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Summary

The cyclizer of an infinite permutation group G is the group generated by the
cycles involved in elements of G, along with G itself. There is an ascending sub-
group series beginning with G, where each term in the series is the cyclizer of
the previous term. We call this series the cyclizer series for (G. If this series
terminates then we say the cyclizer length of G is the length of the respective
cyclizer series. We study several infinite permutation groups, and either deter-
mine their cyclizer series, or determine that the cyclizer series terminates and
give the cyclizer length. In each of the infinite permutation groups studied, the
cyclizer length is at most 3. We also study the structure of a group that arises
as the cyclizer of the infinite cyclic group acting regularly on itself. Our study
discovers an interesting infinite simple group, and a family of associated infinite

characteristically simple groups.
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Chapter 1

Background material and

Introduction

1.1 Elementary permutation group theory

Note: in this thesis we use the more widespread convention of writing
functions on the left, rather than on the right as many group theorists
prefer; thus for a set 2 and two functions f,g: Q2 — Q and w € Q, fg(w)
means first apply g, then apply f.

Let 2 be a non-empty set. A permutation of €2 is a bijection of 2 onto itself.
The set of all permutations of {2 form a group under composition of functions,
called the symmetric group on . We denote this group by Sym(€2). In the
case where Q) = {1,2,--- ,n} for some natural number n we sometimes write .S,
instead, and in the case where 2 = Z we sometimes write S, instead. We call a
subgroup of Sym({2) a permutation group on Q. If G is a permutation group

on 2, then we say that n is the degree of G if || = n.

Let G be a group and §2 be a non-empty set, and suppose there is a function
G xQ—Q (g,w) =%. We say that p defines an action of G on Q (or just
that G acts on ) if:

o “y =wforallweN
o "(9w) =9 for all g,h € G, w € Q.
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If G acts on €, then we have a homomorphism ¢ : G — Sym(Q2), ¢(g9) = 7,
where 7, : Q = Q, w — 9w. Therefore the image of G’ under ¢ is a permutation
group, which we call the permutation group induced on €2 by G, and which we
denote by G*.

Suppose that G acts on 2. Define a relation ~ on Q as follows: a ~  if and only
if 3 =9« for some g € G. The relation ~ is an equivalence relation on €2, and
we call the equivalence classes the orbits of G. We say that G is transitive if
there is only one orbit: in other words, G is transitive if for all a, 8 € 2, 5 =9«

for some g € G.

Let G be an intransitive permutation group on €2 (that is, G is not transitive).
Suppose that GG has orbits §;, for ¢ € I where [ is some index set for the set of
orbits. Then G acts on each €);, and thus induces a transitive permutation group

G on (; for each i € I. We call these groups the transitive constituents of G.

Let X,Y be non-empty sets, let f be a function from X to Y, and let A be
a non-empty subset of X, B be a non-empty subset of Y. The image of A is the
set {f(a)|la € A}, and we denote this by f(A). In the context of our exposition,
we can safely assume that no subset of A is an element of A, and so the definition
of f(A) is unambiguous. The preimage of B is the set {z € X|f(x) € B}, and
we denote this by f~'(B). We denote the cardinality of the set X by |X|. If f
is a bijection then |f(A)| = |A| and |f~'(B)| = |B|. If Z is another non-empty
set and ¢ is a function from Y to Z the composition of g and f is the function
gof:X—Z (go f)(x)=g(f(x)) for all x € X.

The infinite version of the Dirichlet principle states that if a countably infi-
nite number of elements are to be put into a finite number of sets, then one set

contains a countably infinite number of elements.

Let G be a group, and let H be a subgroup of G. The normalizer of H in
G, denoted by Ng(H) is

No(H)={9€G:gHg™" = H}



It is straightforward to show that H < Ng(H), and that in fact Ng(H) is the

largest subgroup of G in which H is normal.

An automorphism of a group G is a group isomorphism ¢ : G — G. A subgroup
H of G is called characteristic in G if o(H) = H for every automorphism ¢ of
G. A group G is called characteristically simple if it has no proper, nontrivial

characteristic subgroups.

Proposition 1.1. A direct product of isomorphic simple groups is characteristi-

cally simple.
Proof. See Robinson, pg 85. [1] O

General references on group theory are Robinson [1], and Rotman [2]. General
references on permutation groups are Dixon and Mortimer [3], and Cameron
[4]; more information specifically focusing on infinite permutation groups can be
found in Bhattacharjee, et al [5].

1.2 Elementary graph theory

A graph is a pair (V, E) where V' is a non-empty set and F is set consisting of
2-element subsets of V. An element of V is called a vertex, and an element of
FE is called an edge. We do not allow more than one edge between any pair of
distinct vertices, and we do not allow edge loops, with both ends of the edge being

the same vertex. Two vertices u and v are said to be adjacent if {u, v} is an edge.

A path from u to v is a sequence of vertices u = vg, v, -+ ,v, = v such that
{vi,viz1} is an edge for each ¢ € {0,1,--- ,n — 1}. We say the length of a path
Vo, V1, - , Uy, is the natural number n. The distance from u to v is the length
of the shortest path from u to v. We say that a graph is connected if for all

u,v € V there exists a path from u to v.

Let I' = (V, E) be a graph, and let f be a permutation of V. We say that f
is bounded if the set of distances from v to f(v), where v ranges over the whole
of V', is bounded. We say that M is a bound for f if M is a bound for the set of

distances from v to f(v). Note that f is not required to be a graph automorphism

3



but merely a permutation of the vertices.

A general reference on graph theory is Behzad, Chartrand and Lesniak-Foster

[6].

1.3 The cyclizer function on finite permutation
groups

Let ¢ : Q — € be a cycle in a permutation group acting on 2. The support of
¢, denoted supp(c), is the set {z € Q| ¢(z) # x}. Let G be a permutation group.
We say that a cycle c is involved in g € G if ¢ !¢ fixes all points of the support

of c.

Example 1.1. The cycle (2,3,4) is involved in the the permutation
(1,5)(2,3,4)(6,7) € Sy
and the cycle (=35, —34) is involved in the permutation
o (=3,-2)(=1,0)(1,2)(3,4) - - € S

The notion of a cycle ¢ being involved in a permutation g is a generalisation of
the notion that a cycle c is involved in the cycle decomposition of a finite permu-
tation g. In fact these two notions are equivalent when G is a finite permutation
group. Let G be a finite permutation group. The cyclizer of G, denoted Cyc(G),
is the group generated by all the cycles involved in elements of G. We say that
a group is cycle-closed if Cyc(G) = G.

Example 1.2. Let

G =D, = {id, (1,2,3,4), (1,3)(2,4), (1,4,3,2),
(1,3),(2,4),(1,2)(3,4),(1,4)(2,3)

The set of cycles involved in elements of Dy is the set

C=1{(1,2),(1,3),(1,4),(2,3),(2,4),(3,4),(1,2,3,4),(1,4,3,2)}

4



and so Cyc(G) = (C) = Sy, since C' contains all the 2-cycles of Sy.

For a finite permutation group G of degree n we can define a series of groups
G=Go<G<Gy<

where G;,1 = Cyc(G;) for every natural number i. We call this series the cyclizer
series for G. This series must terminate in a finite number of steps, because each
of the groups in the series is contained in the finite group S,,. Therefore there is
k € N such that Gy_1 # Gy = Gjy1; we call this k the length of the cyclizer

series for G.

It will often be necessary to refer to specific groups in the cyclizer series of a
group G, so for every natural number k we define the groups Cyc*(G) induc-
tively, where Cyc!(G) = Cyc(G) and Cyc**'(G) = Cyc(Cyc*(G)). The cyclizer
series for finite permutation groups was first considered by Cameron in [7]. Here,

Cameron proves the following theorem:
Theorem 1.1 (Cameron). Let G be a permutation group on a finite set X. Then

o (& is cycle-closed if and only if it is a direct product of symmetric groups

and cyclic group of prime order,
o Cyc*(G) is cycle closed,

e There exists finite permutation groups G such that Cyc*(G) is not cycle

closed; such a group, if transitive, is a p-group for some odd prime p.

This result was expanded upon by Fiddes in [8]. Her work determined all finite
groups with the maximal cyclizer series length of 3, and furthermore, established

a near-complete classification of finite groups by cyclizer series length.

Theorem 1.2 (Fiddes). Let G be a transitive permutation group of a finite set
X.

o [f G has cyclizer length 1, then G has even order.

o If G has cyclizer length 2, then G has odd order, or G is a 2-group that

does not have cyclizer length 1.



e G has cyclizer length 3 if and only if G is a particular subgroup of the

iterated wreath product C, wr C, wr --- wr C,, for some odd prime p.

v~

n COpIES

Theorem 1.3 (Fiddes). Let G be an intransitive permutation group of a finite
set X, and let G1, G, - - Gy be the transitive constituents of G. Then

Cyc(G) = Cyc(Gh) x Cyc(Gs) x -+ x Cyc(Gy,)

and hence G is cycle-closed if and only if all its transitive constituents are. Fur-
thermore, the cyclizer length of G is the maximum of the cyclizer lengths of its

transitive constituents.

The specifics of Theorem 1.2, particularly the groups with cyclizer length 3,
are rather technical and so we refer the reader to Fiddes and Smith [9] for a
detailed and focused treatment of this result. For an application of Cameron’s
result in Theorem 1.1, the author refers the reader to a paper by Lenart and Ray
on Hopf Algebras [?].

1.4 The cyclizer function on infinite permuta-
tion groups

Let 2 be an infinite set. We say that a permutation of €2 is finitary if its support
is a finite set. The set of all finitary permutations of €2 form a group, denoted
FS(2). The subgroup of F'S(2) consisting of all the even finitary permutation of
() is called the finitary alternating group on (2, and is denoted Alt(€2).

Observe that if GG is an infinite permutation group, then G is not necessarily

contained in the group generated by all the cycles involved in elements of G.

Example 1.3. Let 7 =---(=3,-2)(—1,0)(1,2)(3,4) - - - € Ss, and let G = (7).
The group generated by the cycles involved in elements of G is a subgroup of

FS(Z), which does not contain the permutation m since it has infinite support.

Defining the cyclizer of an infinite permutation group is a slightly different

process than in the finite permutation group case. Cameron [7] suggests several

6



different ways this can be done, but in this thesis we concern ourselves with the

following generalisation of his:

Definition 1.1. Let G be a permutation group. The cyclizer of G, denoted
Cyc(G), is the group generated by G and all the cycles involved in elements of G.

Notice that if GG is finite then this definition agrees with our earlier notion of
the cyclizer of G, but avoids the problem highlighted in Example 1.3 when G is
infinite. As in the finite case, define the cyclizer series of an infinite permutation

group G to be the series
G=G <G <Gy <

where G, 11 = Cyc(G;) for every natural number i. Unlike in the finite case, there
is no a priori reason why this series must terminate; if it does terminate, i.e. if
there exists k € N such that Gy_1 # Gy = Gj11, then we call this k the length
of the cyclizer series for G. It is not known if there is a maximal length for the
cyclizer series of an infinite permutation group. In [7] Cameron conjectures that
3 is the maximal series length. The groups studied in Chapters 3 and 5 all have
cyclizer length < 3, but we are so far unable to provide a proof of Cameron’s

conjecture.

As in the finite case, for every natural number k we define the groups Cyc*(G)
inductively, where Cyc'(G) = Cyc(G) and Cyc**'(G) = Cyc(Cyc*(G)). The
known results about the cyclizer series of infinite permutation groups are pre-

sented below:

Proposition 1.2 (Cameron). Let G be a transitive permutation group in which
all the cycles of all elements of G are finite. Then Cyc(G) < FS(Q).G Hence
Cyc®(G) = FS(Q).G is cycle-closed.

The proof of Proposition 1.2 can be found in Cameron [7]. Before stating the

next result, we need a definition from Fiddes’s thesis:

Definition 1.2. A permutation 7 of the integers is said to be modular (or
modularly defined) if there is a natural number n such that for each integer

z, m(2) = z + u,, where p, depends only on the congruence class of z modulo n.

7



Any such n is called a modulus for w, and the smallest such is called the principal

modulus of .

Example 1.4. The permutation f : 7 — 7

z+2 x=0 mod3
f(x) = B
r—1 x=1,2 mod3

15 modular, with modulus 3 and pg = 2, p1 = pe = —1.

- TR TR T T e
N4 NN NN NN NN N
7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7

Figure 1-1: Geometric interpretation of the modular permutation f

The geometric interpretation of f seen in Figure 1-1 is a handy way to un-
derstand its overall structure, and so we will be interpreting permutations of €2
as permutations of a graph I' whose vertex set is {2 many times throughout this
work. Now we state the known results about the cyclizer series of some specific

infinite permutation groups.

Theorem 1.4 (Cameron). Let G be the permutation group induced by the infinite

cyclic group 7Z acting on itself in the natural way.
e Cyc(G) is the group of modular permutations of Z,
o Cyc?(Q) is the semidirect product FS(Z) x Cyc(G),

o Cyc(Q) is the set of all permutation g of Z for which there exist r > 0 and
hi,h_ € Cyc(G) such that g(z) = hy(z) for x > r and g(x) = h_(z) for

T < —r
o Oyct(G) = Cyc*(G), in other words, Cyc*(G) is cycle-closed.

Again, the proof of Theorem 1.4 can be found in Cameron [7]; a slightly
different proof may be found in Fiddes’ thesis [8].



Theorem 1.5 (Fiddes). Let D be the permutation group induced by the infinite
dihedral group acting on Z in the natural way, and let G be the permutation group

induced by Z acting on itself in the natural way.
e Cyc(D) = Cyc*(G)U Cyc*(G)r, where 7 : Z — 7, 7(2) = —z for all z € Z
o Cyc®(D) is cycle-closed.

The proof of Theorem 1.5 can be found in [8].

This thesis is concerned with investigating some interesting infinite permuta-
tion groups, and determining information about their respective cyclizer series.
In Chapter 2 we investigate the group of modular permutations of the integers,
that appears in the cyclizer series of the infinite cyclizer group. We recall what
it means for a permutation of the integers to have finite flow (a concept that first
appeared in Fiddes’ thesis [8]) and observe that all of the modular permutations
have this property. We then look at the subgroup of modular permutations which
have zero flow, and conclude with Theorem 2.3, the main result of the chapter,

which shows that this group is simple.

In Chapter 3 we investigate the cyclizer series of a family of infinite permuta-
tion groups G, for each natural number n > 3, that in some sense generalise the
infinite cyclic group. For each natural number n > 3 the group G,, arises as a
permutation group on a type of graph called an n-branched star, which we define
in section 3.1. We discover that, modulo the finitary permutations of the under-
lying graph, the group G, is isomorphic to n —1 copies of the infinite cyclic group
(Lemma 3.2). The cyclizer series of G, is expectedly related to the cyclizer series
of the infinite cyclic group that Cameron and Fiddes have already determined,
as we show when we determine Cyc(G,,) in Lemmas 3.4 and 3.5. This leads into
our final important result of the chapter in Theorem 3.3, that the cyclizer length

of each G, is just 1.

Chapter 4 deals with the generalising the concept of finite flow to permutations
of the vertices of an n-branched star. We investigate the zero flow subgroup of
Cyc(Gyp), the main result being Theorem 4.2 which tells us that, modulo the



finitary permutations of the underlying graph, this subgroup is a characteristi-
cally simple group. We end the chapter with an investigation of the normaliser
of the finite low permutations of an n-branched star, with the main result being
Theorem 4.3, that the normaliser is a semi-direct product of the finite flow per-

mutations with S,,.

Chapter 5 investigates the cyclizer series of two infinite permutation groups. The
first of these, the cross group G, is a permutation group of a 4-branched star
that is a subgroup of the group G, studied in Chapter 3. Our main result for the
cross group is Theorem 5.1, which states that G, has cyclizer length at most 2.
The second group we investigate is the ladder group G, so called because it is a
permutation group of the vertices of a graph which resembles an infinitely long

ladder. With Theorem 5.2 we prove that G, has a cyclizer length of 2.
Chapter 6 contains some open questions and conjectures that arise from the

thesis, and how the work in Chapter 5 can be used to help fully understand the

cyclizer series of Z,, acting regularly.
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Chapter 2

Modular permutations of the

integers

In this chapter we investigate the group of modular permutations of Z. Our
ultimate aim is to prove that a particular subgroup of the modular permutations
is a simple group. We begin with a discussion of a group that contains the

modular permutations of Z: the finite low permutations of Z.

2.1 Finite flow permutations of the integers

In [8], Fiddes introduces a class of permutations of the integers; the finite flow

permutations. We define these below.

Definition 2.1. Let g € Sym(Z) and let v € Z + %. Define
(g =2 €Z:2<uz f(2) >z}

¢ (9) =Hz€Z:2>u f(2) <}

We say g has finite flow (or that g is a finite flow permutation) if ¢ (g)
and ¢ (g) are finite for all v € Z + 5. If g has finite flow, we define ¢,(g) :=
ot (g) — o5 (9). We call ¢.(g) the net flow of a finite flow permutation g.

Example 2.1. The identity permutation idy has finite flow: The quantities
¢t (idz) and ¢ (idz) are both equal to 0, for all x € Z + 5, and so the net
flow, ¢.(idyz), is also equal to 0 for all x € Z.

