shyy [65]. The membrane wing exhibits self-initiated vibrations according to its material properties and the surrounding
fluid flow at a fairly high Reynolds number (chord Reynolds number of 9 × 10 4 ).

2.3

Modelling tools in flapping foil aerohydrodynamics

As shown in previous sections, code developers and experimentalists have been working to understand the mechanisms involved in those efficient but complicated moving
foils in nature. Numerical simulation offers access not only to information such as instantaneous velocity and pressure in space and time but also other data such as energy
dissipation that cannot be measured in experiments. Nevertheless, computational, experimental and theoretical studies are complementary to each other; in particular, the
last two are often employed as validation tools for numerical results.
Various numerical methods are available in investigating the aerohydrodynamics of
flapping foils. Different methods have their own pros and cons which will be discussed
below.
The review paper by Smith et al. in 1996 [66] proposed that numerical methods
currently adopted in the study of flapping wing aerodynamics could be divided into
three main areas:
1. energy-focused which includes momentum, blade-element and hybrid momentum
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methods; but high computational costs are usually involved.
2. lifting line methods include a wake model in calculations so as to improve thrust
prediction, but the force resolution is far from satisfactory due to the problem
being three-dimensional and large-amplitude;
3. lifting surface methods enhance the model accuracy as the wing is represented
by a lattice of vortex elements; however, the lack of a detailed free wake model
means the method is inadequate for describing wake-dominated flow.

2.3.1

The Euler and Navier-Stokes equations

The ability to include viscous effects in flows has made momentum methods a popular
tool to investigate vortex structures behind moving bodies.
The mechanism of frequency selection in flapping wing flight, which involves both
leading- and trailing-edge vortices, was studied by Wang [67] in 2000 by solving the
two-dimensional Navier-Stokes equations. Aerodynamic forces and the vortical wake
structure behind a model fruit fly in hover were studied by Sun and Tan [20] with
Navier-Stokes numerical tools. In 2005, Blondeaux et al. [38] solved the full NavierStokes equations to depict the topology of the vortex structures shed by an oscillating
foil of finite span, in which leading-edge vortices are involved. An inviscid version of a
three-dimensional unsteady compressible Euler flow solver was also available to simulate
the flow field around a flapping aerofoil in a uniform stream at low speed [68]. Recently,
a commercial code has also been employed to solve the Navier-Stokes equations for the
investigation of flow around a flexible wing [60].
These numerical tools have the ability to simulate the effect of leading-edge vortices
and viscosity, which are both essential in studying flow around flapping foils. In most
cases, these energy-based tools are used to simulate the wake topology rather than for
parametric tests. This is because of the high computational cost involved in solving the
complex momentum equations. As a result, inviscid versions of Navier-Stokes codes
are also employed [15, 68].

2.3.2

Lifting line and surface methods

Unfortunately, the problem under study is parameter-abundant and, in most cases,
thrust and lift generation from moving foils is the main interest. To this end, doublet
or vortex lattice methods (DLM or VLM) are found to be useful in thrust prediction. Forces and power needed for propelling an actively swimming flexible fish-like
body—Robotuna have been estimated by a vortex-lattice model based on a linearized
theory [69].
Less computational cost (than solving Navier-Stokes equations) means parametric
tests can be made possible. An unsteady vortex lattice method is employed by Fritz and
Long [70] to model the oscillating plunging, pitching, twisting, and flapping motions of
a finite-aspect-ratio wing. The results show that the method is capable of simulating
many of the features of complex flapping flight accurately.
On the other hand, frequency-domain based DLM or VLM is efficient in predicting
aeroelastic boundaries with a linear structure model. Thrust produced by a flexible
propulsor in a potential flow field was studied by an unsteady two-dimensional vortex
lattice model [64].
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Problems arise, however, when a complex geometry which cannot be approximated
by a flat plate, is required as the method represents lifting surfaces as thin panels. Fluid
displacement effects are also neglected. Moreover, DLM or VLM cannot be easily
coupled with nonlinear structures (e.g. deforming bodies) and its interaction with the
fluid in the frequency domain.

2.3.3

Boundary element method

Targeting the disadvantages of the aforementioned methods, an unsteady panel method
is suggested by Smith et al. [66] for its ability to address the trailing wake and handle
dynamic effects in a distributed manner.
A three-dimensional time-domain panel method was adopted by Liu and Bose [39]
to investigate the propulsive performance of oscillating foils with spanwise flexibility.
Flow is assumed to be attached around the planforms. Yet another inviscid threedimensional boundary integral solver was developed by Wolfgang [71] to investigate
flow around a flexible body with arbitrary thickness performing straight-line swimming
and unsteady maneuvering.
An aeroelastic problem has been studied by Eller and Carlsson [72] with an unstructured aerodynamic boundary element method, BEM. Panel clustering and iterative
solution techniques are applied to improve the computational efficiency. The unstructured grid also enables complex three-dimensional geometries without requiring excessive mesh generation and computational effort. In addition, according to Smith et
al. [66], the time-domain based method would mean simulations involving nonlinear
structures or flight dynamics could be performed.
The boundary integral method has proven to be a suitable tool to simulate flow
around deforming bodies, in particular for its ability to handle the time-dependent
structure. However, there is still room to improve the method, especially in incorporating the boundary layer and viscosity, which are essential to investigate dynamic stall
phenomena in flapping foils and as yet, too expensive to be computed using NavierStokes codes.

2.4

Boundary integral method for moving bodies undergoing large deformation

The extensive literature review in the area of aerohydrodynamics of deforming bodies
has led to the following conclusions.
1. The boundary integral method has been identified as an efficient tool to investigate the flow around “flexible” bodies with predefined deforming motion [39, 71].
2. Passive deformation of an aerofoil profile has been studied numerically [63, 64].
Structural mechanics has been coupled to the fluid dynamics but it is limited to
two-dimensional problems.
3. The effect of viscosity has been ignored in the aforementioned studies [39, 63, 64,
71]. As previously discussed, the effect of leading-edge vortices and interaction
with foils (vorticity control) makes a significant contribution to the propulsive
efficiency.
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Recalling the aim of this project which is to develop a boundary-element-based
code for computing the thrust generated by deforming bodies such as fish and birds.
This objective corresponds to point 1 of the above conclusions.
The focus of the new boundary-element code is to provide more accurate results
by employing higher-order triangular elements. In addition, a novel way to obtain the
numerical limit required by the Kutta condition at the trailing edge is developed. This
strategy will circumvent the problem usually faced by higher-order element methods
when the Kutta condition has to be satisfied. This advancement should allow an escalated use of boundary element methods as the new limiting method is easy to implement
and hence allows the use of higher-order elements which lead to more accurate results.
The details of the formulations of boundary element methods and the requirements to
satisfy the trailing edge conditions will be discussed in the next chapter.
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Chapter 3

Boundary Element Methods
The development of boundary element methods has been strongly driven by the aerospace
industry. Boundary element methods, BEM, are customarily known as “panel methods” in industry as the discretization process involves the “panelling” of the body surface. A list of well-developed codes of panel methods which has been compiled by Katz
and Plotkin [73] is briefly discussed here. The Douglas Aircraft Company was probably
the first to develop a successful three-dimensional panel code, known as the Hess code
in 1962. This code (Hess I) was further improved in 1972 for the calculation of lifting
cases by including the effect of doublets.
At the beginning of the 1980s, the race for more powerful second-generation panel
codes began thanks to speedy development in computing technology. Boundary layers and reverse engineering were applied and higher order elements such as parabolic
panels were also deployed (Hess II code). The best known and probably then the most
resource-intensive panel code was the PAN AIR which was developed by the Boeing
Company for NASA.
The third generation of panel codes was born in 1982 when computing resources became more economical for smaller companies. VSAERO was the first commercial panel
code package which used lower-order singularities. The Lockheed company’s QUADPAN followed a similar methodology in view of the former’s success.
A comparison of these popular production codes of the time was performed by Margason et al. [74]. The five codes tested were HESS, VSAERO, QUADPAN, MCAERO
and PAN AIR. The conclusion is, rather as expected, that higher-order codes provide
better accuracy at the expense of higher computational cost.
In the context of boundary elements, there are two types of formulation: indirect
and direct [75]. Indirect formulations involve the distribution of fundamental solutions,
such as sources and sinks, on the surface whose strengths are solved under the constraint of the boundary conditions. This methodology is what the commonly-known
panel methods represent. On the other hand, in direct formulations, the unknowns
(velocity or potential) of the boundary integral equations are addressed directly by the
solutions of the differential equations. Morino, who is one of the pioneers of boundary
element methods, has provided detailed reviews of the development of boundary element methods [76]. Descriptions of the implementation of the method can be found in
references [75] and [76]. In addition, the correlation between boundary element methods and other indirect methods such as those of Hess and Smith [77] and of Maskew [78]
are also included in the latter reference.
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In this section, both indirect (in two dimensions) and direct formulations (in three
dimensions) will be examined, with the three-dimensional boundary element method
remaining the main focus. Both non-lifting and lifting cases will be also covered. It
is then followed by a detailed discussion of the importance of wake generation and
trailing edge conditions for the three-dimensional BEM formulations. Finally, a novel
way of taking the numerical limit required by the Kutta condition at the trailing edge
is developed.

3.1

Indirect formulation and implementation in two dimensions

As mentioned, in response to demand from the aircraft industry, Hess and Smith developed a computational method to calculate incompressible flow around arbitrary bodies [77]. The body surface is first discretized into panels, hence, the method is known
as the panel method. Next, singularities, such as source and vortex, are distributed
on the panels. The strengths of the singularities are then found as the solution of an
integral equation.
Depending on which specific panel method is used, the panels can be linear (with
two nodes on each element), quadratic (with three nodes on each element), etc. This
discretization refers to the geometrical discretization. Higher-order elements can generally describe the profile of a body better. On the other hand, for the numerical
discretization, the singularities can be located at any specific position on each panel
defined by users. For the current indirect formulation in two dimensions, linear panels
are used with a zero-order (constant) numerical discretization.
The advantage of the zero-order panel method is its generality, with virtually no
limitation on body shape (no necessity to be slender) or on perturbation velocities.
It can also be extended to compute flow characteristics around asymmetric and fully
three-dimensional shapes.

3.1.1

Non-lifting flow

The geometry of the surface is first specified and the singularities distributed on the
surface are then computed. The method applied in this section is based on the zeroorder source panel method in which the strength of the source distribution is constant
on each element but varies over the surface. Sources with normalized strength σ per
unit length are distributed between −∆/2 ≤ x ≤ ∆/2 where ∆ is the length of the
panel and x is the non-dimensional coordinate relative to the chord. The coordinate
system which is adopted from reference [79] is shown in Figure 3.1.
The source distribution, which varies over the body surface, provides the effect
of the body thickness. The induced velocity components δu and δv due to a small
component of source distribution on δξ at any point (x, y) in the fluid volume apart
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Figure 3.1: A source element of length ∆ [79]; δξ denotes a small component on the
element.
from the interior of the body surface are given by:


σ
x−ξ
δu(x, y) =
δξ,
2π (x − ξ)2 + y 2


σ
y
δξ.
δv(x, y) =
2π (x − ξ)2 + y 2

(3.1a)
(3.1b)

Integrating Equation 3.1, as shown by Basu and Hancock [79], we have:
σ
u(x, y) =
2π

∆/2

x−ξ
dξ
2
2
−∆/2 (x − ξ) + y
#
"
σ
(x + ∆/2) + y 2
=
log
4π
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Z
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Z ∆/2
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"
#
 x + ∆/2 
 x − ∆/2 
σ
tan−1
− tan−1
=
2π
y
y

(3.2a)

(3.2b)

= σG(x, y, ∆),

where −π/2 < tan−1 θ < π/2.
Due to the difference in the orientation of the elements, the system is transformed
to that shown in Figure 3.2 (adapted from reference [79]), where the origin of the (X, Y )
system is chosen to be at the leading edge of the aerofoil. The corresponding formulae
for the velocity components are:
u(X, Y ) = σ[F (x, y, ∆) cos θ − G(x, y, ∆) sin θ],

(3.3a)

v(X, Y ) = σ[F (x, y, ∆) sin θ + G(x, y, ∆) cos θ],

(3.3b)
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Figure 3.2: Coordinate systems in two dimensions [79].
where
x = (X − X o ) cos θ + (Y − Y o ) sin θ

and y = −(X − X o ) sin θ + (Y − Y o ) cos θ.

As a result, the influence coefficient of element i on the mid-point of element j
(i 6= j) is given by:
uji = (Fji cos θi − Gji sin θi )σ i = Aji σ i ,

(3.4a)

v ji = (Fji sin θi + Gji cos θi )σ i = Bji σ i ,

(3.4b)

where
Fji = F (xji , y ji , ∆i )

and

Gji = G(xji , y ji , ∆i ).

For the limiting case of i = j:
sin θi
σ i = Aii σ i ,
2
cos θi
v ii =
σ i = Bii σ i .
2

uii = −

(3.5a)
(3.5b)

Boundary conditions are then applied on the surface so that the sources are distributed in such a way that no flow is going into the body surface. This “no-penetration”
condition means the total velocity normal to the surface is zero:
v∞ · n + vp · n = 0,

(3.6)

where v∞ is the freestream velocity and vp is the perturbation velocity induced at a
collocation point at which the normal n points out of the surface.
The body surface is discretized into N panels with collocation points at the midpoints of each panel. An N × N system of equations is then solved, giving the values
of source strength at each collocation point.
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3.1.2

Lifting flow

Moving one step forward to include the lifting effect when an aerofoil is at a certain
angle of attack, a vortex distribution is superimposed on the sources. This is because
sources do not provide any circulation, hence no lift. Since the formulation of the
distributions is linear, the combined effect of the source and vortex distributions can
be obtained by superposition.
Similar to Equation 3.4, it can be proved that the velocity components of a vortex
distribution with a constant strength, γ, are [79]:
uji = Bji γ,

(3.7a)

v ji = −Aji γ.

(3.7b)

Since the unknown vortex strength γ is constant over the surface, one extra column
is added to the N ×N system of equations, leading it to grow to the size of N ×(N +1).
This new system is underdetermined and must be constrained. The question of
what constraint to use has already been demonstrated in nature. It is known that the
flow leaves smoothly from the top and bottom surfaces of an aerofoil at the trailing
edge [31]. The requirement for that is the existence of zero pressure jump at the trailing
edge which is known as the “Kutta condition”. It can then be shown that the velocity
(via Bernoulli’s equation) on the top and bottom surfaces very close to the trailing
edge are equal; i.e.:
Vt,1 + Vt,n = 0,
(3.8)
where Vt,1 and Vt,n denote the tangential velocity at the first and the last panel respectively. As a result of the requirement of the Kutta condition, an additional row is
added to the system of equations, giving a matrix size of (N + 1) × (N + 1).
It should be noted that the order of discretization has an effect on the satisfaction
of the Kutta condition. Since zero-order panels are used, the collocation points on
the upper and lower panels at the trailing edge are in the middle of the corresponding
panels. This means that the Kutta condition is only satisfied at a location very near to
the trailing edge but not exactly at it. Attempts have been made on applying higherorder elements with direct formulation in three dimensions. Details of the trailing edge
conditions for higher-order discretizations are discussed in §3.2.7.

3.1.3

Wake effect

The Kutta condition described above cannot be completed without fixing the amount
of circulation Γ which allows the flow to leave smoothly at the trailing edge. According
to Davı̀ et al. [80], the uniqueness of the solution in two dimensions can be closed by
the Kutta condition and fixing the amount of circulation. Kelvin’s circulation theorem
states that the time rate of change of circulation around a closed curve containing the
same fluid elements is zero, i.e.:
DΓ
= 0,
(3.9)
Dt
where the substantial derivative, D/Dt = ∂/∂t + (V · ∇) [31], describes the time rate
of change of a moving fluid element. ∂/∂t refers to the time rate of change at a fixed
point; whereas (V · ∇) is the time rate of change due to the movement of the fluid
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element from one location to another where the flow properties are different in space.
Equation 3.9 can then be interpreted as:
ΓNew + ΓWake = ΓPrevious ,

(3.10)

as shown in Figure 3.3. In the current formulation in two dimensions, point vortices
are used to simulate the wake. At each time step, one wake vortex with the vorticity
strength equals ΓWake would emanate from the trailing edge. For the first time step,
the wake vortex is located at a small distance downstream of the trailing edge of the
aerofoil.
Equation 3.10 has two implications. First, the circulation around a closed surface
or volume which follows the material particles as they move is conserved. Second, the
change in circulation on the body surface (Γ New − ΓPrevious ) is shed to the wake (ΓWake )
as depicted in Figure 3.3.

a:

ΓPrevious

b:

ΓNew

ΓWake

Figure 3.3: Circulation is conserved according to Kelvin’s circulation theorem.
Figure 3.3a refers to the initial state where the circulation around the aerofoil
equals ΓPrevious at t = 0−, whereas Figure 3.3b shows the scenario at t = 0+ where the
new circulation becomes ΓNew + ΓWake as the wake emanates from the trailing edge of
the aerofoil. It should be noted that the circulation of the wake has a negative sign so
as to cancel out the effect of the change in circulation in the system and hence Kelvin’s
theorem is satisfied. By taking the effect of the wake on the aerofoil into account, the
solver matrix increases in the size to (N + 2) × (N + 2).
At the start of the flow, fluid around the aerofoil tends to curl around the trailing
edge. The concentrated vorticity at the trailing edge is fixed to the same element
at the trailing edge and is consequently flushed downstream by the flow, forming a
starting vortex as shown in Figure 3.3b. This starting vortex is placed at a location
downstream of the aerofoil in the simulations shown in Chapter 6. The vortex position
is then updated according to its vorticity. An alternative way to determine the initial
wake vortex location (instead of an arbitrary one) is to recalculate the strength of the
singularities after the initial wake vorticity is known. However, since this method would
incur an increase in computational costs, it is not implemented in this thesis.
More interesting results are obtained when the aerofoil oscillates. In Chapter 6,
validation tests will be presented and compared to the published flow visualizations.

