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ABSTRACT

This thesis is concerned with the numerical solution of the Wiener-Hopf
integral equation u(x) — '[wa(x—t)u(t)dt = f(x), where x(x) has a logarithmic
singularity at x=0, and decays exponentially or polynomially as [x| — e. An
approximate solution u, is defined by introducing a mesh I, on [0,c], and then
approximating the truncated integral operator _‘f (")K(x—t)u(t)dt (where f[(n) is
some mesh point) by using a composite m-point quadrature rule. Because of the
weak singularity in x, product integration is employed near t=x. We call our
numerical method the "Nystrom-Product Integration" method.

In Chapter 1 we discuss some practical applications of the Wiener-Hopf equa-
tion, and we describe in detail the Nystrom-Product Integration method based on
an interpolation process and an associated quadrature rule defined on R*.

In Chapter 2 we investigate the convergence of the interpolation process and
the quadrature rule for functions which are smooth on (0,) and which exhibit
certain types of behaviour as x—0 and as x—e. We show that if II, is suitably
chosen then it is possible, in many cases, to obtain the same orders of convergence

that occur for smooth functions on finite intervals.

In Chapter 3 we present regularity results for the solution, u, under detailed
assumptions on x and f.

In Chapter 4 we provide a complete convergence analysis for u—u, using
specific meshes I1, introduced in Chapter 2.

In Chapter 5 we solve two important examples of Wiener-Hopf equations

arising in Radiative Transfer and provide numerical results.

At the end of the thesis there are two appendices which contain some techni-

cal proofs of results that are required in Chapters 3 and 4.
The description of the Nystrom-Product Integration method, together with the
analysis of the method for the case when x decays exponentially at o, has been

published in [22].
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CHAPTER 1
INTRODUCTION

1.1 THE WIENER-HOPF EQUATION
In this thesis we will be concerned with the analysis and numerical solution
of Wiener-Hopf equations of the form

u(x) — j:x(x—t)u(t)dt = f(x), xeR*:= [0,00), (1.1)

where the kernel, x, and right hand side, f, are given, and u: R* = C is the

unknown solution. With K denoting the integral operator, we abbreviate (1.1) as

u-Ku=f.

Such equations occur in a variety of applications. They arise as reformula-
tions of the linear Transport Equation [3], when it is used to model the transfer of
radiation in an homogeneous stellar atmosphere with infinite slab geometry, and
also classically in radiative equilibrium [24] and radiative transfer [16]. Applica-
tions also arise in other fields, for example, in the refraction of plane electromag-
netic waves [26], in the electromagnetic coastal effect [42], in traffic noise simula-
tion [13], in crack problems in linear elasticity, and in general boundary integral
methods [.11]. In the last two examples, the equation of interest is not directly of

the form (1.1), but may be reduced to (1.1) by an appropriate transformation.

We will now describe some of these examples more fully.

Example 1. The Transport Equation For Coherent Scattering

Consider the linear Transport Equation
d
ﬂgl(x,#) - I(x,u) = =S(x) , —-1<p<l, (1.2)

where

S = [12;"3] 1, 1Gmydn + eB(x),
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which arises in the modelling of both neutron and radiative transfer. In the astro-
physical examples of radiative transfer, (see, for example, (8, 25]), [ is the specific
intensity of radiation at an optical depth, x, from the boundary of the medium, in a
direction making an angle 6=cos™!u with the normal to the boundary, ¢ is the
probability that a photon is lost in a single scattering, and BeC (the space of con-
tinuous functions on R* with a limit at infinity) is the Planck Function (see [1]).
S(x) is known as the "source function" and describes the internal radiation field.
Note that, in the case of coherent scattering, the intensity is independent of the fre-
quency of radiation. In Chapter 5 we investigate the case when the region being
modelled is an infinite slab, 0<x<e, We assume that there is no radiation
incident on the boundary of the slab, and that / does not grow exponentially at
infinity, i.e. 7(0,4)=0 for all u<0 and e”*®*I(x,12)—0 as x—oo, for all x>0 and
a>0. In many astrophysical examples, the quantity of interest is S(x) rather than
I(x,u) ([8, pg.295], [25, pg.56]), and in Chapter 5 we show how to reformulate
(1.2) as an integral equation of the form (1.1) for u(x)=S(x) with

x(x) = [—l—gf—]El(lxl) = [%]j;e""”‘ ﬂld,u , (13)

and

f(x) = eB(x),

where E; is the first exponential integral, (see [1, (5.1.1)]). We show that there
exists a unique solution, SeC, to the integral equation problem, and hence a
unique solution, /, to (1.2). We also demonstrate numerical solutions for (1.1) for

this case.

Example 2. The Transport Equation For Non-Coherent Scattering

Example 1 considers the case of the Transport Equation in which I is fre-
quency independent. In this example we consider the Transport Equation for non-
coherent scattering, in which / is frequency dependent, but the source function is

still frequency independent. In this case, the Transport Equation is given by
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B I5) - 01068 = —p()S(),  —1susl,  (14)

for some positive profile ¢ with
[o=1,
where s is a suitable measure of the frequency, and where this time the source

function is given by

S(x) = [%] [T oGy [ 1Gx,n,s")dnds” + eB ).

In Chapter 5 we investigate the case when the region being modelled is an infinite
slab, and the boundary conditions are I(0,x,s)=0 for u<0 and for all s, and

e “I(x,pt,s)—>0 as x—oo, for all £>0, >0 and for all s.
We will show how to reformulate (1.4) as an integral equation of the form

(1.1) for u(x)=S(x) with

x(x) = [i;—?—] 7 o2()E (Ixlp(s)ds | (15)

and
f(x)=eB(x) .
To be consistent with the notation in the literature (see for example [8]), we let
Ki(x) = 3[” 92(s")E1(xp(s")ds’ , (1.6)
and so in this example we have
x()=(1-e)K;(|x]) .
Now the form of ¢(s) depends on the type of non-coherent scattering that is

present. In [8], Doppler and impact broadening are discussed, as well as their com-

bined effect. The respective profiles are

o(s) = %”exp(—sz) DOPPLER (1.72)
o(s) = 2" exp(=y%) . VOIGT (1.7b)
132 = g2 4 (5—y)?
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1+s52

o(s) =% LORENTZ , (1.7¢)

where a is the ratio of collision to Doppler widths (see [8]).

In Chapter 5 we will be interested in the case when Doppler broadening is
dominant. We show that, in this case, there is a unique solution, SeC, to the
integral equation problem, and hence a unique solution, Z, to (1.4). For this case,

we also solve (1.1) numerically and give the results in Chapter 5.

Example 3. Electromagnetic Wave Refraction
In the study of the refraction of plane electromagnetic waves, Grinberg and Fok

[23], (see also Ivanov [26]), obtained the integral equation (1.1) with

_ Ao cos(v|x|) o
K(x) = ;Jo v dv , x>0, A&(1,0) , (1.9)
and
f(x)=e*.

In Chapter 5 we present a more detailed analysis of (1.1) for this example.

The theory of Wiener-Hopf equations is discussed extensively in Krien [29].
In this thesis we shall be concerned with the analysis and numerical solution of
(1.1). Atkinson [6], Sloan and Spence [40], and Chandler and Graham [12], have
tackled this problem, each from slightly different points of view. The fundamental
paper on the numerical solution of (1.1) is Atkinson [6]. In the most recent of
these papers [12], the authors provide an analysis of a composite Nystrom (quadra-
ture) method for (1.1) for the case when x(x) is smooth, and decaying sufficiently
fast as |x|—>eo. The Nystrom method essentially consists of approximating the
integral term, Ku, in (1.1) by a quadrature rule and then setting the arbitrary point
x (in the approximate equation) equal to each quadrature point in turn, (i.e colloca-
tion at the quadrature points), thus yielding a linear system for the values of u at

the quadrature points. Quadrature methods for integral equations of the second
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kind over infinite intervals are discussed in [39] and [18]. In [5] numerical
approximation schemes of quadrature type are investigated for (1.1) in the case

where x is bounded and uniformly continuous.

Sloan and Spence [40] have analysed a piecewise constant collocation method
for (1.1). This method was proposed (but not analysed) by Finn and Jefferies [16]
for the solution of a class of integral equations arising in astrophysics. Note that
the integral equation reformulation of the Transport Equation (1.4), with kernel

given by (1.5), arises in the astrophysical examples of Finn and Jefferies.

In many practical examples of (1.1), the kernel is not smooth. In fact, the
kernels given by (1.3), (1.5) (with ¢ given by (1.7a), (1.7b) and (1.7¢)) and (1.9),
arising in Examples 1 to 3 above, have a logarithmic singularity at the origin. The
main purpose of this thesis is to propose and analyse a numerical method for the

solution of (1.1) which will cover a number of these important practical examples.

To introduce our numerical method (§1.4.2) we need to make some simple
assumptions on (1.1). The analysis (Chapter 4) will be carried out under more
detailed assumptions given in Chapter 3. So, suppose that x is integrable on R,
continuous on R\{0} and has a logarithmic singularity at x=0. More explicitly,

assume
x(x) = a(x)b(x), (1.10)

where the factor a(x) is smooth but may be complicated. The factor b(x) will be

assumed to have the form
b(x) = log(|x|) + c(|x]), (1.11)

where ¢ is smooth and sufficiently simple so that certain integrals involving b(x)
are known analytically in |x|<é for some & (see (1.27) below). Suppose also that
fe€C, and that (1.1) has a unique solution ueC for every right hand side feC.
Finally, assume that u(ee) = f(e0) = 0. This assumption yields no loss of general-
ity, since, if necessary, (1.1) can always be arranged to have this property (see

Chapter 3, Remark 1).
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Since we are allowing a weak singularity in the kemnel, we cannot use the
Nystrom method on R*. Now the standard way to deal with weakly singular
integral equations defined on a finite interval is to use product integration which is
discussed in Atkinson [7], Chandler [10] and Schneider [37]. Product integration
treats the weakly singular factor in the kernel exactly, and approximates only the
smooth part of the integrand by a suitable Lagrange interpolation polynomial, (see

§1.4.1).

Monegato aﬁd Colombo [30] describe a product integration method for the
discretisation of a linear Transport Equation, where the geometry considered is a
multilayered system composed of a finite number of homogeneous slabs, infinite in
both the y and z directions, but of finite extent in the x direction. This yields
integral equations on a finite interval, and so their results are closely related to [7],
[10] and [37].

The numerical method that we propose for the solution of (1.1) is a hybrid
method consisting of a composite Nystrom method away from the singularity in
the kernel, and product integration techniques in a region containing the singular-
ity. Thus, we call our numerical method the "Nystrom-Product Integration"
method. The Nystrom-Product Integration method for (1.1) has not previously
been analysed, although Atkinson [7] and Thomas [41] have implemented a similar
procedure for a simpler class of equations defined on a finite interval. However,
the efficient handling of the infinite interval turns out to be a delicate issue and is

one of the main points of the thesis.

The plan of the thesis then, is as follows: In §1.2 and §1.3 we review briefly
some background material. In §1.4.1 we define an interpolation process and an
associated quadrature rule for functions veC AL! (where L! is the space of
Lebesgue integrable functions on R¥), on a mesh IT,:0=xy<x; <...<x,=ce. Then
in §1.4.2 we describe in detail the Nystrom-Product Integration method for the
solution of (1.1), based on the interpolation process and associated quadrature rule

introduced in §1.4.1.
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In Chapter 2 we investigate the convergence of the interpolation process and
quadrature rule described in §1.4.1, for functions veC AL which are smooth on
(0,e0), and which exhibit certain types of behaviour as x—0 and as x—>eo. We
show that if Il, is suitably chosen then it is possible, in many cases, to obtain the
same orders of convergence that occur for smooth functions on finite intervals. The
results of Chapter 2 constitute a considerable advance in the theory of interpolation
and numerical integration on R*. The technical results of Chapter 2 will be used

in the analysis of our numerical method for (1.1) (see Chapter 4).

In Chapter 3 we present regularity results for the solution, u, of (1.1) under
detailed assumptions on x and f. These assumptions can be easily verified for a
number of important practical examples (see Chapter 5). The regularity results
obtained in Chapter 3 are needed in order to analyse properly the rate of conver-
gence of our numerical method. The anaiysis of Chapter 2 will cover the conver-
gence of the interpolation process and quadrature rule for # under the assumptions

of Chapter 3.

In Chapter 4 we use the regularity results of Chapter 3 and the technical
results of Chapter 2 to provide a convergence analysis for u—u,, in the space C (u,
is the Nystrom-Product Integration approximation to u, see (1.29) below), using
specific meshes II,. Our analysis will cover the integral equations arising in

Examples 1 to 3 above (see Chapter 5).

In Chapter 5 we implement our numerical method on a particular test exam-
ple for which the solution is known, and we provide numerical results for this
example. We give the details of the reformulations of the Transport Equations, in
Examples 1 and 2 above, as integral equations of the form (1.1) for the source
function, S(x). We discuss the practical implementation of the Nystrom-Product
Integration method for these examples and we present numerical results. Finally,

we discuss the relevance of the results of this thesis to Example 3 above.



1.2 THE EMBEDDING METHOD

The embedding method is a method of transforming integral equations into
initial value problems (or Cauchy systems). This approach is discussed extensively
by Kagiwada and Kalaba [28] for a variety of cases. In particular, they derive an
initial value problem from an integral equation of radiative transfer, first physically
and then analytically, and present numerical results for the source function and cer-
tain auxiliary functions of physical interest. They also discuss the embedding
method for solving integral equations with general displacement kernels. As an

example, consider the system of integral equations :
J(x,p) = Ie ™™ + f:K(Ix—tl)J(t,u)dt, xeR*, 0<pu<1,  (1.12)
where K is a symmetric #Xn matrix given by
K(x) = J'Ole‘“""W(u’)d;t’ , 10, (1.13)

and W is a symmetric nxn matrix, / is the unit nxn matrix and J, the solution to

be found, is an nxn matrix. Further assume
K(eo) = J(eo,u) =0, 0<u<l.

(1.12) arises in several branches of physics including optimal filtering and astro-
physics. In fact, when u in (1.12) is constant and n=1, (1.12) reduces to an equa-
tion of the form (1.1) with x(x)=K(|x|). In this case, the kernel (1.3) of Example
1 above is of the form (1.13). Kagiwada and Kalaba show that (1.12) is

equivalent to the following Cauchy system
JeGe,p) = =~ p) + [I;J(x,u’)W(u')d#']H(u), x20,
where
H(u)=JQO,n), Ospu<l,
and H(u) satisfies the non-linear equation

1 ~ i , ,
H(p) =1+ [ Wu >ﬁ-m<u YH(u)du', 0<ps<l.

(Note J, denotes differentiation with respect to x, and superscript T denotes
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transposition). The disadvantage of solving (1.12) (and certain other integral equa-
tions) using the embedding approach is that, in order to solve the initial value
problem, it is necessary to solve a non-linear equation, which may prove quite dif-
ficult in practice. In general though, for many integral equations, certain func-
tionals of the solution often have important physical significance, and the embed-
ding approach can provide a simple algebraic means of determining these function-
als. However, if the quantities of interest can be obtained directly from the solu-
tion of the integral equation, then the Nystrom-Product Integration method may be
used efficiently. The embedding approach provides different techniques for solv-

ing integral equations, and so is of considerable comparative interest.

1.3 THE DISCRETE ORDINATES METHOD

The numerical solution of the Transport Equation using the Discrete ordinates
method is widely discussed in the literature. In particular, a full account of this
method for solving (1.2) and (1.4) is given in Chandrasekhar [14] and Hummer

and Rybicki [25], respectively. Neither contains a complete error analysis.

As an illustration of the method, we describe a discrete ordinates method for
the solution of (1.2) when the region being modelled is a finite slab of unit
thickness, and there is no radiation incident on the boundaries. In this case the

Transport Equation is given by
'uj_i(xnu) - I(x,/.l) + [1'2_5] J._ll ](x,T])dn = —gB(x), 0<x<1 , —IS,US].,

(1.14)
with
1(0,u1)=0 for u<0, I(1,u)=0 foru>0,

(see, for example Pitkaranta and Scott [32] and Anselone [3]). The Discrete ordi-

nates method essentially consists of introducing a quadrature rule on [-1,1],

[} otu)du = lklzn_llwkco(uk) ,
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and then replacing (1.14) by the system

J 1-¢| & ;
Hiog i) = i) + [ 28]lk|231wk1k(x)=-83(x), 0<x<1, |jl=l,....n,

(1.15)
Ij(O)=O for ,uj<0, Ij(l)=0 for ,uj>0,

where 1;(x) approximates / (x,uj). The system of o.d.e.’s, (1.15), is called the
semi-discrete approximation to (1.14). Upon further approximating (1.15) by vari-
ous methods for systems of o.d.e.’s, a fully discrete system for solving (1.14) is

obtained. This yields an approximation S, (x) to S(x) for all x, using

S, (x) = [l%i] 3wl (%) + €B(x).
lH=1

Recall that

S(x) = [L;i] [} 1mydn + eB(x) .

Anselone [3] only proves the convergence of fhe semi-discrete approximation
to (1.14). However, Pitkaranta and Scott [32] give a complete error analysis for
both the semi-discrete and the fully-discrete approximation of (1.14). They also
provide stability criteria for the combined spatial and angular approximation for
particular quadrature rules and spatial differencing schemes. (Related results, for
the 2-D Transport Equation with finite geometry, may be found in [27]). In a sub-
sequent paper by Pitkaranta [31], he studies the convergence of a family of projec-
tion schemes for solving the discrete-ordinate Transport equation. He assumes a
fixed angular discretisation and gives special attention to quantities of physical

interest.

The Discrete ordinates method for (1.4) in the case when Doppler scattering
is dominant is discussed in [25]. In this case, it turns out that the Discrete ordi-
nates solution of (1.4) has the incorrect functional form asymptotically and the

incorrect finite slope at the origin, and it represents S(x) closely only over a finite
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interval. It seems therefore, that in this case at least, the Transport Equation can be
more effectively solved using the integral equation reformulation for S(x). In gen-
eral, it certainly seems that when the geometry of the problem is simple, our
numerical method can be used to solve the integral equation reformulation of the
Transport Equation. If, on the other hand, the geometry is more complicated, then

the Discrete ordinates method is more favourable.

1.4 THE NYSTROM-PRODUCT INTEGRATION METHOD

1.4.1 PRELIMINARIES

We first uescribe an interpolation process and an associated quadrature rule
for functions veC[0,1] (the space of functions which are continuous on [0,1]).
To this end, choose m points, 0<&<é,<...<¢,<1, in [0,1], and let Pv be the

Lagrange polynomial of order m which interpolates v at &;, j=1,...,m. That is
m
Pv(x) = X v(&)Li(x) ,
j=1

where

m (x—=¢&)
Lix) = ,
2 Y v

ktj

Jj=1,....m.

Standard results show that if veC™[0,1] (the space of functions which have m
continuous derivatives on [0,1]) then for each xe[0,1], a number &£(x) in [0,1]

exists with

v = P + 226D g (1.16)
|

(see, for example, [9]), where the second term on the right hand side of (1.16) is

known as the truncation error. Then, to approximate

[y,
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we integrate Pv(x) and the truncation error over [0, 1] to obtain the quadrature for-

mula

fyvedx = [} Sv@Lds + — [ D™ Tr-g)dx
j=1 : j=1

= Sw(E) + = [ D™ (EN[ (g dx , (1.17)
=1 m: j=1

where w; are the weights of the quadrature formula given by

wi= [[Lidx,  j=1,...m . (1.18)

We now define an associated quadrature rule on [0, 1] by
1 m :
jov(x)dx = .lejv(fj) . (1.19)
J:

The error in this quadrature rule is given by the second term on the right hand side
of (1.17). If this error term vanishes for polynomials of degree R—1, we say that
the quadrature rule is of order R, where m<R<2m. For example, R=2 for the
Trapezoidal rule (m=2, &,=0, &=1), and R=4 for Simpson’s rule
(m=3, §1=0, &=}, &=1).

We can now define an interpolation process and an associated quadrature rule
for functions veCNLL. So for neN, introduce a mesh, IL,:0=xp<x; <...<x =00,
on R*. For i=1,...,n set I;=(x;_;,x;) and define v; by v;=v on I; and v;=0 on
RY\ I,

Recall the m points, 05, <&, <...<¢€, <1, chosen above. Shift them linearly

to each [x;_;,x;], (i=1,...,n—1) by the formula

Xjj = X1 + ;’h, , Jj=l,...m,

where h;=x;—x;_;.
Now define P,v on each /; for i=1,...,n—1, to be the Lagrange polynomial of

order m which interpolates v; at x;j for j=1,...,m, and set P,v=0 on I,,. That is
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ani(x) = E H

v(x,-j) , i=1,...n—-1,
j=1 fe=1 (=Xg)
¥

(1.20)

Finally extend P,v to all of R* by requiring that P,v be right continuous at each
x;, i=1,...,n—1.

We now define an associated quadrature rule on each I;, i=1,...,n-1, by
m
J'll.v = L.,an = _lejv(xij)hi , (1.21)
]:

where w; are the weights of the quadrature rule, (1.19), on [0,1], with points
§j, J=1,...,m. Note that this rule integrates exactly functions which reduce to

polynomials of order R on each [;, i=1,...,n—1.

Thus, a perfectly well defined composite quadrature rule on R* is given by

v =[Py =[""Pv. (1.22)

However, for the purposes of the analysis of our numerical method (Chapter 4), it
will be necessary to allow a greater generality in the choice of cut—off point in
(1.22). So for some n>i*21 (to be chosen), we define a composite quadrature rule

on R* by first introducing the approximation

R

Then we approximate the right hand integral by

Xn-ie Xn-in
-“0 V= ) P, (1.23)
and overall this yields
j(;” v= 3 wvi)h; (1.24)

where the sum is over i=1,...,n—i*, and j=1,...,m.
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1.4.2 THE NYSTROM-PRODUCT INTEGRATION METHOD

We shall approximate the integral term, Ku(x), of (1.1) by a process similar
to that in (1.24), except that, for ¢ close to x, we shall employ a product integration
technique, based on the singular expansion (1.10), (1.11). Accordingly for each
xeR*, 1<i*<n, we divide [0,x,_;,] into two subregions, one "singular region"
which may contain x, and the other region excluding x. It will be numerically con-

venient if the boundaries between these regions are mesh points.

So, suppose we have chosen some minimum radius §>0 for our singular

region. Then define
_I_=max{1 Si<n—i*x:x—x_1 2 },

if this maximum exists. Otherwise set
I=1.

Similarly define
I_=rnin{l <ign-i*:x —-x>6},
if this minimum exists, and otherwise set
I = n—ix.

Then define the singular region by
Qx) = u{l,- cI1<i< 1'}

and set
Qm(x) = [0,x,_;.] \ QY x).

Finally set
oMx) = {1 I C Qm(x)}, for k=1,2.