11



The permutation o : 7 — Z, 0(z) = z + 1 for all z € Z, has finite flow and
its net flow is 1, since ¢} (o) =1 and ¢, (o) =0 for all x € Z.

The permutation 7 : Z — Z, 7(z) = —z for all z € Z, is not a finite flow
permutation, as the sets {z € Z:z < 3,7(2) > 1} and {z € Z: z < 1,7(2) > 3}

are both infinite.

There is a very natural geometric understanding of a finite flow permutation.
For example, consider a geometric interpretation of the permutation o from Ex-

ample 2.1: In this interpretation, the quantity ¢7 (o) essentially counts the num-
2

Figure 2-1: Geometric interpretation of the map o

ber of right-facing arrows that cross the vertical dotted line. Similarly, ¢; (o)
counts the number of left-facing arrows that cross the vertical line. Since ﬁoth
these numbers are finite for o, the net flow of o exists, and in this interpretation
it essentially counts the net difference between the right-facing and left-facing

arrows that cross the vertical line.

It turns out that the set of all finite flow permutations of the integers form a
subgroup of Sym(Z). This was originally thought to be shown in Fiddes’ thesis
[8], but unfortunately one of the theorems used to do so is flawed. The theorem
in question is Theorem 7.4, which appears on page 77 of Fiddes’ thesis and states
that if f,g € Sym(Z) have finite flow, then ¢ (go f) = ¢F(f) + ¢} (g) for all
x €L+ % We see that this is false with the following example:

12



Example 2.2. Let
f: ( 7_27_17071727”')

and
g:< 7472707_27_47"'>O(”' 7573717_17_3'“>

Then f and g have finite flow, because ¢F (f) =1, ¢ (f) =0 for all x € Z + 3,
and ¢} (g) =0, ¢, (g) =2 for allx € Z + % Now, since

gOf:( a271707_17_27"')

it follows that ¢ (go f) =0 for all x € Z+ 5. But ¢J(f)+ ¢F(g9) =1, and so

we have a counter-example.

Although the statement ¢} (g o f) = ¢1(f) + ¢5(g) for all z € Z + 1 is
false, it is true that composing finite flow permutations sums their net flow. This
similar result allows us to correctly prove that the finite flow permutations form
a subgroup of Sym(Z); for the sake of logical consistency, we prove this in full.

We begin by proving the statement about net flow.

Lemma 2.1. Let f, g be finite flow permutations of the integers. Then go f has
finite flow, and in particular for all x € 7 + %

¢u(g0 f) = ¢a(f) + d2(9)
Proof. Let x € Z + % and define the following subsets of the integers:

A={z<xz:9(z)>2},B={2<x:9(2) <z}
C={z>z:9(2)<z},D={z>x:9(2) >z}

Consider

¢u(gof)=Hz<w:(gof)(z) >a} —{z>x:(g90f)(2) <z}

We can write

{z<a:(gof)(z) >a}t = (f(A)N(=00,2)) U(f(D)N(~00,))

13



where (—oo,z) is the interval {z € Z : z < z} and the union is disjoint. The
set f~1(A) N (—o0, ) is finite because A is finite due to g having finite flow, and
|A] = |f~*(A)| because f is a bijection. The set f~1(D) N (—oc,z) is also finite
because it is a subset of {z < x : f(z) > x}, which is finite because f has finite

flow. Consequently, {z <z : (go f)(z) > x} is finite. Also, we can write

{z>x:(g0f)(z) <a}=(f1(B)N(z,00) U (f(C) N (x,00))

where (z,00) is the interval {z € Z : z > x} and the union is again disjoint. The
set f~1(B)N(x,00) is finite because it is a subset of {z > x : f(z) < x}, which is
finite because f has finite flow. The set f~}(C) N (z,c0) is also finite, because C
is finite due to g having finite flow and |C| = |f~(C)| because f is a bijection.
Hence {z > z: (g o f)(z) < x} is finite, therefore g o f has finite flow and

a(g o f) = |fH(A)N (=00, )| + |fH(D) N (—00,2)|
= [/7H(B) N (@, 00)| = [f7H(C) N (2, 00))|

To conclude we show that ¢,(go f) = ¢.(f) + ¢x(g).
It follows from the earlier definitions that ¢,(g) = |A| —|C|. Consider
¢o(f) =z <a: f(2) >a}[ - {z>a: f(z) <}
It follows that
{z<a:f(z) >a} = (fH(C) N (=o00,2)) U (fH(D) N (~00,z))
where the union is disjoint. Furthermore,
{z>a: f(z) <a} = (f(A)N(2,00) U(fH(B) N (2,00))

where again the union is disjoint. Thus

$a(f) + ¢a(g) = [fH(C)N(=00,2) + [f (D) N (=00, z)]
—[f7(A) N (z,00)] = |f7H(B) N (z,00)| + 4] = |C|
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Since f is a bijection, it follows that

Al = [ (A =1f(A) N (=00, 2)| + |f(A) N (z, 00)|
Cl = 1O =1f(C) N (=00,2)| +|fHC) N (2, 00)|

and so

$a(f) + ¢a(g) = [f 7 (A)N(=00,2)| + [f (D) N (—00, )]
—[f7H(B) N (2, 00)| = [f7H(C) N (2, 00))|

which is equal to ¢,(g o f). ]
Let G, denote the set of permutations of Z that have finite flow.
Theorem 2.1. Gg, < Sym(Z)

Proof. Example 2.1 shows that ¢d; has finite flow. If f, g have finite flow then
Lemma 2.1 tells us that go f has finite flow, and so G is closed under composition.
Finally, it is easy to to check that ¢ (¢7') = ¢, (g) and ¢, (¢7') = ¢} (g), hence
¢2(97") = —¢.(g) for all € Z + % and thus g~* has finite flow. O

There are some other elementary observations we can make regarding finite
flow permutations, that are both useful and illuminating. We begin with the ob-
servation originally made by Fiddes, that the net flow of a finite flow permutation

at v € Z + % is independent of the choice of x.

Lemma 2.2. Let g € Gﬁn and assume that ¢.(g) = r for some x € Z+ % Then
oy(g) =1 for ally € Z + %

Proof. Fiddes thesis, Theorem 7.3 [§] O

It follows from Lemma 2.2 that we can define the net flow of a finite flow per-
mutation g to be the net flow of g at any x € Z + % Furthermore we can define a
function ¢, that takes a finite flow permutation and gives us its net flow. In other
words. we have ¢ : G, — Z, ¢(g) = ¢.(g) for some x € Z+ % Theorem 2.1 and
Lemma 2.1 together imply that ¢ is a group homomorphism, and we can also see
that ¢ is surjective: for each z € Z, the permutation g : Z — Z, g(a) = a + z has

®(g) = z. We will return to this function in section 2.2.
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Another interesting observation is that, when determining if a given permuta-
tion has finite flow, it is sufficient to check that ¢ (f), ¢, (f) are finite for any
x,y €L+ %

Lemma 2.3. Let f € Sym(Z) and assume that ¢; (f) and ¢, (f) are both finite.
Then f has finite flow.

Proof. Let a € Z + 3 and assume that ¢ (f) = oo (therefore a # x). There are

two cases to consider.

Case 1 - a > x: Since ¢} (f) = oo, there are infinitely many integers z < a
such that f(z) > a > z. Infinitely many of these integers must also satisfy z < x.

However, this contradicts the finiteness of ¢ (f).

Case 2 - a < x: Since ¢} (f) = oo, there are infinitely many integers z < a < x
such that f(z) > a. Infinitely many of these integers must also satisfy f(z) > x,

because f is a bijection. However, this contradicts the finiteness of ¢ (f).

Therefore our assumption that ¢ (f) = oo was flawed and so ¢ (f) is finite.
Now assume that ¢, (f) = oo (therefore a # y). Again we have two cases to

consider.

Case 1 - a > y: Since ¢, (f) = oo, there are infinitely many integers z > a > y
such that f(z) < a. Infinitely many of these integers must also satisfy f(z) < v,

because f is a bijection. However, this contradicts the finiteness of ¢, (f).

Case 2 - a < y: Since ¢, (f) = oo, there are infinitely many integers z > a
such that f(z) < a < y. Infinitely many of these integers must also satisfy z > y.

However, this contradicts the finiteness of ¢, (f).

Therefore our assumption that ¢, (f) = oo was flawed and so ¢, (f) is finite.
Since both of ¢} (f) and ¢, (f) are finite, and a € Z + 1 was chosen arbitrarily,
f has finite flow. O

Since by definition a finite flow permutation f has ¢; (f), ¢, (f) finite for any
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x,y € L+ %, Lemma 2.3 allows us to make an equivalent definition of finite flow.

Definition 2.2. Let f € Sym(Z). We say that f has finite flow if o7 (f), ¢, (f)

are finite for some x,y € Z + %

In particular, a permutation g of Z has finite flow if and only if the quantities
"1 (g), #1(g) are finite. These values are the sizes of the sets {z < 0: g(z) > 0}
and {z > 0 g(z) < 0} respectively, which can also be written as Z~ \ g~ *(Z")
and Z* \ ¢g~'(Z") respectively, where

T ={2€Z:2>0}, Z":={2€Z:2<0}
Since ¢ is a bijection, it follows that |g(X)| = |X| for any subset X of Z, and so
671(9) =z <0:9(z) 2 0} =127\ g (Z7)| = [9(Z") \ 27|
61(9) ={z>0:9(2) <0} = |27\ g7'(Z")| = |g(2") \ 27|
As a result, we have another equivalent definition of a finite flow permutation.

Definition 2.3. Let g € Sym(Z). We say that g has finite flow if the sets
g(ZYN\Z, g(Z7)\ Z~ are finite.

The advantage of Definition 2.3 is that proving G, is closed under compo-
sition can now be done much more swiftly: Let f,g € Gg,. Since [ € Ggy, it
follows that f(Z*)\ Z* is a finite set. Since g is a bijection,

[FZINZT] = g(F(ZINZT) = (g o HZT)\ g(Z7)]

and so (g o f)(Z") \ g(Z") is a finite set. Furthermore g € Gp,, implies that
g(Z*)\ Z7 is finite, so ZT and ¢(Z™) differ by only a finite number of elements,
and so (go f)(ZT)\ Z" is a finite set. Similarly, (go f)(Z~) \ Z~ is a finite set
and so g o f has finite flow. The disadvantage of this slick method is we do not
see that composing finite flow permutations sums their net flow, and so we miss

out on the homomorphism ¢ defined earlier.

Let ¢ be an infinite cycle and z € supp(c). We say that ¢ is positive if
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lirin c"(z) = £oo and c is negative if lirf c"(z) = Foo. We say that ¢ is pos-
n— oo nN— o0

itively aligned if hrf c"(z) = oo and ¢ is negatively aligned if lirin = —00.
n— o0 n—xroo

Observe that a positive cycle has flow 1, a negative cycle has flow —1, and an
aligned cycle has flow 0. If ¢ is an infinite cycle involved in a finite flow permu-
tation f, then ¢ must take one of the four forms above. Any finite cycle has zero
flow, and so ¢ (f) is the number of positive cycles involved in f, and ¢, (f) is

the number of negative cycles involved in f.

Observe that a modular permutation has finite flow, because for a modular per-
mutation 7, the set
{r(z) — z|z € Z}

is finite, and therefore bounded.

2.2 Elementary properties of moduar permuta-

tions

Modular permutations of Z were originally defined in Chapter 1, but there is an

alternative definition that will be handy to use at times.

Definition 2.4. Let f € Sym(Z). We say that f is modular if there exists
n € N such that for all x € Z,

flx+n)=f(z)+n

We call n a modulus of f, and denote the set of all modular permutations by
G(mod~

We will shortly see the equivalence of the two competing definitions of mod-

ularity, but first we deduce some straightforward consequences of Definition 2.4.

Lemma 2.4. Let f € Sym(Z) be modular with modulus n. Then for all r,z € Z,
flx+rn)= f(x)+rn

Proof. Let x € 7Z. Firstly, consider the case where » € N. We prove this by

induction on r. When r = 1 there is nothing to prove, as this is the definition of
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a modular permutation. If the statement holds for » = m, then
fz+(m+1)n) = f((z4+n)+mn) = f(xz+n)+mn = f(z)+n+mn = f(z)+(m+1)n

by the induction hypothesis and the definition of a modular permutation. There-

fore the statement is true for r = m+1 and hence true for all » € N by induction.

Now consider the case where r < 0. When r = 0 the statement is trivially
true. For r < 0, write r = —s for s € N and instead prove f(z —sn) = f(z) —sn
for all x € Z by induction on s. When s = 1, let z € Z and let y = x — n for
y € Z. Then

f@)=n=fly+n)—n=[fy)+n-—n=[fy) =flz—n)

by the definition of a modular permutation. Hence the statement is true for

s = 1. If the statement is true for s = m, then
f(x—(m+1)n) = f((x—n)—mn) = f(x—n)—mn = f(z)—n—mn = f(z)—(m+1)n

by the induction hypothesis and the definition of a modular permutation. There-
fore the statement is true for s = m+1 and hence true for all s € N by induction,

which completes the proof. O]

Lemma 2.5. Let f be a modular permutation with modulus n. Then for all
keZ,
fAa+n)= =) +n

for all xz € 7.

Proof. We begin with the case of k& € N, which we prove by induction. The case
k =1 is just the definition of modular, so the statment is true for £ = 1. If the

statement holds for £ = m then

F" @t n) = f(M @+ n) = f(f"(@) +n) = f(f"(2) +n = ") +n

by the induction hypothesis and the definition of a modular permutation. So
the statement holds for £ = m + 1, hence the statement holds for all £ € N by
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induction.

When k = 0 there is nothing so prove, so it remains to deal with the case k € Z,
k < 0. Notice that if f is modular with modulus n, then f~! is also modular
with modulus n; for all x € Z, write z = f(y) for some y € Z, then since f is

modular,

[Tlatn) =) +n) =" (fly+n) =y+n=[f"(2)+n

This implies that

fTa+n) = @+n) =" @) +n=rf"(z)+n

for all x € Z and for all [ € N by the previous paragraph. Let k € Z,k < 0 and
write k = —[ for [ € N. Then

fH@+n) = f(z+n)
= fHx) +n
= fH@) +n

for all € Z and so the result holds for all k € Z, k < 0. Hence the result holds
for all k£ € Z. O

Corollary 2.1. Let f be a modular permutation with modulus n. Then for all
k.reZ,
M +rn) = fH2) +rn

forall z € 7.
Proof. Lemmas 2.4 and 2.5. ]

We already know that Gpq is a group, because Cameron (and later Fiddes)
showed that it is the cyclizer of the infinite cyclic group acting regularly. However,

we can show this directly.

Proposition 2.1. G,oq @S a group.
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Proof. The identity permutation is modular with modulus 1, since
idg(r+ 1) =2+ 1=ridg(z) + 1

for all x € Z. We proved in Lemma 2.5 that if f is modular with modulus n,
then f~!is also modular with modulus n, and so f~! € Goq. Finally, if f and g
are modular permutations with moduli n and p then fg is modular with modulus

np; for all x € 7Z,

fo(z +np) = fg(x) +np) = f(g(x) +pn) = fg(x) +np
by two applications of Lemma 2.4. O

Now we show the equivalence of the two definitions of a modular permutation.
Let f be a permutation of Z. Suppose that f satisfies the conditions of Definition
1.2, i.e. for each z € Z we have f(z) = z + u, where p, depends only on the
congruence class of z modulo n. Let z € Z and assume that + = a mod n (i.e.
f(z) =z + u,). It follows that z +n = a mod n, and so

fla+n)=a4+n+p,=(x+p,) +n=f(z)+n

Therefore f satisfies the conditions of Definition 2.4.

Conversely, suppose that f satisfies the conditions of Definition 2.4, i.e. there is
an n € N such that f(x +n) = f(x) +n for all x € Z. Let z € Z, assume that
z =a mod n and let u, = f(a) — a. Since z = a mod n, we can write z = a +1rn

for some r € Z. Using Lemma 2.4 we see that
F(2) = flatrn) = f(@) + =@t ug 1= (a+r0) + oy = 2+ g

and so f satisfies the conditions of Definition 1.2. Hence the two definitions
are equivalent. In Johnson [10], he defines an ‘n-periodic permutation’ of Z.
This definition is identical to our alternative definition of a modular permuta-
tion with modulus n, Definition 2.4. Furthermore Johnson observes that the
group of permutations which are n-periodic for some n € N, which he denotes

Sym,(Z), contains the group of modular permutations Gy,q, and asks whether
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this containment is proper or not. Since we have observed that an n-periodic
permutation and a modular permutation with modulus n are the same thing,

clearly Sym,(Z) = Gmoea and so Johnson’s question is answered in the negative.

There is a very natural generating set for Gp,oq. Since Gp,.q is the cyclizer of
the infinite cyclic group C4 acting naturally, it is generated by the set of all
cycles involved in the elements of the induced permutation group CZ < Sym(Z).

These cycles are the elementary permutations, introduced by Fiddes in [8].

Definition 2.5. Let g € Sym(Z). We say that g is an elementary permutation
if there is1 € N and j € {1,2,--- i} such that

g(x) =z +1, ifx =3 (mod) i

and g fizes everything else.

Since any modulus of a permutation f € Gjq is a natural number, there
exists a smallest modulus of f; we shall call this the principal modulus of f.
Every modulus of f is divisible by the prinicpal modulus of f, as we shall see

below.