3.2

Direct formulation in three dimensions

The transition of the formulation and evaluation of the boundary integrals from two
to three dimensions is substantial. The fundamental difference lies in the fact that
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the domain is multiply-connected in two dimensions whereas the domain is usually
simply-connected in three dimensions [76].
In the two-dimensional case, the domain is multiply-connected and hence leads
to multiple solutions. The non-uniqueness in solution can then be fixed by enforcing
Kelvin’s theorem. On the other hand, in the three-dimensional domain, the need
for uniqueness comes from the requirement to find the right values for the potential
discontinuity at the trailing edge at which each collocation point would require at least
one condition [81]. All the above means that trailing edge conditions which ensure the
uniqueness of the solution could be different in two and three-dimensional cases due to
the variation in the types of domain and hence, should be considered separately.
In this section, the boundary integral formulation in three dimensions is discussed.
First, the formulation and the boundary conditions for the case of potential flow are
described. This case corresponds to the non-lifting scenario for a wing. Next, a surface
of discontinuity, the wake, is included in the model which then allows lift to be generated. Finally, the compatibility conditions for the generation of a wake surface are
examined.

3.2.1

Potential flow formulation

Firstly, the frame of reference is defined as shown in Figure 3.4. This means that the
flow is seen moving with respect to the body surface S B in a fluid volume V . The total
velocity v at any point x ∈ V in a potential flow can be expressed as :
v = v∞ + ∇φ,

(3.11)

where φ is the velocity perturbation potential and v ∞ is the velocity of the undisturbed
flow with respect to the body frame.
y
V
x
z

SB
SW

v∞
n

Figure 3.4: Body frame of reference.
The fundamental assumptions in this thesis are that the flow is incompressible,
inviscid and initially irrotational. As a result, Kelvin’s theorem can be obtained from
the governing Euler and continuity equations [75]. The circulation, Γ, around a contour
of material points C can be expressed as:
Z
Γ=
v · dx,
(3.12)
C

while:

DΓ
= 0.
Dt
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(3.13)

In fact, the integral in Equation 3.12 defines the function of total velocity potential
Φ(x) such that:
Z
x

Φ(x) =

v · dx,

(3.14)

x0

in other words,
v = ∇Φ,

(3.15)

where x is any point on the contour C in an outer fluid volume V and if x 0 is a fixed
point (e.g. in a singly-connected domain), then φ(x) is single-valued [75]. An example
of a singly-connected domain is a three-dimensional field around a body which is the
main case in this thesis.
For an exterior Neumann problem for the Laplace equation, the following constraints have to be satisfied in the evaluation of the velocity potential φ on a body
surface SB [82],
∇2 φ = 0 x outside SB ,
∂φ
= χ x on SB ,
∂n
φ → 0 x → ∞;

(3.16a)
(3.16b)
(3.16c)

where Equation 3.16a is the Laplace equation which is obtained by the combination of
the continuity equation (conservation of mass), ∇ · v = 0, with Equation 3.15. Equation 3.16b, χ = (vB − v∞ ) · n is the result from the boundary equation of an impermeable surface SB which states that (v − vB ) · n = 0, where vB is the velocity of the
point of SB and n is the outwardly directed normal to S B . Finally, Equation 3.16c is
the boundary condition at infinity where v = O(kxk) −2 or φ = O(kxk)−1 in terms of
velocity potential. The significance of these equations is that the solution is unique for
a singly-connected domain.
It should be noted that Kelvin’s theorem is valid only if all the material points
of C are completely in V during the whole time interval studied. Those points that
come in contact with the body for which no contour can exist within V all the time
are excluded from Kelvin’s theorem [81]. These points are identified as the wake which
emanates from the sharp trailing edge of the body. For the sake of clarity, the wake
forming procedure is therefore divided into two stages. First, the flow is irrotational
everywhere before any wake formation, and hence is potential. Second, there exists an
additional wake surface (from the trailing edge) which is excluded from the irrotational
assumption, and hence is quasi-potential.

3.2.2

Boundary integral equation for potential flow

The fundamental compatibility conditions for an inviscid, incompressible, initially irrotational flow are discussed. By combining Green’s second identity and a fundamental
function G that can satisfy the Laplace equation (Equation 3.16a), the resulting equation is Morino boundary integral representation [76] and is described as follows:
I 
∂G 
∂φ
G−
φ dS(y),
(3.17)
E(x)φ(x) =
∂n
SB ∂n
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where G = −1/4πr is the kernel function with r = |x − y| and y is the source point
and x is the field point; whereas ∂/∂n = n(y) · ∇ y with n(y) the unit normal pointing
outward from SB at y.
On the other hand, the value of the function E(x) is proven [75] to be:
I
∂G
E(x) = 1 −
dS x on SB ,
(3.18a)
SB ∂n
=1

x outside SB ,

(3.18b)

=0

x inside SB .

(3.18c)

It should be noted that a regular point is one where S B has a unique tangent plane.
An alternative expression of coefficient E is provided by Davı̀ et al. [80] in which E is
given by:
I
I

∂G
2
∇ GdS∞ +
dSB ;
E=−
SB ∂n
S∞

where the kernel function G is the singular solution of the domain at the infinity (S ∞ ).
The minus sign is added in the equation for the consistency in the sign convention
adopted in this thesis.
Referring to Equation 3.17 again, the values of φ and ∂φ/∂n on the boundary
surface have to be known before any valid application of evaluating potential at any
point outside the surface. Since ∂φ/∂n is prescribed on the body surface only, one
should first consider the case when the field point x approaches the boundary surface,
SB . Once φ and ∂φ/∂n are determined, the velocity potential φ(x) at any point in the
field can then be obtained from Equation 3.17.

3.2.3

From potential to quasi-potential

There are two fundamental reasons for moving the investigation from potential to
quasi-potential flow. First, no lift is generated by a potential-flow (and incompressible)
solution according to the well-known d’Alembert paradox: hence it is not physical.
Second, Kelvin’s theorem simply cannot be applied to those points that come in contact
with the body. As a result, the flow cannot be claimed to be purely irrotational and
can only be defined as quasi-potential [75]. In fact, those points which emanate from
the body’s trailing edge form a surface which is known as the wake, S W as shown in
Figure 3.4. It should be noted, however, that the flow on both sides of the wake surface
is still potential. Therefore, the wake is a surface of discontinuity for the potential on
which only the velocity potential jump (rather than velocity potential) can be defined.
It is then proven [76] that, with the use of conservation of mass and momentum,
there exists a surface of discontinuity in an incompressible inviscid flow as long as the
following two criteria are satisfied across this surface (i.e. S W ).
v · n = vW · n;
∆p = 0,

(3.19a)
(3.19b)

where the former equation (3.19a) means that S W is impermeable since the normal
velocity, v · n, equals the speed of S W in the normal direction, vW · n, whereas the latter
equation (3.19b) ensures the pressure continuity of S W although further conditions
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might be necessary. Further details will be discussed in §3.2.5.
The significance of Equation 3.19 is that extra conditions can then be defined for
those points on the wake surface (x ∈ S W ) even though Kelvin’s theorem cannot be
applied.
From Equation 3.19a, the boundary condition for the wake can be defined as [81]:
∂φ
= (vW − v∞ ) · n
∂n

x ∈ SW ;

(3.20)

which is true for both sides of the wake and hence:
 ∂φ 
= 0.
∆
∂n

(3.21)

On the other hand, by combining the Bernoulli’s equation and Equation 3.19b, it
is proven [76] that the wake potential jump, ∆φ W , remains constant for a wake point
(xW ∈ SW ). In other words, once the value of ∆φ W is decided (at the body’s trailing
edge), it stays constant as the wake point moves downstream. The way to determine
the value of potential jump ∆φW will be discussed in the following sections.

3.2.4

Boundary integral equation for quasi-potential flow

The existence of a wake in an initially potential flow has now been justified. The next
step is to extend Equation 3.17 so that the contribution from the wake to the velocity
potential is properly included in the calculation.

SBW

0
SW

SB
U

n̂U

L

n̂L

SW

Figure 3.5: Geometry for quasi-potential flow.
Consider a surface, SBW , which covers both the body volume V B and a thin layer
around the wake VW as depicted in Figure 3.5. The reason for not including the wake
surface directly (but a thin layer around it) is because the Laplace equation (3.16a) is
not valid in VB and on VW [75]. By taking the limit when the closed surface surrounding
0 , gets infinitesimally close to S , S 0 is then replaced by the two sides
the wake, SW
W
W
0 , one can
of the wake surface, SW . Therefore, if Equation 3.17 is applied solely on S W
obtain:
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I

0
SW

∂G 
G−
φ dS =
∂n
∂n

 ∂φ

Z
 ∂φ
∂G 
∂G 
G−
φ dS +
G−
φ dS
∂n
∂n
SWU ∂n
SWL ∂n
Z  L
Z  U
∂G U 
∂G L 
∂φ
∂φ
G
−
φ
G
−
φ dS
dS
+
=
U
L
∂nU
∂nL
SW ∂n
SW ∂n
Z h
i
∂φL
∂G U
∂φU
L
)G
−
(φ
−
φ
)
dS
=
( U −
∂n
∂nU
∂nU
SW
Z
∂G
(φU − φL ) U dS;
=
(3.22)
∂n
SW
Z

 ∂φ

where the superscripts U and L denote the values on the upper and lower surfaces of
SW respectively. In addition, note that n̂ L = −n̂U ; whereas ∂φU /∂nU − ∂φL /∂nU = 0
as the wake is an impermeable surface.
As a result, Equation 3.17 can be rewritten as:
Z
I 
∂G
∂G 
∂φ
∆φ
G−
φ dS −
dS;
(3.23)
E(x)φ(x) =
∂n
∂n
SW
SB ∂n
where all the notations have the same meaning as before and the value of E(x) can be
found in Equation 3.18; also, ∆φ = φU − φL . It should be noted that the wake surface
is equivalent to a distribution of doublets.
Equation 3.23 is the boundary integral representation for the lifting case in an
incompressible, quasi-potential flow [76]. The significance of this equation is not only
that Equation 3.17 has been extended to the lifting case (by including the wake surface)
but also it has dictated the orientation of the wake which is not arbitrary. The normal
of the wake panels should always be pointing upwards according to Equation 3.22. This
is also the orientation adopted in this thesis.
When a field point x lies on SB , both Equation 3.17 and Equation 3.23 are the
compatibility equations between φ and ∂φ/∂n on S B , and ∆φ of SW for the latter
equation. ∂φ/∂n is known from the boundary condition whereas the wake geometry
and ∆φ are known from the previous time step. As a result, φ can be found anywhere
in the field at any time.

3.2.5

Wake generation

The question of how the wake is actually generated from the trailing edge of a wing in a
quasi-potential flow remains open [81]. However, some physically- and mathematicallyjustified theorems are discussed in this section.
Consider a three-dimensional wing in a fluid which is initially (t = 0−) at rest.
During a sudden start (t = 0+), the wake has not yet formed and hence the potential
on the aerofoil can be obtained by Equation 3.23 with the wake potential jump ∆φ
equal to zero. At t = dt, there exist two possible scenarios in the flow. The vorticity
generated (as the circulation is not zero anymore) will either stay at the trailing edge
of the wing or go into the field [75]. In fact, nature has already made the decision on
this issue. Flow visualizations performed by Prandtl and Tietjens (from reference [31])
have also shown that the vorticity does leave the trailing edge eventually. Moreover, by
assuming that the counter argument of the d’Alembert paradox is also true, vorticity
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which leads to the generation of lift should exist in a non-potential flow.
All the above gives rise to the assumption stated in reference [75]: there exists
no vorticity at the trailing edge. As mentioned in §3.2.4, the wake is a surface of
discontinuity with doublet distributions. The equivalence of a doublet to a concentrated
vortex [76], echoes the implication of the assumption that ∆φ is continuous at the
trailing edge. Therefore, a boundary condition is needed to describe how the vorticity
is “shed” from the wing’s trailing edge. Mathematically,
lim

xW →xTE

∆φ(xW ) = ∆φTE = φxU − φxL ,

(3.24)

where xU and xL are the points on the upper and lower surfaces of the wing at the
trailing edge, TE; hence ∆φTE is the velocity potential jump at the trailing edge,
whereas xW is geometrically the same point as x U and xL but belongs to the wake
surface. Equation 3.24 is also known as the Joukowski conjecture [81].
More precisely,
lim

xW →xTE

Dw
∆φ
Dt

=
x=xW

lim

xU →xTE

Dφ
Dt

−
x=xU

lim

xL →xTE

Dφ
Dt

.

(3.25)

x=xL

Equation 3.25 has an advantage over Equation 3.24 in terms of representation. This is
due to the fact that ∆φTE = 0 at t = 0+ which would satisfy Equation 3.24 all the time
without allowing any shedding. To this end, Equation 3.25 is a preferred representation
as it ensures vorticity is shed from the trailing edge into the field [75].
Another point of view on the issue of vorticity shedding at the trailing edge can be
taken from Kelvin’s theorem. It is mentioned in §3.2.1 that Kelvin’s theorem cannot be
applied on the wake surface but we can apply it in the surrounding region. Recall the
combined surface contour, SBW , which is big enough to accommodate both the body
and wake surfaces. Similar to the two-dimensional case, Kelvin’s theorem applies and
the circulation around SBW is zero. In fact, the potential jump at the trailing edge
equals the circulation of the wing [81], i.e.:
∆φTE = Γ(t) = −ΓW (t)

(3.26)

where Γ(t) and ΓW (t) are the circulation as a function of time around the body and
the wake respectively.
Although Equation 3.26 resembles its counterpart in two dimensions (Equation 3.10),
special attention has to be paid as the value of Γ(t) equals that of Γ W (t) in the 3D case.
The minus sign in Equation 3.26 refers to the counter-rotating behaviour (rolling up
towards the aerofoil) exhibited by the wake. The value of Γ W (t) hence increases with
Γ(t) until it reaches the steady state. Unlike two-dimensional cases, the uniqueness of
the solution would not be ensured by fixing the circulation. Instead, the Joukowski
conjecture (Equation 3.24) ensures the uniqueness of the solution at each single position along the wing span [81]. As a result, the value of Γ(t) is not constant, rather, it
varies along the span.
Geometrically, there are five possible cases, as shown in Figure 3.6, for how the
wake should leave the trailing edge (with a non-zero trailing edge angle) according to
the investigation performed by Mangler and Smith [83]. Cases (a) and (b) depict the
scenarios when the tangent of the wake surface passes below or above the wing surface.
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Case (c) is the wake tangent lying between the wing surfaces, whereas cases (d) and
(e) show the situation when the tangent of the wake surface touches the lower or upper
wing surface.

(a)

(b)

(c)

(e)

(d)

Figure 3.6: Various possibilities of wake leaving the trailing edge [84].
These cases are initially drawn from the geometrical point of view and hence cases
(a) and (b) are rejected at once as they are not physical. This is due to the fact
that should they happen, the flow would need to flow past a corner convex to the
stream, leading to an infinite velocity at the trailing edge point [83], hence violating
the requirement of the flow to leave smoothly at the trailing edge.
An extension to the study of Mangler and Smith is carried out by Morino and
Bernardini [81]. They have shown mathematically that the decision on which side
of the edge the wake should leave tangentially (case d or e), depends on the sign of
a parameter which is related to the local velocities. There exists a stagnation point
(local velocity equals zero) in the cross-plane of the wing on the side to which the wake
is not tangential. The stagnation point is the cross-plane stagnation point. On the
other hand, case (c), in which the wake leaves the trailing edge at the intermediate
position, is a special case as the local velocity on both sides of the wake is zero. Since
the potential jump and hence the local velocity are not known at the beginning of
the time step, case (c) is a valid assumption for a wing with finite trailing edge angle.
Therefore, an initial wake panel is set to be lying in the intermediate position (as in
case c) in all the simulations performed for this thesis. The length of this initial wake
panel is equal to 1% of the chord unless otherwise specified.