Then let
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K;u(x) = I:"'i'x(x—t)u(t)dt

R(=Du()dr + [ g,  x(x=t)u(t)ds

= Janx @1 (x)
= KPu(x) + Klu(x), (1.25)
say. Now approximate K;, (and hence K) by
Kivn ==Kl o + KR, (1.26)
where
KE  400) = [, [pG-nPatat=ue 0] at (1.27)
and
KELn(x) = [y Palx G=du()(0)dt . (1.28)

We assume that the factorisation (1.10), (1.11) is such that the integral K}) , u(x)
in (1.27) may be found analytically. Now we define the Nystrom-Product Integra-
tion approximation u, to u by replacing X in (1.1) by K, ,. That is, u, satisfies

the approximate equation
U, — Ky pu, = f. (1.29)

The unknowns in the function K;, , u, are the values of u, at the quadrature
points, x;, for all i=1,...,n—i*, j=1,...,m. Hence collocation of (1.29) at the

quadrature points, i.e.
Uy (X)) = Ky ptn(xpg) = fxy), k=1,..,n—i*, I=1,....m , (1.30)
yields a liﬁear system of the form
(I-P)u = f, (1.31)
where
u= {u,,(x,-j) ci=1,...,n—ix, j=1,...,m}

f= {f(x,]) vi=1,...,n=i*, j=1,...,m],
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where P is an order (n—i*)xm matrix and / is the identity matrix of order
(n—=i*)m.
In implementing (1.31), the elements of u must be ordered in a convenient

fashion. Here we assume they are ordered as

(U11seeeslims Ul seeesUomseeesUinmin)m)s

and that the rows and columns of P are ordered analogously. Then for
k=1,...,n—i*, [=1,...,m, the row of P corresponding to collocation of (1.29) at
xy consists of the coefficients of u,(x;) in Kj, ,u,(xy) (correctly ordered), for
i=1,...,n=ix, j=1,....m.

Consider, as an illustration, the calculation of P in the simple case where the
underlying quadrature rule is the midpoint rule. Then m=1, &=} ,w;=1, and
there is one quadrature point in each /;, which we denote by x;; = x;_; + B)A;.

Then, for each k

Kivnttn(Xe1) = 2 [L_ b(xkl—t)dt]a(xkl —Xi1) Un(X;1)

ieQM(xy)

+ X A (g =X ua(xi1).
ieQ¥(x,)

Let py ;1 denote the coefficient of u,(x;;) in this expression. Then, if i eQm(xkl)

Pu,i1 = Ul'b(xkl_t)dt]a(xkl -X;1)> (1.32)

and if ieQ"™(xy)

Pi1,i1 = hix (X —x;1). (1.33)
Thus setting up (1.31), in this case, requires the calculation of (1.32), (1.33) and
the assembly of P according to the appropriate ordering.

For higher order quadrature rules a similar but more involved procedure will
be carried out. Once all the u,(x;) have been found, K, ,u,(x) is known for all

xeR™*, and hence u,(x) is also known for all xeR*, via (1.29).
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Now return to (1.1) and its approximation (1.29). Provided (I — K,-,,,,)‘1

exists then
U=ty ==K MK - Kiy )T = KYLf
= - K ) /(K - Kju u (1.34)

In Chapter 4 we give a convergence analysis for u — u,, in the space C under cer-
tain assumptions (given in Chapter 3). This will consist of two parts. We first
prove a stability result which gives a bound on [|(/ - K;, ,)"!||... We then prove
consistency results which show the order of convergence of ||(K — K, ,)ull.. as
n—eo. The convergence analysis will be carried out using specific meshes of the

type studied in Chapter 2.

The Nystrom-Product Integration method introduced above is particularly use-
ful for solving several practical examples of (1.1), including Examples 1 to 3
above (see Chapter 5). As described above, results related to the analysis of our
method may be found in the literature. In some sense, our analysis will generalise
the results of Atkinson [7], Chandler [10], Schneider [37], Sloan and Spence [40]
and Chandler and Graham [12].
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CHAPTER 2
GRADED MESHES

2.1 INTRODUCTION

In Chapter 1, §1.4.1 we introduced the interpolation operator, P,,, of order m,
on a mesh IT,:0=x3<x;<...<x,=eo, (see (1.20)), and the associated quadrature
rule of order R, (see (1.24)), for functions veC AL!. In this Chapter we investi-
gate the convergence of the interpolation process and quadrature rule for functions
v:R*—}C, which are smooth on (0,%) and which exhibit certain types of
behaviour as x—e and as x—0. For the convergence analysis of this Chapter, we
will take i*=1 ... .1.23). There is no loss in generality in choosing i*=1 since the
analysis for i*>1 follows analogously. However, for the analysis of our numerical
method for (1.1), we will allow greater generality in the choice of i* (see Chapter
4). Our objective in this Chapter is to show that, provided II, is suitably chosen,
it is possible to obtain the same orders of convergence for interpolation and qua-
drature of poorly behaved functions on R* that occur for smooth functions on fin-
ite intervals. In order to show this we require the next two propositions which are

necessary technical preliminaries.

Notation

For any v:R — C, and any J < R define

IVllws = sup vl vl = [Ivl.
X€e 7

When J = R* we abbreviate these by ||v|.., [[v]|;. Let D denote differentiation.

Proposition 2.1
Let veC and let I1,, be any mesh.

(i) There exists a constant C independent of n,i and v, such that for all 1<i<n,

|Pvill oS Cllvill o -
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(i) For all 1sI<m, if |(D*'Vv);|| . <oo, there exists a constant C independent of n,i
and v, such that for 1<i<n-1,

lZ=Pyvill < Ch{[(D'v)i ]l -
Proof

(i) For i=n the result follows trivially since P,v,=0 by definition. For 1<i<n-1

we have

m|m (x— '/c)
1Pl = max |3 [T

v(X;;)
xel (i1 k=1 (=) Y
ktj

Now note that if xe[x;_;,x;], then for some £€[0,1] we have
X=Xge= (Xioy +Eh) = (x;y +&chy)
= (6=Eh; .
Also note that
X=X == h;

and thus it follows that

m|lm (— )
1Pl s max 3 n—l'éfTi)'l

5€[0,1] j=1

vl

k=1
ktj
< Clvillw »

as required.
(ii) If y is the Taylor polynomial for v of degree /—1 about x;, then (P,y);=y;.

Hence, (i) above and Taylor’s Theorem give

1Pl .= 1d-P)v-¥)ill o< Cl-y);ll o< CREID'W) . - B

Remarks

(i) Proposition 2.1(i) shows that ||P,||.. is uniformly bounded. For the rest of this
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thesis we will use this result without explicit reference to Proposition 2.1(3).
- (ii) The case of Proposition 2.1(ii) that we will be most interested in, is that in

which /=m. In this case, if |(D™v);|| .. <eo then for 1<i<n-1 we have
[(7=Pp)vill < CH* [ (D™ V)il o - 2.1)
(iii) Note that by definiticn we have

I=P)Vall o= 1Vl o - Q2

Proposition 2.2
Let veC and let T1,, be any mesh. For all 1<I<R, if |[(D'v);|| | <o, there exists a

constant C independent of n,i and v, such that for 1<i<n-1,
| [, =Py | < CHIDW)I -

Proof
Let w be the Taylor polynomial for v of degree /-1 about x;. Then by Taylor’s

Theorem with integral remainder we have

lov=v)ill o< CRITH (D)
and hence

=)l 1< Ch(D')ly

Thus, as the quadrature rule is exact for polynomials of degree /-1, it follows,

using (1.21), that

| [, d=Pov | = [,v = Zwpph; |
J
= | L‘(V—'/’) - Z wi(v=y)(x;) ki |
j
< Clafl (D)l + B7'RS Iw] 1(DY)N]
7

and the result follows. o
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Remarks
(i) The case of Proposition 2.2 that we will be most interested in, is that in which

I=R. In this case, if ||(D®v);||; <ee then for 1<i<n—1 we have
| [, a=Pv | < Chf @)l 23)
(i1) Note that by definition we have

[, d=Pv =1 v]. (24)

To motivate the new results that are proved in this Chapter, consider the
analogue of the interpolation operator (1.20), and the associated quadrature rule
(1.24), for functions veC[0,1]. If IT’, :0=x5<x; <...<x,=1 is any mesh on [0,1],
then Proposition 2.1 and. Proposition 2.2 hold for all 7;<[0,1]. Now suppose that
IT’, is the uniform mesh. If veC™[0,1] then for all 1<i<n, ||(D™v);]| .. <o, and

h"=0(1/n™). Then (2.1) shows that

lU-P)v]l= O [i

nm

Similarly, if veC®[0,1] then for all 1<i<n, |[(DRv);||| <>, and KR=0(1/nR), and
then (2.3) shows that

| ['a-Pv | < C SHRIDA)],= 0 [LR] .

i=1

In fact, saturation results in [34] show that if there exists a mesh such that the
interpolation error is 0(1/n™) as n—eo, then v is a polynomial of order m. Thus,
we call O(1/n™) convergence optimal for the interpolation process. Now even if
v¢éC™[0,1)], it is still possible, in many cases, to achieve optimal interpolation
results. To see this consider (2.1). If we could grade the mesh so that 4; is small
enough when ||(D™v);] .. is large, so that for each I;, i=1,...,n, the error, given
by (2.1), is of O(1/n™), then we have regained the optimal results for uniform

meshes when veC™[0,1], (see for example [33], [37]). What we are effectively



-22 -

doing is placing more mesh points in regions where v is "badly" behaved. By a
similar reasoning, O(1/n®) convergence may be possible for the quadrature even if
v¢C R [0,1]. From now on we will call O(1/n®) convergence for the quadrature

rule optimal.

For functions veCNnL1, a similar, but a considerably more involved pro-
cedure, is required to obtain optimal orders of convergence for the interpolation
process (1.20) and the quadrature rule (1.24). This is because approximation tech-
niques over the whole of R* are required and the problem of regaining optimal
convergence results becomes much more difficult. However, in this Chapter we
show that for certain functions ve CNL1, categorised in the next section, we can
also achieve O(1/n™) convergence for the interpolation process and o(1/nR ) con-
vergence for the quadrature rule, provided II, (still a mesh with » subintervals, but
now over R*) is suitably chosen. The results of this Chapter will be very impor-
tant in the analysis of our numerical method for (1.1), and are indeed a consider-
able advance in the theory of interpolation and numerical integration over infinite

intervals.

Throughout this Chapter we illustrate some of our theoretical results by
numerical experiment. So, for k,NeN we let ey be some measure of the interpola-
tion or quadrature error, on a mesh with n<kN subintervals. Then, when we wish

to demonstrate that eN=O(1/n") for some AeR*, we estimate the order of conver-

gence by

_ log(en/eqn)

EOC = 25
log2 2:5)

Note that when k=1 and n=N, we let ey=e,.
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2.2 FUNCTION SPACES

In this section we define certain spaces of functions in which the convergence

analysis will be carried out.

Let /eN, x>0 and 0<B<!. For any v:R*—C define

X

14 max su V(X)|, Sup X D vix)l|, 1,...,1 N

where

, Jj=B if j28

[J—ﬂ] = i i<

_ 0 if j<pB
Remarks
(@) If | vl ;, g<eo then v has / continuous derivatives on (0,1].
(ii) If |v]l; g<eo for 0<B<1, then v is continuous on [0,1] and D’/v(x)=0(xP~J)
as x—0, j=1,...,/. That is v(x) "behaves like" xP as x>0.
(iii) If [|v]|;,g<eo for 1<B<l, then for j<pB, DJv(x) is continuous on [0,1] . For

[2j>B, Div(x)=0(xP~7) as x—0.

(iv) If || v||; ;<ee then v has / continuous derivatives on [0, 1].

THE EXPONENTIAL CASE

For any v:R* —C define
lvie=#|,= max{ sup |e®”Div(x)]|, j=0,...,l} .
x€[1,)

If ||vie™#*| ;<> then v has [ continuous derivatives on [l,e?) and

Div(x)=0(e ") as x—eo, j=0,...,I. That is v "behaves like" e™#* as x—> oo

Now set

lvie=#|; 5= max{"v"l,ﬁ , ||v:e“""||l} .
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Definition
Let C,g[e‘*‘x] denote the space of all functions v:R* —C which have [ continuous

derivatives on (0,%0) and for which ||v:e™#*||; g<eo.

THE POLYNOMIAL CASE

For any function v:R* — C define
lv:x=#|,= max{ sup |x*Div(x)|, j=0,...,1} .
x€[1,e0)

If |v:x™#|| ;<oo then v has ! continuous derivatives on [1,e0) and D/v(x)=0(x*)
as x—oo, j=0,...,1L

Now set
[v:x=#|l, 5= max{"""z,ﬁ s [Jvex=* ”1} .

Definition
Let Cé[x“‘] denote the space of all functions v:R*— C which have / continuous

derivatives on (0,e0) and for which [[v:x™#||; g<ee.

Functions in C,é[e‘/“] and C;,[x”"] have quite complex behaviour on R*,
but cover a wide variety of cases which might arise in practice. We will investi-
gate the convergence of the interpolation process, (1.20), and the associated qua-
drature rule, (1.24), for functions in these spaces. These results will be of direct
relevance to the solution of (1.1) because in Chapter 3 it will be shown that the
solution, u, of (1.1) will lie in some one of the spaces Cé[e‘*‘“] or Cé[x""] for
some leN, u or £’>0 and for all 0<f<1, when certain assumptions on x and f
are satisfied. The technical results of this Chapter will be used in the convergence
analysis (Chapter 4) of the Nystrom-Product Integration method which was intro-

duced in Chapter 1 §1.4.2.
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2.3 CONVERGENCE ANALYSIS FOR INTERPOLATION

In this section we investigate the convergence of the interpolation process,
(1.20), for functions v:R* - C which lie in the spaces defined in §2.2. We will
restrict the convergence analysis for interpolation to the cases 0<f<1 (unless
explicitly stated otherwise). Thus we will be treating the worst singularities in
v(x) as x—0. The analysis for 1<8<! could be carried out using similar methods.
We define specific meshes and we consider the interpolation error in each
I;, i=1,...,n, (recall (2.1) and (2.2)).

For the rest of this Chapter let C be a generic constant independent of #,i,

and v.

2.3.1 THE EXPONENTIAL CASE

The convergence analysis for functions veC ;,[e"""] for 0<B<1 is very techn-
ical and so, in order to motivate the analysis for functions in this class, we first

consider functions veC ,l [e~#*] for which the analysis is technically easier.

Note that if veC ll[e“"‘] then v has / continuous derivatives on (0,e) and
Ivlli= max{ sup |DIv(x)|, f=0,---,1}< oo,
_ x€[0,1)
(that is v(x) has no singularity at x=0). Hence, if veC,’[e“"‘] then

llvie=#||;:= max{ sugle""va(x)I, j=0,...,l}< oo,
xeR*

We consider the interpolation error for functions veC,’[e““] using a mesh
IT, which consists of the points

x;= q log [7:—1] i=0,...,n. (2.6)

for some ¢>0. The mesh (2.6) was used by Sloan and Spence [40] and Chandler
and Graham [12], when solving particular cases of (1.1) for which the solution was

known to decay exponentially at infinity. Note that for i=1,...,n—1, we have
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=g llog |-2=1 = n _ n—i+l
o = R = [

1
(n—i) ’

= ¢ log [“7!—7} <q @2.7)

where we have used the fact that log (1+x) < x for all x > 0.

The following proposition is required to prove convergence results for func-

tions veC,’[e“‘“].

Proposition 2.3
Let veClle™#], 0<j<!I and let T1,, consist of the points defined in (2.6). Then,

for all j<t and for all 1<i<n-1, we have

. 1 _
h (D)l < C;Hlv:e “Mi

provided g2t/ u.
Proof
For convenience set [[v]| = [|v:e™™]||;. Then, using (2.6), we have for
i=1,...,n-1
1(DW)ill s C exp(=px;_y) IVl (2.8)
< _ n
< Cexp [ g log [n_m I
I
< . 2.
c|——| i @9

Hence, (2.7), (2.8) and (2.9) show that for all 1<i<n-1

R (D)l < C A} exp(—px;_p)|VIl (2.10)

1 | e
<C n
s

. M-t . uq
scl [“] ["“‘*.1] vl

n n-—i

1
< cLw, @11)
n
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since g2t/ i, and hence the result follows. o

The next Theorem shows that if veC,,",’[e‘/‘“‘] then optimal convergence
results can be achieved for the interpolation process using the mesh (2.6) with ¢

appropriately chosen.

Theorem 2.4
Let veC,[e*] and let T1,, be the mesh (2.6). Then

=Py < cnimmv:e-wmm.

provided q2m/ p.
Proof

(2.1) and Proposition 2.3 (with j=t=m) show that for 1<i<n-1

ld=P)v;]l< Cf,;lllv:e-""lllm : 2.12)

by our choice of q. Also, from (2.2) and (2.6) we have
IU=Pu)Vallw = |Vall < C exp(=px,_)|v:e ]|,

< C exp(—uq log(n)|[v:e ™|,

< cni,,,lnv:e-#*mm : 2.13)

where (2.13) follows from our choice of g. Then, from (2.12) and (2.13), the

result follows. o

Example 1

Wc;, consider v(x) = e"‘eC,I[e"‘] for all /eN. Table 2.1 of §2.3.1.1 gives the
results for piecewise quadratic interpolation (m=3, £;=0, {,=3, £&=1) using the
mesh (2.6) with g=3. The interpolation error was calculated at 5 equally spaced

points in each [;, i=1,...,n—1. We let
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ep= max|(I-P,)v(x)|,

taken over these points. The results indicate that e,=0(1/n3), as predicted by

Theorem 2.4

We now consider functions veC;,[e“"‘] for 0<pB<1i. Recall that if
veC;,[e“"‘] for 0<B<1, then v "behaves like" x# as x—0 and v "behaves like"
e ™ as x—oo, Then, in view of the results of Rice [33] and Theorem 2.4, we
consider the interpolation error for functions veC ;,[e"*“ ], 0<B<1, using a compo-
site mesh, IT,, which consists of the points

q
, i=0,...,N, ' (2.14)

for some g; 21 and NeN, together with the points

{42 log

for some g,>0 and reN, where n<(r+1)N. Note that

rN _
rN—k] , k—l,...,rN}n (1,09] , (2.15)

n=0(N) , N=0(n). | (2.16)

The points in (2.14) where used by Rice to approximate xB for p>0, on [0,1],
using spline approximation techniques, and he proves optimal convergence results
using these points. The parameter r, which is included in (2.15), allows that part
of I, which lies in (1,o0] to contain more mesh points than are in [0,1] if r is

chosen to be greater than 1.

Note that for i=1,...,N, the Mean Value Theorem and (2.16) give

i 0 i-1 Q 1 Q-1 1
= |— - — < —_ = —
h; N N <q N o .17

n
Also, by observing that the set in (2.15) contains rN—-k; points with

N

ko = kg(N) and 0 <ky <N, it follows that n = (r+1)N-k,. Then for
i=N+1,...,(r+1)N=ky—1 (=n—-1), we have
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h=q, 1 (r+1)N-ko—i+1 1 2.18
= o <q . .
t 2 708 (r+1)N—ky—i 2 (r+1)N—ky—i ( )

The following proposition is required to obtain convergence results for func-

tions veC},[e""‘], 0<p<1.

Proposition 2.5
Let veCé[e'/‘“], 0<B<1, 0<j<l and let 11, consist of the points defined in (2.14)

and (2.15). For any j<t, 2<i<n—1 we have
i 1 -
R (D) || o< C:;"Vie “Nip s

provided q, 2t B and g2t/ u .

Proof

For convenience we set ||v]|=[v:e™*||; 5. Let 0<B<1 and first let 2<i<N. If
Jj=0 the result follows trivially from (2.17). So suppose j21, then using (2.14) we

have

. @ (B-j)
IDivyl-s ot ol < C [—,'Vl—] Il 219

Then from (2.17) and (2.19) we get the estimate

mE| (D)l < C hixBH V]| (2.20)
(. Y (q—-1D)+q:1(B-j)

1 i
SC— |— v
N [

[ Y (t=j)+q B
=C— |= vl
J

1
<C-7 Ivll, (2.21)

where (2.21) follows since g; 2¢/ and 2.
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If N+1< i <(r+1)N—ky—1 (=n-1), then (2.15) shows that for all j=20

1 (DIv); ]l o< C exp(—px;_ )|V

Thus, from (2.18), (2.22) and (2.23), we get the estimate

(2.22)
N ~Hq2

¢ [(r+l)N—ko—i+1 ] v (2.23)

(2.24)

R (D7)l < C hf exp(=ux;_p) V]

r

1 rN

<C

(r+1)N—kg—i

¢ —Hq2
syyararey I AL

c (1 ) [+ DON=ko=i """ [(r+1)N—ky—i+1 J22 Iv]
Y N (r+ )N—kg—i Y
< C—|vl (2.25)
s c—- I, .

where (2.25) follows from our choice of ¢g,. Then from (2.21), (2.25) and (2.16)

the result follows. o

The next Theorem shows that if veC[,"[e‘*"‘] for 0<p<1, then optimal con-

vergence results can be achieved for the interpolation process using the mesh

defined by (2.14) and (2.15). Thus, we call this the exponential mesh.

Theorem 2.6

Let veCg'le ], 0<B<1 and let T1, be the exponential mesh, (2.14) and (2.15).

Then

1 -
|d=Povlas C=Cllvie ] p

provided q,2ml B and q,2m/ .

Proof

(2.1) and Proposition 2.5 (with t=j=m) show that for 2<i<n-1

1 -
lU=Payvil s C—lIv:e™ | m,p »
n

(2.26)
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by our choice of ¢; and g,.
Now note that when xe/; we have
@)=y = | [[Dvi(o)do |< Cllvlly p [o# do

<Chf Vlmp (2.27)
1 -
< C-;;—Ilv:e H s (2.28)

by (2.14), our choice of g; and (2.16). Thus we have
| U=P)vi | o= [|(T=P,)(v=v(O); || . < Cll(v=y(O)); ]| . (2.29)

1 -
< cn—muv:e N - (2.30)

Also, from (2.2) and (2.15) we have
”(I_Pn)vnlloo= "vn"eos C CXP(—#Xn-l) "v:e—’a"m,ﬂ

< C exp(-pugalog(rN))|[v:e™ ||,

1 -
< cn—muv:e | P (2.31)

where (2.31) follows from our choice of ¢, and (2.16). Then from (2.26), (2.30)
and (2.31) the result follows. o

Example 2

We consider v(x)= E,(x), the second exponential integral, where
Ey(x) = e™*— xE;(x), (2.32)
(recall that E; is the first exponential integral). By [1, (5.1.26), (5.1.12), (5.1.51)],
E,eCjle ] for all 0<p<1 and all [eN.
Table 2.2 of §2.3.1.1 gives the results for piecewise linear interpolation,
(m=2, £,=0, &,=1), on the exponential mesh, (2.14) and (2.15), with q,=2=q,
and r=1. The interpolation error was calculated at 5 equally spaced points in each

I;, i=1,...,n—1. We let
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ey= max | (I-P,)v(x)|

taken over these points. The results indicate that ey=0(1/n2), as predicted by
Theorem 2.6. In order to compute E,(x) for xeR*, NAG routine S13aaf was used

to calculate E; (x) for x>0, (at x=0, E;(x)=1, see for example [1]).
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2.3.1.1 NUMERICAL RESULTS

Example 1

v(x)=e™* - Piecewise quadratic interpolation.

n €, EOC
2 | 0.232x107!

2.876
4 | 0.316x1072

2.950
8 | 0.409x1073

2.976

16 | 0.520x107*
2.991
32 | 0.654x1073
2.994
64 | 0.821x107°

TABLE 2.1
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Example 2

v(x)=E,(x) - Piecewise linear interpolation.