Lemma 2.6. Let f € G,,0q and let ng be the principal modulus of f. If n is any

modulus of f, then ng divides n.

Proof. Let n = kng + [ for some k € Nand [ € {0,1,2,--- ;ng — 1}. Let z € Z.
Since n is a modulus of f, we know that f(x 4+ n) = f(z) + n. Also, by Lemma
2.4,

F@+n) = fo+ (ko + 1) = F((&+1) + o) = f(z +1) + kng
and so f(x) +n = f(x+1)+ kng. Hence
fla+1)— f(z) =n—kno=1

and so f(z +1) = f(x) + 1 for all x € Z. If | # 0, then by definition, f has
modulus [. But [ < ng, so this would contradict the minimality of ng, hence [ = 0

and so ng divides n. O
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Whilst it may seem that G\,0,q would depend on the fact that we are implicitly
using the natural ordering of Z, it turns out not to be the case. Any reordering
of Z can also be thought of as a permutation of Z, in other words an element of
Sym(Z). For any fixed f € Sym(Z) we say that g € Sym(Z) is modular with
respect to f if the conjugate ¢/ € G4, and denote the set of all modular
permutations with respect to f by Guoa(f). It follows that Guea(f) is a group
for all f € Sym(Z); firstly idy € Gmoa(f), since idl, = fidyf™ = idy € Ginoa.
Secondly, if g € Guoa(f) then ¢g7! € Goa(f), since

(g =fo ' f T =(faf ) =(¢")" € Gmoa

Lastly, if g, h € Guoa(f) then gh € Guoa(f), since

(gh)) = fghf=" = (faf ™(fhf™") = g'h! € Gumou

A straightforward calculation shows that Guea(f) = fGuodf s 50 Guod =
Gmoa(f) for all f € Sym(Z). In other words, any re-ordering of Z results in

a group of ‘modular’ permutations isomorphic to Goq.

Example 2.3. Let

f=(=1,1)(=3,3)(=5,5)(=7,7) -

and let
g= ( 7_4737_271a07_1727_3747"')

Then g is modular with respect to f, since
gf = ( 7_37_27_17071a2737'”)

and g’ is a modular permutation, with modulus 1.

The following result is an expansion of an argument in Fiddes’ thesis [8];
the method of proof will be useful when we generalise the concept of a modular
permutation in Chapter 4. Notice that if f is a permutation of the integers and
¢ is a cycle involved in f, then ¢(x) = f(z) for all x € supp(c). This proposition

is certainly natural, but it is not quite obvious.
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Proposition 2.2. Let f € Gp,04, sSuppose that f has modulus n and suppose that
¢ is an infinite cycle involved in f. Then ¢ € Gpq, and ¢ has modulus a multiple

of n.

Proof. Let zy € supp(c). As c is an infinite cycle, by the Dirichlet Principle
there exist integers j, k such that ¢/(zy) = ¢*(2) mod n. Therefore we can write
*(z0) = (29) + rn for some r € Z. Without loss of generality we may assume
that r € N (otherwise we reverse the labels of j and k). We prove that ¢ has

modulus rn, which we do by showing c¢(x + rn) = ¢(x) + rn for all z € Z.

It is sufficient to show that x € supp(c) if, and only if, z + rn € supp(c). If

this statement is true, then for all x € supp(c)
clx+mn) = f(x+rn) = f(x)+rn=c(x)+rn
by Corollary 2.1, and for all z & supp(c)
clx+m)=xz+rn=c(z)+rn

Let x € supp(c), so z = ¢™(zy) for some m € Z. As c is involved in f we have
c(x) = f(x) for all x € Z, thus

z+rn=c"(z) +rn=f"(2)+rn
Corollary 2.1 implies that
f™(20) +rn = (20 +1n) = f"7(f () +rn)
and since both zy and ¢/(zy) + rn are elements of supp(c) we have
Fr(f (z0) + 1) = " (20) + 1) = (M (20))

where [ := k — j. Therefore z + rn = c'(¢™(z)) € supp(c). For the reverse
implication, it is sufficient to prove z € supp(c) if, and only if, z — rn € supp(c).
We have

T =c"(z) = (™(%))) = ¢ (c™(20) + )
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Now zg and ¢"(zp) + rn are elements of supp(c), so

¢ (™ (20) +rn) = [T (20) +1n)
= ™z +1n)
= ™ z) +rn
=" %) +n
by Corollary 2.1. Thus & = ¢™~!(2) +rn, which implies that x —rn = ¢™!(z) €
supp(c). Hence = € supp(c) if, and only if = + rn € supp(c) and the result
follows. O]

We observed in section 2.1 that we can define an epimorphism ¢ : Gg, — Z,
o(f) = ¢(f) for some x € Z + 5. Since every modular permutation has finite
flow, one can restrict ¢ to a map G0q — 7%, and it is easy to see that this is still
an epimorphism: for each z € Z the permutation f : Z — Z, f(a) = a + z for all
a € Z is modular with modulus z, and ¢(f) = z. We denote the kernel of this
map by Guoa(0), and note that Gyea(0) is the group of modular permutations
with flow 0. In the next section, we see that the structure of Guea(0) is very

tame.

2.3 Simplicity of Ginq(0)

For the sake of notational convenience, for the rest of this section GG will denote
Gmod(0). In this section we prove that G is a simple group. The first step is to
determine a set of generators for G . We show that G is generated by two families
of permutations, the first of which are the family of modular extensions, which

we define below.

Definition 2.6. Let n € N and suppose that g € S,,. The modular extension
of g is the modular permutation of Z that sends z to z+ (g(k) — k) for all z € Z,

where z = k mod n. We denote the modular extension of g by [g]n.

In other words, the modular extension of g € S, is a permutation of Z that
'looks like’ g being repeated every n integers, as we can see in the following

example.
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Example 2.4. Let n =6 and g = (123)(56) € Sg. Then

[gls = -+ (=5, —4, —3)(—1,0)(1,2,3)(5,6)(7,8,9)(11,12) - - -

g
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[N
-
»—\<
)

-5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 10

Figure 2-2: Geometric interpretation of g and its modular extension.

It is easy to see in the above example that [g]e is a modular permutation with
modulus 6, and that [g]g has zero flow. We now see that this observation is true

in general.

Lemma 2.7. Letn € N and suppose g € S,,. Then [g],, € G and [g],, has modulus

n.

Proof. Let z € Z and suppose that z +n = k mod n for some k € {1,2,--- ,n}.

It follows that z = k& mod n also, and so

[9ln(z + 1) = (2 +n) + (g(k) — k)
= (z+(g(k) = k) +n
= [gln(2) +n

and so by Definition 2.4 [g],, is modular with modulus n. Furthermore, it is easy

to see from the construction of [g],, that

+ _ - _
¢n+%([9]n) = ¢n+%([g]n) =0
and so [g],, has zero flow.Thus [g],, € G for all n € N and ¢ € 5,. O
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The second family of permutations that form part of our generating set for G
occur as the kernels of a family of homomorphisms. For each n € N, denote the
set of all the modular permutations of Z with zero flow that have modulus n by

G™ . As might be expected, G™ forms a group.
Proposition 2.3. For each n € N, G™ is a group.

Proof. The identity permutation has modulus 1 as observed in the proof of Propo-
sition 2.1, and has zero flow because it fixes every element of Z. If f,g € G™
then their composition g o f has zero flow by Lemma 2.1, and g o f has modulus
n, since

(go f)lw+n)=g(f(x)+n)= (g0 f)(x) +n

for all x € Z. If f has modulus n then f~! also has modulus n, as observed
in the proof of Proposition 2.1; if f has zero flow then f~! has zero flow, since

#(g™") = —¢(g), and so G™ is closed under taking inverses. O

Without loss of generality we may consider S,, to be the symmetric group on
Z,, the integers modulo n. For each n € N there is a natural map from G™ into

Sy, which we now define.

Definition 2.7. For each n € N we define the map ¢, : G™ = S, | g+ Ty,
where
Tyt Lo = Ly, [2] = [9(2)]

and where [z] is the congruence class of the integer z modulo n.

Example 2.5. Let n =5, and let
g=1(--—4,3,1,8,6,13,---)o(---15,10,5,0, =5, - - )o(-- - (=3, —1)(2,4)(7,9) - - -)

Then g has zero flow and is modular with modulus 5, so g € G® . Then ws(g) is
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the permutation 7, of Zs that sends

[1] =lg(1)] = [8] = [3]
2] =9(2)] = [4]
Bl =lg(3)] = [1]
[4] =g(4)] = [2]
[5] =[g(5)] = [0] = [5]

and so, abusing notation slightly, m, = (13)(24) € Ss.

As we can see from the above example, ¢, (g) is a permutation of {1,2,--- n}
that mimics how g moves the elements of the equivalence classes modulo n. Since
a modular permutation of Z with modulus n is determined solely by how it moves
the elements of {1,2,--- ,n}, it makes intuitive sense that each element of G de-

scribes an element of .S,,. However, we can be more precise as well.

For each ¢ € G™ the map 7, is well-defined: if [21] = [29] for some z;, 2, € Z,
then z; and zy are congruent modulo n. Since g has modulus n, this implies
that ¢g(z1) and g(z2) are congruent modulo n, hence [g(z1)] = [g(22)] and so

my([21]) = m4([22]). Therefore Definition 2.7 makes sense.

As we might expect, the maps ¢,, are not simply maps between groups.
Lemma 2.8. For each n € N the map @, s a group homomorphism.

Proof. Let f,g € G™. We wish to show that ¢,(gf) = ©n(g)@n(f), ie. that
Ty = mymy. Let [2] € Z,,. Then

mor([2]) = [(9) ()] = [9(f(2))] = m4([f (2)]) = my(m([2])) = 7oy ([2])

So myr = mymy and hence ¢, (gf) = ©n(g)pn(f) N

As a consequence Lemma 2.8 implies that Ker ¢, is a normal subgroup of
G™ for each n € N. These kernels, along with the modular extensions, form our

generating set for G.
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Theorem 2.2. G is generated by the set of all modular extensions, along with

the groups Ker o, for each n € N.

Proof. Let g be a non-trivial element of G . Suppose that g has modulus n and

that v,(9) = 0. Now ¢, ([o],) = o, and so

idz = 0n(9)(a([0]n) ™" = en(9)en([o],") = nlglo],’)

which implies that g[c];! € Ker ¢,, i.e. ¢ = [o],7 for some T € Ker ¢,,. O

Recall that if G is a group and g € G then (g)¢ denotes the normal closure of
g in the group G, the group generated by g and all the conjugates of g by elements
of G. To finish the argument that G is simple we show that, for each non-trivial
element g € G, (g)¢ contains every modular extension and the groups Ker ¢,, for
each n € N. Tt then follows from Theorem 2.2 that (g)“ contains every element
of G. Since any normal subgroup of GG contains at least one normal closure, it
follows that G is simple.

G

We now wish to show that for each non-trivial g € G, the group (¢9)“ contains

the set of modular extensions. Before we do that we make a remark.

Remark 2.1. For any n € N, if two elements of S, are conjugate, then their
modular extensions are also conjugate; more precisely, if T = o® for 7,0, € Sy,
then [7], = [J]L?}”. In particular, this means that if 7,0 € S, have identical cycle

structure and [1], € (9)¢ for some non-trivial g € G, then [c], € (g)°.

Proposition 2.4. Let g be a non-trivial element of G and let m € N. Then
[flm € {9)< for all f € Sy.

Proof. Notice that Remark 2.1 implies that it is sufficient to show that [(12)],, €
(g)¢: if we show this, then (g)¢ contains all the modular extensions [r],, where
T is a transposition in S,,, and therefore contains every modular extension [f],,
for any f € S,, because we may write these as a product of modular extensions
of transpositions.

Assume that ¢ has modulus n, and take a natural number r such that rn > 4

and there exists a € {1,2,--- ,rn} such that g(a) # a mod rn. Notice that any
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natural number s such that r|s also has the same property; this will be important
later. Let

p="---(a—2rn,a—rn)(a,a+rn)(a+2rn,a+ 3rn)---

The permutation ¢ has zero flow and is modular with modulus 2rn, hence ¢ € G.
Lemma 2.4 tells us that

¢! = (---g(a) —2rn, g(a) —rn)(g(a), g(a) + rn)(g(a) + 2rn, g(a) + 3rn) - -

Let b be an element of {1,2,---  rn} such that b = g(a) mod rn. The supports
of ¢ and @Y are disjoint; if this were not the case, then one of the following

conditions would hold:
1. a = g(a) mod 2rn
2. a=g(a) 4+ rn mod 2rn
3. a+rn = g(a) mod 2rn
4. a+rn = g(a)+ rn mod 2rn

It is easy to check for each condition that it holds only if a = b mod rn, which is

false by assumption. Therefore the support of ¢ and 9 are disjoint and so

op? =+ (a—2rn,a—rn)(g(a) — 2rn,g(a) —rn)(a,a + rn)(g(a), g(a) +rn)---

Furthermore g9 is an element of (g)“, because @I = g¥g~*

observed that ¢ € G.

and we already

Since g(a) = b mod rn, we know that g(a) = b+ trn for some integer t. Since
rn > 4 we can choose ¢ € {1,2,--- ;rn} such that ¢ # a,b. Let

o=, b+rnbjb—rn,---)o(--+,c—rn,c,c+rn,--)

The permutation o is a modular permutation with modulus rn and has zero flow,

so o0 € G and therefore, if we conjugate ¢’ by o we have an element of (g)¢.

30



A straightforward calculation shows that

(@Wg)at =---(a—2rn,a—rn)(b—2rn,b —rn)(a,a +rn)(b,b+rn),- -

[(a,a+ rn)(b,b+1n)|2m
and so [(a, a+rn) (b, b+rn)|am € (g)¢. Remark 2.1 implies that () also contains

[(1,2)(1 +rn, 2 +10n)]om, = [(12)]m

G

and so (g)“ contains [f]., for all f € S,, since each one can be written as a

product of modular extensions of transpositions, as we observed earlier.

As we already observed, any natural number s such that r|s has the same prop-
erty as r, namely that g(a) # a mod sn. It follows that the same result is true
when we replace r with s: in particular the same is true when we replace r with
mr, i.e. (g)¢ contains [f],., for all f € Sy, This means that (g)¢ contains the

permutation
[(1,2)(L4+m,24+m)---(1+ (rn—1)m, 2+ (rn — 1)m)|mm = [(12)]1,

and so Remark 2.1 implies that (g)¢ contains [f],, for all f € S,,. O

Our next aim is to show that for any non-trivial element g of G, k € (g)¢ for

all k € Ker ¢,, and for all n € N; in other words

Proposition 2.5. Let g be a non-trivial element of G and let n € N. If f €
Ker ¢, then f € (g)“.

We prove this in two steps, and we also need a preliminary definition:
Definition 2.8. Let n € N, a,b € {1,2,--- ,n} such that a # b. Define the
permutation of the integers 6,(a,b) as follows:

0n.(a,b) :=(-+-,a—n,a,a+n,---)o(---b+mn,bb—mn,--)

It is easy to see that 6,(a,b) € G for each n € N and for each a,b €
{1,2,--- ,n} such that a # b: By inspection we can see that 6, (a,b) has (prin-

cipal) modulus n. Furthermore we can see that the only integer that 6,(a,b)
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moves past 5 in the positive direction is a — n, and the only integer that 6,,(a, b)
in the negative direction is b. Hence (b%(en(a, b)) =1—1=0and

so 0, (a,b) has zero flow by Lemma 2.3 and Lemma 2.2.

o= NI

moves past

The first of the two steps in proving Proposition 2.5 is to prove that, for a

non-trivial element g of G, that each 6,(a,b) is contained in (g).

Lemma 2.9. Let g be a non-trivial element of G. Then 0,(a,b) € ()¢ for all
n € N and for all a,b € {1,2,--- ,n} such that a # b.

Proof. Let g be a non-trivial element of G' and let n € N. Firstly, we show that
if 0,,(a,b) € {g)¢ for some distinct a,b € {1,2,--- ,n}, then 0,,(z,y) € (g)¢ for
all distinet z,y € {1,2,--- ;n}. Let 2,y be as above. Without loss of generality
we can assume that {z,y} # {a,b}: If these two sets are equal, then either x = a
and y = b, or x = b and y = a. In the first case 0,(z,y) = 0,(a,b), and in
the second case 0,(x,y) = (0,(a,b))” . The two possibilities if {z,y} # {a,b}
are that {z,y} and {a, b} are disjoint, or that {z,y}N{a, b} contains one element.

If {z,y} and {a,b} are disjoint, then
en('ra y) = en(a’a b>T

where
7= [(a,2)(b,y)]x

The map 7 is a modular extension. We observed before that the set of modular

extensions is contained in G, and so 0, (z,y) € {g)¢ .

If {x,y} N{a,b} contains one element, then we can assume without loss of gen-
erality that x = a. For, if x = b, then we can switch the labels of ¢ and b and
work with (6,(a,b))™! instead. If y = a, then we can switch the labels for x and

~1instead. Finally if y = b, then we can switch both

y and work with (6,(x,y))
sets of labels and work with the inverses of both permutations instead. Thus, if
x = a, then

On(a,y) = 0,(a,b)’
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where

o= [(b,y)ln

Similarly to the previous case, the map ¢ is a modular extension. All of the

modular extensions are contained in G and so 6, (x,y) € (g)°.