3.2.6

Further trailing edge conditions

The question of whether Equation 3.25 would be enough to ensure the uniqueness of the
solution or if there exists a “correct” trailing edge condition is investigated by Morino
and Bernardini [81]. As pointed out in their paper, there are three criteria that have
to be satisfied for the solution to be smooth at the trailing edge of a three-dimensional
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wing in an inviscid, incompressible, quasi-potential flow.
First of all, the commonly known Kutta-Joukowski condition has been stated as
two separate conditions. The ‘Kutta condition’ refers to the hypothesis of zero pressure
jump at the trailing edge (i.e. ∆pTE = 0), whereas the ‘Joukowski conjecture’ assumes
that the flow at the trailing edge is smooth such that the velocity is not singular (i.e.
Equation 3.25).
The requirement of flow to leave smoothly at the trailing edge is equivalent to the
removal of any unbounded singularities in the fluid velocity at the trailing edge [85].
These singularities are hence known as the edge singularities. Morino and Bernardini [81] have suggested some criteria that have to be satified to remove three types
of edge singularity, namely, (a) the Kondrat’ev and Oleinik singularity, (b) the vortexline singularity; and (c) the edge-jet line singularity. In addition, a “smooth” solution
should also satisfy (d) a “cross-plane stagnation-point condition” [81].
They called the Kondrat’ev and Oleinik singularity the singularity that exists in
the flow which exhibits a convexity behaviour, such as cases (a) and (b) in Figure 3.6.
The latter two singularities, vortex-line and edge-jet, were addressed by Epton [86]
who has extended the integration-by-parts procedure to identify the weakly-singular
edge-jet term. Before then, only the vortex-line term was isolated by the procedure.
The essence of the procedure involves expressing the gradient of the potential function
which is a hypersingular integral into surface and line integrals with the use of Stokes’
theorem. Morino and Bernardini [81] have provided an interpretation of these two
types of singularity by considering the integral representation for v p (x) = ∇φ(x), i.e.:
I 
∂G 
∂φ
− φ∇x
dS(y) for x ∈ V,
(3.27)
vp (x) =
∇x G
∂n
∂n
S
where all the variables have the same meaning as in Equation 3.17 and S is the boundary
of a surface in an outer volume V . It should be noted that ∇ x is the differentiation
with respect to x since G = G(x, y). Moreover, the second integrand in the equation
will become highly singular if x approaches S. This is because the integrand involves
the term 1/R3 , where R = |x − y|.
By considering an open surface Ŝ having a boundary L on which φ or ∆φ are
discontinuous, Equation 3.27 can be rewritten as:
Z 
Z 
∂vp
∂G 
∂G 
∂φ
− φ∇x
− vp
dS(y) =
dS(y)
∇x G
G
∂n
∂n
∂n
∂n
Ŝ
ŜI
+ G∇φ × dy
IL
− φ∇x G × dy for x ∈
/ Ŝ.
(3.28)
L

The edge-jet singularity comes from the first line integral on the right-hand side which
yields a weakly-singular behaviour of log r type. On the other hand, the vortex-line
singularity originates from the second line integral which gives a hyper-singularity of
1/r type. The significance of these conclusions becomes clear if the boundary L is
considered as the trailing edge at which φ will become discontinuous during the lifting
case. This leads to the existence of the two types of singularity.
The investigations of Morino and Bernardini [81] have concluded that (a) the Kon36

drat’ev and Oleinik singularity is removed as long as the wake leaves within the trailingedge wedge which is defined by Mangler and Smith [83]. The trailing-edge wedge is
formed by the tangents to the upper and lower surfaces of the trailing edge as shown
in Figure 3.7. They further find that (b) the vortex-line singularity can be avoided if
∆φTE is defined by Equation 3.25. On the other hand, their numerical experiments
seem to have shown that the criteria (c) no-edge-jet and (d) cross-plane stagnationpoint condition are satisfied even when they are not directly imposed. They have also
proved that the Kutta condition (Equation 3.19b) is a consequence of the governing
equations and Joukowski conjecture and hence need not be applied explicitly. The
Joukowski conjecture alone seems to able to ensure the uniqueness of the solution.

Figure 3.7: A trailing-edge wedge (shaded region).
Therefore, based on the conclusions obtained by Morino and Bernardini [81], the
concise form of the Joukowski conjecture, Equation 3.25, will be used in this thesis with
the assumption that this would be the only criterion needed for a “smooth” solution
at the trailing edge. The complementary requirement for the wake to leave within the
trailing edge wedge [83] is also applied.

3.2.7

Numerical trailing edge conditions

Attention is needed in obtaining the limit in Equation 3.25 as the environment at the
trailing edge changes with the order of the elements used. For a zero-order method,
the centres of the panels are normally used as the collocation points. As a result, the
collocation points for upper and lower panels nearest to the trailing edge would be
distinct, hence ∆φTE would not be zero for the lifting case. Therefore, Equation 3.25
can be implemented in a solver without any alteration. This also explains the popularity
of the zero-order method [39, 69, 73] due to its simplicity.
However, the simplicity would also mean that ∆φ TE is not evaluated at the trailing
edge. Aiming to improve the accuracy, higher order methods are introduced. In fact,
the collocation points closest to the trailing edge would lie exactly on the edge nodes
from first-order methods onwards. This leads to a problem in the boundary integral
matrix which becomes underdetermined. The reason is that the upper and lower trailing
edge points are geometrically the same point (same node), resulting in only one equation
for two unknowns. This situation poses no problem in the non-lifting case but there
would be no potential jump, i.e. ∆φTE = 0 for the lifting case if no extra conditions
were applied.
MCAERO is one of the early higher order codes. The body surface was covered
with quadratic distributions of doublets and constant distributions of source. Both
“no flow”—external Neumann and internal Dirichlet boundary conditions were applied.
The Kutta condition was enforced at a location downstream of the trailing edge via
the requirement of flow tangency.
A first-order panel method has been successfully implemented on a mesh with
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unstructured-triangular elements by Eller [87]. Since there exist two points at the
same geometrical location at the trailing edge, the integral equation is only applied to
one of them. For another point, a Kutta condition which requires the velocity at the
upper and lower edge points in the direction perpendicular to the trailing edge (and
parallel to the flow) to be the same, is applied. This Kutta condition is expressed in
terms of the singularities on the surface and hence becomes a compatibility condition
for the solution. The application of Eller’s method [72] includes unsteady simulation
for aeroelastic studies with the wake following the local velocity.
A quadratic-based panel method which is applied on second-order panels has been
examined by Willis et al. [88]. Their research was limited to the non-lifting case which
aims to improve the accuracy of evaluation of the self-induced term in boundary integrals. Their attempt to include the wake was confined to the zeroth-order panel method
only [89].
An explicit Kutta condition for unsteady high-order potential boundary element
method is introduced by Davı̀ et al. [80]. Their Kutta condition is expressed in form
of the time-dependent value of the velocity potential, φ:
#
"
∂∆φ 1 2
2
+ (vu − vl )
= 0;
∂t
2
TE

where vu and vl refer to the velocity at the collocation points on the upper and lower
surfaces at the trailing edge respectively. This equation ensures the pressure continuity
is satisfied at every time step for large amplitude motions. However, according to the
conclusions in §3.2.6, no extra condition apart from Equation 3.25 should be needed
to avoid all the edge singularities. Therefore, Davı̀ et al.’s Kutta condition is not
implemented at this stage of the research.
On the other hand, Gennaretti et al. [90] have applied a special condition at the
trailing edge in their third-order formulations. In their method, the collocation points
at the trailing edge are moved slightly upstream (along the element edge to which the
point belongs) of the trailing edge node. The results from their third-order method
have proven to be highly accurate. On the other hand, Bernardini (as referenced
in [81]) has introduced two different equations for the upper and lower edge points,
thus circumventing the problem of one equation with two unknowns.
Although both methods are highly accurate, they are not easy to implement on
a mesh with triangular elements. Since unstructured triangular meshes can adapt to
many geometries, especially those profiles with sharp corners (such as fish), a new way
of obtaining the limit in Equation 3.25 is introduced in this thesis. The details of the
method and implementation will be discussed in §4.3.
The contribution of the method to the BEM community is that it provides a very
simple way to obtain the limit in Equation 3.25 which allows the effect of the wake to
be included in a first-order method. To the author’s knowledge, Eller’s method [72]
may be the only other successful implementation of a first-order unstructured panel
method for the lifting case.
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3.3

Chapter summary

This chapter started with a brief history of the boundary element method which could
be divided into direct and indirect formulations. Next, the indirect formulation, also
known as the panel method, was considered for a two-dimensional case with zerothorder elements. It was then followed by the three-dimensional boundary element formulation. The importance of wake generation and trailing edge conditions were covered.
All the known edge singularities are removed as long as the wake leaves within the
trailing-edge wedge and the Joukowski conjecture is satisfied. In order to fulfill the
Joukowski conjecture (Equation 3.25), special numerical treatment at the trailing edge
is needed to avoid ambiguity and will be discussed in the next chapter.
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Chapter 4

Numerical implementation in
three dimensions
Various stages of solving the boundary integral equation (Equation 3.23) numerically
in three dimensions will be discussed in this chapter. The discussion starts with preprocessing, which includes both the spatial and numerical discretization of the mesh.
The numerical integration algorithm implemented is also included in this section. The
key contribution of this thesis which is the development of a new strategy in obtaining
the numerical limit required by the Joukowski conjecture (Equation 3.25) is explained.
Methods that are used in evaluating the velocity, pressure distribution and forces on
the body surface are covered. Lastly, the chapter ends with the implementation of the
parallelization of BEM code.

4.1

Pre-processing

Similar to numerical studies in two dimensions, the first decision which needs to be
made is how to transform a continuous surface into a discrete one on which calculations
can be performed by a computer. The discretization can be divided into two processes,
namely, the spatial and numerical discretization.
Spatial discretization involves the geometrical division of a surface whereas numerical discretization is responsible for the allocation of the singularities, such as sources
and doublets, on the surface. These locations which carry the unknown singularities
are also known as the collocation points. It should be noted that spatial and numerical
discretization do not have to be of the same order. A brief summary on the types of
elements (spatial and numerical) can be found in reference [73].

4.1.1

Spatial discretization

In this thesis, the meshes employed are generated by an open source three-dimensional
finite element mesh generator called Gmsh (version 2.0.7, released on April 3, 2007)
which is developed by Christophe Geuzaine and Jean-François Remacle [91]. There are
four modules in Gmsh, namely, Geometry, Mesh, Solver and Post-processing.
First, geometries are defined in the Geometry module. Not only the shape of the
required object is defined, the user also has the control of dividing the surface into
different “regions” so that variation in the mesh density is possible. Figure 4.1 is
40

depicted as an example. As shown in Figure 4.1a, a NACA0012 wing with an aspect
ratio of 6 is constructed by blue lines which are defined by a coordinate system. The
red arrows indicate the orientations of the individual region of surfaces which should
be the same (pointing outwards in this case). Extra lines are put near the leading and
trailing edges so as to create separate regions where higher mesh density is required.
The mesh density in turn, is controlled by the characteristic length factor which is also
decided at this stage. The length factor can be varied if more than one region is created
as shown in this example. An extra advantage for being able to control the size of the
elements is that simpler algorithms are needed for re-indexing nodes at the trailing
edge as the shape of the elements is more predictable. Details about re-indexing will
be discussed in §4.1.4.
Once the geometrical profile is decided, the surface is then chosen to be discretized
into a finite number of first-order triangular panels in the Mesh module as displayed
in Figure 4.1b. Different colours indicate the variations in the mesh density. Meshes
with first-order unstructured triangles are generated with the 2D-algorithm: Triangle
selected. However, the Triangle algorithm is not readily available in some later versions
of Gmsh for which compilation is necessary. The Post-processing module in Gmsh can
also be used to visualize results.

a. The Geometry module.

b. The Mesh module.

Figure 4.1: Steps in constructing a mesh in Gmsh.
The advantage of unstructured triangular elements is that they can cover most
surfaces, in particular those with sharp corners, with minimum effort compared to
the quadrilateral or structured counterparts. Figure 4.2 shows a mesh with triangular
elements of the robotic tuna mentioned in §1.3, Robotuna, which was developed by
MIT to investigate propulsion mechanisms [33]. Although only first-order elements are
used, the profile is described fairly well.

4.1.2

Numerical discretization

The numerical discretization follows the same order as the spatial one. This means
that each collocation point falls exactly on its geometrical counterpart. As mentioned,
the order of the two types of discretization can be different. The order of numerical discretization is defined by an interpolation shape function which describes the
relationship among the collocation points. Once the mesh file is read, the preprocessing function in the in-house boundary element library, BEMLib, overlays the mesh
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Figure 4.2: First-order triangular mesh for Robotuna described in reference [33].
with computable boundary elements. Data such as the number and properties of the
nodes of elements are matched against those in BEMLib such that the global Cartesian
(x, y, z) and local coordinate systems (ξ, η) and the corresponding shape functions are
associated with the nodes according to the order of the elements.
y
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3

3
η

x
2

1
z

0

1

2
ξ

0

1

Local space

Global space

Figure 4.3: A triangular element in global and locally-mapped space.
The transformation from the global coordinates to the local ones for our first-ordertriangular elements is depicted in Figure 4.3. The vertices of a linearly-interpolated
triangular element in the local coordinate system (ξ, η) are: (0, 0), (1, 0), (0, 1). The
shape functions that describe the transformation in local coordinates with (ξ, η), can
then be selected according to the properties of elements. The three components of the
standard shape function L for a linear triangular elements are [92]:
L1 = 1 − ξ − η;

L2 = ξ;

L3 = η.

(4.1)

The corresponding derivatives in the ξ and η directions respectively are:
∂L1
= −1;
∂ξ
∂L1
= −1;
∂η

∂L2
= 1;
∂ξ
∂L2
= 0;
∂η
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∂L3
= 0;
∂ξ
∂L3
= 1.
∂η

(4.2a)
(4.2b)

As a result, the geometrical transformations of the coordinates can be written as:
x=

n
X

xi L(ξ, η),

(4.3)

i=1

where n = 3 is the number of vertices in an element; x is the interpolated position and
xi are the vertices in their original Cartesian positions.
Since the computational interpolation scheme follows the same relationship, the
velocity potential φ and its derivatives ∂φ/∂ξ, ∂φ/∂η at a point on the surface can also
be interpolated by the values of all the vertices within the element.
φ=
∂φ
=
∂ξ
∂φ
=
∂η

4.1.3

3
X

i=1
3
X

φi Li (ξ, η);

(4.4a)

φi

∂Li
;
∂ξ

(4.4b)

φi

∂Li
;
∂η

(4.4c)

i=1

3
X
i=1

Numerical integration

The importance of the ability to transform the Cartesian coordinate system into the
local one is that it enables the use of standardized numerical integration functions when
exact analytical ones do not exist. The standard Gaussian rules take the following
form [93]:
Z 1
n
X
I=
Ai f (xi ).
(4.5)
f (x)dx =
−1

i=1

When evaluating a line integral I numerically, instead of performing the calculation
along a continuous surface, it is possible to consider the integration as a summation of
values, f (xi ), at various locations xi on the surface (or over discrete elements) where
n denotes the total number of these points and A i are the weights. The determination
of the weights and locations at which the function f is evaluated is by the quadrature
rules.
However, most quadrature rules are presented in intrinsic coordinates. The integration itself is also performed in the local systems. In fact, the introduction of the
new coordinate systems can be compensated by the interpolation functions mentioned
in §4.1.2. The interpolating points which are commonly known as the quadrature points
(or sometimes referred as the Gaussian points when Gaussian quadrature is used), can
then be transformed back into the Cartesian coordinates by Equation 4.3 during the
evaluation of the kernel functions such as Equation 3.17.
For a surface integral S, Equation 4.5 becomes [93]:
S=

Z

1
0

Z

1−ξ

f (ξ, η)dη dξ =

0

n X
m
X

f (ξij , ηij )Ai Aj ;

(4.6)

i=1 j=1

where the maximum values of the number of quadrature points m and n used in the
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simulation are both 64. This value is achieved by trial and error, which is in turn
performed by comparing to a highly reliable code [94], to make sure that the number
of quadrature points is high enough to provide the resolution needed without wasting
too much computational time. Details of the comparisons can be found in §5.3.
Care should be taken during the evaluation of the kernel function G in Equation 3.17 as the integral might become singular or nearly-singular when the points
involved are the same or very close to each other. As a result, quadrature rules are
selected by the current solver depending on the value of a parameter σ which is defined
by the shortest distance (approximately) between the field point and element to be
integrated over and then divided by the square root of the element area. The standard polar transformation quadrature rule for triangular elements will be selected when
σ = 0; whereas the Khayat-Wilton quadrature rule [95] which makes use of a purely
numerical singularity cancellation scheme will be used for σ < 0.05. For higher values
of σ, the symmetric Gaussian quadrature rules developed by Wandzura and Xiao [96]
are chosen. Their symmetric quadrature rules are based on equilateral triangles for
which the nodes and weights are provided in the aforementioned reference.