N | n en EOC

2 4 | 0.793x107!
1.609

4 7 | 0.260x107!
1.840

8 | 13 | 0.726x1072
1.949

16 | 26 | 0.188x1072
1.973

32 | 52| 0.479x1073
1.985

64 | 104 | 0.121x1073

TABLE 2.2
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2.3.2 THE POLYNOMIAL CASE

The convergence analysis for functions veC [’,[x_“] is very technical and so,
in order to motivate the analysis, we will define a better behaved class of functions
and we will consider the convergence of the interpolation process for functions in

this class first.

Let /eN and let 4>0. For any v:R*—C define
|vix=#|’= max{ sup |x#*iDJv(x)], j=0,...,l} .
x€[1,00)

If ||v:ix™#|/’,<eo, then v has [ continuous derivatives on [l,e) and
Div(x)=0 (x~#7J) as x—eo, j=0,...,L.

Now for 0< </ set

[vix=#|" g= max{"""lﬁ s lvx=#), }

Definition
Let Cé[x"‘]' denote the space of all functions v:R*—C which have / continuous

derivatives on (0,e0) and for which [[v:x™#[|’; g<ee.

The convergence analysis for functions in Cé[x"‘]' is technically easier than
the convergence analysis for functions in Cé[x'*‘]. This is because if veCé[x‘”]’
then Div(x)=0(x"#77) as x—e, j=0,...,I, whereas, if veC,g[x"‘] then
Djv(x)=0(x"‘) as x—oo, j=0,...,I. Thus, the jth derivative of functions in
C ,ﬁ[x"‘]' decays faster than the jth derivative of functions in Clg[x‘”], for j=1.

We investigate the interpolation error for functions veC,é[x""]’ for 0<fB<1.
The analysis for 1<8</ could be dealt with by similar means. Again we are con-
sidering the worst possible case for 3. The mesh that we use is a composite mesh,

I1,,, which consists of the points

, i=0,...,N, (2.33)
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for some p; 21 and NeN, together with the points

N P2
’ k=1,..., N ’ 34
rN-k ’ (2.34)
for some p,>0 and reN, where n = (r+1)N. Note that in this case we also have

n=0(N) , N=0(n). (2.35)

Thus we are again using the Rice points in (2.33). The parameter r, which is in
(2.34), is used for the same reason as in the exponential mesh, (2.14) and (2.15),

(see discussion following (2.16)). Now for i= 1,...,N, the Mean Value Theorem

i P 1
7\,—] =0 [7{] (2.36)

For i=N+1,...,(r+1)N-1 (=n-1), the Mean Value Theorem gives

P2 P2
[ ol e o

and (2.35) show

(see (2.17)).

n—i n—i+1 n—i n—i+1

for some

rI.V << rN. .
n—i+1 n—i

Now note that for N<i<n—1 we have

Plnad PU 2.38)
n—i
and so if py<1
p2—1 p2-1
el [N P | (2.39)
n—i+1 n—i
and if p,21 we have
p2—1
¢l [—'Nl] . (2.40)
n—

Then, by substituting (2.39) or (2.40) in (2.37) and using (2.35), we obtain
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n<cCl - n—i er2=C 1 er
- | n—i+lJ n—i n—i+1 || n—i

[ P2
e _1.__] [LN., |
‘n—z n—i J

(241)

The following proposition is required to prove convergence results for func-

tions veC,’,[x”‘]', 0<p<1.

Proposition 2.7

Let veC},[x"“]’, 0<B<1, 0<j<! and let 1, consist of the points defined in (2.33)

and (2.34). For any 0<t-u<j<t, 2<i<n-1

. 1 _ ,
A D)l C-flvex™ 1 p

provided p, 21/ B and p,2t/(u—(t—j)).

Proof

For convenience we set [[v||"=|lv:x~#||; 5. Let 0<f<1 and first let 2<i<N. Then

we have

. 1 ,
MI@IY s LI

(The proof of (2.42) is analogous to that of (2.21) in Proposition 2.5).

For i=N+1,...,(r+1)N-1 (=n-1), (2.34) and (2.38) show

lDv)ill.s C x4Vl

—p2(p+j)
rN
<C !
[n—i+1 ] v
-p2(u+j)
rN ,
<C [—] vl
n—i
Then using (2.41), (2.43) and (2.44) we have
R (D)l oS C hf XA |VIl
t pat pap+j)
1 rN n—i ’
<C
n—i] [n—i] rN ] v

(2.42)

(2.43).

(2.44)

(2.45)
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1 4 n—i pa(pu+j-)-t
< L n=t ’
<C rN rN Ivi

1 ’
< CF”VH . (2.46)

by our choice of p,. Hence, the result follows from (2.42), (2.46) and (2.35).o

The following Theorem shows that if veCﬁ"[x"‘]’, 0<pB<1, then optimal
convergence for the interpolation process can be achieved using the mesh defined
by the points in (2.33) and (2.34) with p; and p, appropriately chosen. Thus, we

call this the polynomial mesh.

Theorem 2.8
Let veCg'[x™#)’, 0<B<1, and let 11, be the polynomial mesh, (2.33) and (2.34).
Then

1 —uns
|d=Pvllas C—lvix™ g -

provided p;2m/ 8 and p,2ml p.
Proof
(2.1) and Proposition 2.7 (with t=j=m) show that for all 2<i<n-—-1

1 _
" (I_Pn)vi "oos Cn_ml|V:x #" m,pB > (2.47)

by our choice of p; and p,.

Now note that (2.29) and (2.27) still hold, and so from (2.29), (2.27) and
(2.33) we have

1 —u
|G=Pvillas C—lvix ] p (2.48)

by our choice of p; and (2.35). Also, from (2.2) and (2.34) we have

1I=Pvall = Vol € CxZylvix™ " p
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< CaN) 2 lvix# %, g
< C——[[vix |’ . (2.49)
n

by our choice of p, and (2.35). Then from (2.47), (2.48) and (2.49) the result fol-

lows. o

Example 3

We consider v(x) = 1/(1+Jc2)eC33 [x~2]’. Table 2.3 of §2.3.2.1 gives the results
for piecewise quadratic interpolation, (m=3, £;=0, & =14, &=1), on the
polynomial mesh, (2.33) and (2.34), with p;=1, p,=3/2 and r=1. The interpola-
tion error was calculated at 5 equally spaced points in each I;, i=1,...,n—1. We

let
ey= max|(I~P,)v(x)|

taken over all these points. The results indicate that that ey=0(1/n3), which is an

optimal result.

We now consider the interpolation error for functions veC,f[x‘*‘], 0<p<1,
using the polynomial mesh, (2.33) and (2.34). Thus again we are considering the
worst possible case for B. The analysis for 1<8<! could be carried out using
similar methods. The next proposition is required to prove convergence results for

functions veCé[x"‘], 0<pB<1.

Proposition 2.9

Let veCl[x““], 0<pB<1, 0<j<!, and let 11, be the polynomial mesh, (2.33) and
B

(2.34). For any j<t<pu, 2<i<n-1

, 1 _
il (D)l < C?Ilvtx “Nop -

provided p; 2t/ B and p, 2t/(u—t).
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Proof

For convenience we set ||v|]=[lvix™#]||; 5. Let 0<B<1 and first let 2<i<N. From

(2.42) and (2.35) we have

HIOW)ll.s S|
n

For N+1<i<(r+1)N-1 (=n-1), (2.34) and (2.38) show

I(DV);lls C x4 vl

[ —Hp2
rN
<
¢ n—i+1 ] vl

f —Hp2
rN
<C ——} vl .
n—i

-~

Then using (2.41), (2.51) and (2.52) we have

R (DIv);ll o< C RE x4 |V

f t tpy
;n—l n—i

1
<scL,
n

[ t , \p2(u—1)-t
—c| L] |r=t
‘rN] [rN]

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

by our choice of p, and (2.35). The result then follows from (2.50) and (2.54). o

The crucial feature here is (2.51) where the factor x;_/ appears, as opposed to

x,-'_’i‘j , which appears in (2.43) for functions in Cé[x“‘]’. This feature makes the

convergence analysis for functions in C;,.[x"‘] more difficult. This can be seen in

the next Theorem, which shows that if vecg‘ [x~#] for 0<fB<1, then optimal con-

vergence results can be achieved on the polynomial mesh, (2.33) and (2.34), pro-

vided m<y, that is provided the decay of v(x) is fast enough as x—o.
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Theorem 2.10

Let veCg'[x™#], 0<B<1, and let T1, be the polynomial mesh, (2.33) and (2.34). If
m<u then

1 -
=Pyl s Cmlvir™mp -

provided p,2m/ 8 and py2ml/(p1—m).
Proof

(2.1) and Proposition 2.9 (with t=j=m<u) show that for all 2<i<n-1

1 -
II-Pp)vi| < CF"V:X “Nm » (2.55)

by our choice of p; and p,.

Now (2.29) and (2.27) still hold, and so using (2.29), (2.27) and (2.33) we
have

1 -
lU=Powilles C—lvix™ g
n

(2.56)
by our choice of p; and (2.35). Also, from (2.2) and (2.34) we have
NI=Pp)vpll= Valle < Cxtyl|v:x™ ]| g
S CONY *2|vix#| .5 (2.57)
< C-nl—mllv:x"‘ lms (2.58)

by our choice of p, and (2.35), since

m m
2 >— .
P2 u-m_ g

Then from (2.55), (2.56) and (2.58) the result follows. o
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2.3.2.1 NUMERICAL RESULTS
Example 3

v(x)=1/(1+x2) - Piecewise quadratic interpolation.

N n €N EOC

4 8 | 0.845x1072
2.852

8| 16 | 0.117x1072
2.944

16 | 32 | 0.152x1073
2.970

32 | 64 | 0.194x107%
2.985

64 | 128 | 0.245x1073
2.992

128 | 256 | 0.308x107°

3
256 | 512 | 0.385x1077

TABLE 2.3
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2.4 CONVERGENCE ANALYSIS FOR THE QUADRATURE RULE

In this section we investigate the convergence of the quadrature rule (1.24)
for functions v which lie in the spaces C;,[e‘l‘“‘], Cé[x"‘]’ and Cé[x‘“], for
0<pB<1. Thus again we are treating the worst singularities in v(x) as x—0. The
convergence analysis for 1<8</ can be treated in a similar manner. We; use the

meshes defined in §2.3.

Recall that R is the order of the quadrature rule (1.21), with points
¢, &, €,. For the Trapezoidal rule, m=2, & =0, £&=1 and R=2. For

Simpson’s rule, m=3, &,=0, & =1, £&3=1 and R=4.

For veCNL1, let

x

oo - n-1 T n-1
Ivzjov s Iv=_[0 v, I,,v=‘[0 P,v.
Observe that using the triangle inequality we have
| q-Lyv | < | d=-Dyv | + | d-Tyv |. (2.59)

Thus, the error in approximating Iv by Z,v can be bounded by the sum of two
errors. One is the truncation error in approximating /v by Iv, and the other is the

quadrature error.

Now using (2.3) we have for any k=0,...,n=2

X,_ n—1 n-1
| [T a-PavI<C E AfI@Rv)lli=C T af[, IDRV] . (2.60)

i=k+1 i=k+1
Also, we can bound the truncation error by
| a-Iy | < C[” |v]. (2.61)
Xn-1

In the subsequent analysis we will use the above estimates extensively together

with the following identity,

i=2 i=N+1

n-1 N n—-1
Ezh,ﬂLJDRvI: [z+ ) ]hiRLJDRVI- 262



2.4.1 THE EXPONENTIAL CASE.

In order to motivate the convergence analysis for functions veC},[e“‘x],
0<p<1, we first investigate the convergence of the quadrature rule for functions
veC };[e“”‘]. The convergence analysis for this class of functions is technically

easier. Recall that if veC ,‘? [e~#], then
llvie ™ llg:= max{ su]{)Ie*“va(x)l, j=0,...,R } <oo ,
xeR*

The next Theorem shows that if veC f[e““] then optimal convergence rates can
be achieved for the quadrature rule using the mesh (2.6) with g appropriately

chosen.

Theorem 2.11
Let veC,f[e"“"] and let I1,, be mesh (2.6). Then

- 1 _
a-Tovl < €L flvie s,
n

provided q>R/ 1.
Proof

First observe that using (2.61) and (2.6) we have
| a=Dyv | < C[~ |v(m)ldx
< Cf exp(—px)dx [[v:e=* |l
< Cexp(—ux,_lvie™|lg
< C—lvie ™I, 2.63)

by our choice of gq.

Now let O<e<yu be sufficiently small so that g2R/(u—g). Then using (2.60)

we have

| d=Lyv | =1 [ 4=Pv(x)ds |
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< c'fi:h{‘j‘,ilpkv(x)ldx
£
= Ctghfjlie-(#-e')xe(ﬂ—f:)x|DRv(x)|d_x
< CE hRe % |fusesl, [ o

i=1

| ] :
< Cﬁ—lllv:e g > (2.64)

where (2.64) follows by our choice of ¢, since for i=1,...,n—-1

1

hfexp(-(u-€)x;_y) < C—,
n

(by (2.10) with t=j=R and u replaced by (u—¢), and (2.11)). The result then fol-
lows from (2.63), (2.64) and (2.59). o

Example 4

We consider v(x)=e'xzeC Il[e°x], for all /eN. It is known analytically that

Io” e~ dx = \]2—”

v(x) is proportional to the probability density function of a normal random vari-

able with mean zero and variance one half,

We use the mesh (2.6) and we let
e,= |Nn/2 - Iv|

Table 2.4 of §2.4.1.1 gives the results for Simpson’s rule with g=4. The results

indicate that e,=0(1/n*), as predicted by Theorem 2.11.

Example 5§
The integral

I, := -} jx“’El(t)dt (2.65)

is the right hand side of the reformulation of the integral equation which arises in
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Example 1 §1.1, when B(x)=1 and &=}, and must be calculated for many xeR*

(see Chapter 5 §5.2.2). By [1, (5.1.51), (5.1.11)]
E{(t) = 0(e™*) ast—ooo,
and

oo (_1v\kek
Ey(t) = -logt — vy — 2(1#

<z, 2.
2 ra |arg ¢| <7 (2.66)

where ¥ is the Euler constant. Then, since E;(¢) has a logarithmic singularity at
t=0, we cannot use a quadrature rule which uses £;=0 to approximate I, when
x=0. However, note that for small values of the argument, ¢, E;(¢) can be approx-
imated to a high degree of accuracy by truncating the infinite series in (2.66) to a
reasonably small value of k. To see this, if we approximate the alternating infinite
series in (2.66) by replacing k= with k=10, then the error in such an approxima-

tion is bounded by

Itlll

11.11!°

Hence we find uniformly accurate answers for (2.65) for many xeR* as follows:
For any mesh II,, let r=min{ i: 1<i<n-1, x; 21 ). Then, for general x, if

0<x<x,, we use the approximation

By = 4B 47 Py = 4, 0, @67

where E{ is the approximation to E; with the infinite series in (2.66) truncated at
k=10. Then the first integral on the right hand side of (2.67) may be evaluated
analytically.

If x, <x<x;<x,_,, we use the approximation
r i n—1

oo x; ~i Xu1 . 1_
_}L EW = "%L P, E, - i-[x,- P, Ey =1, 1 E, (2.68)

where ﬁ,’; E, is the polynomial of order m which interpolates E; at the points

x+&;(x;—x), j=1,...m.
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In this particular experiment, we use the mesh (2.6) to compute (2.65) for x at
the quadrature points, (NAG routine S13aaf was used to calculate E;(x) for x>0).
Now by [1, (5.1.26)], (2.65) actually defines }E,(x), where E, is the second
exponential integral, (see (2.32)). Table 2.5 of §2.4.1.1 gives the results for the
Trapezoidal rule with g=2. We let

€n= maxl%E2(x) - %I_n,xEll

taken over all quadrature points. The results show that e,=0(1/n2) which indi-
cates that the quadrature rule, (2.67) and (2.68), is performing optimally, uniformly
over all quadrature points x.

(To compute E,(x) for x in R*, (2.32) was used. NAG routine S13aaf was
used to calculate E; (x) for x>0, (at x=0, E,(x)=1, see [1])).

We now consider functions veC,f[e"“"], 0<pB<1. The next Theorem shows
that if vecg[e""‘], 0<B<1, then optimal results can be achieved for the quadra-
ture rule using the exponential mesh, (2.14) and (2.15), with ¢; and g, appropri-

ately chosen.

Theorem 2.12
Let veCf[e""‘], 0<pB<1, and let 11, be the exponential mesh, (2.14) and (2.15).

Then

= 1 -
|(I-I)v] < Cn—R"V:e “Ng.p

provided q; 2R/ and q,>R/ 1.
Proof

First observe that

1 -
| [, d=Pa)v | < ChyIv < C—nTIIv:e “lr.p > (2.69)

by (2.14), our choice of g; and (2.16). Also, using (2.61) and (2.15) we have
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| -THv | < CJ::_l [v(x)]dx < C_L:cxp(—p_x) dx |[v:ie™"| g g
< Cexp(—ux,_plv:ie | p s
< C—[vie#| 2.70)
T TR R,B > )

where (2.70) follows by our choice of g, and (2.16).

We now give a bound for (2.62). For the first term on the right hand side of

(2.62) we have

N N
ZhiRLJDRv(x)Idx = Eh{eL.xﬂ'RxR"”DRV(x)Idx
i=2 =2

N
< CY hRxPR "V"R.ﬁL.dx
i=2 '

1
< Cn_R”v”R-ﬂ , .71)
where (2.71) follows by (2.14), our choice of ¢; and (2.16), since for i=2,...,N
R.B-R< oL
h,' x‘_l <C R’
n
(by (2.20) with t=j=R, and (2.21)), and since

N
Sfax<1.
=2

Now we deal with the second term on the right hand side of (2.62). Let O<e<u

be sufficiently small so that ¢;>R/(u—~€). Then we have

n—-1 n-1
S hE[ IDRv(nldx = % hfR [ eWexekax | DRy (x)| ax
N+1 7 i=N+1 "

n—-1
SC Y hRe ™oy emmx| Ilie'“dx
i=N+1 '

1
L gy
< CnR [[v:ie=# |5 . (2.72)

where (2.72) follows by (2.15), our choice of g, and (2.16), since for

i=N+1,...,n—-1
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hiRe—(#—-‘J)xi-x < CnLR ,

(by (2.24) with u replaced by (u—¢) and t=j=R, and (2.25)).

Then from (2.60), (2.62), (2.71) and (2.72) we have

Xn_ n—1 1 . ~
| Ll "I-P,)v | < cig‘éhﬂhlbkvl < cn—Ruv:e N r.p - (2.73)

Then (2.69) and (2.73) show that the quadrature error is bounded by
| =Ty | < C—|lv:e|
n = n R . R.B»

and the result then follows from (2.70) and (2.59). o

In the next example, we consider the convergence of the interpolation pro-
cess, (1.20), for a function veCf} [x~11’, which is defined by an integral for which
the integrand decays exponentially. This composite process is thus a severe test

for Theorem 2.8 and Theorem 2.12.

Example 6

We consider the function
v(x) = Kp(x) = 2["p(s)Ey(xp(s))ds , 2.74)
where
:p(s)=e“2/\lft.
By [8], K,€CAlx~!]’ for all 0<f<1. Also, E;(x)eCgle ] for all 0<f<1 and
all /eN. (see Example 2 §2.3.1)

For xeR*, we first approximate K,(x) by attacking the integral (2.74) using a
high order Simpson’s rule on the exponential mesh, (2.14) and (2.15), with
q1=4=q,, N=N,=128, r=2 and n=n;=327, (that is we fix N; and hence ny).
We call this high order approximation K,. We then interpolate K,(x) using piece-

wise linear interpolation (m=2, &,=0, &=1), on the polynomial mesh, (2.33) and
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(2.34), with p; =2=p, and r=1. The interpolation error was calculated at 5 equally
spaced points in each /;, i=1,...,n—1, and we let
ey= max|(I-P,)Ky(x)|

taken over all these points. Table 2.6 of §2.4.1.1 gives the results which indicate

that ey = O(1/n?), which is an optimal result.
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2.4.1.1 NUMERICAL RESULTS

Example 4

J'O“e“zdx - Simpson’s rule.

n e, EOC

8 | 0.585x107%
3.563

16 | 0.495x1073
3.924

32 | 0.326x107¢
3.984

64 | 0.206x1077
3.997

128 | 0.129x1078
3.999

256 | 0.807x1071°

TABLE 24
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Example §

—%I:El(t)dt - Trapezoidal rule

n e, EOC
4 | 0.138x107!
0.756
8 | 0.817x1072
1.635

16 | 0.263x1072

1.755
32 | 0.779x1073

1.831
64 | 0.219x1073

1.887
128 | 0.592x107*

1.924
256 | 0.156x107*

1.931

512 | 0.409x1073

TABLE 2.5
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Example 6

v(x)=K,(x) - Piecewise linear interpolation.

N n ey EOC

2 4 | 0.708x107!
1.150

4 8 | 0.319x107!
1.772

4 8 | 0.934x1072
1.972

8 | 16 | 0.238x1072
1.986

16 | 32 | 0.601x1073
2.002

64 | 128 | 0.150x1073
1.996

128 | 256 | 0.376x107*

TABLE 2.6
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2.4.2 THE POLYNOMIAL CASE

We first consider the quadrature error for functions veC;[x‘”]’, 0<p<l1.
By dealing with 0<fB<1 we deal with the worst singularity in v(x) as x—0. The
next Theorem shows that if veC},a [x~#]’, 0<B<1, u>1, then optimal convergence
results can be achieved for the quadrature rule using the polynomial mesh, (2.33)

and (2.34), with p; and p, appropriately chosen.

Theorem 2.13
Let veC;[x"‘]’, 0<p<1, u>1 and let 11, be the polynomial mesh, (2.33) and
(2.34). Then

— 1 _ ,
|G=Tvl s C—lvix 1,5

provided p, 2R/ B and p;>R/(u-1).
Proof

First observe that
1 —uy
| [, U=P)v(x)dx | < Chy vyl < C—llvix™ s . (2.75)
1 n
by (2.33), choice of p; and (2.35). Also, using (2.61) we have
| d-Dyv@) | <C[” |v(n)ldx < Cf7 x#dx [lvix~#||'g 5
S CxA lvax g p
—-u+1 - ’
= CN Y * Vlvix#'p
N e 2.76)
> nR . R,ﬂ N .

by (2.34), choice of p, and (2.35).

Now we bound (2.62). For the first term on the right hand side of (2.62) we

have

N 1
SR, 1DRv(x)dx < c—rFuvllR.ﬂ : 2.77)
i=2 !
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(The proof of (2.77) follows analogously to the proof of (2.71) in Theorem 2.12)).

Now we bound the second term on the right hand side of (2.62). Let

O<e<u—1 be sufficiently small so that p,2R/(u—1-¢). Then we have

n-1 n-1
> R [ IDRv()ldx = 3 mR{ xma-RelrexutR-1-¢| DRy (x)| ax

i=N+1 i=N+1
n-1 R R
<C Y hRx 1Ry k| % _fI.x‘l‘de
i=N+1 !
< C—|vix#|g (2.78)
n

where the last inequality follows by (2.34), our choice of p, and (2.35), since for

i=N+1,...,n-1

hRxZ(p-1-8-Rg CLR ,

(by (2.45) with u replaced by (u—1-¢) and j=t=R, and (2.46)). Then (2.60),
(2.62), (2.77) and (2.78) show that

X1 n—1 R R 1 compll”
| [ a-Pv | < cl_zzzh,- [,1D*v =< Cn—Rllv.x “Nrp- 279
Thus, (2.75) and (2.79) show that the quadrature error is bounded by
| (=L | < C— v’
n nR * R,B >
and the result then follows from (2.76) and (2.59). o

Example 7

We take v(x)=(1+x2)"1eCd[x~2]’. It is known analytically that

~ 1 T
'fo 1+x2dx_ 2’

and so we let

2
I}
(SR
|
::"
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We use the polynomial mesh, (2.33) and (2.34). Table 2.7 of §2.4.2.1 gives the
results for Simpson’s rule with p;=1, p;=4 and r=1. The results indicate that
ey=0(1/n*), which is an optimal result.