The above argument implies that, for each n € N, we only need to show that
one element of the form 6, (a,b) is contained in (g)¢. We divide this into four

separate cases: n =2, n=3,n=4and n > 5.
When n = 2, let
hy = [(4,5)(6,7)]s
hs = [(1,2)]2

We show that hy, ho and hy are elements of (g)¢, and that ki o hy o hy = 05(1,2).
The maps hy and hs are modular extensions, and so are elements of (g)¢ by

Proposition 2.4. We can write h; = o, where

o= [(17 2)(37 4)]8

g=---(12,11,10,9,8)(4,3,2,1,0) - - -

The map « is a modular extension, and so is an element of (g)“ by Proposition
2.4. By inspection we see that § has zero flow and is modular with modulus 8§,
so 8 € G. Therefore h; € (¢)¢, and so hy o hy o hy € (g)¢. A straightforward

calculation shows that

hiohyohy = (- (0,1)(2,3)(8,9)(10,11) ) o [(4,5)(6,7)]s o [(1,2)]:
(- (0,1)(2,3)(4,5)(6,7) ---) o [(1,2)]
= ( ’_3’_1’1,3’...)0(... ’4,2’07_27_4’...)

0

and so we are done.
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When n = 3, let
hy = -+ (8,10)(11,13)(20,22)(23,25) - - -

hy = [(2,4)(5, 7)1z
h3 = [(17 2)]3

Similarly to the n = 2 case, we show that hy, hy and hs are elements of (g)“, and
that hy o hy o hg = 65(1,2). Again, the maps hy and hz are modular extensions,

and so are elements of ()¢ by Proposition 2.4. We can write h; = hg, where
a = (2,8)(4,10)(5, 11)(7, 13)(14, 20)(16,22)(17, 23)(19, 25) - - -

By inspection we see that a has zero flow, and is modular with modulus 12, so
a € G. Therefore hy € (g)¢, and so hy o hy o hy € {g)%. A straightforward

calculation shows that

hiohyohy = (- (8,10)(11,13)(20,22)(23,25) - ) o [(2,4)(5, )12 0 [(1, 2)]5
(" o (2’4)<57 7)(87 10)(117 13) e ) © [(17 2)]3
:( ,—5,—2,1,4,7,"'>O("‘8,5,2,—1,—4,"')

0

and so we are done.

When n =4, let
hi = ---(10,13)(14, 17)(26,29)(30,33) - - -

hy = [(2,5)(6,9)]16
hs = [(17 2)]4

Once again, we show that hy, hy and hs are elements of (g)“, and then show that

hi o hyohs = 04(1,2). As before, the maps hy and hz are modular extensions,
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and so are elements of ()¢ by Proposition 2.4. We can write h; = hg, where
a=---(2,10)(5,13)(6,14)(9,17)(18,26)(21,29)(22, 30)(25,33) - - -

By inspection we see that o has zero flow and is modular with modulus 16, so
a € G. Therefore hy € (g)“, and so hy o hy o hs € {g)%. A straightforward

calculation show that

hiohyohs = (---(10,13)(14,17)(26,29)(30,33) - - - ) 0 [(2,5)(6,9)]16 © [(1,2)]
(+--(2,5)(6,9)(10,13)(14,17) - - - ) o [(1,2)]4
(-, —7,-3,1,5,9, )0 (- ,10,6,2,—2,—6,---) = 0a(L,2)

and so we are done.

When n > 5, let
hy = [(17 2)<37 4)]n
hy=---(1,24+n)3,4)(1+n,2+2n)3+n,4+n)---
We show that h; and hy are elements of (¢)¢ and that hy o hy = 6,(1,2). The
map h; is a modular extension, and so is an element of (g)“ by Proposition 2.4.

We can write hy = h{, where
a=0,(2,5)

We observed before that 6, (a,b) € G for all distinct a,b € {1,2,--- ,n}, and so
hy € (g)¢. Therefore hiohy € {g)¢, and a straightforward calculation shows that

hohs = [(1,2)3 4w o (- (1,2 +0)(3,4) (1 + 1,2 +20)(3+ n, 4 +n)---)
SR _n7171+n7...>o(...’2+n7272_n’...)
n(L,

(«--,1
=0,(1,2)
and so we are done. Hence for each n € N, the map 6,(1,2) € ()¢, and so it

follows from the argument at the beginning of the proof that @, (a,b) € (g)¢ for
all distinct a,b € {1,2,--- n}. ]

The next preliminary step in proving Proposition 2.5 is to determine a normal

form for the elements of Ker ¢, for each n € N.

35



Lemma 2.10. Let n € N and f € G™. Then f € Ker ¢, if and only if f can

be written in the form
f:(...1_n’1’1+n7...)x1Q(...Q_n’2,2+n’...)x2o...o(...Ojann’...)xn

for some i € {1,2,--- ,n}, where Y\ x; =0.

Proof. We begin by proving the necessary condition. Let f € Ker ¢,, let i €
{1,2,--- ,n} and suppose that f moves i. As ¢, (f) = id,, it follows that f(i) =

t + x;n for some x; € Z. Also, f is modular with modulus n, and so
fli+zn)=f(i)+2zn=1i+ (x; +2)n
for all z € Z. Therefore, the cycles
(-« it (s—x)n, i+ sn i+ (s+z)n, )

are involved in f, for each s € {1,2,--- ,n}. Since ¢ was an arbitrarily chosen
element of {1,2,--- ,n}, it follows that

f:(...1_n’1,1+n’...)w1o(...2_n’272+n’...>x2o...o(...O,n,2n7...>xn

Now f has zero flow, but each factor (---i —n,i,i + n,---)% has flow ;. We

know that composing finite flow permutations sums their flow, so it must be that

2ima i =0

Now we prove the sufficient condition. Let f be a permutation of the form
in the statement of the lemma, and suppose that """  x; = 0. By inspection,
we see that f is modular with modulus n. Each factor (---i —mn,i,i+n,---)% is
a permutation with flow z;, and as > ., z; = 0 it follows that f has zero flow.
Therefore f € G™. Since every element moved by f is moved by distance a
multiple of n, it follows that ¢, (f) = id,, and so f € Ker ¢,. O

Notice that if f is a permutation of the form in the statement of Lemma 2.10,
then Y | |z;] is even. We will sometimes refer to the sum Y | x; as the cycle

exponent sum of f. We now have enough tools to prove Proposition 2.5.
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Proof of Proposition 2.5. As in the statement of the proposition, let g be a non-
trivial element of G and let f € Ker ¢, for some n € N. We prove that we
can write f as a product of elements of the form 6,(a,b). Once we show this,
Lemma 2.9 will imply that f is a product of elements of (g)“, which will prove

the proposition.

Let n € N. We prove, by induction on k, that if f € Ker ¢, and Y, |z;| = 2k,

then f is a product of elements of the form 6,(a,b).

When k = 1, the total number of cycles involved in f is 2. Since >  x; = 0,
it follows that there are distinct 7,5 € {1,2,--- ,n} such that {z;, z;} = {1, —1}.
This implies that either

f:( ,Z—TL,Z,Z—I—’)’L,)O( 7]+n7]u7_n7):9n(2a])
or
f:< ,j—n,j,j+n,)0( 7Z+naZ>Z_na):6n(]7Z)

so the statemtent is true for k = 1.

Now assume that the statement is true for all natural numbers less than k, and
suppose that the total number of cycles involved in f is 2k. Since > z; = 0,
it follows that there are distinct 4,5 € {1,2,--- ,n} such that z; > 0 and z; < 0.

We can write

Ti+T;

( 7j_n7j7j+n7”')xj = ( 7]_n7j7]+n7)xlo< 7j_n7j7j+n7”')
and so

f:( ,z—n,z,z—l—n,)O( 7.7+n7.77.]_n7))mlog

where g is a product of cycles of the form (---i —n,i,i + n---) such that the

cycle exponent sum is zero. Lemma 2.10 implies that g € Ker ¢,,. As the total

number of cycles involved in ¢ is less than 2k, the induction hypothesis implies

37



that ¢ is a product of elements of the form 6,,(a,b). Therefore f is a product of

elements of the form 6,(a,b), and so the statement is proved by induction. [
At last, we are in a position to prove the main theorem of this section.
Theorem 2.3. G is simple.

Proof. Let g be a non-trivial element of G. We show that (g)“ contains every
element of G. Let h be another non-trivial element of G,suppose that h has

modulus n and ¢, (f) = 0. Theorem 2.2 tells us that we can write
h=lol,of

for some f € Ker ¢,. Proposition 2.4 tells us that [0], € (g)¢. Proposition 2.5
implies that f can be written as a product of elements of the form 6, (a, b), each of
which are elements of ()¢ by Lemma 2.9. Therefore f € ()¢, and so h € {g)°.
Therefore (g)“ = G and since ¢ is arbitrary, G is simple. O
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Chapter 3

The cyclizer series of a group

acting on an n-branched star

Consider the 'number line’ representation of Z: a 2-regular infinite graph with
vertex set Z and edge set as shown in Figure 3-1. It follows that certain re-
sults concerning the integers can be interpreted as results about this graph. This
motivates the introduction of a family of infinite graphs that generalise the rep-

resentation of Z in Figure 3-1.

O
O
O
O

) ) ) ) )
N4 N N4 N4 N

-4 -3 -2 -1 O 1 2 3 4

Figure 3-1: A 2-regular infinite graph, with vertex set Z in the natural way.

3.1 Building an n-branched star

Definition 3.1. A ray is an infinite, connected graph with one vertexr having
valency 1 and the remaining vertices having valency 2. We call the vertexr with

valency 1 the initial vertex of the ray.

If we have n disjoint rays and an additional vertex O, we can build a new
graph '), by joining the initial vertex of each ray to O via an edge. This motivates

the following definition:
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o O O

O

) )
N4 N4

Figure 3-2: Initial fragment of a ray, with initial vertex shaded

Definition 3.2. Let X be a graph and n € N. We say that X is an n-branched

star if it is graph isomorphic to T',,.

Notice that if n > 3 then an n-branched star has a unique vertex with valency
n (all the other vertices have valency 2). We call this vertex the origin of an

n-branched star.

Figure 3-3: Central fragment of a 4-branched star, with origin shaded

Definition 3.3. Let X be an n-branched star for some n > 3. A branch X; of
X is a subgraph that does not contain the origin of X, is graph isomorphic to a

ray and whose initial vertex is adjacent (in X ) to the origin of X.
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In other words, a branch of an n-branched star is one of the rays that is joined
to the origin. We will often denote the vertex set of an n-branched star by V.
Notice that an n-branched star has n disjoint branches, and so V,, is the union
of the vertex sets of all the branches, along with the origin. Notice also that a

2-branched star is graph isomorphic to the ‘number line’ graph in Figure 3-1.

For much of this chapter it will be necessary to talk about specific vertices of
an n-branched star, and so we will need a sensible vertex labelling. We do this in
the following way: First, label the branches arbitrarily as X, X5, -+, X,,. Label
the origin with the label O and label any non-origin v with the label v, ,, where
X, is the branch containing v and z is the length of the shortest path from v to

O. For further notational convenience we will sometimes denote the origin O by

V2,4
V23
V2,2

V2.1

V3,4 V3,3 V3,2 V31 ) V1,1 V1,2 V1,3 V1,4

V4,1
V4,2
V4,3

V44

Figure 3-4: Fragment of a 4-branched star with one possible labelling
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VUro, for some 7 € {1,2,--- ,n}. When n = 2, it will often be more convenient to
use the integer labelling for the 2-branched star as shown in Figure 3-1, and so

we will be freely alternating between using both labellings as we see fit.

3.2 A permutation group of the vertex set of an

n-branched star

For the remainder of this chapter let I',, denote a labelled n-branched star, let
X1, Xa, -+ X, denote the branches of I',, and let V,, denote the vertex set of I',,.

We define some interesting permutations of V,.
Definition 3.4. Let r,s be distinct elements of {1,2,--- ., n}. We define o, :
Vi, = Vo,

Ors = ( 5 Ur2,Ur1, Oa Vs,1,VUs,2, " " * )
When s =1+ 1 (mod n) we write o, instead.

Now we define the permutation group that we shall be investigating for the

remainder of this chapter.

Definition 3.5. Define the group G,, to be the permutation group on V,, generated
by the permutations o, for all r € {1,2,--+ ,n}. In other words,

Gn = <Ul>027' te 70n>

Notice that the group G, is isomorphic to the permutation group induced
by the infinite cyclic group Cy acting on itself on the natural way, and hence
the cyclizer series of GGy has already been determined. We will use G and Cy

interchangeably throughout the rest of the thesis.

Remark 3.1. For all distinct r,s € {1,2,--- ,n} we have 0,5 € G, since

Ors =

)

{ 0,00,410---00,_1 ifr<s

0s004410-+-00,_1 ifs<r

Next, we charactise the group G,,. Recall that F'S(V,,) denotes the finitary
symmetric group on V,, i.e. the group of permutations of V,, that have finite

support.
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Lemma 3.1. Forn > 3,FS(V,) < G,.

Proof. Firstly, forall s € {1,2,--- ,n} define 6, := (O, v,1). A routine calculation
shows that 65 = [0, 0541], and so 6, € G,,. We claim that

{(O,v5,) | s€{1,2,--- ,n}, e N} C G,
To prove this, we fix s € {1,2,--- ,n} and prove the proposition
P(k): (O,vsx) € G, , Yk €N

by induction on k. P(1) says (O,vs1) € G,, which we have shown to be true

above. Now assume P(k) is true for some k € N and consider P(k + 1):
(07 Us,k:-i—l) = (O, Us,k)(vsvk’vsvk"*‘l)

and (Vs g, Vs pr1) = (O,vs,l)"g. Hence the claim is proved by induction. Now

consider the transposition (vs,,ve,) where s,t € {1,2,--- ,n} , z,y € N. Then
(Us,wa Ut,y) = (O, Ut,y>(o’vs’m)
which is an element of (G,, by the above claim. This proves that the set
H :={(vsz,vy) | s,t €{1,2,--- ,n}, z,y e NU{O}}

is contained in G,. The set H generates F'S(V},), and so F'S(V,) < G,,. The
normality of F'S(V},) in G,, follows from the fact that conjugation preserves cycle
structure, so any conjugate in Sym(V},) of a finitary permutation must also be
finitary. [l

Lemma 3.1 tells us that the derived subgroup G/, is a finitary group, as we

see below.
Corollary 3.1. G, < FS(V,)

Proof. Let s,t be distinct elements of {1,2,--- ,n}. We show that [0y, 04| €
FS(V,). We may assume that ¢t # s + 1 (mod n), since this case was dealt with

in the proof of Lemma 3.1. Furthermore, since [0y, 0] = [0, 04] ' we can assume

43



without loss of generality that s # ¢ 4+ 1 (mod n). Hence supp(os) N supp(o;) =
{O}, and so

—ot

(05, 0¢] = 050,

=050 ( ©t 5 Us4+1,2, Us+1,15 Ut+1,1, Us 1, Us 2, * )
= (Us+1,1,’Ut+1,1,O)

€ FS(V,)

O

Armed with this understanding of the derived subgroup G;I, we can determine

a normal form for elements of G,,.
Lemma 3.2. Let g € G,,. Then g can be written in the form

S1 __S2 Sn—1
Ul 0'2 ”.O-nflg

where s; € Z Vi € {1,2,--- ,n—1} , e € FS(V,).
Proof. Firstly, observe that o0, - - -0, = idz and thus we can write
1 1 -1

On =0p,190, 2000y

and so G,, = (01,09, -+ ,0,_1). Let g € G,, and consider the coset gF'S(V,,). Now
gFS(V,,) € G,,/FS(V,,) and since Corollary 3.1 says G!, < F'S(V,,), it follows that
G,n/FS(V,) is abelian. The group G,,/FS(V},) is generated by the set

{6, =0, FS, |ie{l,2,--- ,n—1}}
and since G,,/FS(V,) is abelian it must be the case that
GFS(V,) = GGy - Gy
for some sq, 89, , S,_1 € Z. Thus

gFS(V,)) = oty - oo ' FS(V,,)
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and so

— y — 51 552 Sn—1
g=g.idy =005 ---0,"¢€

for some ¢ € FS(V,,). O

Observe that each of the generators of G, moves elements of V,, a distance
of at most 1 (here, the distance between two vertices of V,, is understood to be
the length of the shortest path between them). It follows that any permutation
g € G, can move elements of V,, by a bounded amount; in particular if g =

S1 __S2 Sn—1

oytos? -0, e for s1,89,-+ 8,1 € Z and € € FS(V,) then g can move an

element of V,, a distance at most

n—1
D> lsil+ M.
i=1

where M. is the maximum distance € moves an element of V,, (note that M. is
finite because ¢ is a finitary permutation of V,,). The class of bounded permuta-
tions defined below turn out to be important in understanding the cycle structure

of elements of G,,.

Definition 3.6. Let f be a bounded permutation of V,,. We say that f is ulti-
mately elementary if for all v € {1,2,--- ,n} there exists a, € Z such that

f(vmi) = Uraz+a,

for all x > N, where N 1is some natural number independent of r. We say that
N is the radius of non-uniformity for f, and for each r € {1,2,--- ,n} we

say that a, is the branch speed of f on branch X,.

In other words, f moves vertices on the branch X, by translation by a,., as

long as we are sufficiently far away from the origin.

