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Summary:

The aim of the thesis is to investigate the control of optical propagation in planar dielec
tric rib waveguides. Quasi-analytic models are suggested as accurate and fast alternative
solutions to pure numerical methods with the intention of exploring the design and the
feasibility of novel structures.
The analysis has been divided in two parts: the electromagnetic optical field propaga
tion along the waveguide and the injection of carriers as a means to change the optical
propagation characteristics.
The electromagnetic analysis focuses on the field propagation along longitudinally uniform
and non-uniform waveguides, by using functional expansion techniques to describe the ex
pression of the field. The Spectral Index Method, usually adopted to solve field propagation
along uniform rib waveguides, is modified and adapted to the case of tapered rib wave
guides and Y-junction structures.
The two-dimensional carrier distribution, subsequent to current injection inside rib wave
guides, is determined by applying the Lumped Iterative Method, which reduces the twodimensional problem to the separate solution of two coupled one-dimensional problems.
Various recombination processes are considered, and included in the model in a general
form, so that a large variety of materials and structures can be modelled with minor modi
fications.
Both optical field and carrier distribution results obtained with the methods developed in
the thesis are compared with those obtained by using more detailed software packages.
Different device structures are simulated and presented, to prove the usefulness of the
suggested models as a flexible computed assisted design (CAD) tool.
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Chapter 1

Introduction
The continuous demand for functional integrated optoelectronic components requires the
development of novel devices with complex operations. In most cases of semiconductor
based devices the operational characteristics are actuated by altering the optical proper
ties of the dielectric material.
This purpose can be technologically achieved in different ways, either during the fabrica
tion process of the device or acting dynamically, while the device is operating. Of course,
the latter is far more desirable, although more difficult to achieve, since it provides a greater
flexibility.
The aim of the work presented in this thesis is to analyse the different aspects of modulat
ing the optical propagation characteristic of semiconductor devices.
The study has been mainly focused on a specific class of devices, namely planar rib wave
guides with large refractive index step (deep ridge) between the optical guiding and the
surrounding cladding regions. Examples of such devices are those made on Silicon-onInsulator (SOI) technology, [1]. The reasons for this direction of analysis have been dic
tated by direct industrial requirements and by the fast grow of interest, recently resumed
in the area of SOI devices, [2 ].
The configurations of devices analysed include:
• Uniform rib waveguides and coupler
• Non-uniform (tapered) rib waveguide
• Y-junction splitter
• MultiMode Interferometer (MMI)
Although these devices have different purpose and functionality, they present some com
mon features when modelled.
In the process of altering/modulating the optical propagation three major aspects can be
highlighted:
10

• the optical propagation in the device before modulation
• the change/modulation of the optical properties of the device
• the optical propagation in the device after modulation
These three points have been followed to establish the workplan of the modelling process
and also applied to the layout of the thesis. Each topic has been tackled and solved separ
ately and then, finally, the solutions developed for the three different problems have been
combined together to produce a model for the entire process of optical modulation. In all
above cases quasi-analytic techniques have been preferred to pure numerical methods,
in order to have a direct understanding of the links between the physics of the device and
the parameters of the model. Moreover, quasi-analytic methods are convenient for innov
ation/design of novel structures since they provide an immediate insight of the solutions,
in a (computationally) fast and accurate way.

Optical propagation in the device before modulation
The optical propagation in a semiconductor device has been determined by solving the
wave equation for an electromagnetic propagating field. A possible approach to solve the
wave equation for a complicated structure is by using a pure numerical method, e.g. the
Finite Element Method, [5]. However, in the present thesis a quasi-analytic method for
solving the entire two-dimensional waveguide propagation is introduced. Among several
quasi-analytic methods present in literature to predict the 2-D modal propagation, [6 ], the
Spectral Index Method (SIM) has been widely preferred, [7], since it is particularly tailored
to solve waveguides with large refractive index step between the core and the cladding.
Moreover, the SIM is even fast in computational speed, resulting in a very efficient method,
since, conversely from many other methods, [8 ], both accuracy and computational speed
requirements are satisfied at the same time.
The SIM, originally conceived to solve longitudinally uniform waveguides, has been exten
ded to the case of longitudinally non-uniform waveguides. The same concepts used in
the SIM have been applied to develop a method for describing the field diffraction along a
tapered rib waveguide.