In the next example we approximate the integral of a function which decays
polynomially at ee. This function is itself defined by an integral in which the

integrand decays exponentially at oo,

Example 8
Let K; be as in (1.6) with ¢ given by (1.7a). Then the integral

L:=-} L”Kl(t)dt (2.80)
is the right hand side of the reformulation of the integral equation which arises in
Txample 2 §1.1, when Doppler broadening is dominant, with B(x)=1 and e=1.
(2.80) must be calculated for many xeR* (see Chapter 5 §5.3.2) and it is impor-
tant to find uniformly accurate answers for (2.80) for many values of xeR*.

Observe that with ¢ given by (1.7a) we have
Ky(1) = 37 9*($)Er(1p(s)ds = [ "92(s)Ey (09(5))ds (2.81)
Now for each teR™*, the integrand in (2.81) decays exponentially at oo,
By [8, 1.23, 1.14],
K (t)= O(172) as t—oo,
and

1

(-2 — k
Ky(t) = or [% -y - log [%z] (-1x)

- JZkgm] , 20, (2.82)

where again y is the Euler constant. Thus, K;(¢) has a logarithmic singularity at
t=0, and decays polynomially at e, and so in this experiment we use the
polynomial mesh, (2.33) and (2.34), and compute (2.80) for x at the quadrature

points, using the same method as in Example 5.
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Thus, for t>0 we first approximate K; by- attacking the integral in (2.81),
using a high order Simpson’s rule on the mesh (2.6) with g=4 and n=n;=512,
and we call this high order approximation K, (that is we are fixing n;). Then for

0<x<1 we use the approximation

oo l * X._‘ ~ —
-%'L Kl = _£.L Kl - &J‘l anKl = yn,xKl ’ (2.83)
where K{ is given by (2.82) with the alternating infinite series truncated to k=10.

The error in such an approximation is bounded by

1 ltlll
2Nz 11110 NI3z 1

The first integral on the right hand side of (2.83) is then calculated analytically.

For x,,_; 2x;2x21 we use the approximation

o Xinar ~ X, " -
—%-‘-X Kl = -5-'; P"‘Kl - %J‘x‘. anKl = yn,xKl ’ (284)

where P:K, is the polynomial of order m which interpolates K; at the points

x+8i(x;—x), j=1,....,m. Now by [8, (1.8)] we know that
~3[7K (1)dr = 3K, (x)
where K, is given by (2.74). Thus, we let
ey=max|3&y(x) - i, K, | ,

taken over all quadrature points x, where K, is the high order approximation to K,
determined as in in Example 6. Table 2.8 of §2.4.2.1 gives the results for
Simpson’s rule with p;=1, p,=4 and r=1. The results show that ey=0(1/n*),
which indicates that the quadrature rule, (2.83) and (2.84), is performing optimally,
uniformly over all quadrature points x. These are excellent results considering the

complexity of the task at hand.

We now consider functions veC;[x"‘], 0<pB<1, u>1. The next Theorem

shows that if veCfgQ [x~#], 0<B<1, p>1, then optimal convergence rates for the
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quadrature rule can be achieved on the polynomial mesh, (2.33) and (2.34), with p,
and p, appropriately chosen, provided R<u-1, that is provided the decay of v(x)

as x— oo is fast enough.

Theorem 2.14
Let veC};[x"‘], 0<pB<1, u>1 and let 11, be the polynomial mesh, (2.33) and
(2.34). If R<u—1 then

—_ 1 _
|(-L)v| < Cn—R"V!X “lr.p >

provided p, 2R/ and p,>R/(u—1-R).
Proof

First observe that
1 _
| [, 0=Puv | < Chylvillas C—pllvir™llg,p (2.85)

by (2.33), our choice of p; and (2.35).
Also, using (2.61) and (2.34) we have
| I-Dv(x) | < ij".“_l [v(x)|dx < C jxt_lx‘”dx lvix=#l g 5
< Cx#ftvix# Py

= C(NY* T VYvix# g 5
1 -
< C?;-Ilv:x “lr.p » (2.86)

by (2.34), our choice of p, and (2.35), since

R R
> .
u—-1-R  pu-1

Dp2>

We now bound (2.62). Using (2.77), we have for the first term on the right hand
side of (2.62)

d 1
Sh [, IDRv(n)ldx < C;;IIVIIM : (2.87)
=2



-59 -
Now let O<e<u—1-R be sufficiently small so that p, 2R/(z—1-£-R). Then

n-1 n-1
X W[ IDPv@)ldr = 3 bE [ xmeritek o DRy () dx
i=N+1 " i=N+1 "

n-1
<SC Y A1 vix || g [ x1~0dx
i=N+1 g

S C—flvix#| g (2.88)
n

where (2.88) follows by (2.34), our choice of p, and (2.35), since for

i=N+1,...,n-1
Rxp19 < cL
[ Bt nR ’

(by (2.53) with u replaced by (u—1-¢) and t=j=R<u-1-¢, and (2.54)). Then
(2.60), (2.62), (2.87) and (2.88) show that

X, el 1 -
| Ll ‘U-Ppv | < C%h,ﬂjlil DRv | < C—n—R—IIv:x “lpp. (289
=
Thus, (2.85) and (2.89) show that the quadrature error is bounded by
- = 1 _—
| d-1) | < CFIIv.x lz.5

and the result then follows from (2.86) and (2.59). o
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2.4.2.1 NUMERICAL RESULTS

Example 7
f: 1 5 dx - Simpson’s rule.
14+x

N n eN EoC
4 8 | 0.184x107?

3.716
8 | 16 | 0.140x1072

3.819
16 | 32 | 0.992x107%

3.884
32 | 64 | 0.672x1073

3.923
64 | 128 | 0.443x1076

3.948
128 | 256 | 0.287x1077

TABLE 2.7
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Example 8

—5I:K1(t)dt, xeR* - Simpson’s rule

N n e, EOC
4 8 | 0.567x10°

2.538

8 | 16 | 0.976x107!
3.795

16 | 32 | 0.703x1072
3.854

32 | 64 | 0.486x1073
3.916

64 | 128 | 0.322x107*
3.952

128 | 256 | 0.208x1073

TABLE 2.8



.62 -

CHAPTER 3
REGULARITY ANALYSIS

3.1 INTRODUCTION

In this Chapter we present regularity results for the solution, u, of (1.1) under
certain assumptions on x and f. These assumptions allow x to have a logarithmic
singularity at the origin, and decay either exponentially or polynomially at infinity.
We show that the behaviour of u is inherited from x and f, and we determine this
behaviour explicitly. Related results for a simpler class of weakly singular integral
equations are found in [35], [10], [36] and [20]. In Chapter 4 a complete error
analysis is given for the Nystrom-Product Integration method, which uses the
results of this Chapter, and takes into account singularities contained in the kernel

and the solution.
We shall make the following assumptions on x.
AL [ lxl <1

A2. For all [eN,, some p>0 and all §>0

e’ | Dlx(x)|dx < oo
R\[-5,5]

or

A2’. For all /eNg, some p’>1 and all §>0

A+]x| P D e (x)|dx < o
R\ [-4,8]

A3. (1.10) and (1.11) hold with a a polynomial and c infinitely continuously

differentiable on R*.

Remarks

1. Al implies that X is bounded on C with || K] .. = jR|x| < 1, and that, if ueC,

lim Ku(x) = ([ x(x)dx) u(=) = RO)u(=),

X—o0
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where & denotes the Fourier transform of x. These well-known facts are proved in
[29] (see also [19]). Thus if feC, (1.1) has a unique solution ueC, and letting
x—e0 in (1.1) yields u(ee) = f(eo)/(1-K(0)). Setting & = u—u(es), we may then
rearrange (1.1) as 7 — Ki¥ = F, another equation of the form (1.1), where

F(x) = f(x) = (1 =K1(x))f(==)/(1 —£(0)).

Then #@(e0) = 0 = F(e0), so there is no loss of generality in assuming
U(ee) = 0 = f(e°) from the outset in (1.1).

2. A2 implies that for all /eN,, D'x(x) = o(e ?1*l) as x—+e0, and A2’ implies
that for all [eNy, D'k (x) = o(|x|™?") as x> +eo.

3. A3 implies nothing about the behaviour of c(t) as t—oo. Note that we expect
the regularity rc ' of this chapter to hold with "a a polynomial” replaced with "a
smooth on R" in A3. However we provide technical details for the former case

only.

3.2 REGULARITY ANALYSIS

Consider (i.l) and let « satisfy A1, A2 and A3. If feC and e f(x)eC for

some x>0, then multiplying (1.1) through by e#**, and rearranging slightly yields
u, — Ku, = f,, (3.1)
where
u,(x) = e u(x), fu(x) =e”f(x)
and
Ky, (x) = [ e Ce(x-n)u, (D) .
Then (3.1) will have a unique solution, u,€C, if || K, || .<1. Now note that
1K, . = [ Ix()ldx _ (32)

and so if we let u€[0,p), and choose € so that 0<u+e£<p, then Al and A2 show

that for neN,
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Ko (x) 1= e WX | e (x)] < e | (x)| € LIR) . (3.3)
Also we have
K, (x) = e*|x(x)| as n—oo . (3.4
Then by (3.3), (3.4) and the Dominated Convergence Theorem [2] we have
jRe(““/")"Ilc(x)ldx = J'Rlcn(x)dx - fRe”x]K(x)ldx as n—oo ,
which shows that the function
IRe’”‘ | (x)| dx

is a continuous function of ue€[0,p). Hence by Al, the Intermediate Value
Theorem and (3.2), [|K,, || .<1 for all 4 sufficiently close to zero.

Now return to (1.1) and let x satisfy Al, A2’ and A3. If feC and
(1+x)“'f(x)eC for some u’>0, then multiplying (1.1) through by (1+x)*" and

rearranging slightly yields

e — Kyt = fr (3.5)
where
e (x) = (L+x¥u(x), f(x) = A+x¥ f(x) ,
and
Kywy(x) = [ (4+x¥ c(x=)(1+8)# u, (1)t .

Then (3.5) will have a unique solution, u#:eC, if IIK#:||N<1 . Now note that,

using the inequality
(1+x) < (1+]|x=t])(1+1) , x,teR* (3.6)
(see for example [38]) we have

"Ky'

|< sup Joo WHlx=t]¥ [ Ge=n)ldr < [ A+ [x@)]dx,  (B.7)

and so if we let x’€[0,p’—1), and choose £ so that 0<u’+e<p’—1, then Al and

A2’ show that for n’eN,
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K (x) 1= (L[| P4 ()| < Q+[x] P x(x)| e L'R) . (3.8)

Also we have
K (x) = (+|x] Y | x(x)| as n'—oo . (3.9)
Then by (3.8), (3.9) and the Dominated Convergence Theorem [2] we have
[ ()l dx = [p e (ddx = [ Qx| el dx as ' e
which shows that the function
[o@+xD e (0] ax

is a continuous function of u’€[0,p’-1). Hence by Al, the Intermediate Value

Theorem and (3.7), [ K- || . <1 for all 4" sufficiently close to zero.

Thus we have the following Lemma.

Lemma 3.1

() If x satisfies Al, A2, A3, then there exists 0<u<p such that, if feC with
e?* f(x)eC, the solution, u, of (1.1) also satisfies e’ u(x)eC.

(i) If x satisfies A1, A2’, A3, then there exists O<u’<p’—1 such that, if feC
with (l+x)‘"f(x)eC, the solution, u, of (1.1) also satisfies (1+x}* u(x)eC.

For results related to Lemma 3.1(ii) see [38].

In general, u and £’ in Lemma 3.1 will not be known analytically and will
have to be approximated numerically. However note that (3.2) is |«[(ix), where
| x| denotes the Fourier transform of |x|. If this transform is known, x in Lemma
3.1(i)) may be computed by finding the smallest positive solution, g*, of the non-
linear equation |x[(ix)=1, and then choosing p<u*.

Although Lemma 3.1 gives information about the behaviour of u(x) as x— e,
it tells us nothing about u(x) as x—0, or about the derivatives of u. The next

Lemma will enable us to determine such information.
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Lemma 3.2

Let x satisfy Al. If feC and DfeL’, then the solution, u, of (1.1) is in C,

DueL! and
(I - K)Du - u(Q)x) = Df + u(0)Kx .

Proof

(3.10)

That ueC follows from the discussion following the assumptions on x. Now write

(1.1) as

u(x) - :%{— jj;‘x(s)ds} u(r)de = f(x),

and integrate (formally) by parts to obtain

u(x) = [ [ k(s)ds Du(tydr = u©f x(s)ds = f(x).

Differentiating (3.11) with respect to x yields
Du — K Du — u(0)x = Df,

and evaluating (3.11) at x=0 yields

u(© - [~ [ k(s)ds Dunydt - w(©) [°_ x(s)ds = f(0).

Now for yeC and suitable functions v define
L [(v,rf] = (Kv,0)

H [(v,yf] = (yx, h(v) + DO)y)'
where
®(x) = [*_x(c)do and h(v) = jo“é(—o)v(a)do.
Then (3.12) and (3.13) may be written as

(I -L-H)®y) =Df.fO) ,

(3.11)

(3.12)

(3.13)

(3.14)

with v=Du, y=u(0). Now consider (3.14) in the space B:=L!xC, Note that B

becomes a Banach space when equipped with the norm
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I llp = maX{IIVIII,l}'I}-

If (v,y)TeB solves (3.14), then by reversing the process used to derive (3.14), it

follows that

u(x) =y + [ v (3.15)
is the unique solution of (1.1). We shall now show that (3.14) has a unique solu-
tion (v,y) eC.

First we note that if (v,y)TeB solves the homogeneous version of (3.14), then
by reversing the process used to obtain (3.14), it follows that (3.15) is identically
zero (since (1.1) has a unique solution ueC), which shows (v,y)T = O0eB. Thus
(I — L — H) is one-one on B. Also H is compact on B. To see this, let B; and
Lll be the unit balls in B and L! respectively. Now from the definition of H we

have
Hv,y) = (0,h(1) +y(x,@0) ,
which implies
H(B,) < {0}xh(L{) + <(x,D0))'> ,

where <(x,<I>(O))T> denotes the span of (zr,<I>(0))T in B. It then follows that

H@®B); c {0}xh(L}) + <(x,D(0)> , (3.16)

where the bar denotes closure. Now £ is of finite rank on L! and hence 4 is com-
pact on L!, and so the set on the right hand side of (3.16) is compact. Thus Iﬁl
is compact which implies H is compact. Also, by Al, it follows that L is a con-
traction on B. Hence, by the Fredholm Alternative, (3.14) has a unique solution

(v,y)TeB, and (3.15) describes the unique solution of (1.1) in terms of (v,y)TeB.

To complete the proof note that by (3.14) and (3.15), Du = ve L! and
1(0)=yeC satisfies (3.12). Rearranging (3.12) slightly yields (3.10) and the result

i; proved. o
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Now assume that the conditions of Lemma 3.2 hold, and consider (3.10),1
which is an equation of the form (1.1) for Du—u(0)x. Let x also satisfy A2 or A2’
and A3. If we know that KxeC, then by Al it would follow that
(Du — u(0)x)eC provided DfeC, and hence from A3, Du would have a loga-
rithmic singularity at x=0. Further, if we know that Kx(x) decays either exponen-
tially or polynomially as x— oo, then, in view of Lemma 3.1, provided Df(x) is
suitably behaved as x—eo, we could determine the behaviour of
(Du(x) — u(0)x(x)) as x—eo, and hence by A2 or A2’ we would know the

behaviour of Du(x) as x—e.

In Theorem 3.5 below, the process sketched above will be made rigorous and
generalised to obtain information about the behaviour of higher derivatives of u.
However, the proof of Theorem 3.5 requires certain very technical results about x
and its image under various operators. These technical results are given in the next

Lemma and its corollary.

Notation

In the subsequent analysis we will need the following important notational
devices. ,
1. If J is an interval of R* and /€Ny, then C ’(J ) will denote the space of func-
tions on R* which have / continuous derivatives on J. Also, C~(J) will denote
the space of functions on R* which are infinitely continuously differentiable on J.
2. For any leN; and 6>0, ¢; 5 will denote a generic C 1[0,6] function. That is, in
each case ¢; s€C ’[0,5] but @; 5 may be allowed to vary from instance to instance.
3. {fi+fa+...+f,) will denote a linear combination of the functions
f1s f25--., and f,. The coefficients of the linear combination will be unknown,
but their values will be immaterial to the argument.

4. D will denote differentiation.
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Lemma 3.3

Part A

If x satisfies A1, A2, A3, then for all 5>0 and all i,k,leNy,

() (DK )'xeC™(0,0)

(b) (DK ) x(x) = {[(logr)*! +(logx)' +...+logx][1+x+...+x']}+9; 5(x), x€[0,5]
() |e**D¥DK Yk (x)] = 0 as x— oo for all uel0,p).

Part B

If x satisfies A1, A2’, A3, then for all >0 and all i,k,leN,, (a) and (b) hold
together with

(c’) |x* D¥DK Y k(x)| = 0 as x—ee for all p’€[0,p").

Proof

Part A. Let i,k,leNy, 6>0 and let x satisfy Al, A2 and A3. Note that for i=0,
(a), (b) and (c) follow trivially from the assumptions A2 and A3. The proof for
i%0 uses induction on i. We first show that y(x) defined to be y(x)=x(x) for all
xeR* satisfies the assumptions Y1, Y2 and Y3 of Lemma A1, Appendix A.. By
A3, y satisfies Y1 and Y2 (with p=1), and by A2, y satisfies Y3. Then, Lemma
Al(i) and (ii) show that (a) and (b) are true for i=1, and Lemma Al(iii) (with &
replaced by k+1) shows that (¢) is true for i=1. So let us assume that (a), (b) and
(c) are true for i=meN. Then by (a), (b) and (c), y defined to be
v(x)=(DK)"x(x) for all xeR* satisfies the assumptions Y1, Y2 (with p=m+1)
and Y3 of Lemma Al. Then, by Lemma A1(),

(DK)Y™lx = (DK)yeC™(0,), (3.17)
and by Lemma A1(ii),
(DK Y**'x(x) = DKy(x)
= ([Qogx)™2+(ogr)y™  +.. +logrl[1+x+...+x']} +9, 5(x), x€[0,5] .
(3.18)

Also, Lemma A1(iii) shows that for all z€[0,p)
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|e”D*¥(DK Y"1k (x)| = |e”D* 1Ky (x)| > 0 as x—eo . (3.19)

Then, by (3.17), (3.18) and (3.19), (a), (b) and (c) are true for i=m+1 and hence

for all ieNy, which proves the result.

Part B. Let i,k,leNy, §>0 and let x satisfy A1, A2’ and A3. Note that for i=0,
(a), (b) and (c”) follow trivially. from the assumptions A2’ and A3. The proof for
i$0 follows analogously to the proof of Part A by first showing that y(x) defined
to be w(x)=x(x) for all xeR" satisfies the assumptions Y1, Y2 and Y3’ of
Lemma Al, Appendix A. We omit the proof for the sake of brevity. o

Note that if x satisfies A1, A2 or A2’ and A3, then from Lemma 3.3 it fol-

lows that, considering x as a function on R*,
(DK Y'xeL!, (3.20)

for all ieNy. Also from Lemma 3.3(a) (with i replaced by i+1), we see that for

all ieNy, K(DK )k is infinitely continuously differentiable on (0,%0) and so
K(DK ) xeC(0,%) . (3.21)
By integrating Lemma 3.3(b) (with i replaced by i+1) we obtain
K(DK)'x(x)={[(ogx)*2+(logx)* ! +...+logx][x+x2+...+x'1} +¢; 5(x), x€[0,5],
(3.22)

for all ieNy and all /eN. Then (3.22) shows that K(DK )Yk (x) is continuous at

x=0. Hence, if we write
K(DK)'x(x) =[(DK)*'x(n)dt + K(DK)'x(0) , (3.23)

then (3.23), (3.22) and (3.20) (with i replaced with i+1) show that K(DK )irc(x)
has a limit at infinity. This fact together with (3.21) and (3.22) show that

K(DK ) xeC for all ieN, . (3.24)

The following corollary generalises (3.24).
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Corollary 3.4
() If x satisfies A1, A2, A3, then for all ue(0,p) and for all ieN,

e”K(DK)k(x) e C .
(ii) If x satisfies A1, A2’, A3, then for all u’€[0,p") and for all ieN,
(1+x*'K(DK)'x(x) € C .

Proof

Let ieN,. We define w(x) = (DK ) x(x) for all xeR*.

(i) Let x satisfy Al, A2 and A3 and let u€[0,p). Then by Lemma 3.3, Part A, y
satisfies the assumptions Y1, Y2(with p=i+1) and Y3 of Lemma Al. It then fol-

lows from Lemma A1(iii) that

| e Ky(x) | = 0 asx—oo . (3.25)
Then (3.25) and (3.24) prove part (i).
(ii) Let x satisfy A1, A2’ and A3 and let 4’€[0,p"). Then by Lemma 3.3, Part B,

v satisfies the assumptions Y1, Y2(with p=i+1) and Y3’ of Lemma Al. It then

follows from Lemma A1(iv) that
| x*'Ky(x) | > 0 as x—oo ,
which implies
| Q+x¥'Ky(x) | = 0 as x—eo. (3.26)

Then (3.26) and (3.24) prove part (ii). o
This brings us to the main result of this chapter.

Theorem 3.5

(i) Let x satisfy Al, A2, A3, and let u be the number given in Lemma 3.1(i).
Then for all 0<pB<1 and all IeN, if feC,I[e”"‘], the solution, u, of (1.1) satisfies
ueCé[e"‘"‘].

(ii) Let x satisfy Al, A2’, A3, let u’ be the number given in Lemma 3.1(ii), and
let u”>max{1,u’}. Then for all 0<B<1 and all IeN, iffeCll[x“‘"], the solu-

tion, u, of (1.1) satisfies ueC},[x""].
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Proof
We motivate the proof of (i) and (ii) by first determining the behaviour of Du(x)
and Dzu(x) as x—0 under the conditions given in (i) and (ii) with /[>22. We then
give the proof of (i) and (ii) simultaneously.

So let 0<pB<1, =2, and let u, u” and p” be determined as in the statement
of the theorem. Let x satisfy Al, A2 (respectively A2"), A3, and let feC,’[e“"‘]
(respectively feC,I[x‘”"]). Then the cohditions of Lemma 3.2 are satisfied by

(1.1) and so (3.10) holds. Now if we let

u; = Du — u(0)x - (3.27)
and
f1 = Df + u(0)Kx , (3.28)
then we can write (3.10) as
uy — Kuy =f; . (3.29)

Now f; €C since DfeC and (3.24) shows that #(0)KxeC. Hence from (3.29) and
Al we have u;eC. Then, from (3.27) and A3, it follows that the behaviour of

Du(x) as x—0 is dominated by logx.