Example 3.1. Let n = 3. Then

g = ( ©r,013,V1,2,V1,1,V21,V23,V25," " ) o ( ©,U33,V3,2,V31, 07'02,2;7}2,47”2,67 e )

1s ultimately elementary, with a; = —1 = ag and ay = 2.

45



Notice that g from Example 3.1 is equal to o, ‘01 € Gs. In fact, it will turn
out that every element of G, is an utimately elementary permutation. When
dealing with an ultimately elementary permutation f, it sometimes will be useful
to partition the vertex set V,, into two subsets, one of which contains only elements

that f translates at the respective branch speeds.

Remark 3.2. Since all the radii of uniformity for f are natural numbers, there

15 a minimal radius of uniformity; call this Ny. Define the set
Q={v,, € V| © < No}

In other words, we describe the smallest ball around the origin of Ty, such that
every vertex outside this ball is translated by f at the respective branch speeds,
and then let Q) be the wvertices of '), inside this ball. We call ) the ball of

non-uniformity.

Let E, be the set of ultimately elementary permutations on X. We can define
a function ¢ : E,, = Z", f — (a1,as,- - ,a,), where the quantities a; are defined
as in Definition 3.6. Referring back to Example 3.1 once more, observe that for
the permutation g we have a; + as + a3 = 0. It turns out that a similar equality

holds for each element of (,,, which motivates the next definition.

Definition 3.7. We say that an ultimately elementary permutation f satisfies
the Kirchoff property if Y ,_, ax = 0, where a1, a9, -+ ,a, are as defined in
Definition 3.6. We denote the set of all ultimately elementary permutations that
satsify the Kirchoff property by K,,.

The terminology in Definition 3.7 comes from Kirchoft’s First Law, a physical
law concerning the conservation of charge in electrical circuits. It says that at
any node in an electrical circuit, the sum of currents flowing into that node is
equal to the sum of currents flowing out of that node. If we imagine that the
branch speeds of an ultimately elementary permutation f represent the size and
direction of currents flowing into a node placed at the origin of I',,, then satisfying
the Kirchoff property means that f is a sensible representation that mimics the

physical behaviour of the associated circuit.

Observe that K, is a group; firstly, ¢d € K, since id is an ultimately elementary
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permutation with a; = as = --- = a,, = 0. Secondly K, is closed under taking
inverses since if f is an ultimately elementary permutation which moves almost
all the vertices of branch X; by a;, then f~! moves almost all the vertices of
branch X; by —a;. Finally, K, is closed under composition since if f, g € K,, and
f and g move almost all the vertices of branch X; by a; and b; respectively, then

g o f moves almost all the vertices of branch X; by a; + b;.

Proposition 3.1. G,, = K,

S1 __S2 Sn—1

Proof. Firstly, let f € GG,,. Using Lemma 3.2, we can write f = o{'05*---0," '€
where s; € Z Vi € {1,2,--- ,n—1} and € € FS(V,,). Let r € {1,2,--- ,n}.

If » # 1,n then there exists N, € N such that for all £ > N,,

forg) = 0,5 07 (Urp)
and so there exists V] € N such that Vk > N

fork) = Vrpts, s,
Hence for all £ > N/ the directed distance from v, ; to f(v,) is
(k+ 81 —58) —k=8_1—5 =:a,
If r =1, there exists V; € N such that for all & > Ny,
floie) = o7 (v1)
and so there exists V| € N such that for all £ > N7,
foig) = vig—g

so for all k£ > N| the directed distance from vy j, to f(vyy) is

(n—s1)—n=—s5 ="
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If r = n, there exists NV,, € N such that for all £ > N,,,
f(vn,k> = 07817111 (Un,k) = Un,k+sp_1
and so for all kK > N,, the directed distance from v, j to f(v,x) is

(n+sp_1) —n = 58,1 =: a,

Hence f is ultimately elementary with radius of uniformity N := max{Ny, Ny, --- , N,,}
and branch speeds a1, as, - ,a, as defined above. Furthermore,
n n—1
Zak = =51+ Z(Sk—l —5) +Sp1 = =51+ (51— 8p-1) + 51 =0
k=1 k=2

and so f satisfies the Kirchoff property, in other words f € K,,.

Conversely, let f € K, so f is ultimately elementary and ) ,_, ar = 0, where
ai,as, - ,a, are the respective branch speeds. Let

(Sl
_(al—l—az) L. Uni%:Z:l az) 6 Gn

_ —al
g =01 0y

Let Ny be the minimal radius of non-uniformity for f. Notice that for k > M, =
max{ Ny, a1}, g(v1x) = V14+a; = f(v1). Furthermore, notice that for £ > N,
9(Vnk) = Unkta, = f(vng). Finally, notice that for r € {2,3,--- ,n — 1} and for
k > M, = max{Ny, a,},

9(Wrk) = Vrp (5, - Th ) = Urkar = f (Vi)

and so f acts differently to g on at most a finite number of vertices, i.e. f = ge
for some € € F'S(V,,). By Lemma 3.1, f € G,. ]

Recall Example 3.1; we had an ultimately elementary permutation g of Gj

consisting of two infinite cycles. Consider the cycle involved in g,
ci= (- ,V13,V1,2,V1,1, V2,1, V2,3, Va5, " ")
Now c is not an ultimately elementary permutation on (3, since whilst ¢ moves

48



all vertices of branch X, of the form vy 9, for £ € N, it does not move vertices of
Xy of the form vy 941, for & € N. It follows that G,, is not self-cyclising for all
neN,n>3.

3.3 The generators of Cyc(G,), for n > 3

We turn our attention to Cyc(G,,). In order to understand this group, we need
to understand the cycles involved in elements of G,,. Since all the elements of
(G, are bounded, it follows that all the cycles involved in elements of (G, are also

bounded. We consider a particular type of bounded cycle.

Definition 3.8. Let ¢ be a bounded cycle in Sym(V,). We say that ¢ is an

ultimately elementary cycle if ¢ is finite, or

c= ( * 5 Ur.c+2a5 Ur,c+as Urc, bla b27 ) bk’a VUs,d; Us,d+by Us,d+2bs " * )
where k € N, by, by, by € V,,, r,s are distinct elements of {1,2,--- ,n} and
a,b,c,d e N.

All of the ultimately elementary cycles are elements of Cyc(G,,), as we shall

see below.

Theorem 3.1. Let ¢ be an ultimately elementary cycle. Then c is involved in an

element of G,,.

Proof. 1f ¢ is a finite cycle then the proof is straightforward: Lemma 3.1 implies
that FS(V},) is a subgroup of G, so ¢ is an element of GG,,. Every cycle is involved

in itself, so ¢ is involved in an element of G,,.

Assume c is infinite, so

c= (' T 7UT,C+2(Z7 Ur,c+a7 UT’,C; bl; b27 T bk‘7 Us,d7 Us,der; Us,d+2b7 T )
where 7, s are distinct elements of {1,2,--- n}, a,b,c,d, k are natural numbers
and by, by, - - -, by are elements of V,,. The remainder of the proof is quite technical

and requires construction of several complicated infinite cycles. To ease the bur-

den on the reader, we intersperse the proof with a worked example to illustrate
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what is taking place.

As noted in Remark 3.1, the permutations oy ; are elements of G,, for all k£, €
{1,2,--- ,n} and so the permutation h = Jﬁsaf’;“, where t € {1,2,--- ,n} dis-

tinct from r and s, is an element of (,,. Furthermore, the cycle

a = ( 5 Ur142a) Url4as Urls Us,a—15 Us,a—14b5 Us,a—142b5 * * * )

is involved in h. This cycle a moves elements of X, in its support by translation
by a towards the origin, and elements of X, by translation by b away from the

origin, which is also what ¢ does.

Example 3.2. Letn =3 and let c = ( ©+, V1,18, V1,13, V1,8, O, V2.4,V2,7,V2.10, * ** )
Using our earlier notation, we haver =1, s =2, a =5 and b = 3. In our search
to find an element of G, that ¢ is involved in, we observe that the permutation

h = 02,055 is an element of G,,. Furthermore,

h :(' ©+, U110, V1,5, 0O, V3,2,U34," " " )
© ( © 5, U1,11, V1,6, V1,1, V2,4, V2,7, V210 ° ° )
© ( © 5, U112, V1,7, V1,2, V23, V26,VU29 " " )
o ( © 5, 01,13, V1,8,V1,3,VU22,V25,V28 " )
© ( ©, V1,14, V1,9, V1,4, V21, V3,1, V33, VU35, )

and so the cycle

o = ( ©t, V111,16, V1,1, V2.4, V27,U210, * * )

is involved in h, an element of G,,.

Returning to the general analysis, notice that ¢ and a need not have the same
support on either of the branches X, or X;. We can fix this, up to a finite number
of vertices, by conjugating h by suitable powers of 0,; and 0. Let f = aﬁ;c and

g= agg““. Then h9/ is still an element of G,,, and furthermore the cycle

r— a9 —
a = Q7 = ( * 5 Urc+2as Uredas Urey Us,dy Us,d+bs Us,d+2by " * * )
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is involved in A9/ and differs from ¢ on only a finite number of vertices.

Example 3.3. Consider the cycle ¢ and the permutation h as in Example 3.2.
Using our earlier notation, we have a — 1 =4 =d and ¢ = 8, so f = afg and

g =09, =1id. Then

ho! :(' ©, V1,17, V1,12, V1,7, V1,5, V1,3, V1,1, V3,1, U3,3, * * )
o ( © 5, V1,18, V1,13, V1,8, V2,4, V2,7, V2,10, * * ° )
© ( ©, V1,19, V1,14, V1,9, V2,3, V26, U2)9, * * )
o ( © 5 V1,20, V1,15, V1,10, V2,2, V2.5, V2.8, * * )
o ( © 5, V1,21, V1,16, V1,115 V2,1, V1,6, U1 4, V1,2, O, U32,VU34, " )
and the cycle o/ = (--- ,v118, V113, V1.8, V2.4, V27, V2,10, -+ ) 1S involved in h and

disagrees with ¢ only on how it moves v1 g and O.

Once again returning to the general analysis, all that remains is to tidy up
the finite discrepancies. Write h9/ as a product of disjoint cycles, so h9/ =
C1Co - - - ¢ for some natural number m and cycles ¢, ¢, -+, ¢,. Assume that

c1= (- ,a_1,ap,a,---) and let
0= (UT,Caa()aak)

It follows that ¢ := h9/§ € G,, and

)

"
Y= ( 5, A-92,0-1,Q0, Ak41, Qp+2, * *° )C2C3 O
1
where o = ( “ 5 Urctas Ure, A1, A2, *« 5 Ak, Us dy Us d4bsy * " ° ) Now let
k
g = (ai, bl)

1

It follows that ¢® € G,,, and furthermore the cycle
(a,/>6 - ( * U c+2ay Unc—l—aa Urc, bla bg, e 7b/€7 Vs.d, Us,d+b7 Us,d+2by " * ) =c

is involved in ¢°, an element of G,,. O
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Example 3.4. Consider the cycle c and permutation h9' as in Evample 3.3. Us-
ing our earlier notation, k =1 andcy = (- -+ , V112, V1.7, V1,5, V1,3, V1,1, V31, V33, ).
Let § = (v18,v13,v11) and € = (v11,0). Then

Y = h9'§ :(. © V117, V1,12, V1,7, V15, V1,3, V3,1, V3,3, U35, * * )
o ( © 5, V1,19, V1,14, V1,9, V23, V2.6, U2,9, * )
B ( ©, V1,20, V1,15, V1,10, V2,2, V25, V2.8, * * )
© ( © V1,21, V116, V1,11, V2,1, V1,6, V1,4, V1,2, O, V32,VU34, """ )
o a/l
where & = (-, V118, V1,13, V1,8, V1,1, V2.4, V2.7, V210, - - ). Lhus, the cycle (a")° =
(«++ V118, V113, V18, O, Va4, V27, V210, -+ ) = C 1S 1nvolved in °.

We now show that the converse statement is true; that every cycle involved

in an element of (,, is an ultimately elementary cycle.

Theorem 3.2. Let f be an element of G,,, and suppose that ¢ is a cycle involved

m f. Then c is an ultimately elementary cycle.

Proof. Let ay,as,--- ,a, be the respective branch speeds for f as in Definition
3.6, and let Ny be the minimal radius of non-uniformity for f. If ¢ is finite, then
by definition ¢ is an ultimately elementary cycle, so assume that c¢ is an infinite
cycle. Since c is a bounded cycle, there exists L € N such that for all v € V,,,
le(v) —v| < L. Let

M :=max{L, Ny}

and let
Q={v,, eV, <M}

We observe two things about (2; firstly, {2 contains all the vertices v, , of V,, which
are moved by f in a way that differs from the ultimate action of f on the branch
X,, since €2 contains the ball of non-uniformity for f. Secondly, if v, , & €, then
c(vrz) & Xs\Qforany s € {1,2,--- ,n}, s # r, because the maximum distance
f (and therefore ¢) can move elements of V,, is less than the radius of Q. Fur-

thermore, observe that {2 is a finite set.

We may assume, without loss of generality, that there exists v = v,, € supp(c)
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such that v ¢ Q and the speed of f on branch r is negative, i.e a, < 0, for the
following reasons: it’s clear that we may choose v € supp(c) \ 2 because €2 is
a finite set. If all the elements in supp(c) \ 2 are on branches where f has a
positive speed, work with f~! instead. Inverting f changes the sign of all the
branch speeds and inverts the cycles in its cycle decomposition, so ¢~ is involved
in f. It follows that supp(c™!) must contain an element of the desired form (since

1

the branch speed’s signs have changed), and proving that ¢~ is ultimately ele-

mentary implies that c is also ultimately elementary.

So assume that there exists v = v,, € supp(c) such that v ¢ Q and a, < 0.
We want to show that some power of ¢ moves v to a vertex not in €2, on a branch
where the ultimate action of f is translation away from the origin. In other
words, we want to show that for some k € N, ¢*(v) = vy, where s £ r, y > M

and a; > 0. If we can show this, then it follows that ¢ must take the form

c= ( oy Urz—ars Uras blu b27 et bka VUs,ys Usy+asy " " * )

for some by, by, , b € V,,, and so ¢ takes the form of an ultimately elementary
cycle. This is because both v,, and v,, are not in the set {2. The map f has a
positive speed on branch X, and so ¢(vsy) = f(Vsy) = Vsyta.- NOW Ug yyiq, is also
not in €2 and so we know that f (and hence ¢) moves this vertex a distance of as
away from the origin. This process continues indefinitely, and so the ‘right tail’
of ¢ is determined. A similar line of thinking determines the ‘left tail’ of ¢, except
that because the speed of f on branch r is negative, the ultimate action of f on
branch r determines which vertex is mapped to v,, by ¢, rather than to which
vertex ¢ maps v,,. The assumption that ck (Urz) = Vs, explains the remaining

‘central part’ of c.

So assume that for all k € N, c(v) is either in , or is in X; \ Q for some
t€{1,2,---,n} where a; < 0. Notice that applying ¢ to a vertex in supp(c) \ Q2
translates that vertex in a way determined by the respective branch speed of f.
In particular, v is translated |a,| places in the direction of the origin. Since there
are only finitely many vertices in I',, that are between v and €2 and |a,| > 0, there
exists k € N such that ¢*(v) € X, \ Q. Since the radius of € is greater than the
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maximum distance ¢ moves any element of V,,, it must be that ¢*(v) € Q. Now ¢
is an infinite cycle and 2 is a finite set, so there exists [ € N such that c/(c*(v)) =
A (v) ¢ Q. By assumption, **(v) = v, for some ¢t € {1,2,--- ;n},z > M
and a, < 0. By the same reasoning as above, there exists m € N such that
c™(*(v)) € Q. Again by the reasoning above, some power of ¢ moves v to a
vertex not in €2, on a branch with negative branch speed. We can see that this
process of ¢ moving into and out of 2 will continue indefinitely, but this contra-
dicts the fact that €2 is a finite set. Hence our original assumption was incorrect,
and there exists k € N such that ¢*(v) = vy, where s € {1,2,--- ,n},y > M and
as > 0. Therefore ¢ is an ultimately elementary cycle by the previous reason-

ing. O

3.4 The cyclizer of G,, for n > 3

Theorems 3.1 and 3.2 tell us that Cyc(G,,) is generated by G,, along with all
the ultimately elementary cycles. What group is this? To understand Cyc(G),,) it

will help to re-interpret the definition of an ultimately elementary permutation.

Definition 3.9. Let I, be a labelled n-branched star with vertex set V,,. For all
distinct pairsr,s € {1,2,--- ,n} let Y, 5 be the induced subgraph of I',, with vertex
set V(X,) UV (Xs) U{O} (where the subscripts are counted modulo n). When

r=s—1 modn we write Y, instead.

For all distinct pairs r,s € {1,2,--- ,n}, the graph Y, ; is graph isomorphic
to I'y via the bijection ¢, : Z — Y, 4,

Vs, 2>0

(10T,3<2> - O z = O

Up—y 2<0
If r = s —1modn, then we write ¢ instead. Since ¢, is a bijection for
each distinct pair r,s € {1,2,--- ,n}, if f is a permutation of Z, then f#* is

a permutation of Y, ;. Recall that Gy is the subgroup of Sym(Z) generated by
0:2Z — 7Z,0(z) =z+1 for all z € Z. These two observations motivate the

following:
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Definition 3.10. Let r,s € {1,2,--- ,n} be distinct, and let g be a permutation
of Y.s. We say that g is elementary on Y, if g = f7 for some f € Gs.