Change of the optical properties of the material
The optical properties of a semiconductor material can be changed by altering its refract
ive index, 77, [4]. An effective way to achieve such changes is by injecting/depleting carriers
(electrons, n, and holes, p) into/out of the material, [3], [9]. The injection of a current pro
duces a distribution of carriers, p( x, y), n ( x , y), across the device which will, consequently,
causes a refractive index change distribution,

7 7 (x,y).

Therefore, in order to establish the

injected carrier distributions, p, n, a quasi-analytic method for solving the current flow equa
tions, in both 1-D and 2-D domains, is suggested.

11

Optical propagation in the device after current injection
Once the refractive index has been altered the problem is to predict the effect on the
field propagation. This can be done, for instance, by solving again the wave equation,
but applied to the new altered refractive index profile. Although this approach is correct
it becomes tedious when the distribution of the affected refractive index is inhomogeneous. Indeed, one option is to repeat the entire computation. Alternatively, to speed up the
computation the refractive index change can be regarded as a perturbation to the initial
(unperturbed) structure, thus applying a perturbation analysis.

12

Outline of the thesis:
Following the pattern of the introduction the thesis is subdivided in three parts:
I The first part is devoted to the aspects of optical propagation inside rib waveguides.
After defining the problem and reviewing some of the most relevant methods of solu
tion, [chapter 2], the 2-D field propagation along a uniform, [chapter 3], and longit
udinally non-uniform (tapered), [chapter 4], rib waveguide is determined.
II The second part is focused on the semiconductor aspects of the devices, describing
how the perturbation of the material (refractive index change) can be achieved. Par
ticularly, the injection of carriers into SOI semiconductor devices is investigated. Fol
lowing a brief review of basic semiconductor equations, [chapter 5], a quasi-analytic
model determining the carrier distribution in both 1-D and 2-D cases is presented,

[chapters 6-7].
III Finally, the results obtained from the two previous parts are combined together by
using the perturbation analysis. The entire analysis is applied to a class of devices,
and the results presented in [chapter 5]. Finally, conclusions and suggestions for
possible future works are drawn in [chapter 9].
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Optical Field Propagation in
Waveguides
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Chapter 2

Optical Propagation in Dielectric
Waveguides
2.1

Maxwell’s equations

The distribution of the electromagnetic field in a medium is described by Maxwell’s equa
tions, [1 ], introduced here for the case of time harmonic dependence, i.e. for a field of
the form F (x ,y ,z ,t) = F (x,y ,z ) • e

x

u, positive and real quantity, is the angular

p

frequency, F is a complex vector:

V

V •D = p

(2.1)

V •B = 0

(2.2)

V x E = -icuB

(2.3)

V x H = iujD + J

(2.4)

is a vectordifferential operator depending of the spatialcoordinates[Appendix A]; E,

H , are the electric and magnetic field vectors, respectively; D, B,are the

electric dis

placement and the magnetic flux vectors, respectively; p is the charge density inside the
medium; J = J s + J c is thetotal electric current density flowing inside themedium, made
of the contribution ofthe current source, J s, and theconductive current, J c.
In the case of linear and isotropic media, these quantities can be related as
D = eo^E
B = popH
Jc =

(2.5)

<t E

with a the material conductivity; p 0 is the magnetic permeability of vacuum, p the relative
magnetic permeability;

e0

is the permittivity of vacuum, er the relative dielectric constant

of the medium. The dielectric constant, e, in general complex, is related to the refractive
index, rj, as e = r)2.
16

In the rest of the thesis Maxwell’s eqns. (2.1)-(2.4) are solved only for the case of semi
conductors and, henceforth, it is /x =

1

(non ferroelectric material) and a =

0

, i.e J c =

0

,

(non conductive material). Moreover, it is assumed propagation in a free charge, (p = 0),
free source, (Js =

2.2

0 ),

medium.