4.1.4

Indexing of collocation points

In order to enable the solver to identify individual nodes, each geometrical node on the
surface is given a unique index apart from those on the sharp edge. Special attention
has to be paid to the sharp trailing edge at which the nearest panels corresponding
to the upper and lower surface are joined together. As mentioned in §3.2.7, this leads
to a problem for the lifting case in which the potentials at the nodes on the upper
and lower edges are expected to be different. As a result, two indices are given at the
same geometrical location on the trailing edge so as to provide two distinct points of
evaluation for the potentials on the upper and lower surface.
Since the wake leaves from the edges of a body, there exists an angle-measuring
mechanism to identify the sharp edges on the body. This is performed by measuring
the angle between the surface normals of the panels at the edge as shown in Figure 4.4.
Sharp edges are located if the angle exceeds a predefined value. For example, the sharp
trailing edge of a NACA0012 wing has been identified correctly without the inclusion
of the leading edge when the angle exceeds 130 ◦ .

Angle measured

Figure 4.4: Identifying the sharp edge(s) of a body by measuring the angle between
the surface normals.
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Once the sharp edge is identified, extra indices are given to the nodes on the lower
side of the edge so as to create two distinct collocation points at each geometrical
location as aforementioned. It should be noted that the indexing of the lower edge
nodes should be seen as a renumbering process rather than a simple duplicating one.
This is because those vertices of the lower edge elements which share the nodes with the
upper edge counterparts will have the same indices and therefore should be renumbered.
These vertices are identified with black dots in Figure 4.5. Since the grey-colored
elements are not considered as edge-elements (as they do not share an edge at the
trailing edge), no extra indices would be given to their vertices at the trailing edge.
Instead, these points have to be renumbered and their indices are decided by the
neighbour-elements which have edges lying on the trailing edge (e.g. those whitecolored elements). This would ensure each collocation point has only one index and is
properly “linked” to the corresponding elements.
Upstream of the wing

Trailing edge of the wing

Figure 4.5: Re-indexing trailing edge elements on the lower surface.
The orientation of the trailing edge has proven to be important for the wake generation. This is because the initial wake edge is a copy of the body trailing edge and
hence it follows the same orientation which ultimately determines that of the whole
wake surface. Since the orientation of the wake surface is not arbitrary as previously
discussed in §3.2.4, the orientation of the trailing edge has to be defined at this early
stage. Otherwise, modification has to be implemented during the “sweeping” process
of the wake surface. Moreover, since the body trailing edge is in fact composed of individual edges of the edge-elements, their orientations have to be aligned. The arrows
on the trailing edge in Figure 4.5 indicate the orientation of each individual edge which
should all be pointing in the same direction. In contrast, the orientation of the edges
on the upper side is in the reverse direction.

4.2

The solution

The solver first reads in the body boundary element and edge files as inputs. The body
boundary element file which is obtained via the numerical discretization procedure
in §4.1.2, contains both the geometrical and numerical information of each collocation
point on the body surface. On the other hand, the edge file stores the indices of the
collocation points which are located at the trailing edge. This file is one of the outputs
from the sharp-edge identification procedure mentioned in §4.1.4. Matrices are then
sized according to the number of collocation points on the body surface.
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Latest wake panel

Previous wake panels

U∞

Figure 4.6: The generation of the new wake panel.
At the beginning of each time step, the positions of the first-order wake panels are
updated and moved further downstream according to the freestream velocity. As shown
in Figure 4.6, the latest wake panel edge which is located at the body’s trailing edge
joins the wake from previous time steps to form a complete wake surface. First-order
triangular elements are then generated and indices are given during this “sweeping” of
the new portion of the wake surface. The indices of the wake are distinct from those
on the body. On the other hand, the “trailing edge” of the initial wake panel is located
at a predetermined position which is at most 1% of the individual length of other wake
panels. The potential jump on the initial wake is set to zero.

4.2.1

Matrices

Next, the discussion is moved onto the assembly of the matrices involved in solving
the boundary integral equations. For a discretized surface with i collocation points, x i ,
Equation 3.23 can be expressed in canonical form as follows:
NB
X

Iij φj =

NB
X

Bij χj −

Cij φj −

j

j

j

NB
X

NW
X

Fik ∆φk ,

(4.7)

k

where
Cij =

XZ

Lj

m

∂G
dSBm ,
∂n

R
1 − ∂G/∂n dSB (i = j),
Iij =
0
(i =
6 j),
XZ
∂G
dSWm ,
Fik =
Lk
∂n
m
XZ
Bij =
Lj G dSBm ,


(4.8a)
(4.8b)
(4.8c)
(4.8d)

m

χj =

∂φ
∂n

;

(4.8e)

x=xj

where NB and NW are the total number of collocation points on the body and
nodes on the wake surfaces. The summation over m is taken on the elements which
contain collocation point j. Lj is the shape function on element m corresponding to
point j; same for Lk . SBm and SWm refer to the body and wake surfaces respectively
which contain the element m.
Iij represents the leading coefficient induced at the collocation point i which is
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determined by the criteria set in Equation 3.18. C ij refers to the doublet contribution
on the element of the body surface, S Bm , that contains the collocation point j; whereas
Fik stands for that of the wake element surface S Wm containing the node k. Bij refers
to the integrated value of the kernel function G as mentioned in §3.2.2; and χ j is the
boundary condition (Equation 3.16b). All the integrals are obtained via the numerical
integration procedure in §4.1.3 with the use of interpolation functions in §4.1.2.
Hence, the canonical form of Equation 3.23 can be obtained with a column matrix
φ:
[I + C]φ + F∆φ = Bχ,
(4.9)
where I is a diagonal matrix containing I ij , whereas matrices C, F and B are composed
of the entries Cij , Fik , Bij respectively. A column matrix χ is filled with χ j .

4.2.2

Boundary condition

The boundary condition applied is the exterior Neumann boundary condition of Equation 3.16b. The chosen normals of the collocation points at the two ends of the trailing
edge are those pointing outwards from the surfaces rather than those pointing sideways.
This is of a particular importance for the application of the novel strategy on obtaining
the numerical limits at the trailing edge as points will be moved along the normals. As
a result, boundary conditions applied at these collocation points at the trailing edge
have been recalculated with the chosen normals.

4.2.3

Wake contribution

The wake contribution is described as F∆φ in Equation 4.9. For the wake obtained
from the previous time steps, ∆φ is known. However, for the latest wake panel, the
strengths of its doublets are unknown at this stage, although they will be resolved
at the end of the current time step. Therefore, in order to include the contributions
from the doublets of the latest wake panel, their coefficients F ik (Equation 4.8c) are
included on the left hand side, by adding F ik to the corresponding collocation points
on the upper surface and subtracting F ik from those on the lower surface.

4.2.4

The iterative scheme in the solver

A non-stationary iterative scheme that uses the Stabilized BiConjugate Gradient method
(Bi-CGSTAB) [97] is available in BEMLib. Preconditioning which refers to the transformation of a matrix to one which is numerically favourable is not applied in the solver.
The Bi-CGSTAB scheme was developed for solving non-symmetric linear systems.
For a Conjugate Gradient method, an initial residual, r (0) , is obtained by r (0) =
R − Lx(0) with some initial guess of solution x (0) ; whereas L = I + C stands for the
matrix on the left-hand side and R = Bχ − F∆φ is the right-hand side according
to Equation 4.9. At each iteration, successive approximations (known as iterates) are
made to obtain more accurate solutions to the linear system. Both the iterates x (i) and
residuals r (i) are updated by search direction vectors p (i) during each iteration.
However, for a BiConjugate Gradient method, the sequence of residuals is replaced by two sequences of residuals, r (i) and r̃ (i) . A pseudo-code of Bi-CGSTAB
(pre-conditioning removed) which is adopted from reference [97] is shown in Figure 4.7.
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Compute r (0) = R − Lx(0) for some initial guess x(0)
Choose r̃ (for example, r̃ = r (0) )
for i = 1, 2, . . .
ρi−1 = r̃ T r (i−1)
if ρi−1 = 0 method fails
if i = 1
p(i) = r (i−1)
else
βi−1 = (ρi−1 /ρi−2 )(αi−1 /ωi−1 )
p(i) = r (i−1) + βi−1 (p(i−1) − ωi−1 v (i−1) )
endif
v (i) = Lp
αi = ρi−1 /r̃ T v (i)
s = r (i−1) − αi v (i)
check norm of s; if small enough: set x (i) = x(i−1) + αi p and stop
t = Ls
ωi = tT s/tT t
x(i) = x(i−1) + αi p + ωi s
r (i) = s − ωi t
check convergence; continue if necessary
for continuation it is necessary that ω i 6= 0
end
Figure 4.7: The BiConjugate Gradient Stabilized Method (adopted
from [97] without preconditioning).

The iteration-stopping criterion depends on the accuracy required by the user. In
our case, once the threshold value of convergence, which is 10 −6 , is met, the iteration
stops and the solution obtained is final. In addition, a maximum number of iterations
is also set.

4.3

Numerical implementation of trailing edge condition

In this section, a novel numerical limiting procedure for the trailing edge conditions
which have been discussed in §3.2.7 is described. This is based on shifting the collocation points away from the trailing edge and using a Taylor series expansion to correct
for the distance from the body surface.

4.3.1

Step 1: Shifting the collocation points

The problem with the first or higher order formulation, as discussed, is that the corresponding collocation points on the upper and lower surface are located at the same
position. This causes a zero potential jump at the trailing edge even for the lifting case
(e.g. a wing at an angle of attack). Hence, no lift would be generated and this is far
from the reality.
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x̂U

xU
xL

x̂U

Figure 4.8: Trailing edge collocation points and their corresponding phantom points.
In order to overcome this numerical problem, the collocation points at the trailing
edge are moved a small distance  along their local normal as shown in Figure 4.8. For
example, there exist two trailing edge collocation points, x U and xL , which share the
same geometrical location. Two corresponding phantom points x̂U and x̂L are defined
at a distance  along the outward normal to the corresponding surfaces. All the trailing
edge collocation points along the span follow this procedure. These phantom points
are now the new collocation points. However, the original geometrical nodes on the
wing are not moved so as to maintain the geometry. In other words, the potentials at
the original geometrical positions are estimated by these phantom points as long as 
is not too big, i.e.:
φ(x̂U ) ' φ(xU ),

(4.10)

and the same applies to point xL . In this thesis,  is defined as a fraction of the chord.
Since these phantom points are outside the body, the leading coefficient E(x) has
to be changed to 1 according to Equation 3.18.
Although this method remedies the problem of non-distinct trailing points, the
dependency of the results on the value of  would be a problem in general application.

4.3.2

Step 2: Application of the Taylor series correction

The physical solution requires taking a limit as  → 0. Although a smaller  means
that the trailing edge points get closer to their original positions (hence, more accurate
predictions), it also implies that the whole system of equations will revert back to the
original case: zero potential jump at the trailing edge as the upper and lower edge
points are in the same place.
The remedy is to apply a correction to the estimates made at the phantom points.
Referring to Figure 4.8 again, there exists a relationship between the potentials of the
phantom and the original points:
φ(x̂U ) = φ(xU ) +

∂φ
∂n

·  + higher order terms . . .

(4.11)

x=xU

Equation 4.11 is, in fact, the Taylor series expansion at the point x U . By rearranging the terms, we have:
φ(xU ) = φ(x̂U ) −

∂φ
∂n

·  − higher order terms . . .
x=xU
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(4.12)

This means that the value obtained by Equation 4.10 would have an error of ∂φ(x U )/∂n · .
Since the first-order derivative in Equation 4.12 is readily available from the boundary condition, this makes the current numerical method very easily implemented. On
the other hand, the error involved in these projections of the values of potential at the
original trailing edge positions is O() 2 as the second or higher derivative terms are not
readily available and are possibly small enough to be excluded for a first-order method.
By including the corrections, Equation 4.9 can now be rewritten as:
[I + C]φ + F∆φ = Bχ − Zχ

(4.13)

where Z is a matrix which has the same size as B, with the entries Z pp = 1 where p
is the index of a phantom point; all other entries are zero. This equation is used to
estimate the potential at the trailing edge by applying it to the phantom points which
replace the original trailing edge collocation points. Thus, the corresponding entries
in the diagonal matrix I will be replaced by 1 as the phantom points are outside the
body surface as stated in Equation 3.18. On the other hand, Equation 4.9 is used for
the rest of the collocation points on the surface.
For sake of clarity, pseudo-code for the current BEM solver is given as Figure 4.9.
Main
1 Initialization
2 Read in boundary element mesh and trailing edge files
3 Size matrices B, C and vectors φ, χ according to the size of the mesh
4 Determine type of elements to be formed on the wake
5
for t = 0, 1, 2, . . .
6
Update positions of nodes on wake
7
Update positions on body mesh due to deformation
8
Form new wake panel
9
Matrix Assembly
10
Obtain list of unique indices of the trailing edge collocation points
11
Recalculate trailing edge normals
12
Set boundary conditions
13
Recalculate boundary condition at TE with chosen normals
14
Step 1: Relocation of trailing edge collocation points
15
Original points move to locations of phantom points
16
Recalculate coefficients due to phantom points
17
Replace rows in B and C with effects of phantom points
18
R=B×χ
19
Step 2: Taylor series correction
20
Subtract terms −Zχ for specific rows
21
Wake contribution calculation
22
Iterative solver
23
Wake potential jump calculation
end
Figure 4.9: Pseudo-code for the BEM solver.
The code is dedicated for simulation of deforming bodies so functions such as
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matrix assembly and calculation of trailing edge normals remain within the main loop.
The number at the start of each line is for easier explanation in §4.5.

4.4

Postprocessing

Once the velocity potential on the surface is obtained, secondary information such as
velocity, pressure and forces generated can be calculated.

4.4.1

Velocity calculation

Velocity has a direct relationship with velocity potential as described in Equation 3.15.
However, the partial differentiation of Equation 3.23 would mean that special treatment
is required for the term 1/R 3 which is singular. Alternatively, surface velocity can be
estimated by the surface gradients on the body.
3
r̂13

ŝ

1

r̂

2

Figure 4.10: Gradient estimation on a triangular element.
Firstly, the surface tangential velocity of an individual element, ∇ t φ, can be estimated analytically by the following equation:
∇t φ = ∇s φ · ŝ + ∇r φ · r̂,

(4.14)

where r̂ and ŝ are the normalized vectors along the surface as in Figure 4.10 and
ŝ = r̂ × n̂ with n̂ as the normal to the element. ∇s and ∇r are the gradients along the
corresponding directions and can be written as:
1
φ3 − φ 1 φ2 − φ 1
(∇t φ) · r̂13 − (∇r φ)r̂ · r̂13
=
(
−
· ∆r),
ŝ · r̂13
ŝ · r̂13 |r̂13 |
|r̂|
φ2 − φ 1
∇r = (∇t φ) · r̂ =
,
|r̂|
∇s =

(4.15a)
(4.15b)

where ∆r = r̂ · r̂13 and φi is the velocity potential at vertex i.
By extracting the parameter φ from the above equations, velocity “weights” can
be obtained as below.
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In the s-direction:
 −1

1
1
+
· ∆r ,
kŝ · r̂13 k |r̂13 | |r̂|

 −1
1
· ∆r ,
=
kŝ · r̂13 k |r̂|
 1 
1
=
.
kŝ · r̂13 k |r̂13 |

ws1 =

(4.16a)

ws2

(4.16b)

ws3

(4.16c)

In the r-direction:
−1
,
|r̂|
1
,
=
|r̂|
= 0.0,

wr1 =

(4.17a)

wr2

(4.17b)

wr3

(4.17c)

where the number in the subscripts indicates the vertex it refers to. For example, w r1
denotes the weight in the r-direction for vertex 1.
Hence,
X
∇s φ =
wsi φi ,
(4.18a)
X
∇r φ =
wri φi .
(4.18b)
Next, consider an element on a patch of the body surface as shown in Figure 4.11.

i

Figure 4.11: Elements on an irregular triangular mesh.
Node i is shared by a number of elements. For a more accurate or “smoother”
solution, the weight at node i is given by averaging the weights obtained from its
neighbouring elements [98]. As a result, the weights in Equation 4.18 are replaced by
the average weights ŵsi , ŵri .
X
∇s φ '
ŵsi φi ,
(4.19a)
X
∇r φ '
ŵri φi .
(4.19b)
Finally, the velocity can be predicted by Equation 4.14 with the surface gradients ∇ s
and ∇r being estimated by the average weights.

52

4.4.2

Pressure distribution

The unsteady Bernoulli’s equation is applied to calculate the pressure distribution on
the surface.
p
1
+ φ̇ + ||v||2 = constant
ρ
2
||∇φ||2
∂φ
∆p
+ vB · ∇φ −
= −
,
ρ∞
∂t Body
2

(4.20)

where

∂φ
· n,
∂n
and p, ρ, v are the pressure, fluid density and velocity respectively; φ is obtained from
the solver.
Note that for the steady case, the term (∂φ/∂t)| Body in Equation 4.20 is ignored,
i.e.:
||∇φ||2
∆p
= vB · ∇φ −
.
(4.21)
ρ∞
2
∇φ = ∇t φ +

Once ∆p/ρ∞ is known, the pressure coefficient, C p , can be found by the following
equation:
∆p
.
(4.22)
Cp = 1
2
2 ρ∞ v∞

4.4.3

Force coefficients

Force can be obtained from the pressure coefficient found in Equation 4.22.
Z
1
2
Cp · n̂dS,
F = ρv∞
2

(4.23)

where S is the body surface. This leads to the force coefficient:
CF =

F
,
1/2ρv∞ 2 A

(4.24)

where A is the reference area of the body.