Now every element of Gs is of the form f : Z — Z, f(z) = z + a for some
a € Z, and so a permutation g € Sym(Y, ;) is elementary if it acts on Y, s by

translating every vertex of Y, ; by a fixed distance in the same direction.

Let f be an ultimately elementary permutation, with branch speeds aq, as,- - , ay,
and radius of non-uniformity N € N. For each s € {1,2,--- n} let f; be the
element of G5 such that

fs:Z =7, f(2) =2+ as

Observe that the ultimate action of f on branch s is identical to the elementary

permutation f7 € Sym(Yj); specifically,

Ve > N, f(vsy) = [T (Vsa)

Conversely, if there exists N € N and for all s € {1,2,--- ,n} there exists f, € G
such that f(vs.) = f7(vs,) for all z > N, then f is ultimately elementary, with
radius of non-uniformity N and branch speeds ay, as, - - - a,,, where fi(z) = z + a,
for all z € Z. It follows from this that the definition below is an equivalent

definition of an ultimately elementary permutation.

Definition 3.11. Let f be a permutation of V,,. We say that f is ultimately
elementary if there is N € N and there is fs € Gy for each s € {1,2,--- n}
such that

f(vsw) = [ (Vs 0)Vx > N

Recalling the theory for the cyclizer chain of G5 in [8], Cyc(G2) is generated
by powers of ¢ : Z — Z,0(z) = z + 1 (the elements of G3) and the elementary
permutations (the cycles involved in elements of Gy); this group is the group
of modular permutations of GG5. In the case where n > 3, G,, is the group of
permutations whose ultimate actions on a branch of G, are identical to some
power of o, and the cycles involved in these elements are cycles whose ultimate

actions on a branch of (z,, are identical to an elementary permutation of Z. These
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observations suggest that Gp,,q, the modular permutations of the integers, might

be related to the cyclizer series of GG, and motivates the following definition.

Definition 3.12. Let s € {1,2,--- ,n} and let g be a permutation of Y. We say
that g s modular on Y, if g = f¥ for f € Guoa-

This definition allows us to generalise the concept of a modular permutation

to the group G,,.

Definition 3.13. Let f be a bounded permutation of V,. We say that f is
ultimately modular on V,, if there exists N > 0 and fi, fa, -+, fn € Gmoa
such that for all x > N,

f(vs,w) = Us,fs(x)

For each s € {1,2,---n} we call f, the branch action of f on X, and we call

N a radius of non-modularity for f.

In other words, a bounded permutation f of V,, is ultimately modular if the
action of f on branch X is identical almost everywhere to the action of a mod-
ular permutation of Y. Notice that an ultimately modular permutation of V5 is
a permutation with modular ends, in the sense of Fiddes’ thesis [8]. This obser-

vation will be relevant for section 4.2.

If f is ultimately modular on V,, with branch actions fi, fa,- -, f, respectively,
then by definition there exists my,mg,---,m, € Z such that fi(x + m,) =
fs(x) +my for all z € Z. Tt follows that for all x > N,

f(vs,a:—f—ms) = Vs, fo(z)+ms

Also note that if f € Sym(V},) is ultimately elementary then f is ultimately mod-
ular, because G,q is the cycliser of GG, and therefore contains GGo. The ultimate
action of f on any branch of I',, is identical to some element of G5, so the ultimate
action is identical to some element of G4, which means f is ultimately modular

on V,.

Denote the set of all ultimately modular permutations of V,, by M,. As might
be expected, M, is a group for each n > 3.

26



Lemma 3.3. M, is a group for eachn € N, n > 3.

Proof. Firstly, idy, is an ultimately modular permutation, with all branch ac-
tions equal to i¢dyz and with radius of non-modularity 0. Secondly, if f is an ulti-
mately modular permutation with branch actions f;, fo,- -, f,, and radius of non-
modularity N, then f~! is ultimately modular with branch actions f;*, f; %, - -+, fi!
and radius of non-modularity N. Finally, if ¢ is also an ultimately modular per-
mutation, with branch actions g1, o, - - - g, and radius of non-modularity N’, then
f o g is ultimately modular with branch actions f; o g1, fo 0 g2, , fn © g, and

radius of non-modularity max{N, N'}. O

The following two results show that Cyc(G,) = M, confirming our suspi-
cions that the modular permutations of Z are related to the cyclizer series of
G, and reminding us of the result of Cameron, that Cyc3(Z) is the group of
permutations with modular ends; in fact we can view the following two lemmas

as a generalisation of this result of Cameron.
Lemma 3.4. Cyc(G,) < M,

Proof. 1t suffices to show that all the generators of Cyc(G,,) are ultimately modu-
lar. Recall that Cyc(G,,) is generated by the ultimately elementary permutations
that satisfy the Kirchoff property, along with the ultimately elementary cycles. As
we observed above, every ultimately elementary permutation is ultimately mod-
ular, so we just have to show that the ultimately elementary cycles are ultimately
modular. The ultimate action of an ultimately elementary cycle is identical to
either idz or an elementary permutation of Z. Both id; and the elementary
permutations are contained in Gy,nq, and so an ultimately elementary cycle is
ultimately modular. Hence Cyc(G,) < M,,. O

For the next result it will be necessary to generalise Remark 3.2 for the ul-
timately modular permutations. Let f be an ultimately modular permutation.
Since all the radii of non-modularity for f are natural numbers, there is a minimal

radius of non-modularity: call it Ny. Define the set
Q= {Ur,ac c Vn|l‘ S No}

As in the ultimately elementary case, we are describing the smallest ball around

the origin of I',;, such that every vertex outside this ball is moved by f according
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to the respective branch action, and then let {2 be the vertices of I',, inside this

ball. As in Remark 3.2, we call ) the ball of non-modularity.

Now we can prove the reverse containment of Lemma 3.4.
Lemma 3.5. M, < Cyc(G,)

Proof. Let f be a modular permutation of V,,, with branch actions fi, fo, - fn
and radius of non-modularity N. We first consider the case where fo = f3 =

-+ fn = idy. In this case, consider the modular permutation f; € G oq. We
show that f; has zero flow. Recall that a permutation g € Sym(Z) has zero flow
if the net flow ¢,(g) = 0 for some x € Z + % Assume for contradiction that f;
does not have zero flow, and let x € Z + % Without loss of generality, assume
that ¢ (f1) > 0; if not, work with f; ' instead as if f; ' has zero flow, then f;
also has zero flow. Let € be the ball of non-modularity for f, and let z be an
element of the set {y € Z : y > =, fi(y) < z}. Notice that there is no k € N
such that fF(z) > x, because if there were then ¢ (fi) = ¢, (f1), which implies

¢2(f1) = 0, which contradicts our original assumption. Let
A={v,: M<y<uzx}

Since A is finite, there exists k¥ € N such that f*(v;,) ¢ X; \ Q. Since the only
branch action of f that is not idz is f1, it follows that f*(v;.) € Q. Now Q is a
finite set and so there exists [ € N such that f*(v; ) & Q. The only possibility
is that fF+! (v1.) € A, since all the branch actions of f except for f, are idz,
and ¢.(f1) # 0. It’s clear that this process of moving between 2 and A will
continue indefinitely, as f; is an infinite permutation. However, this contradicts

the finiteness of A and €2, and so f; must have zero flow, i.e. f; € Gq-
Theorem 2.3 tell us that G.q is simple, and so it follows that G,.q is per-

fect, i.e. we can write every element of G,.q as a product of commutators in

Grod. Therefore we can write
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where k € N and the permutations a; and b; are elements of G,,q for each i €
{1,2,--- ,k}. We will use this decomposition to show that f € Cyc(G,,). Notice
that if g € Goq then g can be written as a product of elementary permutations
of Z, i.e.

926162"'6m

where m € N and eq, e, -+ , e, are elementary. Furthermore, if e is an elemen-
tary permutation of Z and r,s € {1,2,--- ,n} are distinct then, considering it
as permutation of V,, e®* is an ultimately elementary cycle. Therefore, when

considered as a permutation of V,,

is a product of ultimately elementary cycles and hence is an element of Cyc(G,,).

In particular, this means that for £ € N the permutation

k

fro=1Tlad, 6]

=1

is an element of Cyc(G),). Now f’ agrees with f on all but a finite number of
vertices and so we can write f = f’ oe for some € € F'S(V,,). We have seen that
f' € Cyc(Gy) and since FIS(V,,) < G, < Cyc(G,) we have that ¢ € Cyc(G,),
hence f € Cyc(G,,).

Now let f € M,, i.e. f is an ultimately modular permutation of V,. Assume
the branch actions of f are fi, fo, -+, fn. We shall exhibit a decomposition of
f into a product of elements of Cyc(G,,), using the above arguments to help do
so. Consider the permutation (f,;!)#" € Sym(Y,,). Since f, is a modular permu-
tation of Z it follows that (f, 1) is ultimately modular, when we consider it a
permutation of V,,. Let f := (f1)%». Then fo f! is also ultimately modular and

the branch actions of f o f are fi, fo, -+, fu—2, gn—1, idz for some g,—1 € Goq.

Now consider (g;,!,)?"~1; considered as a permutation of V;, this is an ultimately
modular permutation. If we define f/ | := (¢g;!,)¥"~* then fo f' o f , € M,

n—1

and the branch actions of this permutation are fi, fa, - , fu_2, gn_2, idz, idz for
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some g,_2 € Guoq. It follows that we may continue this process until we con-
struct an element h := fo f/ o f/ _jo---0 f, € M, such that f/ € M, for each
i € {2,3,---,n} and the branch actions of h are hy,idz,idyz, - ,idy for some
hy1 € M,. Therefore h is a permutation of the form discussed above, and so using

those arguments we know that h € Cyc(G,,). It follows that

f=ho(fy)o(fy) oo (fp)"! € Cye(Gy)
and so we are done. O

Corollary 3.2. Cyc(G,,) is the group of ultimately modular permutations of V,,.

Now that we have determined Cyc(G,,), the sensible next step is to determine
Cyc?(G,). To do this we need to understand the cycles involved in Cyc(G,,), i.e.
the cycles involved in ultimately modular permutations of V,,. It will be useful
during this analysis to have a tidy way of writing down an infinite cycle of V,,. If

c is such a cycle, we can always write it in the form
c= ( ©,V_2,V_1,%p, V1, V2, )

where vy is any element in supp(c), and v; := ¢(vg) for each non-negative integer
i. The following result is a useful property of infinite cycles involved in bounded

permutations of V,.

Proposition 3.2. Let [ be a bounded permutation of V,,, and let ¢ be an infinite

cycle involved in f. Then there exists r,s € {1,2,--- ,n} such that

Cc= ( * y Ur gy Urggy Ur gy Uiy Ui41, 0 0 0 7Uj—17 Uj7 Us,y17vs,y27 Us,y37 o )

for some integers x1,xa, -+ and yi,y2, -+ and where v;, Vi1, -+ ,v; are vertices
of I',,.

Proof. Write ¢ in the form (- -+ ,v_9,v_1, 00,01, v, -+ ) as outlined above. Note
that c¢(v) = f(v) for all v € supp(c) since c is involved in f, and so v; = f*(v) for
all integers i. Therefore ¢ must be bounded, because if it was not then f would
not be bounded either. Let M be a bound for c¢. Since c is infinite, the Dirichlet

principle tell us that its support must have infinite intersection with one of the
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branches of I',,; assume this branch is X,. It follows from the boundedness of ¢
that if v = v,, € V(X,) Nsupp(c) with z > M, that c(v) € v(Xs) N supp(c)
also. All but finitely many elements of V(Xs) N supp(c) satisfy this condition,

o0
k=—o00

v(Xs) Nsupp(c). This means that either the ‘right tail’, ‘left tail’ or ‘both tails’

of ¢ are exclusively vertices from V(Xs) N supp(c), i.e. either ¢ takes the form

and so the sequence (c*(vy)) contains infinitely many consecutive terms from

(' * 5 VUsazs Usxgy Usyzg y Uiy Vi1, Vig2, * + )

for some i € Z; or ¢ takes the form

(* 0 Uj=2, V15 Vs Vs s Vs s Vs s *° )

for some j € 7Z; or ¢ takes the form

(' o avs,xga Us,a:p Uiy Vi1, " " Uj—l; Uja Us,yla Us,ym T )

for some ¢,j € Z, i < j. If ¢ is of the last form then the result is proven.
If ¢ is of one of the first two forms, notice that the relevant ‘tail’ contains all
but finitely many elements of V' (X) Nsupp(c), and so by the Dirichlet principle
there is a branch X, where r # s such that V' (X,) N supp(c) is infinite. Using
the boundedness of ¢ and the same logic as above we deduce that the sequence
(c*(vg))3e._ . contains infinitely many consecutive terms from V(X,.) N supp(c),

and so ¢ must either be of the form

(' * 5y Uraoy Urwy s Uiy Ui, -0 " Uj—1, U, Us g Us gy © )

or be of the form

(' 5 VUsags Usizyy Uiy Uig1y 2 Uj—1, Uy Up oy y Upypy * )

for some i, j € Z, i < j, which proves the result. O

Notice that every modular permutation is bounded, because the set of dis-
tances from v to f(v), where v ranges across all of V,,, is finite. If f is a ulti-

mately modular permutation of V,, and ¢ is an infinite cycle involved in f then cis
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bounded, because c(v) = f(v) for all v € supp(c) and so if ¢ was not bounded then
f would not be bounded either. This next result is in some sense a generalisation

of Propostion 2.2.

Proposition 3.3. Let f be an ultimately modular permutation of V,, and sup-
pose that ¢ is an infinite cycle involved in f. Then ¢ is an ultimately modular

permutation of V.

Proof. As in Proposition 3.2, let vy € supp(c) and for each non-negative integer
ilet v; = c*(vg), s0o ¢ = (+++ ,v_9,v_1,0g, V1, Vg, - ). Proposition 3.2 implies that

we can write ¢ in the form

(' * oy Urass Urmoy Urizyy Uiy Uity * 5 Uj—15 Vg Us g5 Us,yo s Us,ygy * )

for some ;s € {1,2,--- n} and integers i,j with ¢ < j. Assume that the
branch action of f is (fi, f2, -+, fu) and the modulus of f; is m;, for each i €
{1,2,--- ,n}. We deal first with the case where  # s. By the Dirichlet principle,
there exists a,b € Z such that a < b, y, = y, mod m, and ¢ := b — a is minimal.
Similarly, there exists «, € Z such that o < 3, 253 = z, mod m, and v := -«
is minimal. Since y, and y, are congruent modulo my, there exists [ € Z such
that y, = y, + Im;. Similarly, there exists k € Z such that xg = z, + km,. For
notational convenience, define p, := km, and ps := Im,. Define the following

cycles of the integers:

Cr = ( “ oy y—1—ppy Ly—pps L1, L2, " " 5 Ty Lltpry L24pry )

and

Cs = ( o Ye—1—pss Ye—pss Y1, Y25 5 Yes Yl4pss Y24psy © - )

We want to show that ¢, and ¢, are modular permutations of Z, then show that
¢ is modular with branch actions ¢, and ¢, on the branches that ¢ has infinite
support. We can show that ¢, and ¢, are modular on Z directly, by doing long-
hand calculations to check by definition that ¢, and ¢, have moduli p, and p;
respectively, but there is a nicer way. Considering c, first, notice that c, is a
cycle involved in the branch action f,.: There is a cycle involved in f, that has an
identical ‘right tail’ to ¢,. Since f, is modular on Z, the remaining behaviour on

the ‘left tail’ of this cycle is determined by the modular structure of f,.. The cycle
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¢, is the ‘extension’ of this modular structure onto the ‘left tail’, and agrees with
this cycle in question on the ‘right tail’, so this cycle is ¢,. Similarly, ¢ is a cycle
involved in the branch action f,. Since f, and f, are modular permutations of Z,
Proposition 2.2 implies that ¢, and ¢, are modular on Z. Furthermore, it’s clear
that for all z > y; that c(vs.) = vse, () and for all z > xy that c¢(v,..) = vy, (2
and so c¢ is modular on V,,. It remains to deal with the case r = s. In this case,
define

/ -1
T

c 0 Cg4

C
= ( y L24pyy Llidpys Lyy Ly—1y " " ° 7x17x7—pr7x'y—l—pr7"')

o ( o Ye—1—pss Ye—psr Y1, Y25 5 Yo, Y14pss Y2+psy - )

We have already seen that ¢, and ¢, are modular on Z and so ¢ must also be
modular on Z. Furthermore it is straightforward to see that c(v,.) = vy« (. for

all z > max{z1,y}. Therefore ¢ is modular on V,, and the result is proved. [

Proposition 3.3 gives us an understanding of the infinite cycles involved in
elements of Cyc(G),), but what about the finite cycles? We already know from
Lemma 3.1 that the group F'S(V,) is a normal subgroup of G,,. Therefore all the
finitary permutations of V;, are contained in Cyc(G,,), and so in particular all the
finite cycles involved in elements of Cyc(G),) are contained in Cyc(G,). These
two observations imply that every cycle involved in an element of Cyc(G,,) is
also an element of Cyc(G,,), and so Cyc*(G,,) is generated by precisely Cyc(G,,).