The wave equation

Applying the operator V x , [Appendix A], to eqn. (2.3) and eqn. (2.4), and considering
eqns. (2.5) yields, after some algebra, the wave equations for the electric and magnetic
fields, [1 ]
V 2E + kZeE = —V [E ■— 1

(2.6)

€

V 2H + kle H with k l = lu2€0/io = (f^ )2> ar|d

e

x V x H

(2.7)

the electromagnetic field wavelength in free space.

V 2 is the Laplacian operator, [Appendix A]. Eqns. (2.6)-(2.7) produce six scalar equations
describing the six components of the electromagnetic field, in general, all coupled together.

2.3

Scalar wave equation in Rectangular Coordinates

In a Cartesian coordinate system, (x,y,z ), the gradient of the dielectric constant is ex
pressed as V £ = ( dxe, dye, dze) , with the use of the notation dx =

etc. Thus the spatial

changes of the refractive index, Ve in eqns. (2.6), (2.7), can be highlighted as:
1

. dze: term representing the longitudinal variation of the refractive index, due, for ex
ample, to longitudinally tapered geometries, Fig. [2.1]. In the case of longitudinally
uniform waveguide (dze =

0)

or weakly varying structure (dze «

0)

this term can be

neglected.

2

. dxe, dye\ terms representing the transverse variation of the refractive index. The
first term describes, for example, the presence of a rib in a planar structure, while
the second one is used to describe a multilayer vertical waveguide configuration,
Fig. [2.1].

In the case of a longitudinally uniform (or weakly varying) waveguide, e.g. dze = 0, the
vectorial wave eqn. (2 .6 ) for the electric field can be rewritten with three different equations,

17

one for each component of the field, as:
V 2E X + kleEx = - d x [Exdxln(e) + E ydyln(e)\

(a)

V 2E y + k2
0eEy = —dy[Exdxln(e) + E ydyln{e)\

(6)

V 2E Z + kleEz = - d z[Exdxln(e) + E ydyln(e)]

(c)

(2.8)

• the terms (dx [Exdxln(e)}^j in eqn. (2.8a) and (dy[Eydyln(e)^j in eqn. (2.8b) account
for the polarisation effect on the field solution, (the polarisation describes the spatial
field orientation), [1].

• the terms ( dx[Eydyln(e)]) in eqn. (2.8a) and (dy[Exdxln(e)]^ in eqn. (2.8b) imply a
vectorial nature of the solution, since they are responsible for the coupling between
the different field components, [2].

Figure 2.1: Structure of a (taper) rib waveguide in Cartesian Coordinates.

In the case of a slab waveguide (or a sequence of stratified layers), with no ribs, {dxe = 0),
the vertical component E y is uncoupled from the other components. Indeed, eqn. (2.8b)
for E y involves only such com ponent and is therefore an uncoupled scalar wave equation

S?+ij? +S +

[■

(£)l

(2-9)

Moreover, if the H y component is omitted, i.e. H y = 0, it is possible to determ ine all the
other components of the electrom agnetic field from M axwell’s equations, [Appendix A].
This solution is referred to as T M y polarisation, since the magnetic field vector lies on a
plane transverse to the y axis.
In a similar manner, by starting from the wave eqn. (2.7) for the magnetic field, it is possible
to write a scalar wave equation for the vertical component of the magnetic field, H y. The
other components are thus determined from M axwell’s equations, after omitting the vertical
component of the electric field, i.e. E y = 0. This solution is referred to as T E y since the
18

electric field is transverse to the y axis.
Therefore, in a vertical slab waveguide the six com ponents of the electrom agnetic field can
be entirely determined by solving two scalar Helm holtz’s wave equations independently,
namely for the T M y and the T E y polarisation:
^E y

+ kleEy = ^

W2Hy

+

kleH y

+ §

= -0

+ = 0(2.10)

(2.11)

In the more general case of a rib waveguide it is dxe ^ 0 in eqns. (2.8). Hence the pres
ence of the rib produces coupling between T M y and T E y polarisation, and the field is
characterised by a hybrid solution (combination of both polarisation together), [3]. A rigor
ous analysis will then require that all the six components of the electrom agnetic field are
solved together.