4.5

Parallelization

As mentioned, the time-domain based boundary element method has the advantage
of capturing the deforming profile while minimizing the resources by limiting the computational domain to the surface only. However, some complex geometries mean that
fairly high numbers of collocation points are needed to fully describe the body profile.
In addition, the evolution of the wake behind the wing has added to the need of the
computational resources. For example, a simulation involving a plunging wing which
will be discussed in §6.2.3 needs about two weeks to reach the steady-state solution. For
a simulation of the flow around Robotuna which will be covered in §6.2.4, four days are
required for five swimming cycles as matrix reassembly is required at every time step
due to the change in geometry. Furthermore, the requirement to identify the optimal
53

values of the parameters to reach the smallest possible value of epsilon (to be discussed
in §5.3.2), would certainly increase the pressure on the precious computational time.
Parallelizing seems to be an option thanks to the access to the High Performance
Computing (HPC) resources in CINECA, Bologna, Italy via the HPC-Europa project
which is funded by the European Commission. In this section, the HPC system provided by CINECA is described. It is then followed by the parallelization methodology
used. Analysis in terms of parallelization scalability and speed-up efficiency which are
performed on the non-lifting wing are discussed. It should be noted that the parallelization has only been tested on a non-lifting model (without wake) and therefore, no
comparison on the computational time has been made with other numerical codes.

4.5.1

The system and production environment

Two visits were made to CINECA to perform parallel computations via the HPCEuropa project. Two different clusters, namely, CLX and BCX, were used during the
two visits but since all the results presented here are generated from the latter cluster,
its details [99] are given here.
BCX replaces CLX and started operating in March, 2008 in CINECA. BCX is an
IBM BladeCenter LS21 Cluster which is made up of 1280 4-way blades or nodes. Each
blade contains 2 Opteron dual-core processors with a clock of 2.4GHz, hence there are
5120 cores in whole system. All the compute nodes have 8GB of memory meaning
2GB per core. The login and service node processors are at a higher clock frequency
of 2.6GHz but have less memory. All the BCX cores are capable of 2 double precision
floating point operations (FLOP) per cycle. These lead to the global peak performance
of BCX of 26.6 TFlops.
Under the Massively Parallel Processors (MPP) architecture, all the nodes are
interconnected through an infiniband network with a maximum bandwidth of 10Gbit/s
between each pair of nodes. The operating system is Red Hat RHEL4 with compilers
such as Fortran F90 and C. Parallel libraries on the system include MPI and Open MP.
The queueing system of BCX uses the load sharing facility (LSF) to allocate resources
in a “fair” way according to the users’ demands.

4.5.2

Parallelization methodology

OpenMP and MPI are two common strategies employed to perform parallel programming [100]. The natural choice for the current BEM code is to use MPI as an MPI
wrapper is available in BEMLib.
MPI stands for Message Passing Interface which is a standard specifying a portable
interface for message-passing programs [100]. Some important facilities included in
the standard are point-to-point communication, collective operations, environmental
management and bindings for Fortran 77 and C. Standard subroutines are available to
make parallelization easier. For example, MPI SEND and MPI RECV can be used for
sending and receiving data within a point-to-point communication.
Since there is no predominant routine in the BEM code, the approach adopted
here is to divide the surface and wake meshes among the processors. Processors are
normally known as processes in a parallelized code. Some key modifications to the
serial code are explained and highlighted in the following sections.
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I/O block
All data are read in from the local filesystem by all processes. Therefore, all the
processes have the same information of the body mesh. The standard output file is
printed out by Process 0. This minimizes the overhead in data transmission by making
use the infiniband network among nodes.
The matrices which hold information on the mesh are divided among the processes
by rows. The division is performed after line 3 of Figure 4.9 when the size of the
matrices is known. This is to the advantage of code efficiency as a two-dimensional
array is stored in the memory in row-major order in C Language [100]. This is in
contrast to codes written in Fortran in which an array is stored in column-major order.
It is more efficient to access information according to how they were stored. As a result,
there would be fewer cache misses by performing the parallelization this way.
Broadcasting is a resource-intensive routine and should be avoided. This is because
this collective function checks if the amount of data being sent is the same as that being
received, pairwise between each process. However, information has to be broadcast
(MPI BCAST) under some unavoidable circumstances. For example, normals to the
body surface are calculated by Process 0 with the full body mesh. The calculation
and broadcasting are performed after line 4 of Figure 4.9. A split mesh would cause
problems during the evaluation of the normal as neighbouring nodes within an element
might belong to other processes. As a result, normals obtained by Process 0 are then
broadcast to other processes for the application of the boundary condition in the main
loop.
Main loop
Wake positions are updated at each time step. A full range of wake mesh has to be
provided to line 6 of Figure 4.9. This applies to the body mesh if deforming bodies are
considered.
Due to the formation of the new wake panel, the total number of nodes on the wake
has to be recounted and reallocated to each process. This ensures an even distribution
of load on each node. The division and node reallocation to the processes is performed
after line 8 of Figure 4.9.
For the boundary condition, it is important to ensure every process has the complete set of boundary condition. The full range of body mesh is provided for line 12 of
Figure 4.9.
Since the nodes on the wake have been divided among processes, their contributions
are stored in a buffer rather than adding to the R.H.S. directly. This is to ensure
the copies of R.H.S. on different processes are the same at all times. Data stored
in the buffer are then gathered by Process 0 and distributed to all other processes
with MPI ALLGATHER. Modifications have to be made within the function of wake
contributions in line 21 of Figure 4.9. Data gathering is performed on the line following.
Barrier MPI Barrier is inserted in the code where data synchonization among processes is needed before proceeding to the next stage of operations.
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4.5.3

Performance analysis

Amdahl’s Law provides a mean to predict the speed up due to the parallelization.
Depending on the fraction of code that can be parallelized, p, the parallel running time
will be (1 − p) + p/n of that in serial where n is the number of processors used in
parallel [100].
Alternatively, scalability tests can be performed to work out the exact speed up
brought about by the parallelization. A speed-up index S(p) can be defined as [100]:
S(p) =

T1
;
Tp

(4.25)

where Tp is the elapsed time for the code to execute with p processors.
Parallelization has been carried out on the BEM code. Application has been made
on a non-lifting case with a NACA0012 wing. Simulations have been run with up to
64 processors. The same results were obtained with different number of processors.
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Figure 4.12: Speed-up and efficiency gained via parallelization.
Figure 4.12a shows the speed-up gained from the parallelization. A fairly good
time benefit has been obtained. The deviation of the actual “speed-up” from the ideal
case is inevitable as there exist communication overheads among the processors. Data
exchange among the processes is essential in parallelization.
An additional way to measure the parallelization quality is via the efficiency η(p)
which is given as [101]:
S(p)
η(p) =
.
(4.26)
p
Figure 4.12b shows the speed-up efficiency which decreases as the number of processors increases. A very high efficiency is obtained when the number of processes
is small, hence lower communication overheads. Despite the sharp fall in efficiency, a
good balance between the reduction in computational time and cost effectiveness seems
to be struck for processor numbers lower than 32.
Efficiency allows the user to judge how economical it is to run on more processors.
This is crucial as associations that offer high performance computing tend to charge for
total CPU time on all of the processors. In that case, simulations should be performed
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with the most efficient number of processors if time allows. Although it might mean a
longer wait time in real time, the computational cost which is directly proportional to
the CPU time would be lower.

4.6

Chapter summary

The construction of the current BEM code in three dimensions has been discussed in
detail. The discussion was divided into five main stages: pre-processing, the solution,
the novel technique to obtain the numerical limit at the trailing edge, post-processing
and parallelization. In pre-processing, the software, Gmsh, which is used to generate
the meshes is introduced. The shape functions involved in the numerical integration
and the indexing strategies are also covered. The solution section has depicted the
Morino boundary element integral in canonical form. Pseudo-code for the iterative
solver and the BEM code are provided. The novel two-step procedure to obtain the
numerical limit at the trailing edge has been explained in detail. The first step involves
the relocation of collocation points at the trailing edge whereas the second step allows
the estimated values to be corrected with the first-order derivatives in the Taylor series
expansion. The post-processing section gives the equations for calculating the velocity,
pressure and forces. Finally, tests have been performed on parallelizing the BEM code
via the resources available in CINECA, Italy.
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Chapter 5

Numerical validation
In this chapter, the accuracy of the solver and its ability to solve for the potential in
the field are examined via various case studies. First, a test case involving an internal
point source is performed to ensure the surface potential is correctly calculated. It
is then followed by the case of a non-lifting wing. Evaluations are performed on the
novel strategy to obtain the numerical limit required by the standard Morino Kutta
condition discussed in §4.3. Numerical evidence of the necessity of applying step 2
of the strategy (the Taylor series correction) to improve the solution is given with a
NACA0012 wing. Parametric studies are also performed when the correction is applied
to obtain the limit in Morino Kutta condition. The chapter is then completed with a
numerical example of a NACA0005 lifting wing.

5.1

Internal point source

This section demonstrates
the ability of the main solver to properly solve Equation 3.17
R
and the integral SW ∆φ ∂G/∂n dS which is used to calculate the wake contribution in
Equation 3.23.
It is known that the field induced by a body whose boundary condition is generated
by an internal point source, is the same as that directly induced by the internal point
source itself. The theoretical value of the potential induced by a point source at position
y at an external point x can be described as:
φx = −1/4πR,

(5.1)

where R = |x − y|.
The potential induced by a source inside a sphere is computed at various randomlychosen field points. The maximum relative error e max between the calculated and the
theoretical values is evaluated by:
emax =

max|φcalculated − φtheoretical |
.
|φtheoretical |

(5.2)

For a mesh with 320 elements, this value is about 3.37%. The error should get
smaller as the number of elements on the sphere increases. Due to the use of irregular
triangular elements, the average edge length of an element in the mesh, L e , is considered
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as a good parameter for spatial convergence analysis. Smaller L e means a denser mesh.
Le ranges from 0.0754 to 0.5822 for the meshes used.
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Figure 5.1: Spatial convergence of induced potential at field points outside a unit
sphere.
Figure 5.1 shows that the maximum relative error which is obtained by Equation 5.2 converges as the element size decreases. Second-order convergence is obtained
as the errors in the solutions from the solver lie on the second-order slope. This means
that superconvergence has been achieved in this case as a second-order convergence
is obtained for the first-order element method. It is inevitable, however, that a fairly
high number of elements has to be used to better describe the surface due to the use
of first-order triangular elements. The most dense mesh contains with 5120 elements
(2562 collocation points).

5.2
5.2.1

Non-lifting physical problems
Flow over a sphere

U

θ

x
O

Figure 5.2: Coordinates for the flow over a sphere [102].
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Calculations are performed for a unit sphere moving at velocity U = 1 as shown in
Figure 5.2. Surface perturbation potentials on the sphere are obtained and compared
with the analytical solution φ(θ) = −1/2 cos θ [102], where 0 ≤ θ ≤ π for this axisymmetric problem. Comparisons between theoretical and prediction values are shown in
Figure 5.3a. Standard interpolation functions in Matlab are applied to project these
values as the collocation points are not necessarily located exactly on the plane of z = 0.
This is due to the use of irregular triangular elements as mentioned in Chapter 4. The
potential computed on the surface of the sphere is shown in Figure 5.3b.
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Figure 5.3: Surface potential on a unit sphere.
A spatial convergence analysis is performed by plotting the maximum relative error
obtained with Equation 5.2 against L e . As shown in Figure 5.4, the data lie very close
to the second-order slope, meaning that a second-order accuracy has been achieved
again.
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Figure 5.4: Spatial convergence of surface potential on a unit sphere.
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5.2.2

Non-lifting wing

Besides the analytical comparison, results are validated against computational ones.
Surface potential on a non-lifting NACA0012 wing of aspect ratio 6 is compared with
that given by Gennaretti et al. [90] for which the results are known to be highly accurate.
Aspect ratio (AR) is defined as the wing span over the chord. Details of reference [90]
was also mentioned in §3.2.7. Since no wake is generated in this case, no Kutta condition
is required. This case also indicates that the sharp edge is handled properly. Figure 5.5
presents the surface potential at the root section of the wing at α = 0 ◦ . A good
agreement is obtained apart from the discrepancies at the leading edge. The deviations
might be due to the lack of resolution in the mesh at the leading edge which experiences
a fairly high rate of change in gradient.
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Figure 5.5: Surface potential at the root section of a non-lifting NACA0012 wing of
AR6.
Figure 5.6 shows the spatial convergence of velocity potential evaluated at the mid
point (x/c = 0.5) of the wing’s root section. L e ranges from 0.0556 to 0.2022. The rate
of convergence is indicated by the exponent of L e , K. A nearly-linear relationship has
been achieved with K = 3 meaning that the rate of convergence is about 3. Again, a
good rate of convergence is achieved with a fairly high number of elements with 3944
collocation points. However, it is still lower than that required by the zero-order BEM
code in reference [90], for which 4820 nodes are used for the full wing setting. For the
third-order BEM code to which the results are compared, only 962 nodes are required.
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Figure 5.6: Spatial convergence of solution on a NACA0012 wing of AR6.

5.3

Lifting problems

The code has been validated for the non-lifting case. Additional conditions have to be
added to the code for the lifting case. Before any direct comparisons to the published
literature, the need to apply the Taylor series correction is numerically justified. This
is complementary to the theoretical explanation in §4.3. The effects of the parameters
involved in applying the method are then discussed. The section is concluded by a
numerical example of a lifting wing for which the results are compared to the published
literature. It should be noted that the values of  are expressed in terms of a fraction of
chord as mentioned in §4.3.1 and chord equals 1 in all cases presented in this chapter.

5.3.1

Effect of the Taylor series correction

As in some non-zero-order boundary element methods, the collocation points on the
upper and lower surface are moved away from their original positions so as to avoid
singular matrices. Distinctively, adjustments are made here to the Morino boundary
integral equation (3.23) for potential in the current BEM solver. This is done by
applying the Taylor series correction term (Zχ) in Equation 4.13 after the collocation
points at the trailing edge are relocated a small distance  normally from the edge.
The implementation of the numerical trailing edge condition is theoretically justified in §4.3. However, the actual effect on the solution with and without the correction
is not known. This has been studied via numerical experiments which are discussed in
this section. Two examples will be shown to demonstrate the effect of the correction
on both cases of a non-lifting and lifting NACA0012 wing of aspect ratio 2. The focus
of the investigation is on the second step in the novel limiting procedure which involves
the addition of the Taylor series correction term as stated in §4.3.2. Therefore, the first
step of the procedure (§4.3.1) which refers to the relocation of collocation points at the
trailing edge is carried out in both cases.
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Non-lifting wing
As discussed in §4.3, the application of the Taylor series correction provides a way to
obtain the limit when the collocation points get closer to the trailing edge from which
the wake is generated. This can be performed via Equation 4.12 as restated here.
φ(xU ) = φ(x̂U ) −

∂φ
∂n

·  − higher order terms . . .
x=xU

The relationship of this equation also holds even the wake does not exist. As a
result, an analysis is performed on a NACA0012 wing (AR2) at α = 0 ◦ without the
influence of parameters such as wake length and time step.
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Figure 5.7: Comparison of the rate of convergence of solution of a non-lifting wing with
and without the Taylor series correction.
Figure 5.7 shows the convergence of potential at the root of the wing at the trailing
edge (∆φROOT at TE) with the limit parameter , before and after addition of the
Taylor series correction. Both results converge to the same value when  gets very small
(∼ 0.001). As expected, the “corrected” results converge to the “uncorrected” ones as
 → 0. The method of moving the collocation points solely without the corrections
seem to work well. A possible explanation is that the error in the prediction becomes
smaller as  gets smaller.
Lifting wing
The lifting case has attracted much more attention than the non-lifting due to its
practicality. The existence of a wake in the lifting case means that additional parameters are to complicate the scenario. The wing is set at an angle of attack of 5 ◦
with unit freestream velocity U∞ . This section provides the numerical evidence that
Equation 4.13 improves the solution for lifting cases.
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A wake is generated from the trailing edge for the lifting case. The wake is prescribed to move downstream with time step ∆t = 0.5 under the time-marching scheme.
The only exception is the initial wake which has a pre-determined length L W (0) = 0.01c;
where c is the chord of the wing. The results are then recorded when the total wake
length LW (20) = U∞ × t = 10.01c at time t = 20.
Recalling Figure 4.6 again, the potential jump on the wake edge away from the
trailing edge is set to zero at the beginning of the first time step. On the other hand,
another wake edge which is on the body trailing edge is determined by the solver at the
end of the first time step. Since no wake is generated at the start of the simulation, the
initial wake potential jump being zero is a valid assumption. A first-order distribution
of doublets can then be implemented by having this initial wake panel. Moreover,
the length of the initial wake is kept small so as to reduce any possible effect on the
solution. The newly-formed wake panel is then “shed” away from the trailing edge
with the freestream velocity. This means that the wake model is prescribed with flat
wake panels which follow the freestream velocity.
0.16