Therefore, this means that:

Theorem 3.3. Cyc(G,,) is cycle-closed, i.e.
Cyc*(Gr) = Cye(Gy)

This result is in agreement with the results about the cyclizer chain of Z: In
the case of Z, the cyclizer chain ends at Cyc3(G,,), which is the group of ultimately
modular permutations of Z. In the case of GG,,, the cyclizer chain again ends at
the group of ultimately modular permutations on G,,, but we reach this group

two steps earlier than in the case of Z.
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Chapter 4

Additional theory about groups

acting on n-branched stars

4.1 Flow on n-branched stars

Recall that when we studied the integers as a permutation group acting on itself
in Chapter 2, we defined a property of elements of this group called the flow of
an element; in essence the flow of of an element f is the net movement f causes
in the positive direction. It turns out that there is a very natural generalisation
of this concept to the group G,, acting on an n-branched star that we studied in
Chapter 3.

Definition 4.1. Let I',, be a labelled n-branched star with vertex set V,, and let
g € Sym(V,,). For each v € N+ 5 and each r € {1,2,--- ,n} define

Ay={veV,:v=1,y >z}
By, =V, \ A,
={veV,:v=u,y <z}
U{v eV, v=u,s#r}U{0}

Then define
L) ={veV,ve A, g) € B}

g =HveV,:veE B g €A}

T
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Definition 4.2. Let g € Sym(V,). If ¢..(9),¢0.(g9) are finite for all v €

[ %

{1,2,---,n} and for all x € N+ %, then we say that g is a finite flow per-
mutation (or that g has finite flow). If g has finite flow then we define
bra(g) = 02.(9) — ¢L.(9), and we call ¢..(g) the net flow of g on the branch
X,.

Next we show that flow is constant along any branch of V,.

Lemma 4.1. Let g € Sym(V,,). Letr € {1,2,--- n}, let x € N and assume
¢ (g) and ¢7.(g) are finite, and that the net flow of g at v on X, is p. Then

X

Vye N+ 1, vy(9), 02, (9) are finite and the net flow of g aty on X, is p.

Proof. Let y € N + % If y = = there is nothing to prove, so firstly we assume
that y < x. Define

S={veV,:v=(rz),y<z<uz}
Now S is a finite set and ¢ is a bijection, so
{veS:gw) €S =HvgS:glv) e S} (4.1)

Then

vy(9) ={v € Bry: g(v) € A}
= v € By :9() € Ao}t + {v € By 1 g(v) € S}
:l{v € By g(v) € Anx}l_‘{v €S:g(v) e AT,IH + v e B, : g(v) € S}

¢$-::(g)

< 00

since S is finite and ¢ is a bijection. Similarly,

ro(9) = v € Ary 1 g(v) € By}
= 012(9) = {v € Ara 1 g(v) € SH+ {v € S 1 g(v) € By}

< 0
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since S is finite and ¢ is a bijection. Furthermore,

p=7,(9) = 0.(9)
=7, (9) + {veS:g(v) € A} — {v € By : g(v) € S}
— ¢ (9) —H{v € Arp i g(v) € SH +{v €S :g(v) € By}l
=d0,(9) — oy (9)+{veS:gv) €S} —{végS:gv) e S}

=¢2,(9) — ¢, (9)

since V,, = A, , U B, ,US, and because of Equation 4.1. The argument for y > x

is similar, with the roles of x and y reversed. O

It therefore makes sense to talk about the flow of g on an entire branch. Define
the net flow on X, ¢,(9) = ¢2,(g9) — ¢ ,(g) for any 2 € N+ 1. Let F'F, be the

T

set of finite flow permutations of V,.

Definition 4.3. We define the map ¢ : F'F,, — Z", where for all g € F'F,,

d(9) = (61(9), #2(9) - - - Pnl9))

Lemma 4.2. ¢(go f) = ¢(f) + ¢(g)

Proof. Let f,g € FF, and let r € {1,2,--- 'n}. We show that ¢.(go f) =
¢ (f) + ¢r(9). Now
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drilgof)=HveVi:ve B, 1,90 f(v) € A 1}
=HveVi:veB. 1, flv)eA 1,90 f(v) €A}
+H{veVa:veB, i, f(v) € B, 1,90 f(v) €A1}
=H{veV,:ve B%,f(v) € AT7%}|
(f)

<

4

¢

Nl

—{veVi:veB, 1, f(v)e A 1,90 f(v) € B, 1}

~"~
Cc1

+H{veViive B, 1, f(v) € B 1,90 f(v) € A, 1}
W(f)—a+{veVy: fi(v) € B 1,v€ B, 1,9(v) € A1}

—HveV,: f ) e AT,%,U € B,1,9(v) € Ar’%}|

’I’,§

~~
c2

Similarly, Qbié(g of)= ¢ié(f) —C+ Cbi%@) — ¢ and so

or(gof)=¢71(g0f) =& 1(g0f)

= (¢7:(f) = &1 (F) + (8)1(9) — 6,1 (9)
= ¢ (f) + &r(9)
and hence ¢(g o f) = ¢(f) + 6(g). O

Theorem 4.1. F'F,, < Sym(V},)

Proof. Clearly idx has finite flow because ¢°(idx) = ¢! (idx) = 0Vr € {1,2,--- ,n}.
If f,g have finite flow then Lemma 4.2 implies that g o f also has finite flow

(since ¢r(g o f) = &(f) + &r(g) Vr € {1,2,--- ,n} and ¢,(f), ¢,(g) are finite).
Finally if f has finite flow, then ¢2(f~1) = ¢.(f) and ¢%(f~!) = ¢2(f) and so
o (f71) = —¢.(f). Hence f~! has finite flow. O
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Lemma 4.2 and Theorem 4.1 imply that the map ¢ is a homomorphism.
Notice that F'F,, is cycle-closed, since every cycle involved in an element of F'F),

has finite flow on V/,.

4.2 Modular permutations on n-branched stars

Now that we have a generalisation of the concept of flow for permutations of V,,,
we can consider what results about the flow of permutations of Z might gener-
alise as well. Recall that Theorem 2.3 says that G,04(0), the group of zero flow,
modular permutations of Z is simple. Can we generalise this to a result about
permutations of X,,? Recall that G 04 is in fact Cyc(Z), and 80 Ga(0) can also
be thought of as the group of zero flow permutations in Cyc(Z). Is it the case

that the group of zero flow permutations in Cyc(G,,) is simple?

It is clear that M, the group of ultimately modular permutations of V,,, is a
subgroup of F'F,,, because M, is a subgroup of the group of bounded permuta-
tions of V,,, which in turn is a subgroup of F'F,,. Thus the concept of the flow
of an element of M,, makes sense; in particular, we have a subgroup of M,, con-
sisting of the elements of M, with zero flow (if you like, the kernel of the map
é|n, © M, — Z,). We denote this group M,(0). Since M, = Cyc(G,), the

question we wish to know the answer to is actually this: is M,,(0) simple?

This question is actually very easily answered in the negative, as F'S(V,,), the
group of finitary permutations of V,,, is a normal subgroup of M, (0) by Lemma
3.1. The next question would be: how ’close’ to being simple is M, (0)? To
answer this, we investigate the quotient group M, (0)/FS(V,).

Theorem 4.2. M,(0)/FS(V,) = 172 Gmoa(0) , for alln €N, n > 3.

Proof. Define a function ® : M,(0) — [[/=} Gumoa(0), ®(f) = (f1, far-+ » fu1),
where for all s € {1,2,--- ;n—1}, fs is the branch action of the ultimately modu-
lar permutation f on the branch X,. Each of the branch actions is a modular per-
mutation on Z, and furthermore they have zero flow. This is due to the following
argument: Assume that f; does not have zero flow for some s € {1,2,--- ,n—1},

S0 ¢z(fs) =p#0forall z € Z + ;. Let # € N+ 1 such that > M + N, where
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M is a bound for f, and N is a radius of non-modularity for f. Assume that
oF(fs) = ¢, and so logically ¢, (fs) = p—q. Assume that x1, zo, - - - 2, are the in-
tegers that satisfy x; < x < fs(z) for all i € {1,2,--- , ¢} and that y1,y2, - Yp—q
are the integers that satisfy fq(y;) < v < y; for all i € {1,2,--- ,p — q}. Due
to the choice of x, it means that any integer moved by f past x both starts and
finishes on branch X, at a distance of more than N from the origin. This means
that ¢2,.(f) = ¢ (fs) = q and ¢ ,(f) = ¢ (fs) = p — ¢, hence ¢,.(f) = p # 0,
which contradicts our assumption that f has zero flow. This argument shows
that ® is well-defined. We now show that @ is a surjective homomorphism with
kernel F'S(V,,).

In the proof of Lemma 3.3, we saw that if f,g € M, with branch actions
fi, fay o+, fu for f and ¢1,¢9, -, 9, for g, then f o g € M, and has branch
actions f1 0 gy, f20 g9, -+, fn © gn. It follows from this that

(foyg) =

( 1001, f2002," fn7109n71)
(f Jas o >fn—1)(917927"' ,gn—1)
= ®(f)®(g)

so ® is a homomorphism. Notice that f € FS(V,) if, and only if, the branch
actions of f are all idz, which happens if, and only if, ®(f) = (idz, idgz, - - - ,idy),
which happens iff f € Ker ®. Hence FS(V,) = Ker ®. It remains to show
that ® is surjective; to do this we need to define a collection of maps ; for
i€ {1,2,---,n — 1}, that convert a modular permutation of Z into a modular
permutation of V,,. Define ¥; : Guoa — M,, where ;(f) : V,, — V,, is the
following map:
Ur r#i,n
Ui(f)(vrz) = Vifzy T =1

/Unvif(iz) r=n

Example 4.1. Let n =5, and let

f=-(=5,-3,-4)(=2,0,1)(1,3,2)(4,6,5) - - -
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Then

%(f) = (vn,t')a Un,3, ’Un,4)(’Un,2, 0, Un,l)(vl,la V1,3, 711,2)(1)1,4, V1,6, 01,5) te

and

W(f) = (Un,5; Un,3, Un,4)(vn,27 0, Un,1)(U4,1, V4,3, 714,2)(714,4, V4,6, U4,5) T

The maps ©; are well-defined (i.e. ¥;(f) € M, for all f € Gp,0q): the branch
action of 1;(f) on any branch except X; or X,, is clearly idy. Its straightforward
to see that the branch action of ¥; on X; is f, and furthermore the branch action
of ¥;(f) on X,, is the reflection of f about 0, i.e. the branch action is f7, where 7 :
Z — 7, 7(z) = —z. This implies that ®(¢;(f;)) = (idg, - - ,idyg, fi,idg,--- ,idyg).
Let (f1, fo, * fao1) € H;:ll Gmod(0). Along with the fact that ® is a homomor-

phism, we see that

O(n(f1) o alfa) 0+ 0 thna(fur)) = @1 (1)) P(W2(f2)) - - (Una (fra))
= (fryidg, -+ ,idg)(idg, fo,idg, - ,idz)
. (idz, R ,idz, fn—l)
= (f1, f2, " fu1)

and so @ is surjective. Hence ® is a surjective homomorphism with kernel
FS(V,), and so by the First Isomorphism Theorem we have (M,,)o/FS(V,) =

H?;ll Gmod(o)‘ =
Recall that Theorem 2.3 says that Gy,0q4(0) is simple, and so by Theorem 4.2
M, (0) is a direct product of isomorphic simple groups. Proposition 1.1 implies

that M, (0) is a characteristically simple group. So although M, (0) is not simple,

it is an extension of a finite group by a characteristically simple group.

Examining the proof of Theorem 4.2 we can see that the result also holds for
n = 2. Recall that My = MFE, the group of modular permutations of Z with

modular ends, we have
Corollary 4.1. ME(0)/FS(Z) = Gumoea(0)

Thus M E(0) is an extension of a finitary group by a simple group.
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4.3 Decisive permutations

In this section, we introduce a generalisation of a finite flow permutation of
V,, called a decisive permutation. These permutations form a subgroup of
Sym(V},), which turns out to be the normalizer of the group of finite flow permuta-
tions of V,, in the full symmetric group. As usual, let I, be a labelled n-branched
star, and denote its vertex set by V,,, and its branches by Xy, Xy, -+, X,,. Recall
that we denote the group of finite low permutations of V,, by F'F,,.

Definition 4.4. Let f € Sym(V,,) andr,s € {1,2,--- ,n}. We say that f sends
branch X, to branch X if f(v) € V(X5) for all but finitely many v € V(X,.). We
say that f is decisive if for all r € {1,2,--- ,n} there exists s € {1,2,--- ,n}
such that f sends X, to X.

Example 4.2. Let n = 3. The permutation

Vog U=1Vig, T>D
fVu=Vo, flv)=4¢ 1. v=1r9, >5

v otherwise

18 decisive.

Notice that if f has finite flow on I'), then f is decisive, because each branch
is sent to itself. However a decisive permutation need not have finite flow on G,

as illustrated by Example 4.2.

Definition 4.5. Let f € Sym(V,). We say that f is a branch transposition
if Ir,s € {1,2,---n} such that

Vsg U=1g, €N
fo)=¢ vp V=05,, €N

v otherwise.

We define P, to be the group generated by the branch transpositions, and call the

elements of P, the branch permutations.

Clearly all the branch permutations are decisive, because X, is sent to X, and

vice versa, and all other branches are sent to themselves. As the name suggests
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we can think of the elements as permuting the branches of I',, and it can be
easily shown that P, is isomorphic to 5,,. We shall now see that the elements of

P, are the only ‘complicated’ decisive maps.

Lemma 4.3. Let f € Sym(V,,)). Then f is decisive if, and only if, f = go, where

g 1s a branch permutation and o € F'F},.

Proof. Firstly assume f = go, where g is a branch permutation and o € F'F,.
Without loss of generality we can assume that ¢ is a branch transposition, since
the composition of decisive maps is decisive. Assume ¢ transposes X, and X,
for some ;s € {1,2,--- ,n}. Now o has finite flow on I',, so in particular
lo(V(X,)) = V(X,)| < co. In other words o(v) € V(X,) for all but finitely many
v € V(X,). Therefore go(v) € V(Xj) for all but finitely many v € V(X,). Sim-
ilarly we have that go(v) € V(X,) for all but finitely many v € V(X;). Finally
fort € {1,2,---n}, t #r,s we have that go(v) € V(X;) for all but finitely many

v € V(X}), since g fixes all the vertices of X;. Hence go = f is decisive.

Conversely, assume that f is decisive. Define a map

Y {1,2,-- n}—{1,2,--- ,n}

such that ¢ (r) = s if, and only if, f sends X, to X;. We show that this map
is bijective, by showing that it is surjective. If 1 were not surjective then there
exists s € {1,2,---,n} such that no r € {1,2,--- ,n} satisfies s = f(r). In
other words, no branch is sent to X by f (in particular X is not sent to it-
self). Since f is decisive, f(v) € V(Xs) for only finitely many v € V;,. But f

is a bijection, so we have a contradiction. Hence 1 is surjective and thus bijective.

Let g be the branch permutation which maps X, toX; if, and only if, f sends X,
to X,. By the above argument f permutes the branches of I';,, modulo a finite
number of vertices. We therefore construct o as follows: if v satisfies f(v) = vs,
for some x € N, define o(v) = v,,. If f(v) = O, then define o(v) = O. o
is a well-defined map on V,, and we shall now see that f = go. If v satisfies
f(v) = vs 4, then

9(0(v)) = g(vre) = Vs = f(0)
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and if f(v) = O, then

since ¢ is a branch permutation.

To complete the proof we need to show that o is a bijection and has finite flow on
I',,. It is clear that o is a bijection because we know that f = go and that f and
g are bijections. Now let r € {1,2,---n}. Since f is decisive, Is € {1,2,--- ,n}
such that f(v) € V(Xy), for all but finitely many v € V(X,). The choice of g
implies that o(v) = (g7 f)(v) € for all but finitely many v € V(X,). The choice

of r was arbitrary, and so ¢ has finite flow on T',,. m

Let N denote Ngypmv;)(F'Fy), i.e. the normaliser of the group of finite flow
permutations of V,, in the full symmetric group. We now show that the decisive

permutations are exactly the elements of N.
Lemma 4.4. Let f € Sym(V,,). If f is decisive, then f € N.

Proof. Let f be decisive. Lemma 4.3 tells us that f = go where g is a branch
permutation and o € F'F,,. We will show that g € N. Let s € {1,2,--- ,n}. By
the argument in Lemma 4.3, there exists r € {1,2,--- ,n} such that g maps X,
to Xs. Let 7 € FF,, and consider 79, the conjugate of 7 by g: We claim that
79(v) € V(X;) holds for all but finitely many v € V' (Xj).

The condition ¢g~!(v) € V(X,) holds for all v € V(X,) because g maps X, to X.
Hence the condition 7¢~*(v) € V(X,) holds for all but finitely many v € V(Xj)
because 7 has finite flow on T',,. Hence the condition grg~'(v) € V(Xj) holds for
all but finitely many v € V(X;) because g maps X, to X, and so the claim is true.