2.4

Scalar wave equation in Cylindrical Coordinates

Structures with cylindrical boundaries can be solved in cylindrical coordinates, (r,9 ,y ),
Fig. [2.2]. The six electromagnetic field components in cylindrical coordinates can not
be uncoupled and reduced to a scalar wave equation, even in the case of a vertical slab
waveguide, i.e. if dee = 0. This is because of the form of the Laplacian operator in cyl
indrical coordinates, [Appendix A], [4]. However, if the field is solved specifically for the

Figure 2.2: Structure of a (taper) rib waveguide in Cylindrical Coordinates.

y component, the Laplacian operator for a vector is the same as that for a scalar field,
[Appendix A]. Thus eqn. (2.6), assuming a radially uniform waveguide, i.e.

19

(dr e = 0),

becomes
V 2E y + kleEy = - d y [ E 0deln(e) + E ydyln{e)\

(2.12)

Eqn. (2.12) is similar to eqn. (2.8b) and, therefore, same considerations on the presence
of the rib, (d0e ^ 0), as done in the previous section can be made. Similarly to the rect
angular coordinate representation it is then possible to describe, in approximate term s,
the electromagnetic field by solving separately the E y and H y components (T M y and T E y
polarisation). In this way the main com ponent (E y or H y) is determined by solving the
scalar wave equation in cylindrical coordinates and the other components are obtained
consequently from M axwell’s equations, [Appendix A],
O
V %

O

d2Ey
1 OEy
1 d2Ey
d2Ey
r,
+ f a Ey = - ± + --Ji + - — J- + — J i +

0

(2.13)

and similarly for H y.

2.5

Longitudinally uniform waveguides: eigenmode problem

When the (rectangular) waveguide is uniform along the longitudinal z direction it is possible
to separate the z variable from the others, expressing the field as
E ( x , y , z ) = E m( x ,y ) -exp(-«/?mz)

(2.14)

and the scalar wave eqn. (2.10) is rewritten as

S 5+^ +fc»€(x- =

<2-15)

Eqn. (2.15) constitutes an eigenvalue equation, whose solutions, E m, are the modes sup
ported by the waveguide and (3m the correspondent eigenvalues describing the phase
variation along the longitudinal z axis. It has been shown, [3], that the set of all possible
modes supported by a uniform waveguide (i.e. guided and radiated) is complete 1.

2.6

Longitudinally non-uniform waveguides

When the (rectangular) waveguide presents a longitudinal z variation of the refractive in
dex then the term dze constitutes an extra term in eqns. (2.8), contributing to the coupling
between the different com ponents of the electromagnetic field vector. However, the ap 
proximation of weakly varying waveguide, i.e. dze » 0, reduces the full six com ponents
vectorial problem to the solution of Helmholtz’s scalar eqn. (2.10), even in the case of
non-uniform waveguides.
1By definition a set of functions E o , E i , E 2, .. . is complete in a space of functions F if every function /
belonging to F can be expressed by a linear combination / = aoEo + a \ E \ + a2E 2 + . . . with a0, o i, a 2 , . . .
constant coefficients, [5].
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2.6.1

Initial value problem

Although the analysis can be reduced to the scalar case, the field can not be described as
in eqn. (2.14). The field propagation thus can not be reduced to an eigenm ode problem,
eqn. (2.15), but the field profile, E ( x , y , z ) , must be obtained by solving the more general
Helmholtz’s eqn. (2.10). If a pure single local mode is excited at the start of the waveguide,
i.e. at z = 0 in Fig. [2.1], part of its power is transferred to other local guided m odes and
also to radiation modes. The propagation is described by the superposition of all these
local modes and not only by the single mode launched initially into the waveguide.
In order to determine a unique field solution an initial distribution of the field at z = 0,
Fig. [2.1] must be assigned. If the transverse profile of the electric field is given at z = 0,
i.e. E(x,y, 0) = Eo(x,y), then the solution of eqn. (2.10) will describe uniquely how this
profile propagates and evolves along the longitudinal direction.