To determine the behaviour of D2u(x) as x—0 consider (3.29). Now f1eC
and Df; eL! since D2feL! and (3.20) shows that u(0)(DK )xeLl. Thus, the con-

ditions of Lemma 3.2 are satisfied by (3.29) and so we have
(I = K)(Du; — u1(0)x) = Dfy + u1(0)Kx . (3.30)

Now the right hand side of (3.30) is not, in general, continuous on R*, since
Lemma 3.3(b) shows that u(0)(DK)x¢C, and so, by (3.28), it follows that
Df, ¢C, in general. However we can regularize (3.30) by defining a new function

u, where
uy = Duy — u;(0)x — u(0)(DK)«x. (3.31)

Then we may write (3.30) as
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u -~ Kuy = f, (3.32)
where
f2 =D%*f + u;(0)Kx + u(0)K(DK)«x . (3.33)
Now f,€C since D2feC and (3.24) shows that
u; (0)Kx + u(0)K(DK )« €C .

Hence from (3.32) and Al it follows that u,eC. Now from (3.31) and (3.27) we

have

u, = D%u — u(0)Dx — u;(0)x — u(0)(DK)«, (3.34)
and so, from Lemma 3.3(b) and A3, the behaviour of D2u(x) as x—0 is dom-
inated by (1/x + logx).

By applying the above model recursively, we can obtain information about
higher derivatives of u. Using (3.20) and (3.24), it is straightforward to show that

the sequences

{uk}llc=0 s {fk }llc=0

defined by
Uy = u, fo = f
k=1
w, = Dup_y — Y u,(ODK1""x,  k=1,...,1 (3.35)
m=0
k-1
fe = D*f + ¥ u,(OK(DK )17k, k=1,...1, (3.36)
m=0
are continuous and satisfy
U, — Kuk = fk’ k=0,...,1. (3.37)
‘From (3.35) it follows that
k k-n
D¥u =Y Y u,0D" Y DK™ "k +u, k=1,..,l, (3.38)
n=1 m=0

where 1, €C. This expansion is valid on R*. Setting k=I, restricting the expansion
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to [0,d] for arbitrary §>0 and integrating / times yields

l Il-n
ux) = Y, Y D*IUDKY ™"k (x) + D~'uy(x) + pi(x), x€[0,8],

n=1 m=0
(3.39)

where D! denotes an I-fold indefinite integral and p, is some polynomial of

degree /[—1. Now putting g=I-n in (3.39) yields

u(x) = '3 EDUDKY k() + g ax) . xe[0,86].  (340)
q=0 m=0

Then, from (3.40), Lemma 3.3(b) and A3, it follows that
u(x) = {[(logx)’+(logx)"1+...+logx][x+x2+...+x’]} + ¢, 5(x) , x€[0,8].
(3.41)

This determines the regularity of u(x) as x—0.

To complete the proof of (i), let x satisfy Al, A2 and A3, let feC,l [e™#]
and consider (3.37). Now e*f,(x)eC, k=0,...,I, since e""D"f(x)eC,
k=0,...,1, and Corollary 3.4(i) shows that

k-1
e Y u, (OK(DKY1""x(x) € C, k=1,...,1.

m=0
Hence, from (3.37) and Lemma 3.1(i), it follows that e**u(x)eC, k=0,...,.
Then (3.38), Lemma 3.3(c) and A2 show that

D*u(x) = O(e ) as x—oo, k=0,...,1. (3.42)

Then (i) follows from (3.41) and (3.42).
Now for part (ii), let x satisfy Al, A2’, A3, let feC/[x™#"], and consider
(3.37) again. Now (1+x)* f(x)eC, k=0,...,1, since 1+x}*' D¥f(x)eC, k=0,...,1,

and Corollary 3.4(ii) shows that

(1+x)“'kﬁ;1 u, (OK (DK Y 1""x(x) e C, k=1,...,1.

m=0

Hence, from (3.37) and Lemma 3.1(ii), it follows that (1+x)“'uk(x)eC , k=0,...,L
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Then (3.38), Lemma 3.3(c”) and A2’ show that
D*u(x) = O((1+x)™*) = O(x*') as x—oo, k=0,...,1. (3.43)

Then (ii) follows from (3.41) and (3.43). o

In the examples of (1.1) arising in radiative transfer it is often of interest to

consider the equation
u—-Ku=C (3.44)

where C>0 is a constant, (see Chapter 5, §5.2.2 and § 5.3.2). Recall the discussion
in Remark 1 following the assumptions of this Chapter. Clearly u(e)#0 in this
case. A rearrangement of (3.44) results in an equation of the form (1.1) for

A=u—u(e), with

a-Ka=F, (3.45)
where in this case
F(x) = C - (1-K1(x)) —S—
(1-2(0))
- zl_gw(-em) + K1(x))
= —u() [“x(n)dr . (3.46)

By A3, F does not satisfy either D'FeC for I21, or D'FeL! for [>2. Thus F

does not satisfy the conditions of Theorem 3.5 for /[>1.

The following theorem describes the regularity of & in (3.45) with F given by
(3.46).
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Theorem 3.6

(i) Let x satisfy A1, A2 and A3, and let u be the number given in Lemma 3.1(i).
Then for all 0<B<1 and all lIeN, the solution, @, of (3.45), with F given by (3.46),
satisfies aeCé[e""‘].

(ii) Let x satisfy Al, A2" and A3, and let u’ be the number given in Lemma
3.1(ii). Then for all 0<f<1 and all IeN, the solution, @, of (3.45), with F given by
(346), satisfies aeC4lx™*'].

Proof

We motivate the proof of (i) and (ii) by first determining the behaviour of Du(x)
and D?u(x) as x—0 under the conditions given in (i) and (ii). We then generate
sequences corresponding to those given in the proof of Theorem 3.5, namely
(3.35), (3.36) and (3.37). The proofs of (i) and (ii) will then follow analogously to

the proofs of (i) and (ii) in Theorem 3.5.

So let 0<pB<1, /eN and let 4 and u” be determined as in the statement of the
theorem. Let « satisfy Al, A2 (respectively A2"), A3, and consider (3.45) with F

given by (3.46). Now from A3 we have FeC. Also note that by A1 we have
DF = —u(ee)D j:x = u(e)xk e L1 .

Thus the conditions of Lemma 3.2 are satisfied by (3.45) and so (3.10) holds.

Hence we have
(I - KYDia - a(0)x) = DF + #(0)Kx
=u(=c)x + #(0)Kx . (3.47)

Now by A3, the right hand side of (3.47) is not continuous on R*. However we

can regularize (3.47) by defining a new function, #;, where
i, =D - a(0)x — u(ex)x . (3.48)
Then we can write (3.47) as

171 - Kﬂl = Fl ’ (3.49)
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where
F{ = u(0)Kx + #(0)Kx . (3.50)

Now (3.24) shows that F;e€C, and so, by (3.49) and Al, it follows that &; eC.
Then (3.48) and A3 show that the behaviour of Di#(x) as x—0 is dominated by
logx.

To determine the behaviour of D27(x) as x—0 consider (3.49). We have

F1€C and (3.20) shows that DF, eLl. Thus (3.49) satisfies the conditions of

Lemma 3.2 and so we have
(I - K)(Day — 1(0)x) = DF; + 1, (0)K«k.
Then, using (3.50), it follows that
(I - K)Diay — 11(0)x) = u(e=)(DK)x + a(0)(DK)x + #;( 0)Kx. (3.51)

Now by Lemma 3.3(b), the right hand side of (3.51) is not continuous on R*.

However we can regularize (3.51) by defining a new function, &,, where
i, = Dy — #;(0)x — u(eo)(DK)x — @(0)(DK)«x. - (3.52)
Then we can write (3.51) as
i - Kip=F, , (3.53)
where
Fy = u(x)K(DK)x + #(0)K(DK)x + #; (0)K«x . (3.54)

Now by (3.24) we have F,eC, and so, from (3.53) and Al, it follows that &, eC.
From (3.52) and (3.48) we have

, = D2t — 7(0)Dx — u(es)Dx — #4;(0)x — u(==)(DK)x — #(0)(DK)x € C.
(3.55) .

Hence, from (3.55), Lemma 3.3(b) and A3, the behaviour of D2a(x) as x—0 is

dominated by (1/x + logx).
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By applying the above model recursively, we can obtain information about
higher derivatives of #. Using (3.20) and (3.24), it is straightforward to show that

the sequences

(M }h=0, (Fi}izo

defined by
IZO = iZ, FO =F
k-1
=Dy — Y X, (ONDKY 1"k — u(eo)(DK)* 1k, k=1,...,I (3.56)
m=0
k-1
F, = Y ,(0)K(DK"1""x + u(=)K(DK)* 1k, k=1,...,1,
: m=0

are continuous and satisfy
iIk - Kﬂk = Fk’ k=0,...,1.

Now from (3.56) it follows that

k k-n k-1
D*a =Y ¥ a,0)D" Y(DK ™"k + u(=) ¥, D™(DK*1""x + @, k=1,...,1,
n=1 m=0 m=0
where 7, eC.

The proofs of (i) and (ii) then follow analogously to the proofs of (i) and (ii)

in Theorem 3.5. o
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CHAPTER 4
THE NYSTROM-PRODUCT INTEGRATION METHOD

4.1 INTRODUCTION

In Chapter 1, §1.4.2 we introduced the Nystrom-Product Integration approxi-
mation, u,, for the solution, u, of (1.1), (see (1.29)). In this Chapter we shall carry

out a convergence analysis for u—u, in the space C, where
u—u, ==Ky UK =K u, (4.1)

(see (1.34)). Our analysis will consist of two parts. In §4.2 we prove a stability
result which gives a bound on [|( - K;, ,)"!||.., under the assumptions, Al, A2
or A2” and A3 of Chapter 3, and an additional assumption on the mesh
IT, :0=xy<x; <...<x,=oo. In §4.3 and §4.4 we prove consistency results under the
assumptions Al, A2, A3 and Al, A2’, A3, respectively, for families of meshes
which satisfy the stability requirements of §4.2. These consistency results bound
the order of convergence of || (K — K, ,)ull .. as n—eo,

From now on C will denote a generic constant independent of n. Recall
I;=(x;_1,x)), hj=x;—x;_; and for any v:R*—>C, v;=v on I;, v;=0 on R*\I,.
Recall also that m<R<2m is the order of the quadrature rule (1.21), with points
$1:825--58m, and x;;=x;_1 +&h;.

We shall use the following proposition in our analysis, the proof of which is

taken from [12, Lemma 1(ii)].

Proposition 4.1
Let veC and let T1,, be any mesh. If ||(Dv);|||<es, there exists a constant C
independent of n,i and v such that for 1<i<n-—1

1S lwvpl < € dvilly + Bl vl .
Jj=1
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Proof

For all j=1,...,m and xel; we have
v = vepl =1 [ Dv(o)do | < |Dvyill; -
Then using the triangle inequality we obtain
vl < lvx)| + [Dv)]ly s
and integrating with respect to x yields
hilvx)| < villy + Bl DVl

Then multiplying by ijl and summing over j=1,...,m gives the result, with

m
C=E|WJ| . a
j=1

4.2 STABILITY
We shall prove stability under the following general assumption on IT,,.

M1. For each £>0, there exists i*=i*(g,n)21, with 1<i*<n, such that

h;<e for all 1<i<n—i*, and all » sufficiently large.
We will assume that for any n, i* is chosen so that
hi<yo , 1<i<n—i*, 4.2)

for some constant %, independent of n and i. Recall the definition of
o (x), k=1,2, introduced in §1.4.2, and note that for all xeR*,

Qm(x)c[x—y, x+y], where y=6+y,. 4.3)
In §4.3 and §4.4 we shall be concerned with specific meshes suitable for approxi-
mating u. These will satisfy M1.

Our proof of stability depends on the properties of K;, and X;, , as operators
on a certain function space, A?, defined as follows. For 0<f<1 and v:R*—>C,

define
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[v]pe = sup{llv(-+r) -vO)|S? >0 } '

AP = {veC : Ilep<°°} ,

and a norm on A? may be defined by

VIl po= maX{IIvum |V|Aﬂ} -

We need the following two propositions in order to prove stability.

Then,

Proposition 4.2
Let 0<B<1, and let veC. If ||[v(-+7) — v(*)||..[tP is bounded for sufficiently
small >0, then ve AP, with |v| s < C|v| ...

Proof

Suppose there exists M,7,>0 such that

[v(-+2) - vl
iy

<M, 0<z<7y .

Then for 727, we have

Ivi+?) = vO)lle  Ive+D)o + vl 2
5 < 5 < = |vlw .
T T 74

Hence,

e Ol

2
; ax(M, 2] )<,
> T

76

and so veA? as required. Also, the last inequality shows

[v| po< € max(1, |[v]l..}

where C = max{ M, 2/zf }. Thus, if ||| ..=1, then |v| ,s< C. Now for any v+0

vl

IVIM

v II,,

AP
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v

vl

< vl <Clvl. .

AP

as required. o

Proposition 4.3
Let 0<B<1, let 11,  be any mesh and let 1<i<n—1. If veA? and ¢ is continuously

differentiable on I;, then
@ N=v@)ill e < AV 4o -
@) |I-P)(ov)ill. < C max{h{’,h,-} vl pe-

Proof

(i) If xel; then
[v(x)=v(x)| = |v(x+(x=x))-v(x)]
< (xi_x)ﬂ""”/\ﬁ < h;ﬂ"""Aﬂ s

which proves part (i).

(ii) For xel; and any constant d, we have
|I=P,)(gv)(0)| = [I-P,)gv—d)(x)| < Cll(pv—d);| -
Then, putting d=¢(x;)v(x;), (i) above and the Mean Value Theorem give
lo(x)v(x)=d| < [p(xX)(v(x)-vEx)| + [(p(X)—@(x))v(x))]
< Kllollulvlps + Bl (D) VI

which yields the required estimate. o

The next two lemmas study K;, and Kj, , in AP. The first result shows

K;. »:C— AP is uniformly bounded.
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Lemma 4.4
Let veC, let 0<B<1 and let x satisfy A1, A2( or A2") and A3. Then for any n, if

i* is chosen so that (4.2) is satisfied, we have K, veA? and
1K ¥l e < Cllv] o

with C independent of n, i* and v.
Proof
By (1.26) and the triangle inequality,

|Kis, v ()| < |KE v + KR (). (4.4)

We shall bound each term on the right hand side of (4.4) separately. For the first

term,

|KR v < [y, [0Gx=0] |Py(a(x=)v(-))(0)|dt

Qlll(x)
S Pall 1Bl4,1=y. 5 Nall e =y VIl
< Clvl] .., 4.5)

with ¥ as in (4.3), where (4.5) follows by A3.

For the second term,

m
KR v =] ¥ X w x@x—x)v(x)hl
ie@¥x) j=1

< ¥ kY Iw -l Il

ieQP(x) j=1

sc 3 [ixG=xly + hloxG=ul | Iv].
ieQ®(x)

< Clyv|...- (4.6)

The second inequality follows from Proposition 4.1, and the final inequality fol-
lows from A2(or A2’) and (4.2). Hence, (4.4), (4.5) and (4.6) give

IKis nvl < ClV]l oo 4.7)
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To complete the proof we need to show K;, ,veC with
|Kiv avlpr < Clv]| .. (4.8)
First we note
|Kia nV(x+7) — Kpy 2v(x)| S |KR v(x+7) — KI v0)| + | K v(x+7) — K2 v(x)].
(4.9)

A careful examination of the definition of Qm(x) shows that when 7<1 is suffi-
ciently small, Qm(x+'r) = QM (x). In this case, a simple manipulation shows
|K v(x+7) = KB v(x)] < Inll,(x)|b(x+1:—t)—b(x—-t)| | P, (a(x—-)v())(2)|dt

+ O‘m(x)lb(x-i-'r—t)l |P, [(a(x+'r—') - a(x—°))v(°)](t)|dt.
Using the expression (1.11) for b and some elementary analysis (see, e.g. [21]), the
first term in this inequality is bounded by C z|logz| ||v|| ... Since a is smooth and

|| integrable on [~¥,¥], the second term is bounded by C 7| v||... Hence we have
|KH v(x+t) = KB v(x0)| < C28|v|... (4.10)

Also observe that

|KE v(x+e) = KR vl £ X B |3 1w (k(xtr-x) = c(x=x)| | Iv]
i€Q@x) | J

ieQ¥(x) j

<t S h [z‘, W, DK(s‘x—x,-j)I] ¥ls

with x<&, <x+7, where we have used the Mean Value Theorem. Thus, Proposition

4.1, A2 (or A2’) and (4.2) yield
|KF v (xt7) = KB y)] < C vl [T (Dx| + |D%k]) < C v]...
| (4.11)
Hence, for 7<1 spfﬁciently small, (4.9), (4.10) and (4.11) show
|Kiv av(x+7) = Kiu pv(0)] < C 2|lv] ..

This shows Kj, ,v is continuous on R*.
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Also, when x is sufficiently large Q"(x) = &, and since, by Al, x(x)—0 as
x—>oo, we have K, ,v(x) = K2 ,v(x)—>0 as x—e. So, K. ,veC. (4.8) now

follows by applying Proposition 4.2. o

Lemma 4.5
Let ve AP with 0<B<1, and let x satisfy Al, A2(or A2’) and A3. Then for any n

and i*,

"(Kit - Ki*,n)v"eo <C max {hlp’hl’htR} “V" AP -

1<i<n—i*

Proof

First we write
(Ki - Kit,n)v = (K‘[l*l = Kzl:-),n)v + (KII:] = Ktl:l,n)va
Using (1.10), (1.11) and Proposition 4.3(ii), we have

(&R - KRyl s 3 [ 1bGe=nlde [d=Py) (aG=)v(il |
ieQin) "

<C max (K81} vl - 4.12)

1<isn—ix*
Also, some elementary manipulations show

(K2 - KR v < 3 ] kG- 0)-vix)d|
ie@¥(x)

+ Y Y wix(x=x)(v)-v x| A

ieQ(x) j

+ Y |vix) J’I'x(x—r)dt—ijK(x—x,-j)h,- | .
ieQ(x) ' J

(4.13)

Now consider the right-hand side of (4.13). Using A2(or A2") and Proposition
4.3(i), the first term may be bounded by

C max AP|v| . 4.14)

1<isn—i*
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Using, in addition, Proposition 4.1 and (4.2), the second term may also be bounded

in the form (4.14). Similarly, (2.3) bounds the last term by

C hR )
 max ki VIl os

Collecting these bounds together in (4.13) and combining with (4.12) proves the

Lemma. o

The main result of this section then, is the following.

Theorem 4.6
Under the assumptions Al, A2(or A2’) A3 and M1, there exists i*=i*(g,n), such

that
I - Kin )l <C,

for all n sufficiently large.
Proof
The key step will be to show that, for any 7n>0, there exists a sequence

i* = i{*(n,n) such that
"(Ki* - Ki*,n)Ki*,n”eo< n, (4.15)
which will be sufficient to prove the theorem. To see .this, note that
(I -Ki +Kpo )T = Kii ) =1 =Ko + (Ko = Kiy ))Kis - 4.16)
Since ||K;. || <Kl ..<1, it follows that [|(I — K;,)"!||.< C. With 7 sufficiently
small, (4.15) and the Banach Lemma imply that the right hand side of (4.16) is
invertible with uniformly bounded inverse. This implies / — K;, , is one-one, and,
since Kj, , is finite rank, I — Kj, , is invertible. Hence by (4.16) and (4.7),
la - k). < C.

To obtain (4.15), we note that Lemma 4.4 and Lemma 4.5 show

I(Kiv = Kix )Kiw vl s C max {hP,h;,hR) |V ...
1<i<n—ix*
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Now for any 1>0, choose £ = min{1,(n/C)#}, and let i* = i*(e,n) be as deter-

mined by M1. Then it is easy to see that
| (Kix = Kiw ) Kin V]l o< 7]Vl >
giving (4.15) as required. o
In a sense this proof is a generalisation of the proof in [12] of the stability of
the Nystrom method for (1.1) when x is smooth on (—eo,0). Then K, , is a
bounded operator from C to CR, and this fact makes the proof of (4.15) more
straightforward than in this thesis. Here K, , has a much weaker smoothing pro-

perty encapsulated in Lemma 44, However, this, together with Lemma 4.5, are

still enough to prove stability as shown above.

4.3 CONSISTENCY - THE EXPONENTIAL CASE

Throughout this section we assume x satisfies Al, A2 and A3. Recall
Theorem 3.5(i), which says that, provided f behaves suitably, the solution, u, of
(1.1) is in Cé[e‘/""] for some /eN, >0 and all 0<f<1. We will approximate
such a u on thé exponential mesh, (2.14) and (2.15), introduced in Chapter 2
§2.3.1. Now from (2.18), we have for i=N+1,...,(r+1)N—ky—i* (=n—i*) and

any 1<i*<npn-1,

<q [l] . (4.17)

1%

hi< a; [(r+1)1v—k0—i

Then for arbitrary £>0, choose i*(g) such that g,/i*x<e. Thus (2.17) and (4.17)
show that for all 1<i<n—i*, we have h;<e when n is sufficiently large. Hence, the
exponential mesh, (2.14) and (2.15), satisfies M1, and in fact, in this case, i* may
be chosen independently of n.

We now prove the main theorem of this section, which shows that there
exists i* independent of n, such that, provided ¢; and g, are appropriately chosen,

our method converges with at least 0(1/n™), where m is the number of quadrature
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points in rule (1.21). If R (the order of (1.21)) is greater than m, then our method

may converge €ven faster.

Theorem 4.7
Let 11, be the exponential mesh, (2.14) and (2.15). Then, there exists i* indepen-
dent of n such that, for all n sufficiently large, stability holds. Let u>0 be deter-

mined as in Lemma 3.1(i), and let 0<B<]1.

@) If R2m+1 and ueCg*'[e ), then

1 _
4=t C— L Nz 1

provided q,>(m+1)/ B and g 2(m+1)/ u.
(ii) If R=m and ueCg'le™#*], then

1 -
lo—u, |l o< C;;IIu:e “Nom.p »

provided q;2ml/ 8 and qy2m/ p1.

REMARK. Conditions sufficient to ensure the required regularity of u are given in
Theorem 3.5(i).