The branch X, was chosen arbitrarily, and so it follows from the definition that
79 € FF,,and so g € N. As 0 € F'F,, it follows that ¢ € N and so we have that
feN. O

In proving the next lemma, it will be useful to have a way of ordering subsets
of a branch of I',,. Let r € {1,2,--- ,n}, and let A be a subset of V(X,). Order
the elements of A according to their distance from the origin; so a; is the element

of A which is the shortest distance away from the origin, as the element of A
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which is the second shortest distance away from the origin, and so on. We call
this ordering the natural ordering of the set A. There is no ambiguity in this
ordering, as we are only ordering elements of one particular branch of I',. Now

we can proceed with the next result.
Lemma 4.5. Let f be a permutation of V,,. If f € N, then f is decisive.

Proof. We prove that if f is not decisive, then f ¢ N. Assume that f is not
decisive. This means that there is € {1,2,--- ,n} such that the branch X, is

not sent to any branch of I';, by f. In particular, X, is not sent to itself, and so
Hve X, : f(v) € X, }| =0 (4.2)

In other words, f moves infinitely many elements of X, away from that branch.
Let R ={v € X, : f(v) € X}, the set of elements of X, that are not moved to
another branch of I',,. We distinguish two cases: R is infinite, and R is finite.
Although we shall work with two separate cases, the overall method is the same:
construct a finite flow permutation of V,, such that when we conjugate it by f,

we no longer have a finite flow permutation.

Firstly, consider the case where R is infinite. Condition (4.2) tells us that f
moves infinitely many elements of X, away from that branch, but as there are
only a finite number of branches of I',,, there is s € {1,2,--- ,n} distinct from r
such that f moves infinitely many elements of X, onto X,. In other words, there
is s € {1,2,---,n} distinct from r such that {v € X, : f(v) € X} is infinite.
Let S = {v € X, : f(v) € Xi}. Order the sets R and S with the natural or-
dering, so R = {ry,ry,---} and S = {s1, $2, - - - } where the elements are indexed
by increasing distance from the origin. Now we define the key permutation: let
o:Vy,—=V,,

0= ( ©,83,T2,82,T1,S81,Vs,1,VUs,2, Us 3, " * )

The permutation ¢ has finite flow because ¢ moves at most one vertex between

any two branches of T',,. Furthermore, for any v € f(R),
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olf(v) = fof(v)
= fo(r;)  for somei €N
= f(si)
S
Now f(R) is infinite and is a subset of X,, but f(S) is a subset of X;. Therefore

o/ moves infinitely many vertices of X, onto X,, and so ¢/ does not have finite
flow. Hence f ¢ N.

Now consider the case where R is finite. As in the case where R is infinite, con-
dition (4.2) implies there is s € {1,2,--- ,n} distinct from r such that f moves
infinitely many elements of X, onto Xj; in other words, there is s € {1,2,--- ,n}
distinct from 7 such that {v € X, : f(v) € X,} is infinite. However, if X,
cannot be the only branch that f moves infinitely many elements of X, onto,
because if it were then since R is finite, f sends X, to X, which contradicts
our original assumption that X, is not sent to any branch by f. Therefore
there is t € {1,2,--- ,n}, distinct from r and s, such that f moves infinitely
many elements of X, onto Xy; ie. {v € X, : f(v) € X;} is infinite. Let

={veX :flv)e Xs}and T = {v € X, : f(v) € X;}, and order these
sets with the natural ordering. Now we can define the key permutation: let
o:Vy,—Vy,,

0 = ( o 783at27327t1; 51, Us,1,Us,2, Us 3, " * )

The permutation ¢ has finite flow because ¢ moves at most one vertex between

any two branches of I',,. Furthermore, for any v € f(7),

of(v) = fof(v)
= fo(ty) for some i € N
= f(si)
e f
Now f(7) is infinite and is a subset of X;, but f(S) is a subset of X;. Therefore
o/ moves infinitely many vertices of X; onto X,, and so o/ does not have finite
flow. Hence f & N.
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In both of the possible cases we have shown that if f is not decisive, then f ¢ N,

therefore the result is proved. n
Corollary 4.2. Let f € Sym(V,,). Then f is decisive if, and only if, f € N.
Proof. Lemmas 4.4 and 4.5. O

Theorem 4.3. Let I, be a labelled n-branched star for some n € N, and let V,
denote the vertex set of I'),. Then

NSym(Vn)(FFn)/FFn =~ Sn

Proof. Corollary 4.2 tells us that IV is exactly the set of decisive permutations.
Lemma 4.3 tells us that if f is decisive then it can be written as a composition
of a finite flow permutation and a branch permutation g € P,. Define a map
xX:N—=P,, x(f)=gif, and only if, g is the branch permutation specified in
the proof of Lemma 4.3. It can be easily checked that this map is an epimorphism
with kernel F'F},, and we have already noted that P, = S,,. O
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Chapter 5

Results about the cyclizer series
of some interesting infinite

permutation groups

In this chapter we investigate some more interesting infinite groups, and deter-

mine some information pertaining to their cyclizer series.

5.1 The cyclizer series of the cross group

Let I'y be a labelled n-branched star. Recall from Chapter 3 that
Ors = ( 5 Ur2,Ur1, Oa Vs,1,VUs,2," " * )

for all distinct r,s € {1,2,---,n}, and that when r = s mod n we write o,

instead.

Definition 5.1. We define the cross group to be the permutation group of Vj

generated by o1 and o3. We denote the cross group by G .

The cross group is so called because if we label the branches of 'y in a certain
way, the geometric interpretations of oy and o3 form a cross. It is clear from the
definition that G, < G4, where GG is the permutation group on V; that was stud-
ied on Chapter 3, and so G, consists of ultimately elementary permutations that

satisfy the Kirchoff property. However, there are structural differences between
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V4,2
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V14 V13 V12 V11

a\/\/\/\/

/\/\/\/\/

V1 V22 V23  U24

V31
V32

U3.3

V3,4

I VAR VA VA VR

Figure 5-1: Geometric interpretation of the generators of the cross group G,

these two groups; in particular, all the finitary elements of G are alternating.
This is unlike G4, where a finitary element of G4 can be any finitary permutation
of Vj.

Lemma 5.1. Let f be a finitary permutation of Vy , and suppose that f € G,.
Then f € Alt(Vy).

Proof. A straightforward calculation shows that [0y, 03] = (O, v11,v41), and so
o1, 03] € Alt(V}). Tt follows that the derived subgroup G, is contained in Alt(V}),
since G; is generated by the commutators of G. Therefore, if ¢ € G, we can
write

g=oi'o3’c

! ! . . .
for some s1,s3 € Z and some € € G, because G /G is abelian and G is
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generatedby o7 and o3. Due to the above observations about G/Jr, it follows that

€ is an alternating finitary permutation of V.

Now f € G, so we can write f = o7'05°c with s1,s3,€ as above. It is easy

to see that for all v € X; a sufficient distance away from the origin,

f(w) = o1 (v)

because ¢ does not move v as ¢ is finitary, and powers of o3 do not move v by
definition. Furthermore f is finitary and so f(v) = v for all v € V} a sufficient
distance from the origin. Combining these two observations, we see that for all

v € X; a sufficient distance away from the origin,
oit(v) =v
Since v € supp(oy), if follows that s; = 0. Similarly,
fv) =o3*(v) = v

for all v € X3 a sufficient distance from the origin, and so as v € supp(o3), it

follows that s3 = 0. Hence f = ¢, a finitary alternating permutation O

What about the cyclizer series of G,7 Observe that both oy and o, are
contained in Cyc(G.): firstly,

~1 -1
O3 07 = ( ©,U42,V41, O, U3,1,U3,2," " * )( ©,V22,V21, 07?}1,1, V1,2, " )
= (012,021, 0,011, 012,00+ )+, V22, V21, V31, V32, )
= 04(' ©,U22,VU21,V31,VU32," " )

s0 04 is involved in o3 07!, and so o4 € Cyc(G, ). Furthermore,

-1 _-1

0, 03 = ( ©, V22,021, O,Ul,l,vm, s )( <, V42,V41, 07"03,1, V3,2, " )
= (-, v22,021,0,031,032, ++ )(++ Va2, Va1, V1,1, V12, )
= 02(' © U4,2,V4,1,V1,1,01,2, " )

S0 0y is involved in o7 'o3 !, and so oy € Cyc(Gy ). Hence all of the generators of
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(4 are contained in Cyc(G4 ), and so Gy < Cyc(G4).

This fact implies that we have a series of inequalities
Gy < Gy < Cye(Gy) < Cye(Gy) < Cyc?(Gy) < Cyc?(Gy)

But we know from 3.3 that Cyc?(Gy) is cycle-closed, i.e Cyc?(G4) = Cyc(Gy).
Due to the series of inequalities above this means that Cyc?(G,) = Cyc(Gy), i.e.

Theorem 5.1. Cyc*(G) is cycle-closed.

Hence the cyclizer length of G, is at most 2.

5.2 The infinite ladder graph, and the cyclizer

series of a group acting on it

In this section we investigate the cyclizer series of permutation group that arose
naturally from a geometric point-of-view. As such, we will be drawing figures
often and using them to make definitions, as they will generally be the simplest
way to describe what is happening. The permutation group we are interested in

is a group of permutations of a new type of graph. We now define this graph.

Definition 5.2. Let S| and Sy be disjoint 2-branched stars. Let L be the graph
with vertex set V(S1)UV (Ss) and edge set as shown below in Figure 5-2. We call
L the infinite ladder.

So

Figure 5-2: Illustration of the edge set of the graph L

In other words, the infinite ladder is the graph union of two distinct 2-branched
stars, with an extra set of edges that connect the two ‘pieces’ in a natural way.

Next we define the group of permutation of V(L) that we are interested in.
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Definition 5.3. Let « be the permutation of L represented by the unbroken arrows
in Figure 5-3, B be the permutation of L represented by the dashed arrows in
Figure 5-3, and v be the permutation of L represented by the dotted arrows in
Figure 5-3. We define the ladder group to be the group generated by these three

permutations, and we denote the ladder group by Gr,.

VOV OV VOV VWV :

S N O U S O (O S N O

Figure 5-3: Fragment of the graph L with interpretations of the generators of G,

In other words, « translates vertices on the ‘top line’ of L one place to the
right; [ translates vertices on the ‘bottom line’ of L one place to the right, and
~ transposes adjacent elements on separate ‘lines’. What is the cyclizer series of
G1? In order to help us understand what is going on in this group, we choose

a useful labelling of L, which is illustrated in Figure 5-4 below. In essence, we

{ Sl

{ SQ

Figure 5-4: A useful labelling of the graph L

label the ‘top line’ with the odd integers, increasing as we head to the ‘right’; so
that the origin of S; is labelled with the integer 1. Then we label the ‘bottom
line” with the even integers, increasing toward the ‘right’; so that the origin of S,
is labelled with the integer 0. Due to this labelling, we may consider GG, to be a

permutation group on Z. In particular, under this labelling the generators of G,
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may be written as follows:

(++-—3,-1,1,3,---)
(«+-—4,-2,0,2,4,---)
...(_27_1)<071)(273)...

a
g
Y
Now we are in a position to understand the cyclizer of G. Firstly, we see that

FS(Z), the group of finitary symmetric permutations of Z, is a subgroup of
CYC(G L)-

Lemma 5.2. F'S(Z) < Cyc(Gp)

Proof. The cycles involved in ~y are precisely the transpositions (2k, 2k + 1) for
all integers k. As v is a generator of G, it follows that all of these cycles
are contained in Cyc(Gp). By definition, the cyclizer of G contains all powers
of a, and so for all k,l € Z the transpositions (2k,2] + 1) are contained in
Cyc(GL), because they can be written as the conjugate of (2k, 2k + 1) by a'~*.
Furthermore, for all k,I € Z we have that (2k,2l0) = (2k,20 + 1):2+D and
(2k + 1,20 + 1) = (2k, 21 + 1)k2k+D) " and so all the transpositions of the form
(2k,2l) and (2k+1,2[+1) are also contained in Cyc(Gyp). Every transposition of
two integers will transpose either two odd integers, two even integers, or one odd
integer and one even integer, hence every transposition of two integers is contained
in Cyc(Gp). The group F'S(Z) is generated by the set of all transpositions of two
integers, and so F'S(Z) < Cyc(Gp). O

Next, observe that G4, the group of modular permutations of Z, is a sub-

group of Cyc(Gp).
Lemma 5.3. Gy0q < Cyc(Gr)

Proof. A straightforward calculations shows that yao = (-, —2,—-1,0,1,2,---),
and since the group Gq is generated by (---,—2,—1,0,1,2,---) it follows that
(5 is a subgroup of G'. Therefore Cyc(Gs) is a subgroup of Cyc(Gr). Theorem
1.4 tells us that Cyc(Gy) is the group Gieq, and so we are done. O

Corollary 5.1. Cyc*(Gs) < Cyc(Gr)
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Proof. Theorem 1.4 tells us that Cyc?(Gs) is generated by Gpeq and FS(Z).
Both of these groups are subgroups of Cyc(Gp) by Lemma 5.2 and Lemma 5.3
respectively, and therefore Cyc?(Gy) is also a subgroup of Cyc(Gp). ]

A natural question would be: can the inequality in Corollary 5.1 be made into

an equality? The answer to this is yes.
Lemma 5.4. Cyc(GL) < Cyc*(Gs)

Proof. 1t is easy to check that «, § and v are modular permutations with mod-
ulus 1, and since these three permutations generate Gy, it follows that G, is
a subgroup of Gpeq. Theorem 1.4 implies that Gyoq = Cyc(Gs), and so G, is
a subgroup of Cyc(Gy). It follows that the cyclizer of G, is a subgroup of the
cyclizer of Cyc(Gy), and so we have the result. ]

Putting this all together, we have:
Theorem 5.2. Cyc(Gr) = Cyc*(Gs)

Theorem 1.4 tells us that the cyclizer length of G5 is 3, and so the cyclizer
length of G, is 2.
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Chapter 6
Concluding Remarks

There are plenty of open questions that can be addressed regarding the topics
touched upon in this work. The cyclizer series of the infinite cyclic group acting
naturally on itself has been studied at length. Since the infinite cyclic group can
be viewed as a free abelian group of rank 1, a sensible area for further work would
be to investigate the cyclizer series of a free abelian group of rank n. In fact, we
can see that the cross group from Chapter 5 is inherently related to the cyclizer

series of the free abelian group of rank n.

If we consider the free abelian group of rank n as the direct product of n copies
of the integers, then it can be shown that the cycles involved in elements of the

induced permutation group (in other words, the group Z", take the form
(+--,a—2z,a—2z,a,at+z,a+2z )

for all a,z € Z". The cyclizer of Z™ is generated in part by these cycles, so we
are obviously interested how these cycles act under composition. If we take two
cycles of the above form, then there is a natural bijection from the union of their
support onto the vertex set of a 4-branched star, such that the two cycles are
essentially the two generators of the cross group. This motivates further study
into the cross group; in particular finding a normal form for elements of the cy-
clizer of the cross group would be very useful, as then we would have most of
the necessary information to understand how cycles involved in elements of Z"

interact. This observation also motivates the study of a ‘generalised cross group’,
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where the underlying graph is a 2 branched star with multiple 2-branched stars
crossing perpendicularly, rather than just one extra 2-branched star. Studying
this natural permutation group of the vertices of this graph would give us in-
formation about how any number of cycles involved in the free abelian group of
rank n interact. In Chapter 5 we saw that the cyclizer length of the cross group
is at most 2: Is it the case that the cylizer length is exactly 27. Is the cyclizer

length of the ‘generalised’ cross group’ also 27

The other group studied in Chapter 5, the group G, acting on the infinite ladder
L, is a good area for further work. Firstly, if we define a ‘generalised infinite
ladder’, where instead of taking the union of two copies of a 2-branched star with
a particular edge set, we take instead the union of n copies of a 2-branched with
the natural generalisation of the edge set (i.e we ‘stack’ the branches horizon-
tally and connect them by all possible vertical edges), then it can be shown that
the cyclizer series of the natural generalisation of G has an identical cyclizer
series to GGr. This is achieved by labelling the vertices of the ‘generalised infinite
ladder’” by partitioning the integers into their equivalence classes modulo n (as a
generalisation of partitioning into even and odd integers when labelling G ), and
labelling each of the horizontal pieces with one of the equivalence classes in the
natural way. The labelling gives a tidy way of interpreting the generators of the

generalised group, and some fairly standard calculations finish the job.

A further observation can be made about GG, and its proposed generalisations:
although we constructed these groups from a purely geometrical point-of-view, it
is easy to see that G is the permutation group induced by the wreath product
Cs wr Sy, and that the generalised groups are the permutation groups induced
by the wreath products Cy, wr S,. Therefore the cyclizer series of C, wr S,
is independent of n, and the cyclizer length of all of these wreath products is
2, which is certainly interesting. Wreath products often have very nice repre-
sentations as permutations of the vertices of a graph, and so investigating the
cyclizer series of infinite wreath products seems to be a pertinent area for further
research. Perhaps it can be shown that the cyclizer series of any infinite wreath

product, where the complement group is .5,, for some n € N, is independent of n.
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In Cameron’s original paper, he conjectured that the maximal cyclizer length
for all groups might be 3. Proving this conjecture, or finding a counter-example
seems to be an excellent topic of research, as so far almost all the theory for the
cyclizer series of an infinite permutation group has been focused on investigating
specific groups. The author feels that if this conjecture turns out to be true,
then this might be a very challenging problem to solve, because there is so little

understood about infinite groups in general.
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