2.6.2

Paraxial w ave equation

Although the field can not be written in separated variable form, i.e. E(x, y, z) = f ( x , y)
g(z), for adiabatically ^-varying geom etries it is convenient to write
E(x, y, z) = F ( x , y, z) • exp( - i p z )

(2.16)

The term p represents the longitudinal fast variation while F( x, y, z) is a slowly varying
term.
The analysis of the electromagnetic field with slowing varying pattern, F ( x , y , z), is greatly
simplified by using the paraxial approximation expressed as
d2F ( x , y , z )

dF(x,y,z)

dz2

P

(2.17)

dz

and
d2F ( x , y , z )

d2F { x , y , z )

dz2

dx2

d2F ( x , y , z )
dz2

^

d2F ( x , y , z )
dy2

(2.18)

Inserting eqn. (2.16) into Helmholtz’s eqn. (2.10) and making use of eqns. (2.17), (2.18)
the paraxial wave equation for the slowly varying term, F(x, y, z), is obtained as
d2

d2

d

2

2

F(x,y,z) = 0

(2.19)

The paraxial approximation is particularly valid in the case of waveguide structures with a
slow longitudinal variation of the refractive index (adiabatic geometry).

21

2.7

Functional expansion

For some particular waveguide configurations, like dielectric slab, uniform waveguides, etc.
eqn. (2.10) can be solved analytically, while for more complicated structures the solution
is found only by using numerical techniques.
One general way to represent the solution, valid for any type of waveguide, is to express
the field in terms of a complete set of functions, [6]. The description of the solution is
simplified if the set is chosen judiciously, and oniy few terms of the expansion are sufficient
to reproduce the solution accurately.
The general field expansion is of the form
oo

E{x, y,z) = Y ^ ak(z)fk(x, y) +

b(s, z)r(x, y, s)ds

(2 .20 )

l
f k{x,y) and r ( x , y , s ) describe a discrete and a continuous set of functions, respectively;
ak(z), 6(s, z) are coefficients to be determined. The union of f k(x, y) and r(x , y, s) must be
complete.
For an orthogonal set of basis functions the coefficients ak(z) , b(s, z), are related to the
field through the relations
ak( z ) = [ f k(z) E* (x ,y ,z) dxdy

(2.21)

b { s , z ) = / r ( x , y , s )E * ( x ,y , z ) dx d y

(2.22)

JD

JD

D, the domain of integration, is chosen as appropriate; E * denotes complex conjugate.
The choice of the functional set depends of the waveguide geometry: example of such
sets, useful for describing waveguide modes, are the Hermite-Gauss functions [7], sine/cosine
functions [9], metal waveguide modes [10], etc. These sets are not only complete, but also
orthogonal.
For a rigorous analysis both the contribution to the expansion (2.20) must be considered;
however, in this work the continuous modes have been neglected. The concept of func
tional expansion will be used later in the thesis, when, in particular, the sine/cosine (Four
ier) terms and the metal waveguide modes are utilised.

2.8

Review of numerical methods for waveguide propagation

When the geometry of the waveguide is complicated it may not be possible to obtain an
analytic solution and some approximate method must be applied. Approximate methods
can be either purely numerical or quasi-analytic. A complete review of approximate meth
ods for field analysis of optical waveguides can be found in [11] and [12]. Amongst all
of them the most common methods have been selected and reported more exhaustively
22

below. They have also been utilised as benchmark to test the accuracy of the results
presented in this thesis.