Proof

Theorem 4.6 and the remarks following (4.17) prove stability for some i* indepen-

dent of n. Then (4.1) shows that we need only bound
(K = K;, u(x) = (K = K )u(x) + (K - Kf! pux) + (K — KE ux),
(4.18)

as n— oo for any fixed i*. Note that for all sufficiently large n, x,_;, will always
lie in (1,90).
Proof of (i)

For convenience, let [|u] = ||u:e™*||,+1,5. Note that

[(K - Kp)u@)| = | I: k(x=tu()dt| < ||Klloo fltll o, [x, 0 00p  (4:19)
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. q2
< Cexp(-mx,_;)|lull = C [i [l (4.20)

rN

lull, (4.21)

m+1

by (2.15), choice of g, and (2.16).
Also, using Proposition 2.2 (with /=m+1<R) we have, when léQm (x),

(K2 - KB yux) <C Y wPHID™ ! (e(x=)u())]
ieQ¥(x)

m+1
<C ¥ mU Y IDm k=)l 1D )il
ieQ¥(x) v=0

4.22)

el (4.23)

m+l

where we have used the Leibniz rule, Proposition 2.5 (with t=m+1), our choice of

q; and ¢q,, (2.16) and A2. If 1eQ[2] (x), we use, in addition, the estimate

|, A=Po)(eG=)u()(Odt] < C hyllcGe=)y g | (4.24)

lfull,

m+1

by A2, (2.14), choice of q; and (2.16). Hence (4.23) remains true even when
1e0%(x).
Now we deal with (K[) — K} ))u(x). Define, for each xeR*, a piecewise

constant function y, by
v, (2) = b} L. b(x—£)d¢ =y, ; for tel;. (4.25)
Then, since R2m+1, we have

(K - KR Du(x) = % f,_ (b(x—=D) =y (D)I-Pp)(a(x=")u(*)=v(*))r)dt
ie@M(x)

+ 3 Yeaf, U-Pp)(@(x=)u()=w(-)(1)ds
ie@"(x) )
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:=Ti(x) + Th(x), say, (4.26)

where, for each i, v;, and w; are chosen to be, respectively, the m™ and (m+1)*

order Taylor polynomials for a(x—*)u(*) about x;.

Now suppose 1¢Qm(x). Then Taylor’s Theorem gives
I =P )(a(x=)u()=¢Mill« < Chf DY a(x—")u())] ... (4.27)

where [=m (respectively m+1) when {=v (respectively w). Then the Leibniz rule,

A3 and Proposition 2.5 (with t=m+ f) bound T;(x) by

T@lsC 3 oe=)-vxli A 3 10wl (4.28)
ieQM(x) v=0
sc—lo > [lea-yilylul
= nm+ﬂ i x/ill ’

ieQM(x)

and Lemma B1(ii) of Appendix B shows

1
Tyl < C—=lull. (4.29)

Also, by Lemma B1(i), (4.27) and the Leibniz rule, we have

m+1
T, <C ¥ |logh|h™? 3 (D u)ll..

ieQ[”(x) v=0
m+1
<C ¥ mh™1E Y [(DYu)l.. (4.30)
ieQm(x) v=0

for any fixed f>£>0. Now if 2<i<N we may argue as in the proof of Proposition

2.5 to show that

R (D™ )L < C —2— ]l 431)

nm+l—e

whenever
q; = (m+1-¢g)/(f-¢). 4.32)

But, since (m+1-¢)/(f—¢€)>(m+1)/ B, our choice of g; ensures that (4.32) will be

satisfied for all £ sufficiently close to zero. Now fix € in the range 0<e<1-pj, so
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that (4.32) also holds. Then (4.31) yields

1

AN @ . < C—

lull.

The above remarks, together with Proposition 2.5, show

1 1
Al sre —ul. @3y

IT,(x) <C ¥ &
iGQm(x) n

Hence when 1¢0" (x) we have, from (4.26), (4.29) and (4.33),

1
Ikt - &2 ul. < € — 2 ul. (434)

Now if 1eQ"(x), the additional term
[}, bO=0)U=P,)a(x=)u()(r)ds (4.35)
must be bounded. However,
laGx=0u(®) = a(x)u(©| = |[,D(ax=")u(-))(c)do]
<C J(;(Iu(a)l + |Du(o)|)do
< C(h + j(; P 1do)||ul

< C hf|lul (436)

1
<C lull

nm+1

by (2.14), choice of ¢q; and (2.16). So, replacing a(x-*)u(*) by
a(x—)u(*)—a(x)u(0) in (4.35), and recalling (1.11), shows that (4.34) remains
true even when leQm(x).

Now substitution of (4.21), (4.23) and (4.34) in (4.18) yields the required esti-

mate.

Proof of (ii)

For convenience let |ul|=|u:e=**(,, 5 . Note that (4.20), our choice of ¢, and

(2.16) show



-92 .
| = Kiduen] = C—-Jul 437)

Also, using Proposition 2.2 (with /[=m=R) we have when 1¢Qm (x),

(KR — K& pu(x)| <C 3 B ID™(e(x=)u())ll
ieQ(x)

m
SC X wrXID™ P x@x—)ll; (D u)l .
ie@¥(x) v=0

(4.38)

1
< Cn_”‘ ful , (4.39)

where we have used the Leibniz rule, Proposition 2.5 (with t=m), our choice of ¢,
and ¢, and A2. If 1eQ % (x), (4.24), A2, (2.14), choice of ¢; and (2.16) show that

(4.39) remains true.

Now we deal with (Kl — K/ )u(x). When 160" (x), we have

(KB = Ki u(x) = ¥ [ bGx=U=Pp)a(x=)u()=v(-)D)dr ,
ieQW(x) "

(4.40)
where for each i, v; is chosen to be the mth order Taylor polynomial for
a(x—)u(*) about x;. Then using (4.27), the Leibniz rule, A3, Proposition 2.5

(with t=m), our choice of ¢; and g,, and (2.16) we have
|22 = i ueo)] < C—fu (441)

When leQm(x), the additional term (4.35) must be bounded. However (4.36)
holds. Thus, replacing a(x—)u(*) by a(x—-)u(*)—a(x)u(0) in (4.35) shows that
(4.41) remains true by A3, (2.14), our choice of ¢q; and (2.16).

Then substituting (4.37), (4.39), and (4.41) in (4.18), yields the required esti-

mate. o



-93 -

Remarks.

(i) The proof of (4.34) in Theorem 4.7(i), generalises the techniques used by
Schneider [37] and Chandler [10], for weakly singular integral equations on a fin-
ite interval.

(ii) Consider the case when f = C = constant > 0 in (1.1) and recall the discus-
sion following Theorem 3.5. Under the conditions of Theorem 3.6(i), the solution,
il = u — u(eo), of (3.45) (an equation of the form (1.1) for &) with F, in (3.45),
given by (3.46), satisfies HECA[e"""] for all /eN, 0<pB<1 and some u>0. Thus,
Theorem 4.7 holds for (3.45).

4.4 CONSISTENCY - THE POLYNOMIAL CASE

Throughout this section we assume x satisfies Al, A2’ and A3. Recall
Theorem 3.5(ii) which says that, provided f behaves suitably, the solution, u, of
(1.1) is in C;;[x"" ‘] for some leN, u’>0 and all 0<f<1. We will approximate
such a u on the polynomial mesh, (2.33) and (2.34), introduced in Chapter 2
§2.3.2. Note that for any fixed i*21 and n sufficiently large, we have for
i=N+1,...,(r+1)N—-i* (=n—i*)

P2

his C [—1— . (442)

LS

rN

%

by (2.41). Recall that N=0(n) and n=0(N) (see (2.35)). Then from (4.42) it fol-
lows that, to ensure M1 (and therefore (4.2)), we must choose i*=i*(n) to be an
increasing function of n. Also, note that for large n, x,_;, will always lie in

(1,e0). Now (4.19) holds, and so if ueCé[x"“] then (4.19) and (2.34) show that
[(K = K Jux)| < Kl o lltl] o, x, ..o

< Cxph lux#), 4

ix u'py
<C N lu:x#,5 » (4.43)
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for all xeR*.

Recall that |(K — K;,)u(x)| is one of the terms in the consistency error
(4.18). Suppose an increasing i*(n) has been found so that M1 (and hence stabil-
ity) holds, then the method cannot be shown to converge to 0 as N—ee (or,
equivalently as n—eo), unless the right hand side of (4.43) converges to 0 as
N—eo, Now clearly i*(n) must be chosen very carefully, since an i*(n) which
increases fast enough to ensure stability may prove to increase so fast so as to
hinder the convergence of |[|(K — K;,)u|.. (and hence the convergence of the
Nystrom-Product Integration method) as N—e. Thus we need to choose an i*(n)
which is finely tuned so that M1 holds but so that the convergence of (4.43) to 0
is as fast as possible. In this thesis we restrict to the choice of i*(n)=(rN)* for
some O<a<1. Then, to satisfy M1, (4.42) shows that we need a(p,+1)—p,>0 or

P2
P+l

a>

Now (2.35) shows that with this choice of i*(n) we have

. |# P2
o e ] (L) alate
rN (rN)! (rNY Pt
1 .
<C—, (4.44)
nt
provided u’p, —t—au’p, 20, or
as<l- ,t .
H D2
Thus, if i*=(rN)* with
P2 <asfl—-——,
py+1 1Py

for some >0, then M1 holds, and (4.43) and (4.44) show

. 1 .,
(K - K;)ull o< CFHu:x “N1p - (4.45)
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Now such an « exists provided

D2 t
<l-— R
p2+1 H'Dy
or
p2(ﬂ'_t)>t s

which yields the choice py>t/(u’—t), a valid choice of p, provided t<u’. Thus,

we have the following lemma.

Lemma 4.8
Let 0<B<1 and let ueC,ﬁ[x‘” 1. Let I1,, be the polynomial mesh, (2.33) and
(2.34). Then for all O<t<py’, there exists i*=(rN)* with

P2 <asl-—;
py+1 7 )

such that M1 holds and

1y s
Ik - K;)ull < C;Iluix “Nip »

provided p,>t/(u’—t).

The convergence analysis for the polynomial decay case is more complicated
than in the exponential case. It turns out however that, under the conditions of
Lemma 4.8 above, the whole consistency error (4.18) converges with O(1/n°).
The main result of this section is Theorem 4.9 which shows that with i* chosen as
in Lemma 4.8, and with p; and p, appropriately chosen, our numerical method for
(1.1) converges with at least O(1/n™) if m<y’. If m2yu’ then our method con-
verges with almost O(1/n#’). If u’>R>m+1 then we can show O(1/n™"#) con-

vergence for all 0<f<1.
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Theorem 4.9
Let T1,, be the polynomial mesh, (2.33) and (2.34). Let u’>0 be determined as in
Lemma 3.1(ii), let 0<<1 and let ueCJ+[(x~#"1.
() If R=m<yu’ then
1 —ur
st S C— i (4.46)

provided py 2ml B and p,>ml(u’—m).
(ii) If R2m+1>u">m then (4.46) holds provided p,2ml 8 and p,>ml/(u’—m).

(iii) If R=m=u’ then

u-u,|l.< C

flu:x=#"|| m,p > 4.47

nt —¢

for all O<e<y’, provided p;2m! B and p,>(u’—¢)le.

(iv) If R2m+1 and m2yu’ then (4.47) holds for all O<e<pu’, provided p; 2ml/ 8 and

p2>(u'-¢)le.

W) If W’>Rz2m+1 then

1 -
=t S € X g

provided p;>(m+1)/ B and py>(m+1)/(g'=(m+1)).

REMARK. Conditions sufficient to ensure the required regularity of u are
described in Theorem 3.5(ii).

Proof

Proof of (i)

For convenience let ||ul|=||u:x7#’|| , 5. Under the conditions of (i) we can apply

Lemma 4.8 with t=m<u’, and our choice of p, ensures that there exists an
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i*_-—-(rN)" with

P2 <a<l _m

pr+1 u'py

for which M1 holds and for which

I (K=K;)ull..< cni,,,nuu. (4.48)

With this choice of i*, Theorem 4.6 ensures stability and then 4.1 shows that we

need only bound
(K - Ki#,n)u(x) =(K - K, )u(x) + (Kllil - ;I-ltl,n)u(x) + (Kllil - Kzli],n)u(x):
(4.49)

as n—eo for this choice of i*. Note that for all sufficiently large »n, x,_;, will
always lie in (1,00).
First consider (K[?-K[? ,)u(x). Note that (4.38) still holds and thus, when

1¢Qm (x), we have

m
(KR - KB Dux)| <sC ¥ AP Y ID™ P k(x—)l; (D u)l.
ie@¥(x) v=0

<c—Jull, | (4.50)
n .

where the last inequality follows from A2’, Proposition 2.9 (with t=m<u’), our
choice of p; and p,, and (2.35). Now note that (4.24) still holds, and so if
leQm (x) then (4.50) remains true by (2.33), our choice of p;, (2.35) and A2".

Now we deal with (Kfil — K} ,)u(x). Observe that (4.40) holds and thus,
when 1¢0" (x), (4.27) (with I=m), the Leibniz rule and A3 show

(KR - KB Jum] €C X [6G=)] 147 S D™u)].
ie@"(x) v=0

< C—lul, @51)
n .

where (4.51) follows from Proposition 2.9 (with t=m<u’), our choice of p; and
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P2, (2.35) and A3. When 1€Q"(x), the additional term given by (4.35) must be
bounded. However (4.36) holds. Thus, replacing a(x—*)u(*) by
a(x—=)u(*)—a(x)u(0) in (4.35), shows that (4.51) remains true by A3, (2;33), our
choice of p; and (2.35).

Now substitution of (4.48), (4.50) and (4.51) in (4.49) yields the required esti-

mate.

Proof of (ii)

The proof of (ii) follows analogously to the proof of (i).

Proof of (iii)

For convenience set |ull=lu:x™#"||, 5. Also set I[1]={i: 2<i<N },
I[2]={i: N+1<i<n—i* } and let O<e<py’. Under the conditions of (iii) we can
apply Lemma 4.8 with t=(u’~¢e)<p’, and our choice of p, ensures that there

exists an i*=(rN)* with

p2 <a<1_££€_l

py+1 73 )

for which M1 holds and for which

1
I K=Kiul < C—olull. (4.52)

With this choice of i*, Theorem 4.6 ensures stability and then 4.1 shows that we
need only bound (4.49) as n— e for this choice of i*.

Now consider (K[ — K}? ,)u(x). Proposition 2.2 (with /=m=R) and the
Leibniz rule show that

(K2 — K2 Dux)| <

C > + ) R Y D™ Pk (=) | | (DY u); .. . (4.53)
ie@A(x)nI[1]  ieQB(x)nI[2] v=0

Thus, when 1¢Q[2](x), the first term on the right hand side of (4.53) can be
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bounded by

1
C;‘;"uﬂ : (4.54)

by (2.33), our choice of p;, (2.35), (2.50) (with r=m) and A2’. Now we can write

the second term on the right hand side of (4.53) as

’ ’ m
C > hr—# e \pE e S | D™k (x—); |1 [ (DYu);ll .| . (4.55)
ieQ¥(x)nI2] v=0 :

Then, by (2.34), our choice of p,, (2.35), Proposition 2.9 (with t=u’—e<u’), A2’
and (4.2), we can bound (4.55) by

1
C——lul, (4.56)

nk
and so collecting these bounds together in (4.53) we obtain when 1¢Qm (x)

1
n# ~¢

|k - K u@x)] < C llull (4.57)

Note that (4.24) holds. Thus, when 1eQ " (x), (2.33), our choice of p;, (2.35) and
A2’ show that (4.57) remains true.

Now we deal with (K[} — K[! ))u(x). Observe that (4.40) holds, and so
when 160" (x), (4.27) (with /=m), the Leibniz rule and A3 show that

|(KE - KR Jux)l

IA

m
C X + ¥ 1o G==)ill 1A XD u);l
QM)A ie@M(x)NI[2] b=0

A

c——ul, (4.58)

n#

where (4.58) follows using the same arguments as in the proof of (4.57) except
that where that argument uses A2’, this argument uses A3. When leQm(x), the
additional term given by (4.35) must be bounded. However (4.36) holds. Thus,
replacing a(x—+)u(*) by a(x—)u(*)—a(x)u(0) in (4.35), shows that (4.58) remains
true by A3, (2.33), our choice of p; and (2.35).
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Then substituting (4.52), (4.57) and (4.58) in (4.49) yields the required esti-

mate.

Proof of (iv)

The proof of (iv) follows analogously to the proof of (iii).

Proof of (v)
For convenience set |u|=|lu:x™#’|| 41,5 Under the conditions of (v) we can
apply Lemma 4.8 with t=m+1<y’, and our choice of p, ensures that there exists

an i*=(rN)* with

P2 <a$l—m,+1

p2+1 )73 23

for which M1 holds and for which

~Jlu. (4.59)

| (K-Ki)ulj o< C "

With this choice of i*, Theorem 4.6 ensures stability and then 4.1 shows that we
need only bound (4.49) as n— <o for this choice of i*.

Consider (KJ{ — K[2 ,)u(x) and observe that (4.22) holds. Then Proposition
2.9 (with t=m+1<u’), our choice of p; and p,, (2.35) and A2’ show that when
140" (x),

IR - KB Dull o< C——lu]l . (4.60)

nm+1

Now note that (4.24) holds. Thus, when leQm (x), (2.33), our choice of py, (2.35)
and A2’ show that (4.60) remains true.
Now we deal with

(K5 = Kl Du(x) = Ty(x)+T(x) , - (4.61)

(see (4.26)). By arguments analogous to those used in the the proofs of (4.29) and

(4.33) we have when 160" (x),
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1
[T, (x)] < C miB ul , (4.62)
and
1
Tyl < 27 C—lull - (4.63)

Hence, substituting (4.62) and (4.63) in (4.61) shows that when 1¢Q[”(x),

1
nm+,B

Ik - KR Dull.s C lall (4.64)

When leQm(x) the additional term given by (4.35) must be bounded. However
(4.36) holds. Thus, replacing a(x—+)u(*) by a(x—+)u(*)—a(x)u) in (4.35),
shows that (4.64) remains true by A3, (2.33), our choice of p; and (2.35).

Then substituting (4.59), (4.60) and (4.64) in (4.49) yields the required esti-

mate. o

Remark

Consider the case when f = C = constant > 0 in (1.1) and recall the discussion
following Theorem 3.5. Under the conditions of Theorem 3.6(ii), the solution
i = u — u() of (3.45) (an equation of the form (1.1) for &) with F, in (3.45),
given by (3.46), satisfies HeCé[x'”'] for all /eN, 0<fB<1 and some u’>0. Thus,
Theorem 4.9 holds for (3.45).
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CHAPTER 5§
PRACTICAL APPLICATIONS

5.1 TEST EXAMPLE

We implemented the Nystrom-Product Integration method (see §1.4.2) on a

particular test example for which the solution was known. We solved (1.1) with

- |1=¢ = 1=l —txin L
K(x) = [ 5 ]El(!xl)— [ 5 ]joe o (5.1)

where £€(0,1). This is the kernel which occurs in Example 1 §1.1. For this test, f
was chosen so that u(x) = x(logx)e™™.
We first check the assumptions, Al, A2 and A3 of Chapter 3. Now it can be

shown that

| <] (@) = R(w) = (1-¢)arctan(w) w,
and so we have |x['(0) = £(0) = (1-¢), and thus Al follows. By [1, (5.1.24),
(5.1.26), (5.1.51)], A2 is satisfied for O<p<1. Also by [1, (5.1.11)],

o (_1\ko Kk
El(x)=-—logx—7/—}:(—i)L

, |arg x| <z, (5.2)
S kK

where 7 is Euler’s constant. By choosing

a(x)= ——(i;i)—_. b(x) = -E,(|x]), c(x) = -E;(x) - logx,  (5.3)

A3 is satisfied.

We take £=} and 8=1 (where § is the minimum radius of the region in which
product integration is performed (see §1.4.2)), and for x in this region we compute

¢(]x|) by the approximation

10 (_1r\k k
e(lx]) = [”El%]’ (5.4)

with a maximum error of |x|11/(11)(11)!.
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The values of f(x) for quadrature points x are not known analytically, but are

approximated by setting
f(0) = ux) = Kjy p u(x),

for large n; (given below). We use the exponential mesh, (2.14) and (2.15), intro-
duced in §2.3.1 with r=2 and various q; and g,. By Theorem 4.7, there exists a
cut-off point x,_;, which ensures stability. In this experiment we chose i*=1 and

observed no instability.

If we let ey be max|u(x) - u,,(x)], taken over all quadrature points x, then
an estimate of the order of uniform convergence is given by
EOC = log(eyleoy)/10g2, (see discussion proceeding (2.5)).

Table 5.1 of § 5.1.1 gives results for the Trapezoidal rule
(m=2, &,=0, & =1, R=2) with q;=2=q, and n;=284. Table 5.2 of § 5.1.1 gives
the results for Simpson’s rule (m=3, ¢,=0, & =4, & =1, R=4) with ¢, =4=q, and
ny =3217.

Slightly increasing g, accelerates the convergence of our numerical method.
Table 5.3 of § 5.1.1 gives the results for the Trapezoidal rule with g;=2 and
q,=2.1. Table 5.4 of §5.1.1 gives the results for Simpson’s rule with ¢;=4 and

g,=4.1. The results indicate that, using the Trapezium rule we have
lu=tnll = OUIn?)

and for Simpson’s rule we have
lu-u,ll.. = 0Q/n%).

These results are as predicted by Theorem 4.7.

Figure 1 is a graph of the true solution (dark line) and the Nystrom-Product
Integration solution (dashed line), using Simpson’s rule with N=8, r=2 and with
q1=4=q,. Figure 1 demonstrates the accuracy of our numerical method over a
range of x. Figure 2 shows the graph in Figure 1 restricted to [0,1]. As can be

seen, our numerical method seems to be working extremely well, even near the
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origin where the solution is not smooth. Figure 3 shows the graph in Figure 1 res-
tricted to x21. Clearly our numerical method is modelling the decay of u(x) as

x—>oo to a high degree of accuracy as well.
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N n ey EOC

2| 5 0.51x107!
1.21

4 | 9| 0.22x107!
1.51

8 | 18 | 0.77x1072
1.62

16 | 36 | 0.25x1072
1.63

32 | 71 | 0.81x1073

TABLE 5.1

N | n en EOC

2| 6] 0.83x1072
3.05

4 | 11 | 0.10x1072
3.32

8 | 21 | 0.10x1073
3.47

16 | 41 | 0.90x1073
3.62

32 | 82 | 0.73x107°

TABLE 5.2
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N n en EOC

2| 5| 0.49x1071
1.37

4| 9| 0.19x107!
1.62

8 | 18 | 0.62x1072
1.78

16 | 36 | 0.18x1072
2.00

32 | 71 | 0.45x1073

TABLE 5.3

N | n en EOC

2| 61} 0.70x1072
3.15

4 |11 | 0.79x1073
3.52

8 | 21 | 0.69x107*
3.68

16 | 42 | 0.54x107°
3.95

32 | 83 | 0.35x10°¢

TABLE 5.4
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5.2 THE TRANSPORT EQUATION FOR COHERENT SCATTERING

5.2.1 REFORMULATION

Recall the linear Transport Equation of Chapter 1, Example 1,
pI) 1) ==S@),  -lsusl, xeR*,  G9)

where the source function S(x) is given by
1-g |1
S(x) = [T] f_ll(x,n)dn + eB(x), : (5.6)
where €€(0,1), BeC is the Planck function, and the boundary conditions are
given by
I(0,1)=0 for u<0
e ZI(x,u)—0 as x—eo, for all u>0, a>0 .

We now reformulate (5.5) as an integral equation of the form (1.1) for S(x).

If we formally integrate (5.5) and build in the boundary conditions we obtain

I(x,p) = =[ e ==k %ﬂd:, #<0 (5.72)
I0x,p) = [TtV %dt, 1>0. (5.7b)

Now note that

I_lll(xﬂl)dﬂ = —fl _[;e‘("x)/” —‘S;—t)-dtdn + fol f:e"("")/" —S;t) dedn
= _ijo e~ (t=x)n g—n-S(t)dt + I”[le‘("’)’" -@-S(t)dt
0/-1 n x 40 7
— (%1, ¢-x)n AN 1 _(t-x)m 4N
=[] e , S + [Cle , S

= [E(x-t)S(yds . (5.8)

Hence, by substituting (5.8) into (5.6), we obtain
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S(x) = [ x(x-0)S(t)ds = eB(x) , xeR*, (5.9)

an integral equation of the form (1.1), with

x(x) = [—%e—]b&(lxl) = [—3-;—‘3]

Now recall that this is the same as the kernel (5.1) of the test example. Thus

[letelin Lgy . (5.10)
0 H

we have |x['(0) = £(0) = (1-¢). Hence Al, is satisfied for all £e(0,1), and so
(5.9) has a unique solution SeC.