ε =0.1
nc

ε =0.07

0.14

nc

εnc=0.05
0.12

Bernardini [94]
ε=0.1

Γ

0.1

ε=0.07
ε=0.05

0.08
0.06
0.04
0.02
0
0

0.5

1
z/c

1.5

2

Figure 5.8: Effect of the Taylor series correction on circulation of a lifting wing.
Figure 5.8 shows the difference in the spanwise circulation (Γ = ∆φ TE ) of a
NACA0012 wing (AR2), before and after application of the Taylor series correction
with various values of . The subscript ‘nc’ in the figure refers to the cases with no
correction applied but with the collocation points relocated as described in §4.3.1. Both
the time step ∆t and the total wake length L W are fixed and the same mesh is used in
all the cases shown. These results are compared against Bernardini’s zero-order BEM
solver [94] which has been used to validate Gennaretti et al.’s third-order code [90]
stated in §3.2.7. The reliable and fast zero-order solver has first been reported in reference [103] where doublet or source coefficients are evaluated analytically on zero-order
panels instead of using Gaussian points.
There exists a potential jump at the trailing edge even without any correction although it should be noted that the trailing edge collocation points have been moved
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along their corresponding normal directions. The results from both methods approach
those from Bernardini’s code but from two different directions. The results from the
solver with correction decrease as  increases and vice versa. These trends of convergence agree with those from the non-lifting case.
Figure 5.9 provides another perspective on how the potential jump at the root of
the trailing edge, ∆φROOT at TE, changes with . Although similar convergence trends
are observed, the significance of applying the Taylor series correction is highlighted in
this case. Improvements to the solution are seen after the correction is applied. Indeed,
the value of ∆φROOT at TE converges much more quickly to Bernardini’s results. An
extrapolation of the values has shown that the converged value is about 0.141 compared
to Bernardini’s 0.143; that is about only 1.4% in relative difference. Conversely, the
estimated best value that could be achieved by the code without correction is about
0.12 with the relative difference of 14.8%. Moreover, the results with correction are
also observed to be less sensitive to the value of .
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Figure 5.9: Comparison of the rate of convergence of solution of a lifting wing with
and without the Taylor series correction.
On the other hand, the values of both solutions at small  (< 0.01) have fallen
out of the interpolated trend. The reason for the drop of ∆φ in the “no correction”
case when  becomes quite small might be that the solver cannot compute the value of
∂G/∂n properly as the integral becomes nearly-singular. This suggestion in fact, has
been confirmed by the case when the correction is applied. The value of ∆φ ROOT at TE
with  = 0.01 has obviously fallen out of the linear fit of the rest of the data. Despite
this, there also exists a dilemma for the “no correction” case, when  approaches zero in
which case the whole system of linear equations would revert to the original scenario:
zero potential jump at the trailing edge.
However, these pitfalls have highlighted the power of the method. A reasonablyaccurate solution can be obtained without using a very small  and hence avoiding the
errors incurred during the evaluation of nearly-singular integrals. Further analysis of
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the effect of  on the solutions will be discussed in the next section.

5.3.2

Parametric analysis of the method

Previous sections have demonstrated the possible improvement to the solution brought
by the limiting procedure. In this section, the effects of various parameters on the
solution are investigated.
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Figure 5.10: Parameter-set for the limiting procedure.
Compared with the non-lifting case, the parameter-set expands for the lifting one
in which wake panels are shed from the sharp edge of a body. Figure 5.10 depicts the
four main parameters which include: , the limit parameter which refers to the normal
distance that the collocation points at the trailing edge are moved; L W (t) = U∞ ∆t, the
total wake length as a function of time t, the initial wake panel is denoted as L W (0);
∆t, the time step which equals the additional length of a wake panel at each time
interval with U∞ = 1 in this section, and finally the density of the mesh (not shown).
To evaluate the effect of the first three parameters, a NACA0012 wing of AR2
at α = 5◦ is considered. The total wake length L W (t) is set to 10.01c and initial
wake length LW (0) = 0.01c unless otherwise specified. The effect of mesh density is
demonstrated by the numerical example of a NACA0005 wing of AR8 at α = 5 ◦ .
Wake length LW (t)
The length of the wake LW (t) which is determined by the time, time step and the
freestream velocity, has an effect on the dynamics of the solutions to the system of
equations under the time-marching scheme.
Figure 5.11 shows the time convergence of the potential jump ∆φ at the root of
a wing of AR2. The parameter  is set to 0.05 and ∆t = 0.5. Potential jump ∆φ is
evaluated at two chordwise positions, the mid-chord (x/c = 0.5) and the trailing edge
(x/c = 1.0). Since the values at the mid-chord positions are not readily available from
the solver, interpolation is used to project the values.
The jump starts to reach its steady-state value when the wake has reached the
length LW (t) = 10.01c at t = 20. The influence coefficient due to a wake doublet
diminishes at the rate of 1/R 2 , where R is the distance from a collocation point on the
wake panel to that on the surface. This can be shown by the fact that the coefficients
correspond to the term ∂G/∂n in Equation 3.23 [76] and recalled that G = −1/4πR.
Therefore, the whole system of body and wake surface S BW reaches a steady state as
time goes by and the strength of new wake doublets tends towards a constant value.
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Figure 5.11: Time convergence of potential jump at the root section of a wing of AR2.
The rest of the results with the AR2 wing are thus recorded at L W (20) = 10.01c with
initial wake length LW (0) = 0.01c.
Initial wake panel LW (0)
As mentioned, there exists a wake panel at the start of the simulation. In all cases
shown in this chapter, the length of this initial wake panel L W (0) is equal to 0.01c.
However, it is important to know if the pre-determined length has any effect on the
final results. On the initial wake panel, the wake potential jump on the edge away from
the body is set to zero which is a valid assumption as mentioned, whereas the potential
jump on the other edge of the wake panel is found by the solver. For the rest of the
simulation, the only unknowns on the wake surface are the potentials at the trailing
edge.
An investigation has been performed to evaluate the effect of L W (0) on the results.
The potential jump at the root of the trailing edge ∆φ ROOT at TE is collected at
LW = 10.01c. Cases with various combinations of ∆t = 0.5, 1.0 and  = 0.03, 0.1
are considered. The comparison is made for the values of ∆φ ROOT at TE obtained
with LW (0) = 0.01c against those with LW (0) = 0.001c. The results have shown that
LW (0) = 0.01c is small enough to produce no significant effect on the final results
irrespective of the values of ∆t and .
Time step ∆t
The time step ∆t is identified as one of the key parameters that can alter the results
significantly. Circulation (Γ = ∆φTE ) of a NACA0012 wing of AR2 at α = 5◦ is
obtained with various values of  at a fixed ∆t. The comparison is made with the
results obtained with ∆t = 0.5 and ∆t = 1.0 as shown Figure 5.12.
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Figure 5.12: Effect of time step on circulation of a wing of AR2.
Although the results for both cases are recorded at the same total wake length, the
values have some observable differences when  is lower than 0.05.
Provided that all other parameters are constant, the value of ∆t can be interpreted
as the resolution during the evaluation of the wake coefficients which relies on the number of Gaussian quadrature points. A longer wake panel (i.e. larger ∆t) would mean
that more Gaussian points are needed for the same resolution. Otherwise, resolution is
lost and the values obtained are inaccurate such as those at  = 0.01 in the figure. The
values for  = 0.01 generated with ∆t = 0.5 and ∆t = 1.0 are both out of the range
although the former seems better. This suggests that an even smaller time step might
be needed should smaller values of  < 0.03 be used.
Another effect of a large time step is that the triangular elements on the wake
would be stretched, forming badly-shaped long-thin triangles. This result is certainly
not favourable for the numerical integration functions.
A possible explanation for the limitation of the values of  is the existence of a
nearly-singular integral as the phantom points approach the surface.
Limit parameter 
The combined effects of ∆t and  on the solutions are best displayed by Figure 5.13.
Since all the results are obtained with the same number of Gaussian points, it is clear
that smaller ∆t provides better resolution and hence better results. Indeed, the solutions from ∆t = 0.25 and ∆t = 0.5 overlap each other and both converge coherently
towards a value. This indicates the convergence of the solution with ∆t. The converged
value at 0.141 compares very well with that from Bernardini’s zero-order code [94] of
0.143; the relative difference is only about 1.4%.
The observation above is of particular importance as this implies a fairly accurate
solution could be produced by the solver as long as the number of Gaussian points
is high enough to provide the resolution needed. However, a further increase in the
number of Gaussian points may not help improve the accuracy in this case, as the
solution has converged with ∆t. For nearly-singular integrals, 1024 (32 × 32) Gaussian
points are used with the Khayat-Wilton quadrature rule mentioned in §4.1.3.
Further refinement of time-step ∆t is needed for  < 0.05 as the results obtained
deviate from the linear fit. Despite this, the method is still of great use if the “right”
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Figure 5.13: Convergence of solution with  at various ∆t on a wing of AR2.
combination of  and ∆t is selected. The real power of this method can be fully
exhibited with those solvers which are independent of the number of Gaussian points
(such as those with analytical solutions) or those equipped with better algorithms to
deal with nearly-singular integrals. This is because then  can be set to a smaller value,
hence smaller error.
Mesh density
Higher accuracy should be obtained, in theory, when simulations are performed with
finer meshes for which the surface is better described. The effect of mesh density on the
results is demonstrated by a numerical example of a NACA0005 wing with an aspect
ratio 8 at α = 5◦ . This test case poses challenges to the BEM code as NACA0005 is
very thin.
Firstly, a similar plot to Figure 5.13, Figure 5.14, is reproduced so as to determine
the combination of ∆t and  that can provide a good resolution to generate accurate
results. Although it is not yet known at this stage if the solution of ∆φ has reached its
steady-state value, a wake length of L W (t) = 10.01c is a good assumption according to
the previous results. Similar findings are observed in Figure 5.14 with both ∆t = 0.5
and ∆t = 0.25 leading to the same results for all  above 0.05. Therefore, all the
results presented below with the NACA0005 wing (AR8) are generated with ∆t = 0.5
and  = 0.05.
Secondly, the total number of time steps at which the solution reaches its steadystate value is identified. The time convergence of the potential jump at the root of
the wing is shown in Figure 5.15. The potential jump is evaluated at two chordwise
positions, x/c = 0.5, 1.0. As in Figure 5.11, the values at x/c = 0.5 are interpolated as
they are not readily available from the solver.
Figure 5.15 shows that ∆φ obtained with L W (t) = 50.01c (t = 100, ∆t = 0.5) has
achieved its steady-state value. In fact, the relative difference between the values of
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Figure 5.14: Convergence of solution with  at various ∆t on a wing of AR8.
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Figure 5.15: Time convergence of potential jump at the root section of a wing of AR8.
∆φ with LW = 10.01c and 50.01c is only about 6%. All the results shown below are
recorded at LW = 50.01c unless otherwise specified.
Finally, the prediction capacity of the method is illustrated by comparing the
surface potential on the wing to those from a third-order boundary element solver [90].
Although the total wake length LW is 50.01c which is much shorter than that of 10 6 c
used in reference [90], the difference between the results should not be too big as ∆φ has
already achieved a steady-state value with this wake length. As shown in Figure 5.16,
the two results match quite well apart from the slight under-estimation on the upper
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surface of the wing. The discrepancy might be due to the use of first-order geometrical
elements.
In summary, the results have demonstrated the validity of the code for the prediction of potential and circulation on a lifting wing in steady state as long as the
combination of ∆t and  is correctly chosen.
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Figure 5.16: Surface potential at the root section of a NACA0005 wing of AR8 at
α = 5◦ .
An additional spatial-convergence analysis has been performed on evaluating the
quality of the solution. Figure 5.17 shows the convergence of the potential jump at the
root of the wing with mesh density represented by L e .
A quadratic rate of convergence is achieved by the current linear algorithm. It
should be noted that the convergence rate is one order lower than that in the non-lifting
case. The decrease of the rate of convergence may be due to the fact that the collocation
points at the trailing edge are relocated according to the limiting procedure and that
the Taylor series correction is applied. A similar decrease in the rate of convergence has
been observed [90] where a second-order convergence was achieved by the third-order
code in the lifting case for which the collocation points at the trailing edge are relocated
in another manner. Another possible reason for the drop in convergence rate is the
existence of a sharp edge in the model. Zero-order BEM is known to be susceptible to
the issue due to the effect of local errors at the sharp edge [104]. The use of higherorder elements is proven to improve the rate of convergence [105, 106]. However, models
with sharp edges are found to have more difficulty in achieving asymptotic orders of
accuracy compared to smooth surfaces [105].
Concerning the computational efficiency, a total of 1978 collocation points exist in
the current mesh compared to 1274 and 4850 used in the third-order and zero-order
codes respectively in reference [90]. For the same level of accuracy, both the third- and
zero-order code need about twenty minutues to complete this case of a lifting wing of
AR8 (a full-wing setting) in 1998. A higher efficiency is obtained by the third-order
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Figure 5.17: Spatial convergence of potential jump at the root of a wing of AR8.
code as the number of collocation points is smaller. Since one long planar wake panel
is used in their simulations, the overall computational time required is much less than
the current first-order code. This is because a time-marching scheme (instead of one
wake panel) has to be employed by the current first-order code to reach a steadystate solution; about six hours is needed to achieve twenty time steps. It should be
noted that, however, if the previously-mentioned issues on the number of Gaussian
points and nearly-singular integrals can be resolved, the computational time required
can be reduced. Currently, the solver needs only about two minutes to evaluate the
matrix coefficients. Additional time would be required to evaluate the wake coefficients.
Suggestions on improving the computational efficiency are provided in Chapter 7.

5.4

Chapter summary

In this section, the ability of the BEM code to solve Morino boundary integral equation
is demonstrated firstly via comparison with analytical solutions for a sphere and the
numerical results of a non-lifting NACA0012 wing of AR6 from Gennaretti et al. [90].
Superconvergence has been achieved in both cases with third-order convergence for the
first-order code.
Next, numerical evidence of the possible benefit to the solution due to the application of the newly-developed limiting procedure is provided. The solution in the
lifting case is found to be less dependent on the limit parameter  and, more importantly, more accurately predicted. This shows that the second step of the procedure,
the Taylor series correction, is necessary to improve the results.
Parametric analysis is performed on the four variables, namely, total wake length
LW (t), time step ∆t, limit parameter  and density of the mesh. The same number of
Gaussian points is used on the wake elements in all cases. For the mesh density, the
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effect has been shown in terms of average edge length of an element L e . Most of the
results shown are collected with at least L W = 10.01c at which the solution has been
shown to have converged to the steady-state value.
On the other hand, ∆t and  are found to have a combined effect on the solution.
The value of ∆t sets the resolution and therefore, smaller ∆t provides higher resolution.
Therefore, the value of ∆t has to be carefully chosen so that the real effect of  on the
accuracy of the solver can be evaluated. In addition, the convergence of solution with
∆t has demonstrated that the number of Gaussian points used is sufficient to provide
the level of accuracy obtained.
Furthermore, the error of prediction in the current method can be estimated to
be O(2 ) since the second- or higher-order derivatives in the Taylor series expansion
are ignored. The smallest value of  used for the wings of AR2 and AR8 is 0.05 with
∆t = 0.5. The relative difference between the values obtained at  = 0.05 and the
extrapolated ones at  = 0 are about 3.5% and 4.4% respectively. Spatial convergence
has been demonstrated on a lifting NACA0005 wing of AR8. It is found that the
convergence is second order and hence superconvergence is achieved for the current
first-order method.
Finally, the real power of this newly-developed method would only be fully exhibited for those numerical codes which do not use Gaussian points for integration (such
as those with analytical equations) or have the ability to solve nearly-singular integrals
effectively. To this end, both of the parameters ∆t and t can then be eliminated for
steady-state analysis since one single planar wake can be used instead of small wake
panels generated by time-marching scheme. This would certainly improve the computational efficiency. Moreover, the value of  may be even smaller than those used in
this chapter, hence giving more accurate results.
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Chapter 6

Numerical results
As mentioned in previous chapters, the study of wake dynamics has been one of the
important research areas to elucidate the mechanisms behind the flapping and deforming motions. Following these footsteps, a two-dimensional panel code and a threedimensional BEM code have been developed as the tools for investigation in this thesis.
The aim of this section is to demonstrate the practicality of these codes.

6.1

Panel method in two dimensions

Numerous tests have been performed to validate the zero-order panel code. First,
aerofoil characteristics such as lift and pressure distributions are compared with the
theoretical values from thin aerofoil theory. Second, the aerofoil is set in motion.
Results from the simulation of a plunging aerofoil at various conditions are compared
with those from published flow visualization experiments.