2.8.1

Effective Dielectric Constant (EDC)

The Effective Dielectric Constant (EDC) is a method utilised to solve the two-dimensional
mode propagation along a longitudinally uniform rib waveguide (eigenmode problem). Al
though the presence of the rib generates a hybrid field solution and it is not possible, in
principle, to express the field profile, E m{x, y), in terms of separated variable functions, i.e.
Em(x, y) ± f { x ) • g{y), the EDC method assumes that E m(x, y) = / ( x) • g(y), [3].

Moreover, if the ratio between the width, w, and the height, h, of the rib, Fig. [2.3], is large
and the refractive index step,

772

-

771,

between the inner and the outer part of the rib is

small, the variation of the field profile along the x direction is much smaller than the vari
ation along y. It is then possible, as a first approximation, to neglect any variation along
the x axis, [13], i.e. d l E m{x,y) « 0, and consequently to reduce the wave eqn. (2.15) to
the one-dimensional equation, with reference to Fig. [2.3],

9

+ [fco2t{y) - Pq\g(y) = 0

q = inner, outer

(2.23)

Eqn. (2.23) is equivalent to the slab wave equation with known analytic solution. The slab
structure is solved twice, in two different regions, corresponding to the inner and outer
parts of the rib, Fig. [2.3a]. The eigenvalue propagation constants (3q are then utilised
as new (effective) dielectric constants of an (effective) slab waveguide uniform along y,
Fig. [2.3b]. Because of the uniformity, dyEm(x, y) = 0, the slab wave equation to be solved
is

2

+

\Pl -

/& ]/(* ) =

0

(2.24)

The solution of eqn. (2.24) describes the modal propagation constant, pm, of the

777th

mode.
The polarisation effect is also taken into account: if the scalar electric field is directed
along x, E x(x, y), then eqn. (2.23) is for a T M polarised slab, while eqn. (2.24) refers to T E
polarised slab. Conversely, for an electric field directed along y, E y(x,y), the polarisation
of the slab is T E for eqn. (2.23) and T M for eqn. (2.24), [3].

2.8.2

Finite Element Method (FEM)

The Finite Element Method (FEM) is one of the most accurate methods for solving optical
waveguide propagation, [14]: it is often considered as the ’’benchmark” for comparison of
solutions obtained by other methods. In the FEM the entire structure is first subdivided into
a finite number of triangular/rectangular regions called elements, Fig. [2.4]. Using many
elements, i j , it is possible to approximate the description of any continuum geometry,
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Figure 2.3: EDC method applied to a rib waveguide: (a) the inner and outer regions are
solved separately as slab waveguides uniform along the x axis; (b) the propagation con
stants obtained in case (a) are utilised as effective dielectric constants to solve an effective
slab waveguide uniform along the y axis.
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with arbitrary refractive index distribution and complex boundaries. The field functions
are defined by a set of polynomials over each element, E # , whose coefficients must be
determined. In this way, using a variational analysis, the problem is reduced to a matrix
equation, [15]. The field at each node, E y, is coupled with the field at the surrounding
nodes, E i± ij± i or with the boundary conditions if the node is at the boundary of the
computational window. The accuracy of the solution depends mainly on the number of
nodes chosen in the discretisation process and the shape of the elements. A large number
of elements will approximate more precisely the physical geometry of the device, but will
increase the computational complexity. However, for some geometries, many elements of
the matrix are zero, therefore they do not contribute to the computation of the field, and
both computer memory and computation times are reduced.
One advantage of the FEM is that it can be used for a full vectorial analysis, including all
the six components of the electromagnetic field, [8 ]. In the case of a scalar analysis many
nodes of the matrix are uncoupled and the computation process is much faster.