Thus by reversing the process used to obtain (5.7), I(x,u), given by (5.7), is
well defined and gives a solution of the Transport Equation (5.5). We now show
that it is the unique solution of (5.5). To this end, we define a class of functions,

G, such that if I(x,u)eG then

@G) I1(0,u) = 0 for u<0
(ii) eI (x,1)—0 as x— oo, for all £>0 and a>0

(i) [ 7¢x,mydn C.

Now note that I(x,u), given by (5.7), is in this class, since (i) is satisfied trivially
from (5.7a), (ii) is satisfied from (5.7b) (using the fact that S€C), and (iii) is satis-
fied by observing that the right hand side of (5.8) is just (2/(1-£))KS(x) in (5.9),
and then using the fact that K is a bounded operator from C to C, (see e.g. [4] and
[6)).

Now suppose there exists two solutions, I, I,, of (5.5), in this class, then
I:=I, -1, satisfies

ﬂ%(x,ﬂ) - I(x,lu) = - {—l;—e]‘[}l[(x,n)dn (::—h(x)), _1S[lS1, xER+

or

9 [e"‘"‘l(x,u)] = —em X 1 c1) xeRY. (5D
ox J7i
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Hence, by uniqueness of solution to ordinary differential equations [15], if we
integrate (5.11) and build in the boundary conditions, which are given by (i) and

(ii) above, we obtain the exact solution

I(x,p) = -j;‘e-“-x)’#%dt, 1<0 (5.12a)
[0, pr) = [emt=n %(l—t)-dt, 4>0. (5.12b)

Then, substituting (5.12) into the defining equation for 4(x), and using the same

techniques as in the derivation of (5.9), we obtain
h(x) - j(;"’x(x—:)h(r)dt =0,
where « is given by (5.10). Since (5.9) has a unique solution, S(x), it follows that

h(x)=0 and hence 7=0, which implies Iy=I,. Thus, I(x,u) given by (5.7) is the

unique solution of (5.5) in the class G.

5.2.2 IMPLEMENTATION

As a practical illustration of our numerical method we consider (5.9) with =}
and B(x)=1 (which is the case in certain isothermal atmospheres, see for example

[8]). Then we have (1.1) with
x(x) = 3E(|x]), (5.13)
and
f(x) =%,
with u(x)=S(x) the solution to be determined.
Now from the test example of §5.1, the kernel, x, given by (5.13) satisfies
the assumptions A1, A2 and A3 of Chapter 3.
| Recall Remark 1 following the assumptions of Chapter 3 §3.1. Since
f(e)=}, we have S(e0) = 1/(2(1-£(0)) = 1F O (since | k[ (0) = (1-¢€) = }). Rear-

ranging (5.9) gives
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S - [ x(x-0S(dr = F(x),  xeR*, (5.14)
where
§=5-S(=) = 5-1,
wnd
F(x) = f(x) = (1-K1Gx)f ()(1-R(0) = — + K1(x).
Then we have
F(x) = =[7 k@t + [“x(x-)dt = ~["x(s)dt (5.15)

=-1 I:El(t)dt (= 1E,(x) ), (5.16)

where E, is the second exponential integral (see Chapter 2, Example 5). We used
NAG routine c05adf to show that the positive root (nearest to zero) of 1 — | k(i)
is u* =0.957504. Now by Theorem 3.6(i), S‘eC},[e‘*"‘], for all
0<fB<1, O<u<pu=*, leN.

We solve numerically (5.14), which in turn gives S (x)=S(x)+1 for all xeR*.
We use the exponential mesh, (2.14) and (2.15), with r=2, with various ¢; and g,,
and again we take i*=1. We use a(x), b(x), and c(x) as in (5.3). We take =1,
and for x in this region we compute c(]x|) by the approximation (5.4). To com-

pute F(x) at the quadrature points x, we use the identity
F) = 1 =} e xE )

(see, [1, (5.1.26)]). Then for x=0, F(x)=1. For x>0, NAG routine S13aaf was
used to compute E;(x), and hence F(x) is known for all xeR*. Alternatively,
F(x) may be computed by the method of Example 5 §2.4.1.

In our experiment, we solved (5.14) using the Trapezoidal rule and
Simpson’s rule, and then computed the solution S, (x) = 5‘,,(x)+1 to (5.9). For this
particular problem it is known that S(0) = Ve = 1/N2 (see [17]). So as a measure
of the error in our method we computed ey(0) = [S(0) — S,(0)|, where n+1 is the

number of mesh points arising from discretisation parameter N (see (2.14) and
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(2.15)). An approximation to the order of convergence at the origin is then given
by EOC(0) = log(en(0)/eyn(0))1og2. Table 5.5 of §5.2.3 gives results for the
Trapezoidal rule with q;=2=q,. Table 5.6 of §5.2.3 is for Simpson’s rule with

q1=4=q,. The results indicate that for the Trapezoidal rule we have
1S(0)-S,)] = 0(1/n?) ,

and for Simpson’s rule we have
|S(0)-S,0)| = 0(1/n%).

Of course, these results do not give any information about ||S-S,||.., but they
serve to indicate that the method is working as predicted by Theorem 4.7, at least

at the origin.

Table 5.7 of §5.2.3 shows the values of S, (x) for various » and x, obtained
by Simpson’s rule as described above. The results indicate that refining the mesh
yields excellent convergence throughout R*.

Figure 4 is a graph of S,;(x) (obtained by using Simpson’s rule as described
above). Note how quickly the graph approaches 1. This is characteristic of the

source function for coherent scattering.
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N n ey(0) EOC(0)
2 5| 0.77x1072
0.94
4 9 | 0.40x1072
1.74
8 | 18 | 0.12x1072
1.78
16 | 36 | 0.35x1073
1.85
32 | 71| 0.97x10™*
1.90
64 | 142 | 0.26x107*
1.96
128 | 284 | 0.67x1073

TABLE 5.5
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N | n en(0) EOC(0)
2| 6| 0.14x10°2
3.54
4 | 11 | 0.12x1073
3.77
8 | 21 | 0.88x10°5
3.80
16 | 41 | 0.63x1078
3.98
32 | 82 | 0.40x1077
TABLE 5.6
X n=11 n=21 n=41 n=82
0.06 | 0.74809396 | 0.74822739 | 0.74823693 | 0.74823760
1.00 | 0.92739087 | 0.92742199 | 0.92742253 | 0.92742256
2.77 | 0.98910611 | 0.98912473 | 0.98912658 | 0.98912672
5.55 | 0.99932136 | 0.99932667 | 0.99932725 | 0.99932732
8.31 | 0.99995535 | 0.99995552 | 0.99995554 | 0.99995557

TABLE 5.7
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5.3 THE TRANSPORT EQUATION FOR NON-COHERENT SCATTERING

5.3.1 REFORMULATION

Recall the linear Transport Equation for non-coherent scattering introduced in

Chapter 1, Example 2,

u;—xl(x,ﬂ,S) = o) (x,u,5) = —@(s)S(x) , —-1<u<1, xeR*, (5.17)
where s is a suitable measure of the frequency, the source function S(x) is given
by

S(x) = [%] j:¢(s')j_‘11(x,n,s')dnds' + eB(x) , (5.18)

and where ¢ is some positive profile (for examples see (1.7)) with
J_:¢ =1.
Again, £€(0,1) and B(x) is the Planck function. The boundary conditions are
‘ I(0,u,s) = 0 foru<0 and for all s ,
(5.19)

e “I(x,u,s) = 0 as x—oo, for all £>0, >0 and for all s.

We now reformulate (5.17) as an integral equation of the form (1.1) for the
source function S(x). If we formally integrate (5.17) and build in the boundary

conditions we obtain

I, ,s) = —% [Fexp(-p(s)e=x)p) S()ds, p<O  (5.200)

I p,s) = % ["exp(-p(s)(t-x)/p) S()ds, p>0.  (5.20b)

Now note that

0

[ 16ams 2 = [, 22 [Fexp(-p(s")t-xm) St)dudn

+ Jol ‘p(; )L”exp(-lp(S')(t—x)/n) S(t)drdn
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= ¢(s').[_01CXP("(P(S')(I‘—X)/H)i’—nS(t)dt

+ _[:fp(s’)_[olexp(—¢(s’)(t—x)/n)gnls(;)d,
= [y [ exeo)lz-tlim <L ot Hs e

= [TEy(Ix=tlo(s"No(s)S (1) . (521)

Hence by substituting (5.21) into (5.18) and éhanging the order of integration we
obtain
S(x) - [Tx(x-1)S(1) = eB(x),  xeR*, (5.22)

an integral equation of the form (1.1) for u(x)=S(x), where
1- oo
K(x) = [—2—“’] [ 0% ()Er(Ixl p(s)ds (523)

or
k(x) = (1-)K (|x]),

(see (1.6)).
For numerical illustration we will be interested in the case when Doppler

¢ (s) ’1 C p( s ) (5 2 I)
T ' -

Note that the integrand in (5.23) decays exponentially at oo,

Now below we show that when Doppler broadening is dominant, the kernel
given by (5.23) satisfies A1, and so (5.22) has a unique solution SeC. Then using
the same arguments as in §5.2.1, I, given by (5.20) is the unique solution of (5.17)
within the class of functions satisfying the boundary conditions (5.19), together

with

J'_lll(x,n,s)dn eC.
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5.3.2 IMPLEMENTATION

As a practical illustration of our method we consider (5.22) with x given by
(5.23) and ¢ given by (5.24). Again we take € = 4 and B(x) = 1. Then we have
(1.1) with

<) = Ky (lxl)

and

f&x)=14,
with u(x) = S(x) the solution to be determined.

We first check the assumptions Al, A2” and A3, of Chapter 3. Now it can

be shown that

oo exp(—s )
|xNw) = #(w) = I Io 1+exp(§s2)7m p duds .

Thus we have |x[{0) = £(0) = 4, and so Al follows. Now from [8], A2’ is satis-

fied at least for /=0,1, with 1<p’<2. Also, by [8] we have

1 x (=xNx)
Ki(x) = 2? [— -y - log [7;—] \/‘E kk"/—] x>0, (5.25)

where y is Euler’s constant. Then by choosing

a(x) = -

1 _ __ _
o b(x) = -2¥2z K, (|x]), c(x) V27 (K (x)) — logx ,

(5.26)
A3 follows.

Now since f(e) = 4, it follows that S(e) = 1/(2(1-£(0)) = 1 # 0. Rear-

ranging (5.22) gives
S - [Tx(x-0)8(ndr = F(x),  xeR", (5.27)
where again

§=8-S8(@)=
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and

F(x) = -j:x(r)dt ,
(see (5.15)). We solve numerically (5.27) which in turn gives S(x)=S(x)+1 for
all xeR™*.

Now we may compute x” in Lemma 3.1(ii) numerically in order to determine
information about S(x) as x—e. We have not done this but asymptotic analysis

shows (see for example [8]) that with e=} and B(x)=1 we have

1
+ (4xVlog(xN7) )-1]

Sx) ~ -1, asx—eo .
i
Thus, in implementing our numerical method we assume that §eC,§[x’(1+")] for
all 0<p<1, leN and some 7>0, and we grade the mesh accordingly.
We use the polynomial mesh, (2.33) and (2.34), with r=2 and with various p;
and p,. We use a(x), b(x) and c(x), as in (5.26). Again we take =1 and for x

in this region we compute c(|x|) by using the approximation

1 Lo(=]|x|Nr )k
= |- 4y - togiz + vz ¥y ClHAZT .
c(|xh [ y +y - logVr + 2k§1 i | (5.28)
for suitable / (see below), with a maximum error of
N2(| x| N y+!
. 2
U+ DU+ DINI+3 (529)

To compute F(x) for quadrature points x, we use an approximation which is

defined using our underlying quadrature rule. If 0<x<1, we use

Fx) = [ 'k(0)ds - jlx"“'P,,x(t)d:, (5.30)

where P, is the interpolatory projection introduced in §1.4.1. Writing
k(t) = a(t)Qog|t| + c(|¢])), and using the approximation (5.28) for c¢(|¢|) (with /
given below), the first integral in (5.30) is calculated analytically. If

Xp_is2X;2x21, we use

X~ Xn-ie
F(x) = =[ "Pox(nydr = [ ™ Pyx(t)r,
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where F,ix is the polynomial of order m which interpolates x at the points
x+§;(x;—x), for j=1,...,m. (For more computational details see Chapter 2, Exam-
ple 8).

In order to evaluate K }3,‘,,,5 (x) for xeR*, a function routine DOPKER was
written which approximates the integral defining K (¢) for >0, using a high order
Simpson’s rule, on the mesh (2.6), with n=512 and ¢=4, (q.v. Example 5, §
2.4.1). The results were compared to 5-figure tables of K (t) given in [8], (see
Table 5.8 of §5.3.3). Excellent agreement was obtained uniformly over a range of
teR*.

The next step was to determine a "suitable" value of / for the approximation
(5.28) above. An experiment was carried out in which K;(]t]) (=2x(r)) was

approximated using
2x(2) = 2a(r)(log(|| + c(|])) , (5.31)

where a, b, ¢ are given in (5.26), and c(|¢|) is approximated using (5.28) with
/=5, 10, 15. Then for various values of ¢>0, these approximations were com-
pared with K (z) evaluated by DOPKER and the modulus of the error is given in
Table 5.9 of §5.3.3. It was found that there was no advantage in taking />10, and
so in our numerical method we compute an approximation to c(|¢|) using (5.28)

with /=10. Note that as ¢ increases the error generally gets worse (see (5.29)).

Now consider the polynomial mesh, (2.33) and (2.34), with r=2, p;=2=p,
and i*=1. Then even for small values of N, the mesh diameter will be large and
this will cause considerable approximation problems. To see this, for N=8 the

mesh on [0,o0) is

(5.32)
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with n=(r+1)N=3N=24. Now recall h;=x;-x;_;, I;=(x;_1,x;), i=1,...,n, and so

from (5.32) we have
h23=192, h22=35.56, h21=12.44, h20=5.76 N

Now from the definition of Q" (x) (see §1.4.2), it is clear that Q") (xp3)=[xp5 %3],
and so evaluating K/ S, (x53), say, will involve using the approximation (5.28)
over a region of length 2192. The error incurred in such an approximation could

be extremely large (see (5.29)) and Table 5.9 of §5.3.3.

In Table 5.9, we see that the error in using the approximation (5.28) at x=4
with /=10, is 0.12x1073. In order to overcome the approximation problem
detailed above, an experiment was carried out which solves (5.27) using the Tra-
pezoidal rule on a mesh consisting of the points defined in (5.32), and additional
points which were added in each interval for which 4;>4, in order to make the
mesh diameter no greater than 4. Thus, 47 points were added in I3, 8 points
were added in /5, 3 points were added in I,; and 1 point was added in I,3. Thus
the total number of mesh points used was 83. We call this approximation to S,

$83) We computed S := 8% + 1, to obtain an approximation to S.
Now again for this problem it is known that S(0)=Ve =12, (see [17]). We
obtained
S583(0) = 0.70355658 ,
and so we have |

|S0) - $§8(0)] = 0.0036 .

Thus, as can be seen by the above discussion, the problem of solving the
integral equation reformulation of Transport Equation for non-coherent scattering is
much more difficult than the corresponding problem for coherent scattering. How-

ever, we have proposed a method which yields satisfactory results.

As a second experiment, (5.27) was solved using the Trapezoidal rule and

Simpson’s rule. We used the polynomial mesh, (2.33) and (2.34), with fixed N
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(see below), r=2, and with i*=3, for various p; and p,, together with additional
points as described below. This choice of i* will ensure that the mesh diameter is
no greater than 4 for the particular value of N that we choose. Thus the mesh

points used consisted of the points

i P1
Xi= - ’ i=0,...,N,

P2
e (2L i,

together with the points
X3N-3+i = X3N-34i-1 T 4 =1,k
for various k. Now let
S$©) = §0) + 1
denote the approximation to S(0), where s is the total number of mesh points used.

Table 5.10 of §5.3.3 gives the results for the Trapezoidal rule, with
N=4, p,=2=p,. Table 5.11 of § 5.3.3 gives the results for Simpson’s rule, with
N=2, py=4=p,.

The results indicate that our numerical method may be used to solve the
integral equation for non-coherent scattering. However, the results are not as satis-
factory as in the case for coherent scattering due to the unreasonably large size of
the linear system needed to give results even for small values of the parameter N.
Taking progressively larger values of & will enable us to determine an estimate of
the rate of convergence at the origin. However, we present these results only for
illustrative purposes.

Table 5.12 of §5.3.3 shows S§¥(x) for various x, obtained by using

Simpson’s rule with s=19, 34, 64. The results indicate that adding progressively

more mesh points yields good convergence throughout R*.
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Figure 5 is a graph of S$*¥(x) (obtained by using Simpson’s rule as described
above). Note that S{¥)(x) approaches 1 much more slowly than in the exponential

case (see Figure 4).
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5.3.3 NUMERICAL RESULTS

Note K (#)* denotes the values of K;(¢) obtained using Simpson’s rule.

"-" denotes agreement with the corresponding figure in column 2.

log,ot Ky (1)* 1 €1¢))

-4 | 1.8861 -
-3 | 1.4269 -
-2 | 9.6842x10°! | -
-1 | 5.1728x10°! | -

0 | 1.3071x10°! | -

1 | 2.1316x1073 | -

2 | 1.2570x107° | -

3 | 9.9495x10°% | -

4 | 8.5044x10710 | 8.5043x10710
5 | 7.5518x10712 | —

6 | 6.8625x10714 | 6.8624x10714
7 | 6.3335x10716 | 6.3334x10716
8 | 5.9108x10°18 | —

9 | 5.5631x10720 | 5.5630x10°20
10 | 5.2703x107%2 | -

11 | 5.0194x1072* | -

12 | 4.8014x107% | 4.8013x107%

TABLE 5.8
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t I=5 =10 =15
05 | 0.11x1077 | 0.12x10™? | 0.12x10°°
1 0.70x10°% | 0.89x10719 | 0.89x10°10
2 0.42x107% | 0.68x107? | 0.38x107!1
3 0.45x1073 | 0.52x1077 | 0.18x1077
4 0.24x10°2 | 0.12x1075 | 0.10x10°3
5 0.87x10°2 | 0.13x10™* | 0.25x10°%
6 0.25x107! 0.95x107% | 0.35x1073
7 0.60x10"! | 0.50x1073 0.32x1072
8 0.13x10° 0.21x1072 0.22x10°!
9 0.25x10° 0.75x1072 | 0.12x10°
10 | 0.44x10° 0.23x10°! | 0.60x10°
TABLE 5.9

k| s | 150 - S§0)

15 | 25 | 0.132x1071

30 | 40 | 0.782x1072

60 | 70 | 0.470x1072

TABLE 5.10
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k| s | 150 - s§20)|
15 | 19 | 0.942x10°2
30 | 34 | 0.473x1072
60 | 64 | 0.211x1072
TABLE 5.11
x 5§ (x) S$9(x) S§9(x)
1.00 | 0.83542651 | 0.84156143 | 0.84356154
5.16 | 0.95641860 | 0.96002345 | 0.96124545
11.16 | 098211213 | 0.98676942 | 0.98763152
21.16 | 0.99135412 | 0.99556173 | 0.99611297
31.16 | 0.99456215 | 0.99817341 | 0.99849497
41.16 | 0.99873051 | 0.99939409 | 0.99960532

TABLE 5.12
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5.4 ELECTROMAGNETIC WAVE REFRACTION

Recall that an integral equation of the form (1.1) arises in electromagnetic

wave refraction (see Chapter 1, Example 3) with

oo cos(v x|)
x(x) ==} (1+v2)i x>0, A¢(1,), (5.33)
and
fx)=e™". (5.34)

We now provide some analysis for (1.1), with x given by (5.33) and f given
by (5.34).

We first check the assumptions Al, A2 and A3. We have

)
i) = 121 [%] L

(1+w?) ’

(see [26]). Thus it follows that

|xN0) = %L Hi :

2

and so Al is satisfied for all 4 with |1|]<V2z. Now in keeping with the notation

in [1], we write
A
x(x)=;Ko(IXI) ,

where K is a modified Bessel function of integer order (see [1, (9.6.21)]). Then

[1, (9.6.28), (9.7.2), (9.7.4) ] show that A2 is satisfied with O<p<1. Also, note

that
Ko(x) = —{log(x)+ yHp(x)
252 243
M &)j—) + (1+3+ 1)Q—)2 v (535
(1 (39
where
3
Iy = 1+ B, @ G (5.36)

anz @y (3')2
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Now A3 does not follow from (5.35) and (5.36), since I is an infinite series, and
we provide no detailed analysis for this particular case. However the the regularity
results of Chapter 3 and the convergence results of Chapter 4 hold for this exam-
ple, with A3 suitably modified, (see Remark 3 following the assumptions of

Chapter 3).

By Theorem 3.5(i), the solution u of (1.1) in this example is in Cé[e““] for
all /eN, 0<p<1 and some x>0. Thus in implementing the Nystrom-Product
Integration for this particular example one would use the exponential mesh, (2.14)
and (2.15). Polynomial approximations to K, and /, are given in [1, (9.8.1),

(9.8.4)], and it is these approximations that would be used in practice.
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APPENDIX A

Notation

In the subsequent analysis we will need the following important notational
devices.
1. If J is an interval of R* and /eN,, then C I(J ) will denote the space of func-
tions on R* which have ! continuous derivatives on J. Also, C~(J) will denote
the space of functions on R* which are infinitely continuously differentiable on J.
2. For any leNj and 6>0, ¢; 5 will denote a generic C '10,61 function. That is, in
each case ¢; ;€C '10,5] but ¢;, s may be allowed to vary from instance to instance.
3. {fi+fa+...+f,} will denote a linear combination of the functions
f1s fa25..., and f,,. The coefficients of the linear combination will be unknown,
but their values will be immaterial to the argument.

4. D will denote differentiation.

The following lemma is required in the proof of Lemma 3.3 of Chapter 3.

Recall the assumptions Al, A2, A2’ and A3, of Chapter 3.

Lemma Al
Part A
Suppose for all 1,keN, and §>0, y:R* —C satisfies
Y1. v € C™(0,)
Y2. y(x) = ([(logx)’+(logx)P~! +...+logx][1+x+...+x'1} + ¢; 5(x), x€[0,5],
for some peN
Y3. For all u€f0,p), | e”D*y(x) | = 0 as x—oo (where p is given in assump-
tion A2 of Chapter 3).
~ Then, if x satisfies Al, A2, A3, we have for all I,keNy and 6>0,
(i) DKy € C™(0,)
(ii) DKy (x) = {[(logx)P“+(logx)P+...+logx][1+x+...+x’]} + ¢ 5(x), x€[0,5]
(iii) | e*”*D*Ky(x) | = 0 as x—oo for all uel0,p).
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Part B
Suppose for all 1,keNy and 6>0, y:R*Y > C satisfies Y1 and Y2 together with
Y3’ | x¥D¥p(x) | > 0 as x—ee for all u’e[0,p’) (where p’ is given in
assumption A2’ of Chapter 3).