6.1.1

Lift on a stationary aerofoil

The lift l 0 generated by a surface can be calculated by the Kutta-Joukowski theorem:
l0 = ρ∞ U∞ Γ,

(6.1)

where ρ∞ is the density of the fluid, U∞ is the freestream velocity and Γ is the circulation. This gives the lift coefficient for an aerofoil:
cl =

l0
2 c/2
ρU∞

(6.2)

where the chord length c equals 1 in all cases tested.
As shown in Equation 3.10, the circulation Γ on the aerofoil evolves as part of
the solution and is initially affected by the strong starting vortex which is depicted in
Figure 6.1. However, the effect of the vortex diminishes as it is blown downstream. As
a result, Γ converges after a period of time.
Three NACA aerofoils with different thicknesses are set at α = 10 ◦ . As shown in
Figure 6.2, the time required for the circulation to converge is similar; 3000 time steps
are needed with ∆t = 0.01. Different values of Γ at the steady-state are noticeable due
to the difference in thickness. The converged values of Γ are then used to calculate the
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Figure 6.1: Rolling up of a starting vortex behind a stationary aerofoil at an angle of
attack.
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Figure 6.2: Simulation results of three NACA aerofoils with different thicknesses.
lift coefficients with Equation 6.2. The linear relationship of the lift coefficient c l with
the angle of attack α is found in all three cases. According to thin aerofoil theory, the
lift curve slope is 2π/rad or 0.11/◦ . The predictions by the panel code deviate from the
theoretical value by approximately 4-10% (ranging from 0.114/ ◦ to 0.1201/◦ ), reflecting
the fact that the aerofoils used have finite thicknesses. The thinner the aerofoil, the
closer the lift value to that from thin aerofoil theory.

6.1.2

Pressure distribution on a symmetric aerofoil

The pressure distribution is predicted for a symmetric Van de Vooren aerofoil with
thickness parameter 0.1 and trailing edge angle 15 ◦ . The pressure coefficient cp is given
by [31]:
cp = 1 −

 U 2
,
U∞

(6.3)

where U is the velocity on the aerofoil surface and U ∞ is the freestream velocity.
Figure 6.3 shows quantitative agreement with the analytical values except that the
minimum value of cp on the top surface is slightly under-predicted.

6.1.3

Flow visualization of a plunging aerofoil

More interesting results are obtained when the aerofoil starts moving. Comparison of
the results from the panel code with flow visualization in the water tunnel by Lai and
Platzer [48] are shown in Figure 6.4.
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Figure 6.3: Pressure distribution of a Van de Vooren aerofoil (on top) at α = 10 ◦ .
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Figure 6.4: Comparison of wake patterns for a NACA0012 aerofoil oscillating in plunge.
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In Figure 6.4, the left hand column refers to Lai and Platzer’s [48] experimental
results whereas the numerical results from the two-dimensional panel code are on the
right. The numerical results show the streamline of the wake vortices releasing from
the trailing edge till five chords downstream.
The aerofoil is set to plunge at two different non-dimensional frequencies, with
k = 7.85 and k = 15.7. Figure 6.4a shows the wake pattern at k = 7.85 with the
non-dimensionalized amplitude h doubled in Figure 6.4b, and likewise in Figures 6.4c
and 6.4d but with k = 15.7 and smaller h. Qualitative agreement is obtained between the experimental and numerical results. The shape and the relative size of the
wake pattern are well-predicted. The mushroom vortices are clearly seen down to two
chord-lengths. Instability of the simulated wake pattern is noticeable in all cases. However, the least-similar pattern is identified in Figure 6.4c. This suggests that a better
wake model is required to improve the performance of the code in higher-frequency
predictions where numerical instability are likely to occur.
A possible explanation to the numerical instability observed has been given by
Chorin and Bernard [107]. They suggested that this kind of numerical instability
can be avoided as long as the gradient of singularities distribution on the wake and
the gradient of the displacements of the wake vortices are bounded by some constant
which is small compared to w −1 , where w is a typical distance between vortices. When
this condition is violated (e.g. when the frequency is high, giving small w), vortices
will capture each other as the flow produced by a point vortex is large, hence leading
to complicated paths around each other. A smoothing technique is introduced to help
ease the situation. Interested readers should refer to the mentioned reference.
On the other hand, the zero-order panel code seems to perform better at lower
kh values (giving larger w) as shown in Figure 6.5. A similar flow pattern is observed
in Figure 6.6 when the aerofoil is in pitching motion under the same condition. The
thrust-indicative von Kármán vortex streets similar to that shown in Figure 2.2 can be
seen in both figures.

Figure 6.5: Simulation of the von Kármán vortex street behind a NACA0012 aerofoil
in plunge at k = 1.57; h = 0.0625; (kh = 0.196).

Figure 6.6: Simulation of the von Kármán vortex street behind a NACA0012 aerofoil
in pitch at k = 1.57; h = 0.0625; (kh = 0.196).
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6.2

Boundary Element Method in three dimensions

The three-dimensional BEM code has been validated in Chapter 5. In this section,
some applications of the BEM code are demonstrated via various numerical examples.

6.2.1

Pressure distribution at the root section of a lifting wing

As discussed in §5.3.2, there are four main parameters that have to be determined by
the user before obtaining any physical results. The parameters are the wake length
LW (t), time step ∆t, the limit parameter  and the mesh density.
For demonstration purposes, the mesh with the best possible quality is used. The
wake length LW (t) is chosen as 10.01c with which the solution is proven to have reached
the steady-state for the same wing with other aspect ratios as shown in Figure 5.11
and 5.15. Initial wake length LW (0) = 0.01c. On the other hand, the two remaining
parameters, ∆t and , are determined by studying the convergence of the solution with
 at a given time step. According to the findings in §5.3.2, the solution of a NACA0012
wing (AR2 and AR8) should start to converge with  when ∆t is reduced to 0.5.
Therefore, a convergence analysis is performed on the current wing (NACA0012, AR6)
at ∆t = 0.5. The angle of attack of the wing α is set at 10 ◦ .
Figure 6.7 shows the convergence of the solution ∆φ ROOT at TE against  with
∆t = 0.5. A similar linear interpolation relationship among the solutions at a fixed
time step, to those shown in Figures 5.13 and 5.14 is obtained. The smallest  which
allows the solution to stay on the linear fit is 0.02 of the chord.
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Figure 6.7: Convergence of solution of a NACA0012 wing of AR6 with .
The corresponding pressure distribution C p at the root section of the wing is depicted in Figure 6.8. Equations 4.21 and 4.22 are used to calculate the pressure coefficient. Good agreement is found with that generated by Bernardini’s zero-order
code [94] apart from the region at the leading edge. The zero-order code has been
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mentioned in 5.3.1. The differences might be due to the lack of elements at the leading
edge to describe the sharp gradient.
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Figure 6.8: Cp of a NACA0012 wing of AR6 with  = 0.02 and ∆t = 0.5.
On the other hand,  has a strong effect on C p at the trailing edge as shown in
Figure 6.9. The values get closer to Bernardini’s as  decreases. This observation is
reasonable as the error incurred in the evaluation of potential due to the chosen value
of  decreases.
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Figure 6.9: Effect of  on Cp of a NACA0012 wing of AR6.
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6.2.2

Lift curve for a lifting wing
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Figure 6.10: Lift curve of a NACA0012 wing of AR6.
Figure 6.10 shows the corresponding lift curve for a NACA0012 wing of AR6. The
same values of the parameters are used as in Figure 6.8 apart from the angle of attack.
The lift coefficients are obtained with Equation 4.24. The corresponding lift-curve
slope is 4.525rad−1 which is very close to the value of 4.5 rad −1 obtained from the
lifting-line theory [108]. In addition, the predicted value is higher than that obtained
in a wind tunnel test on the same wing (3.4950 rad−1 ) at fairly low Reynolds number
of 42100 [109]. On the other hand, a positive zero-lift angle of attack is observed. A
possible explanation is that the mesh is not entirely symmetrical.

6.2.3

Thrust generated by a plunging wing

Simulations have also been performed for unsteady cases. The effect of spanwise flexibility on plunging wings has been investigated experimentally by Heathcote et al. [110].
Since the wing in the current simulation remains undeformed, the results are compared
with those obtained from the “inflexible” wing in their experiments.
As in the experiments, a NACA0012 wing with a rectangular planform is used.
Although the wing considered by Heathcote et al. has an aspect ratio of 3, the arrangement has made it equivalent to the semi-span of a wing with an aspect ratio of 6. As
a result, a NACA0012 wing of AR6 is employed in the current simulation. The wing
is set in a pure heaving motion for which the displacement is:
s = aROOT cos(ωt),

(6.4)

where aROOT is the amplitude of the heaving motion measured from the root of wing
which is located near the plate that controls the motion, and ω = 2πf is the heave
angular frequency. Non-dimensionalized parameters are also matched with those ap80

plied by Heathcote et al. Their Strouhal number St = 2f a Mid-span /U∞ is based on the
amplitude measured at the mid-span of the half wing a Mid-span . In the current simulation, the value of aMid-span equals that of aROOT under the assumption that the wing
does not deform. Garrick’s reduced frequency [42] is used to define the heave motion,
whereas ω = 2πf is the heave angular frequency.
Comparison of the simulated and experimental results is illustrated by the case
of St = 0.234 and kG = 1.82. The matching of these two parameters leads to the
value of 0.202 for normalized heave amplitude. This experiment has been performed at
Reynolds number of 30,000. For inviscid simulation, Reynolds number equals infinity.
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Figure 6.11: Instantaneous thrust coefficient of a plunging NACA0012 wing over two
heave cycles.
Figure 6.11 shows the comparison of the instantaneous thrust coefficient C T as
a function of time obtained from the simulation and that obtained by the “inflexible
wing” of Heathcote et al. A reasonably good agreement can be seen. The thrust
coefficient is obtained from Equation 4.24 (thrust= −F x ) with  = 0.02, ∆t = 0.1 and
LW (0) = ∆t × 0.01. The value of  is chosen according to the convergence analysis
performed in Figure 6.7 as the same mesh is used. A smaller value of ∆t is applied
as higher resolution is needed for the fairly high frequency plunging motion. The
simulation results shown are obtained over the third and fourth heave cycles at which
the system has seemed to reach the steady-state. This is indicated by the decrease
in change of the value of average CT which is nearly constant. The wake follows the
freestream velocity.
In addition, the average CT obtained over the fourth cycle is 0.2369. This value also
agrees well with Heathcote et al.’s 0.21. The corresponding distribution of potential
on the surface of the plunging wing and the potential jump on the wake are shown in
Figure 6.12.
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6.2.4

Thrust generated by a deforming fish

The versatility of the novel limiting procedure has been examined. This is demonstrated
by applying the method to compute the flow around a deforming fish-like body which
is mentioned in §1.3. The Robotuna is a tuna-like robot originally built by researchers
at MIT [33] to understand the flow around swimming fish. This piece of work has
formed a key basis for the comprehension of flow around fish-like bodies. Since then,
several literatures [69, 111–113] which are based on this work have been published.
These publications involve the investigations on drag reduction mechanisms and flow
structures in fish-like swimming.
In this section, thrusts that are generated by Robotuna in various conditions simulated by Zhu et al. [112] are computed by control volume method. Zhu et al. [112]’s
results have shown great success in evaluating the experimental data by Barrett et
al. [111] with a zero-order panel method. Although propulsive efficiency would be a
more meaningful parameter to readers, thrusts are presented instead as it is impossible
to separate drag from thrust in experiments. In addition, control volume method can
only be used to evaluate the output power (but not the input power) and therefore no
propulsive efficiency of Robotuna can be computed. However, the comparison of thrusts
with Zhu et al. [112]’s results should provide good indications on the applicability of
the novel limiting procedure on practical models.
Geometries and kinematics
The equations from reference [112] which define the geometry of Robotuna are given below and the profile is shown in Figure 6.13. A sample mesh generated for the Robotuna
has also been presented in Figure 4.2.
For the “fish” body:
z(x)/L = ±0.152 tanh(6x/L + 1.8)
z(x)/L = ±(0.075 − 0.076 tanh(7x/L − 3.15))

− 0.3 ≤ x/L ≤ 0.1,

(6.5a)

0.1 < x/L ≤ 0.7;

(6.5b)

where the body sections are elliptical with a major to minor axis ratio of 1.5; the major
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Figure 6.13: Geometric profile of the Robotuna.
axis is the height of the body. L is the length of the body which is counted from the
head to the peduncle. The peduncle is the point where the body and the caudal fin are
connected.
For the caudal fin:
x(z)LE /L = 39.543|z/L|3 − 3.685|z/L|2 + 0.636|z/L| + 0.7;

(6.6a)

x(z)TE /L = −40.74|z/L|3 + 9.666|z/L|2 + 0.77;

(6.6b)

where −0.15 ≤ z/L ≤ 0.15. x(z)LE and x(z)TE refer to the leading and trailing edge
profiles of the fin which has chordwise sections of NACA0016 shape.
The Robotuna is then allowed to “swim” at a constant speed U = 0.7m/s. The
“swimming” motion is performed by deforming the backbone of the body for which the
waveform y(x) can be written as:
y(x, t) = a(x) sin(kw x − ωt);
2

a(x) = c1 x + c2 x ;

(6.7a)
(6.7b)

where kw ≡ 2π/λ is the wavenumber and ω is the angular frequency. It should be
noted that x = 0 is located at a distance 30% of the body length L from the nose and
a(x) corresponds to the amplitude of oscillation with adjustable parameters c 1 and c2 .
Besides following the motion of the peduncle, the caudal fin is allowed to pitch
around its front point which is attached to the peduncle. The x-coordinate of the
peduncle is referred as xp . The pitching motion is described by the instantaneous angle
of attack θ with respect to the x-axis:
θ = α sin(kw xp − ωt − ψ),
where α is the maximum angle of attack and ψ refers to the pitch phase angle lag to
the lateral motion of the front point of the caudal fin.
Kinematic values for Robotuna Cases 1, 2 and 6 in reference [112] are provided in
Table 6.1. The mean lateral excursion of the caudal fin at the trailing edge, A, is used
to define the Strouhal number as St = f A/U ; where f = ω/2π.
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Case 1
Case 2
Case 6
St
0.133
0.183
0.413
U (m/s)
0.7
0.7
0.7
λ (m)
1.475
1.047
1.675
ω (rad/s)
3.306
6.858
13.0
α (deg.)
0.97
8.35
18.76
ψ (deg.)
80.0
80.0
85.0
c1
0.00236
0.00294
0.00236
c2 (m−1 ) −0.163
−0.111
−0.114
A (m)
0.177
0.117
0.140
Table 6.1: Kinematic data of Robotuna from reference [112].
Results for Robotuna Case 1
Similar to previous tests, the minimum value of  that allows reliable results has been
identified using convergence analysis. For Robotuna cases,  is expressed as a fraction
of the non-dimensionalized fish body length (excluding the caudal fin). Figure 6.14
shows the convergence of the potential jump at the root of the trailing edge of the
caudal fin, ∆φROOT at TE, with . These results are obtained after the fish has swum
for 10 oscillating cycles with time step ∆t = T /16 where T is the time period of the
oscillation. Initial wake length L W (0) = ∆t × 0.01. The horizontal length of the wake,
measuring from the caudal fin, is about 12.48L.
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−0.02
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Figure 6.14: Convergence of solution at the trailing edge of the caudal fin with  (Case
1).
Based on Figure 6.14, the value of  that allows the generation of reliable data and
yet smallest possible error is 0.05. The distribution of velocity potential (on the body)
and potential jump (on the wake) is shown in Figure 6.15.

84

Z

Potential (body) and Potential jump (wake)
-0.181

-0.0295

0.122

Y

X

Figure 6.15: Robotuna in straight-line swimming (Case 1).
Unlike previous simulations in which thrusts are calculated via integration (Equation 4.23), the control-volume method is used instead. This is because some initial
thrust calculations obtained by the integration method were not satisfactory. A possible reason could be that the fish is undergoing a fairly large deformation which leads
to inaccuracies in the evaluation of surface gradient in the velocity calculations.
The idea of the control volume method is to consider a confined space in which the
fish swims. As shown in Figure 6.16, the control volume is composed of surfaces A and
B which bound the area of interest. The fluid particles are free to pass through the
surfaces, from upstream at the freestream velocity, U ∞ , to downstream with velocity
u(y, z). The surfaces are placed far enough away from the body so that the fluid at the
surface edges can be considered undisturbed.
Surface A

Surface B
z
y
x

u(y, z)

U∞

Figure 6.16: Control volume method for thrust calculation.
The thrust T generated by the fish can then be obtained by studying the change
in momentum in the control volume V . The corresponding control surface is denoted
as S. According to the transport theorem in fluid mechanics [114], the rate of change
of momentum, dM/dt, can be written as:
Z
dM
d
=
ρvdV + (Ṁout − Ṁin ).
dt
dt V
Z
I
d
=
ρvdV +
ρv(v · n)dS;
(6.8)
dt V
S
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where v is the velocity and n is the local unit normal on the control surface S.
The first term in Equation 6.8 refers to the rate of change of momentum contained
in the control volume V . The second term refers to the momentum flux of V which is
determined by the net amount of momentum flow coming out ( Ṁout ) from the volume.
With the assumption that the average flow is steady and incompressible, the pressure at surfaces A and B (boundaries of the control volume) tends to the freestream
pressure, the first term in Equation 6.8 equals zero. Therefore, the force F which is
equal to the rate of change of momentum, dM/dt, is generated solely by the momentum
flux.
By considering the force along the x-direction, thrust T = −F x can be obtained as
below [32]:
T

= −Fx
Z +∞ Z
= ρ
−∞

+∞

2
(U∞
− u(y, z)2 ) dydz.