Then, if x satisfies A1, A2” and A3, we have for all |,keN, and §>0, (i) and
(ii) above, together with

(iv) | x*' D*¥Ky(x) | = 0 as x—eo for all y’€[0,p").

Proof

Let I,keN, and let §>0. Before we give the proofs of (i), (ii), (iii) and (iv), we
need the following technical preliminaries. So let y satisfy Y1, Y2, Y3 (respec-
tively Y3’), and let « satisfy Al, A2 (respectively A2") and A3, unless otherwise

stated. Then we write
Ky(x) = J:x(x—t) y(t)dr + j:x(x—t) v(t)dt
= JWMy ) + T8y (x) . (a.1)
Observe that for all x>6 we have
Dk Wy (x) = J': [D"x](x-t) w(t)dr , (a.2)

and so by A2 or A2’, and Y2, D*¥JMy(x) exists for all xe(8,e0).

Also, we have
DJ®y(x) = [°D, [x(x—t)] y(ndr = -["D, [x(x—t)] y(r)dr ,

where D, and D, denote differentiation with respect to x and ¢ respectively. Then

integrating by parts we obtain
DIy (x) = =[x (x—t) w(D)]I5 + j:x(x—:) Dy (t)dt
= k(x=8) w(8) + j;"x(x—t) Dy (t)dt .

This may be generalised (using a proof by induction) to show that for all keN

DXy (x) = kilex(x—a) (DF1-my)(8) + j';x(x—t) D*y(t)d: .

m=0
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Now by Y1
(D™y)(8) < o0, m=0,...,k—1,

and hence we can write

DRI By(x) = {IEID’”K(x—6)}+ I;x(x—t)D"W(t)dt
m=0

= My(x) + My(x). (a.3)

Observe that by Al, Y1 and Y3 (or Y3’), M,(x) exists for all xeR*. Also, by
Y2, it follows that

5
vl <o, (a4)
and, by Y1 and Y3( or Y3’), it follows that

j;lpkwl < oo, keNj . (a.5)

Proof of (i)

In order to prove (i) we shall show

JWy e C=(8,00) (a.6)
J@y e C=10,6) @.7)
JPy e C=(68,26) (a.8)
JPy e C™(26,%) (a.9)

Then, since § may be chosen arbitrarily, it will follow that
JWy eC=(0,) (a.10)
Jy e C™[0,e0). (a.11)
Hence, (a.1), (a.10) and (a.11) imply
Ky € C™(0,),

which implies
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DKy € C™(0,%0),
as required.

To prove (a.6), let xe(d,%0) and let y be close to x. Without loss of general-
ity assume N2x2e>§ and N2y>¢g>4, for some N, eeR*. Then, using (a.2), we

have
k1) k(1] I CANY _ _ (%t
| DEI My (x) = DYy () | = JO{D rr](x Dy (ndt - | [D x](y—t)vf(t)dtl
< IOJI [D"K](x—t) - [D"x](y—t) | |y (2)|dt

= :e%g?sll [Dk'c](x—t) B [Dk’f](y_t) | -[oalw(t)ldt '

Now note that for all re[0,8], N2x—t>¢—6 and N2y—t=¢-5, and D¥k is uni-

formly continuous on [N,e~6&]. Hence, using (a.4), it follows that
| D¥JMy(x) = DXJMy(y) | > 0 asy—oux, (a.12)
which shows that D*JlyeC(8,) for all keNy, and thus (a.6) follows.
Now consider D ¥/l (x) for xe[0,5), given by (a.3). By A3 we have
M, € C[0,6) (a.13)

since (8--x)>0. Also, by arguments analogous to those used in the proof of (a.12),

it follows that
M, e C[0,5). , (a.14)

Then (a.3), (a.13) and (a.14) show that D*JZlye C[0,5) for all keN,, which
proves (a.7).

We now consider D *J[2) y(x) for xe(,28) given by (a.3). By A3 we have
M, e C(5,25) (a.15)

since (x—8)>0. Now write M,(x) as

My(x) = [ [0+ L':a]x(x—t) D*y(1)dt

= My(x) + My(x) , (a.16)
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and consider M,(x). We wish to show that
M, € C(5,28). (a.17)

To prove (a.17), let x,ye(8,26), let y be close to x, and without loss of generality

assume y>x, 28>e2x>6, 26>e2y>8 for some eeR*. Then we have
_ I _ank (= ANk
| My() = Myy) | = | [ x=0D y(0)dr — [L xy-nD y(1)at |
< oo _ _ _ k y+4 _ k
< [” k@G- = x-0| ID*y®lar + [T |x(y-0)] [D*y(0)|dr

o - — k k y _
S [lxG=n + xO-0l IDYy0ldr + _sup [DEy 0] [[Ix(r-1+6)]dr .

Now note that
L5lx@=0) = x(r=-||D*y ()] dr < tefggﬁ)lx(x—t) - x(y-0)| [ ID*y(®)ar
Observe that for all t€[28,00), ~N<x—t<—(26—¢), —~N<y—-t<—(26—¢) for some

NeR*, and D*x is uniformly continuous on [-N,—(26—¢)]. Hence, using (a.5), it

follows that
j;l x(x—t) - k(y-1t) ||D*y(t)|dt = 0 asy—x .
Also, by Y1 and Al, we have

k y
[2%1'1&]|D v(D| J'x | c(y-t+8)|dt = 0 as y—x.

Thus it follows that
| My(x) - My(y) | = 0 asy—x,
which proves (a.17).
Also, by making the substitution u=x—t in M3(x) we obtain
Ms(x) = Ij;ax(u) [D"l//](x—u)du .
Then, by arguments analogous to those used in the proof of (a.17), we have
M; e C(6,26). (a.18)

Now, (a.3), (a.15), (a.16), (a.17) and (a.18) show that D*J/[2lyeC(6,26) for all
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keNy, which proves (a.8).
Now consider D ¥J 2] v(x) for xe(25,°) giveh by (a.3). By A3 we have
M, € C(26,), (a.19)
since (x—§)>0.

Now write M,(x) as

My(x) = [ [ S ]K(x-t) Dy (r)dt

1= Mg(x) + Mg(x) + My(x) . (a.20)

Consider Ms(x) and M;(x). By arguments analogous to those used in the proof of
(a.17) we have

Ms e C(25,) (a.21)

M; e C(25,) . (a.22)

Also, by making the substitution u=x—t in Mg(x) we obtain

Mg(x) = j_‘ssx(u) [Dkw](x—u)du .
Then, by arguments analogous to those used in the proof of (a.12), we have
Mg(x) e C(28,). (a.23)

Thus, (a.3), (a.19), (a.20), (a.21), (a.22) and (a.23) show that D*J2lyeC(25,0)
for all keN, which proves (a.9).

Proof of (ii)
By (a.l), (a.10) and (a.11), the singularities in Ky (x) as x—0 must be contained

completely in JIy(x). Now by A3, for xe[0,5], we may write
JWy ) = [Ja(x-1) [log(lx—z|)+c<|x—rl>] y(1)dt
= Ioaa(x—t) log(lx—t|) w(t)dt + joaa(x—t) c(|x—1]) w(t)dr

= II(X) + 12(.X) . (8.24)
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We may write I5(x) as
x 5
L(x) = [jo + L ]a(x—t) c(|x~t]) w(t)dt
= I3(x) + I4(x) . (a.25)

So consider I3(x). We have

DI3(x) = [ac](O) v(x) + j('; [Dac](x—t) y(t)dr

D2I(x) = [ac](O) Dy (x) + [Dac](O) w(x) + J'; [Dzac](x—t) w(t)dt

Dl (x) = é [D"”‘ac](O) D™y (x) + j;‘ [D’“ac](x-z) w(t)dt

m=0
1
=4 X D"y(x) p+ Li(x), say . (a.26)
m=0
Now by arguments analogous to those used in the proof of (a.17), we have
L,eC[0,5]. Then, by integrating (a.26) / times and using Y2, we obtain
DI3(x) = {[(logx)”+(logx)P"1+...+logx][1+x+...+x’]} + ¢ 5(x), x€[0,6] .
(a.27)
Similarly, we can show
DIy(x) = [[(logx)”+(logx)”"1+...+logx][1+x+...+x’]} + ¢, 5(x), x€[0,6] .
(a.28)
Then (a.25), (a.27) and (a.28) show that
DIy(x) = {[(logx) +(logxy~ ! +...+logx][1+x+...+x'1} + ¢; 5(x), x€[0,5].
(a.29)

Now consider 7;(x) given in (a.24). Using Y2 with [ replaced by /+1, we have
L) = j:a(x—t)log(lx—tl){[(1ogx)P+(1ogx)P-1+...+1ogx][1+x+...+x’+1]}dt

+ f(f“(x-f) log(|x—t]) @pe1,5(2)dt
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1= I5(x) + Ig(x) . (a.30)
We may write Ig(x) as
Is(x) = [ [+ ]a(x-r) log(|x~t]) @141,5(1)dt
= Ih(x) + Ig(x) . (a.31)
Making the substitution u=x—¢ in /;(x) we obtain
I;(x) = f;a(u) logu @11, s(x—u)du .
Then we have
DI (x) = a(x) logx ¢141,6(0) + f:a(u) logu Doy, s(x—u)du

D%I,(x) =D [a(x) 1ogx] @141.50) + a(x) logx Doy, 5(0)

+ jga(u) logu D2gy,q s(x—u)du

DML (x) = ﬁom [a(x) iogx] [D‘—m¢,+1_5](0)

m=0

+ f;a(u) logu D"*lgy, | s(x—u)du
!
= { Y. D™ [a(x) logx] }+ L,(x), say. (a.32)
m=0

By arguments analogous to those used in the proof of (a.17) we have L, eC[0,6].
Hence, by integrating (a.32) / times and using A3, we obtain

DI;(x) = {[logx][1+x+...+x']} + ¢ 5(x), x€[0,6] . (a.33)
Similarly, by making the substitution u=¢—x in Ig(x), we obtain

DIg(x) = {[log(é‘-x)][1+(6—x)+...+(6—x)’]} + ¢, 5(x), x€[0,5]. (a.34)
Since § was chosen arbitrarily, we have from (a.31), (a.33) and (a.34),

DI4(x) = {[logx][1+x+...+x']} + ¢, 5(x), x€[0,6] . (a.35)
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Now recall that a is assumed to be a polynomial of degree M, say, and note

that

IL(x)y= ¥ 1"

m<M,r<l, j<p

where

mrix) = jo"(x—:)'" log(|x—1|) ¢" (logtYdt
= [ j; + jx" ](x—t)"' log(|x—t|) ¢" (logty dr
= IQ(X) + 110(X) . (a.36)
Setting z=ux in Iy(x) yields
Iy(x) = xfol [x”‘ (1-u)™ (logx + log(1-u)) u” x" (logu + logx)i] du

= xm+r+lj‘01 [ur (l_u)m (logx + lOg(l ._u)) (]ogx + logu)’] du

Jj+1
= { 3 x™+ 1 (logx)k } , xe[0,5]. (a.37)

k=0

Now consider 7;5(x). Let 0<e<d and let xe[e,5]. Then, expanding " (logt)i in a

Taylor series about §, we have
t"(logty = { Y (5-1) }
k=0

with uniform convergence for te[x,8] for £ sufficiently close to §, and thus we

can integrate I1o(x) term by term to obtain
Io(x) = { Y .[:(t—x)’” log(t-x) (6-1)* dt} . (a.38)
k=0
Setting (6—x)u=4—t in (a.38) yields

ho(x) = {i Jol [(5‘96)”‘ (1-u)™ [log(5-x)+log(1-u)] u* (6-x)*! ]du}
k=0

I+1 '
= { Z(&—x)"+1 log(6—x) } + ofi1,5(x), x€le, 6], (a.39)
k=0
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where ¢}21'5ECI+1[£,5]. Now return to /15(x) and let xe[0,6—¢]. Then, for suf-

ficiently small 7>0, we write /;5(x) as

Iip(x) = [L(”")x + J’(‘:M)x ](x—t)”‘ log(z—x) ¢" (logty dt

i= I, (x) + Ip(x) . (2.40)

By setting t=ux in I;; (x) we obtain

j+l
I (x) = { Z;m+’+1(logx)k}, xe[0,6-¢], (a.41)

k=0
(see the derivation for the expression (a.37)). Now consider /;,(x). We have
(x=1)" log(t—x) = (=1)"(t-x)™ log(t—x)

= (-1)"t™ (1-x/t)™ logt + (=1)™t™ (1-x/t)™ log(1-x/t)

m oo
= (=1)"1" logt Y apx*t® + (1)1 Y bexkek
k=0 k=0

for some scalars a; and b, (with uniform convergence for ¢t>x). Hence, we may
write

é
t

= (~ m 5 k m+r—k i+1
I15(x) = (-1) k-—-z()akx J(1+n)x (logty*1 dt

3

(Hﬂ)x:m"-" (logty dr . (a.42)

+ (=1 S bxt
k=0

Now note that for all jeN, if k=m+r+1 then
J't"‘*’ =% (logty dr = {(logty*!},
and if k¥m+r+1 we have
etk logey dr = (™7 [(logey +(logry ... +11)

and so from (a.42) we have.

Ij5(x) = {Jilx”‘*’“ (logx)* }+ ol 5(x), x€[0,6-¢], (a.43)
k=0

where pf2; ;€C™*'[0,6~¢] . Then (a.40), (2.41) and (a.43) show that
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j+1
Iip(x) = {JZx”‘*’*l (logx)¥ }+ o1y 5(x), x€[0,6-¢] . (a.44)
k=0

Now since £ and § were chosen arbitrarily, we have from (a.39) and (a.44)
Ip(x) = {[(ogxY*1+(logry +...+logx][x+x2+...+x"*11} + @y, 5(x), x€[0,5].
(a.45)

Recall that

Lx)y= Y Irix),
m<M,r<l, j<p

and so we have from (a.36), (a.37) and (a.45)
Is(x) = {[(logx P+ +(logxy +...+logx]lx+x2+...+x"* 11} + @11 5(x), x€[0,5],
(a.46)
and hence, from (a.30), (a.35) and differentiating (a.46), we obtain
DI, (x) = {[(logx)”""l+(logx)"+...+logx][1+x+...+x’]} + ¢ 5(x), x€[0,8] .
(a.47)
Then (a.24), (a.29), (a.47), (a.l),.(a.IO) and (a.11) show that
DKy (x) = {[(logxP*! +(logx ) +...+logx][1+x+...+x']} + ¢ 5(x), x€[0,6],
which proves part (ii).

The last part of the proof of (ii) is based on the arguments of Richter [35].

Proof of (iii)
Now let the conditions of Part A hold. Let u€[0,p). First note that A2 implies

that for each keNj, there exists £; >0 such that
D¥k(x) = O(e”¥*%) a5 x—o0 , (a.48)
and Y3 implies that for each k€N, there exists £5>0 such that

Dry(x) = 0(e " ¥*®%) as x—3c0 . (2.49)
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From (a.1) it follows that
| e D*Ky(x) | < | e*D* I Wy (x) | + | e*D* TPy (x) | . (a.50)

So first consider D*Jly(x), given by (a.2), as x—ee. For all 1€[0,5], (x—t)—>eo

as x—oo, and so (a.48) and (a.4) show that for sufficiently large x,
| DEY ) | < 7] (D) e-nl lveolds < € 400 131y ()t
< Ce e @.51)
and so from (a.51) it follows that
| e D Iy (x) | > 0 as x—oo . (a.52)
Next consider D/ 2] v(x), given by (a.3), as x—eo. From (a.48) it follows that
| e M;(x)| > 0 asx—eo . (a.53

Now write M,(x) as given in (a.20) and consider Ms5(x), Mg(x) and M,(x)

separately.

For M5(x) we write
2 -8
Ms(x) = j; x(x—t)D*y(1)dr + j;z x(x—t)D*y(t)d:
= MSl(x) + Msz(X) ’ (a.54)
(since x/2 < (x—&) as x—>oo). So consider M5, (x). For all t€[5,x/2], (x—t)—eo as
x—>eo, and so (a.48) and (a.5) show that for sufficiently large x,

i ~(u+e) >
| Msy(x) | < [77|x=0)||D*y()ldr < Ce 2 [TID ol

< C e lurex (a.55)
and hence from (a.55) it follows that
| e”Msy(x) | > 0 as x—oo . (a.56)

—(uter) >
Now consider Ms,(x). (a.49) shows that for re[x/2,x—81, |D*y(£)|<Ce 72

as x— oo, and then A1l shows for sufficiently large x,
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-5 —(ute)) > -5
| Msy(0) | < [ IxG=-nlID yldr < Ce — 2 [ %|e(x-n)ldr

< Ce e (@.57)
Thus from (a.57) it follows that |
| e Msy(x) | > 0 as x—oo . (a.58)
From (a.54), (a.56) and (a.58) we have
| e”Ms(x) | = 0 as x—oo . (a.59)

Also, if we make the substitution u=x—t in Mg(x) we obtain

Mg(x) = fsx‘(u) [D"y/](x—u)du :

Now for ue[-48,58], (x—u)—o as x— oo, and so (a.4y) and Al show that for suffi-

ciently large x,
| Mo | < [ 1ol [DR)mwlau < € e 602 )
< C e wrex (2.60)
and hence from (a.60) it follows that
| e Mg(x) | > 0 as x—>oo . (a.61)

Now consider M, (x). For te[x+4,0), (a.49) shows that
|D*y(r)| < Ce™(#*+e2)7*8) a5 x 300, and then Al shows that for sufficiently large

X,
| My@) | < [T |xG=0)|IDFy(0)]dr < C e[ [ie(x-r)|dr
< C e Hrer (2.62)
Thus from (a.62) it follows that
| e M1(x) | = 0 asx—oo . (a.63)
Then from (a.20), (a.59), (a.61) and (a.63) we have

| e My(x) | = 0 asx—eo . (a.64)
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Hence, from (a.50), (a.52), (a.3), (a.53) and (a.64), we have for all keN,
| e“D¥Ky(x) | = 0 asx—oo,

which proves part (iii).

Proof of (iv)
Now let the conditions of Part B hold. Let u’€[0,p’). First note that A2’ implies

that for each keN, there exists £, >0 such that
DFr(x) = O(x ¥+ a5 x—e0 , (a.65)
and Y3’ implies that for each keN,, there exists £,>0 such that
Dry(x) = O(x"#*8)) as x—eo . (a.66)
From (a.1) it follows that
| x*' DKy (x) | < | x*' DFIMy(x) | + | x*' DXI Py (x) | . (a.67)

So first consider D%y w(x), given by (a.2), as x—eo, For all £t€[0,5], (x—t)—oo

as x—eo, and so (a.65) and (a.4) show that for sufficiently large x,
| DX Wy (x) | < 1] [D"x](x—r)l |y(0)lde < C (x-8Y 4 [Py ()] e

< Cx e | (2.68)
and so from (a.68) it follows that
| x4’ D*¥JMy(x) | > 0 as x—oo . (a.69)
Now consider D*J2ly(x), given by (a.3), as x—eo. From (a.65) it follows that
| x*'My(x) | > 0 asx—seo . (a.70)

Now write M,(x) as given in (a.20) and consider Ms(x), Mg(x) and M7(x)
separately.

For M5(x) we write

Ms(x) = [P xG-nD*y()ds + [ xx-nDry (r)dr
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= Ms1(x) + Ms5(x) , (@.71)

(since x/2 < (x—8) as x—eo ). So consider Ms;(x). For all te[§,x/2], (x~t1)—eo

as x—oo, and so (a.65) and (a.5) show that for sufficiently large x,
| Msy (@) | < [P -] ID*y0)]ds < C (x12y “ 4 [ | Dy (1)) ar
< Cx W) @.72)
and hence from (a.72) it follows that
| x*'Ms;(x) | > 0 as x—oo . (a.73)

Now consider  Ms,(x). (a.66) shows  that for te[x/2,x-51),

|Dkw(t)]SC(x/2)'("'+€2) as x—oo, and then Al shows that for sufficiently large x,
| Msp(0) | < [ el ID2yolde < € 2y [ (x|t
< Cx e (2.74)

Thus from (a.74) it follows that

| X' Msy(x) | > 0 as x—eo . (@.75)
Then from (a.71), (a.73) and (a.75) we have

| x*'Ms(x) | > 0 as x—eo . (a.76)
Also, if we make the substitution u=x—t in M¢(x) we obtain

M¢(x) = j_asx(u) [D"t//}(x-u)du .

Now for ue[-4,81, (x—u)—e> as x— oo, and so (a.66) and Al show that for suffi-

ciently large x,
| Mg(x) | < [ Ix@ll [D"yf](x—u)ldu < C (x-8) W 2 Jic(u)| du
< Cx W) @.77)

and hence from (a.77) it follows that

| x¥'Mg(x) | = 0 asx—eo . (a.78)
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Now consider M;(x). For te[x+8,00), (a.66) shows that
|D*p(1)] < C(x+8) ¥+ a5 x—00, and then A1 shows that for sufficiently large

X,
| Ma(x) | < [T 1=l ID*y(n)]dr < C (48 44 [ ie(x—1)|de
< Cx W) | @.79)

Thus from (a.79) it follows that

| x*'M7(x) | > 0 as x—eo . (a.80)
Then from (a.20), (a.76), (a.78) and (a.80) we have

| x*'My(x) | > 0 as x—eo . (a.81)
Hence, (a.67), \a.35), (a.3), (a.70) and (a.81) show that for all keN,

| x*' D*¥Ky(x) | > 0 as x—oo ,

which proves part (iv). o
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APPENDIX B

Notation

For any function v and any 7n€R let A v() = v(+m) = v(o).

Suppose (1.11) holds, then for all 0<3<1,

bl
sup 14720 1.1y < C. (b.1)
n¥ Lk

This estimate may be obtained by direct caiculation using, e.g., the methods of
[21]. We need the following lemma in the proof of Theorems 4.7 and 4.9(v). Its
proof is a simple modification of an argument first given in [10]. It is similar to a
result used in [10] and [37] to analyse product integration for equations on finite

intervals.

Lemma B1

Let y, be given by (4.25), where b in (4.25) is given by (1.11). Then we have
@ sup (0] < Clloghi],

and
(ii) For all 0<p<1,

Y KA b(x-) -y (il < C.
ieQU(x)

In each case C is independent of n,i and x.

Proof

By (1.11), if tel; then
lya()l < At [, llog(lx-¢Dld¢ + C,

and (i) follows by straightforward calculus. For (ii), we note that

x.—t

[ bmt=mydn — hbG=0) = [} (A b=

which yields
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D) = b= = - [ @br=erdn.

Hence

J, 18G=0) = w@ldr < == [, [ 1@,bGe=0)| dma

h; .
< 711- o, WabG=)lly + A b(x=")]l ]dn

<2 A bGx—)4,
l 3}‘3,,." =)l

where the penultimate inequality follows from Fubini’s theorem. Hence we have
Y EPIbG=)-villi £2 % AP sup [ABO—)l,
ieQ(x) ieQW(x) Inl<h;
o lAzBx—)ill1
ieQM(x) [nl<h; lnlﬂ

A b(x—*);
2 Gl
In170 je0M(x) |7]|'B

< 2 su ” Aflb" 1,[-%7]
Inl<7o In|8

<2

<C,

from (4.2), (4.3) and (b.1). o