(6.9)

−∞

The equation can then be simplified by applying the law of conservation of mass:
Z +∞ Z +∞
T =ρ
u(y, z)[u(y, z) − U∞ ] dydz.
(6.10)
−∞

−∞

Although the assumption of steady flow is likely to be violated due to the unsteady nature of the wake, some experimental results have shown promising results
adopting this method for thrust calculations. These studies have involved flapping
wing motion [115] and vorticity control of swimming fish [32]. In addition, the current
calculations are performed after ten periods of the fish swimming motion at which point
the effect of the starting vortex should be minimized.
Instead of going towards infinity as in Equation 6.10, the dimensions of the surfaces
are set to 6L × 6L. This is to ensure the flow at the edges of the surfaces, in the y and
z-directions, is not affected by the body motion. Moreover, surface B in Figure 6.16
is located a very small distance downstream from the wake sheet. The distance is
large enough so that no singularities should occur during the evaluation of u(y, z). For
Robotuna Case 1, surface B is located 12.7L downstream from the fish caudal fin. In
order to obtain the velocity u(y, z) passing through surface B, velocity potentials, φ 1
and φ2 , are first evaluated at the positions slightly away from the surface (∆x = ±0.05).
The velocity potentials are obtained with Equation 3.23. Central differencing is then
used to compute u(y, z) = (φ1 − φ2 )/2 × ∆x.
Figure 6.17 shows the velocity profile on surface B at various stages during the last
cycle. The perturbation velocity (velocity difference from the freestream) rather than
the total velocity is presented in the figure. A jet velocity profile implies that thrust
is generated by the Robotuna in straight line swimming. The velocity difference on
the peripheral regions of surface B is small. This means that the flow in these areas
remains undisturbed.
By employing Equation 6.10 and the results from Figure 6.14, the predicted mean
thrust generated by Robotuna in straight-line swimming (Case 1) is 0.9171N . This
value is fairly close to that calculated by Zhu et al.’s zero-order panel method [112]
(0.93N ) with only 1.38% relative difference. The discrepancy from Zhu et al.’s results
could be that a free-wake model has been used in their simulations. The corresponding
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Figure 6.17: Downstream jet velocity profile (on surface B) at the 10th cycle for
Robotuna Case 1 with the corresponding “top” views of fish deformation profile. Data
range from 0 to 0.019m/s (fish swimming speed = 0.7 m/s).
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power output is 0.9171 × 0.7 = 0.6420W . Thrusts obtained with different values of
epsilon are shown in Table 6.2.

0.1
0.07
0.05
0.04
0.03

T (N )
1.3803
1.1044
0.9171
0.8260
0.7368

Table 6.2: Variation of mean thrust generated by Robotuna with  for Case 1.
As mentioned, no propulsive efficiency of Robotuna is calculated as control volume
method can only be used to evaluate the output power. However, according to Zhu et
al., the propulsive efficiency of Robotuna in this case is about 63.5%. Their error in
predicting the mean input power is only 0.99% when compared to the corresponding
case in Barrett et al.’s experiments [111].
Spatial convergence of the solution of Robotuna has also been investigated. Simulations have been performed with meshes of various scales of L e . The same parameters
are used in the generation of Figure 6.15 (i.e.  = 0.05, ∆t = t/16, 10 periods, t=time
period).
Figure 6.18 shows the convergence of the mean thrust T with the average edge
length of an element Le . The results from the solver are seen to be closer to the
quadratic fit than to the linear one. This indicates the spatial convergence is of second
order.
0.924
Solver
Linear
Quadratic

0.922
0.92

T

0.918
0.916
0.914
0.912
0.91
0.908
0.906
0.01

0.02

0.03

0.04

0.05

0.06

Le
Figure 6.18: Spatial convergence of mean thrust T generated by Robotuna Case 1.
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Results for Robotuna Cases 2 and 6
Simulations have also been performed for Robotuna Cases 2 and 6 in reference [112].
The same mesh is employed as in Case 1. The values of the kinematic parameters in
Case 2 are similar to Case 1, but the oscillation frequency is doubled; therefore, it acts
as a complementary case for Case 1. On the other hand, Case 6 is chosen so as to
evaluate the behaviour of the BEM code for higher frequency oscillations (quadruple
that of Case 1) and relatively high maximum angle of attack of the caudal fin.
As in Case 1, the minimum value of  that allows reliable results has been identified
via the convergence analysis. However, due to the high oscillation frequency involved,
the time step used in Case 1, ∆t = T /16, would be too small for these two cases. A
very small ∆t means that the triangles formed on the wake mesh are badly-shaped,
leading to errors during the evaluation of coefficients in the boundary integral equation.
On the other hand, ∆t cannot be too large as this leads to elongated-triangles and
loss of resolution in the wake. By balancing these constraints, the time step is chosen
as ∆t = T /8 for both cases. Results are obtained after the fish has swum for 10 periods
and LW (0) = ∆t × 0.01 as in Case 1.
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Figure 6.19: Convergence of solution at the trailing edge of the caudal fin with  (Case
2).
Figure 6.19 and 6.20 show the convergence of the potential jump at the root of the
caudal fin’s trailing edge, ∆φROOT at TE, with  for Case 2 and Case 6 respectively. In
Case 2, the results at various  have shown a very good linear relationship till  = 0.04,
whereas the results for Case 6 do not show a strong linear relationship. The value
at  = 0.04 has fallen out from the linear interpolation. It might be due to the fact
that the angle of attack of the caudal fin is much higher in Case 6. In addition, the
oscillation frequency for Case 6 is double that of Case 2. The same ∆t used would
mean that the resolution might not be enough for Case 6 or the algorithms for solving
the nearly-singular integrals are insufficient.
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Figure 6.20: Convergence of solution at the trailing edge of the caudal fin with  (Case
6).
The conclusion from the convergence analysis has provided a good indication of
how good the thrust predictions are. For thrust calculation, the same control-volume
method is employed as in Case 1. The horizontal length of the wake measuring from
the caudal fin, is about 6.01L for Case 2 and 3.18L for Case 6. As a result, surface
B is located at 6.2L and 3.4L downstream from the fish caudal fin for the two cases
respectively.
T (N )

0.1
0.07
0.05
0.04
0.03

Case 2
2.3203
1.8237
1.9372
1.3440
1.1901

Case 6
8.3946
6.5226
5.3270
4.7486
4.1852

Table 6.3: Variation of mean thrust generated by Robotuna with  for Cases 2 & 6.
Table 6.3 shows the mean thrust T predictions at various values of the limit parameter  for Robotuna Cases 2 and 6. According to the results from the convergence
analysis in Figure 6.19, the predicted mean thrust generated by Robotuna in straightline swimming in Case 2 is 1.3440N with  = 0.04. This value compares well with Zhu et
al.’s [112] prediction of 1.26N , with the relative difference of 6.7%. The corresponding
prediction of the power output of the Robotuna is 1.344N × 0.7m/s = 0.9408W . In
addition, Figure 6.21 shows the corresponding jet velocity profiles. A similar trend to
those in Figure 6.17 is observed.
Following the rationale, a good thrust prediction for Case 6 with time step ∆t =
T /8 should be at  = 0.05. The corresponding predicted mean thrust generated by
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Figure 6.21: Downstream jet velocity profile at the 10th cycle for Robotuna Case 2.
Data range from 0 to 0.047m/s (fish swimming speed = 0.7 m/s).
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Figure 6.22: Downstream jet velocity profile at the 10th cycle for Robotuna Case 6.
Data range from 0 to 0.02m/s (fish swimming speed = 0.7 m/s).
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Robotuna in straight-line swimming (Case 6) is 5.3270N . The relative difference from
the value of 4.92N by Zhu et al. [112] is about 8.27%. This leads to a power output
of 5.3270N × 0.7m/s = 3.7289W . The corresponding velocity profile is shown in Figure 6.22 which has indicated thrust is produced. Comparatively, Case 1 has the largest
area of jet profile which may due to the highest tail amplitude involved whereas highest
maximum jet velocity is seen in Case 2.
Although the relative differences in the thrust prediction for Cases 2 and 6 are
significantly larger than in Case 1, there are several reasons to help understand the discrepancy. First, the prediction errors in the power input computed by Zhu et al. [112],
compared to the experimental data from Barrett et al. [111], are much higher in Case 2
(8.8%) and Case 6 (3.2%) than in Case 1 (0.99%). Since the input power is estimated by
the potential obtained on the body surface [112], the errors in the predictions of input
power might have come from that of the potential. Second, the oscillation frequency of
Robotuna in Case 6 is twice that in Case 2 and four times that of Case 1. The rise in
frequency means that the importance of the unsteady wake dynamics increases. The
wake induced velocity has been included in the simulation of Zhu et al. [112] but not
in the current BEM code. Third, the aim of the convergence analysis is to obtain the
best possible prediction among the given values of  and ∆t, rather than performing
the simulations exhaustively. For example, a better prediction of T might be found
between  = 0.03 to 0.04 for Case 2. Last, Case 6 has shown the dilemma in choosing
a “good” value of ∆t. The linear interpolation relationship among the results in Case
6 is not as clear as that in Case 2. For a motion at such a high frequency and hence
a short period, ∆t should have been smaller so that the resolution of the wake would
not be lost. On the other hand, a very small ∆t would also mean that some wake
collocation points are very close to those at the trailing edge of the caudal fin, leading
to the problem of nearly-singular integrals. The dilemma can be resolved by having a
numerical code that can solve nearly-singular integrals properly.

6.3

Chapter summary

In this chapter, numerical results from the two-dimensional panel code and the threedimensional BEM code have been presented. Results from the two-dimensional code
have shown good agreement with those from the theories and flow visualizations. For
the three-dimensional cases, the reliability of the code has been supported by the
pressure distribution and lift curve data. The pressure distribution at the root of
a wing matches that from Bernardini’s [94] zero-order code whereas lift curve data
are compared against those in the literature. The versatility of the BEM code is
then demonstrated via some practical examples. Computed mean thrust generated by
a plunging wing is similar to that from the experiments performed by Heathcote et
al. [110]. Finally, the BEM code has been proven to be capable of simulating the flow
around a deforming body. Thrusts generated by Robotuna [33] in various conditions
are evaluated with the control-volume method. Reasonable predictions of mean thrust
are obtained as long as the values of time step and limit parameter are carefully chosen.
Extra flow information such as jet velocity profiles have also been provided.
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Chapter 7

Conclusions
Boundary element methods have been proven to be a powerful tool in the area of aerohydrodynamic studies. In this research area, unsteady mechanisms such as vorticity
shedding and body-wake interactions are dominant. The time-domain based method
has the ability to capture the unsteady dynamics of the system and also the possibility
to integrate with the structural mechanics of the deforming bodies. The requirement
to cover only the surface with elements has also minimized the computational cost.
Although the method has been widely used, the majority of the implementations
are limited to zero-order. Higher-order methods exist but are mainly confined to quadrilateral meshes. This is due to the requirement to satisfy the Kutta condition which
demands the pressure difference between the upper and lower surfaces of a sharp edge
of a body be zero. More precisely, the Kutta-Joukowski conjecture obliges any difference in potentials on the upper and lower sides of the edge to be shed to the wake
which emanates from the edge. To this end, zero-order methods allow the numerical
implementation of the Kutta-Joukowski condition without any alteration of the code.
This is because the collocation points on the upper and lower surfaces at the sharp edge
are not at the same geometrical locations. However, the upper and lower collocation
points land on their geometrical counterparts from first-order onwards. This means
that there exists no potential jump at the edge and hence no lift. For quadrilateral
elements, the edge collocation points can be easily moved slightly along the element
edges away from the original position; though it is not straightforward for other shape
of elements.
In this thesis, a novel way to obtain the numerical limit which is required by
the Kutta-Joukowski conjecture in three dimensions has been developed. First-order
unstructured triangular meshes are used on both the body and the wake surfaces.
The wake is shedded downstream with the freestream velocity as flat panels. The
method involves the movement of the collocation points along their surface normals
and the potential at the original positions are estimated by these relocated points.
The advantage of the method over other similar techniques is that the accuracy of the
estimated potential can be enhanced due to the mathematical relationship between
the original and the new locations. By making use of the Taylor series expansion, the
estimated values can be corrected. Since the first-order derivative demanded by the
Taylor series correction is readily available from the boundary condition, the method
can be easily implemented. This also means that there is virtually no limitation on the
order or shape of elements used in the mesh. More importantly, it should allow wider
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application of the boundary element method in which the effect of the wake dynamics
can be easily included.
As for any new method, the limiting procedure has been validated. The performance of the solver has been assessed for both non-lifting and lifting cases. Numerical
evidence has been given to show the effect of the Taylor series correction on the improvement of the numerical accuracy. Good agreements have been found in the comparisons
of results with those generated by zero- or third-order boundary element codes in the
published literature. At least second-order spatial convergence is achieved in all the
cases tested for the first-order method. Parametric tests have been performed for the
lifting cases. The time step and the limit parameter are found to have a combined
effect. The time step controls the resolution on the wake panels with a given number
of Gaussian points; whereas the limit parameter is expressed in terms of a fraction
of the chord. A small value of limit parameter might cause problems when the relocated points are too close to the body and wake surfaces. This leads to nearly-singular
integrals in the boundary integral equations.
The versatility of the procedure has also been demonstrated via a variety of scenarios. For lifting-wing simulations, the lift and pressure calculations compare well
with those from thin aerofoil theory and a zero-order solver. Results from a plunging
wing have also contributed to the confidence in the practicality of the solver. Last
but not least, the thrust and output power generated by a deforming Robotuna have
been computed. Good predictions are obtained as long as the values of the parameters,
time step and limit parameter are carefully chosen. This can be done by performing
convergence analysis of the limit parameter at a fixed time step. Results from a smaller
time step should overlap the results from a larger time step if the number of Gaussian
points are enough to provide the resolution. The largest time step that provides the
required resolution is chosen as this saves computational cost. Next, the smallest value
of the limit parameter that stays on the linear fit of the solutions is selected for that
particular value of time step.
The primary aim of developing the suite of boundary element codes that can simulate the flow around deforming bodies has been achieved. Future projects can be
attempted based on the work performed in this thesis. In terms of numerical accuracy,
algorithms that can solve singular or near-singular integrals more precisely and effectively should be adopted. This does not only reduce the dependence of the solution
on the limit parameter but also the computational time involved if fewer number of
Gaussian points can be used. Larger time steps or even a single wake panel can be used
for steady-state analysis if the number of Gaussian points is not an issue. In addition,
the wake can then be allowed to deform according to the local velocity, the calculation
of which involves singular integrals. To this end, higher-order wake panels which bring
higher degrees of freedom can be considered. This would allow the wake to deform as a
“force-free” surface. A possible numerical algorithm to improve the accuracy of Gaussian quadrature schemes for nearly-singular integrals in boundary element methods is
suggested by Telles [116]. The algorithm proposed helps eliminate the need for element
subdivision and hence fewer integration points are required.
For computational efficiency, algorithms such as the Fast Multipole Method can be
implemented. This speeding-up algorithm takes off the computational time by grouping
collocation points that are far away from the object as one computational group. On
the other hand, parallelization can also be extended to include the wake effect in the
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new limiting procedure. However, care should be taken as the edge collocation points
could be allocated to different processors. Wake panel clustering is another option to
relieve the computation effort. This method has been employed by other researchers in
the area as the influence of the wake panel decreases with the distance from the body.
Application of the boundary element solver can be extended to other areas. For
example, it would be interesting to investigate the swimming mechanisms involved in
a group of fish. This is a case similar to formation flights. The benefit gained by
swimming together, if any, might mean that more than one MAV or AUV should be
deployed when carrying out a mission. Viscosity can be included by employing different
boundary conditions or involving Helmholtz and Poincaré decompositions [76]. This is
because viscosity is proven to be an important feature in the generation of thrust or
lift for deforming bodies in nature. Structural mechanics is another area that could be
incorporated into the aerodynamically-based solver. The integration would mean that
the effect of the flexibility of the material can be evaluated.
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Epilogue
The warrior of light remembers a passage from John Bunyan:
‘Although I have been through all that I have, I do not regret the many hardships
I met, because it was they who brought me to the place I wished to reach. Now all I
have is this sword and I give it to whomever wishes to continue his pilgrimage. I carry
with me the marks and scars of battles—they are the witnesses of what I suffered and
the rewards of what I conquered.’
‘These are the beloved marks and scars that will open the gates of Paradise to me.
There was a time when I used to listen to tales of bravery. There was a time when I
lived only because I needed to live. But now I live because I am a warrior.’

Manual of the Warrior of Light, Paulo Coelho, 2003
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