2.8.3

Local Mode Expansion (LME)

The Local Mode Expansion (LME) is a method for describing the field propagation along
longitudinally non-uniform waveguides, e.g. tapers. It is based on a functional expansion,
eqn. (2.20), with the set of functions, f k(x,y), given by the so called Local Normal Modes,
[6 ]. At any given point z the field is expressed in terms of the modes of a hypothetical
straight waveguide with same width as that of the actual waveguide at the point zt Fig. [2.5].
These local modes used for the expansion are not themselves solution of Helmholtz’s
eqn. (2 .1 0 ) for the tapered geometry, but they can be superimposed to represent the field
of the actual non-uniform waveguide, satisfying eqn. (2 . 1 0 ).
Since locally there is no z variation for these modes, they can be obtained by solving the
eigenvalue eqn. (2.15). These modes are locally orthogonal. For a particular z the total
field can be locally expressed as

E(x, y\z) =

^2

akf k(x , y) exp( ~i pkz) +

J

a(s)f(s , x, y) exp[-^(s)^]ds

(2.25)

k
Two different cross sections, (?) and {j), along the z direction, generate two virtual straight
waveguides with width Wi and Wj, respectively, Fig. [2.5]. The two different widths produce
a step discontinuity at the common interface z = z0.
The continuous taper can therefore be approximated by a series of discontinuous step
regions of uniform slabs. By sub-dividing the taper into a large number of small steps, and
propagating the field from one section to the next section, and repeating this process at
each step, the longitudinally non-uniform field propagation is obtained.
Focusing the attention to two adjacent sections, (z) and (j), assuming that an incident field,

Ei (x,y,z), is propagating from section (i) towards section (j ), the discontinuity at z = z0
25

(i)

a)
z=zo

Figure 2.5: The tapered waveguide can be approximated by a cascade of uniform wave
guides with different widths.

generates a reflected field, E r , back into section (z), as well as a transmitted field, E t, into
section (j ).
Each field, reflected and transmitted, is expanded using the modes of the local waveguide
where they are propagating, (z) and (j), respectively. The reflected field, E r , is:
E r ( x, y, z) = J 2 a lkf lk e x p ( - i p lkz) + f al ( s ) f l (s) exp[-z/?*(s)z]ds
k
J

(2.26)

f l and p ( s ) are the local guided and radiation modes of section (i), respectively. The
transmitted field, E u is:
E t{x,y, z) = ^ ~2a{fJ
k exp(-if3J
kz) + f aJ( s ) f J{s) e x p l - i p {s)z]ds
k
J

f kJ and

f j (s) are the local guided and radiation modes of section

(j),

(2.27)

respectively.

The expansion coefficients, a\, aJk, a^s), aj (s) are determined by imposing the continuity
of the total electric field at the step interface z = zq,
E i {x , y, z0) + E r {x, y, z0) = E t (x, y, z0)

(2.28)

and similarly for the magnetic field, H ( x , y, z).
If the step discontinuity is small enough it is possible to assume that the reflected field is
negligible, [16], and that the amount of incident field coupled to the radiated transmitted
modes is also negligible, [16], i.e.,
E t(x, y , z ) & J 2 akfk e x p ( - i ^ 2 )
k

(2.29)

It is then possible to determine the coefficients aJk as the overlap integral
J
a{
=

-

■E »(x ’
Id
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(2 3 0 )

I D\fl\2(ixdy
The domain of integration D is the transverse cross-section interface between the two
steps,

^

=

zq,

Fig. [2.5].
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2.8.4

Beam Propagation M ethod (BPM )

The Beam Propagation Method (BPM) is a method for determining the field diffraction in a
half-space with arbitrary inhomogenities: it predicts the response of a given structure to an
input field. Although the presence of inhomogenities requires the coexistence of both for
ward and reverse propagating waves the BPM considers only the forward travelling waves.
Similarly to the Local Mode Expansion the BPM progresses stepwise, assuming that the
dielectric profile remains constant within a section. Inside each section the BPM propag
ates the field as diffracting in free space and treats the inhomogenities as a perturbation of
the free space propagation. This procedure is valid under the condition of weakly varying
waveguide, and it formally solves the paraxial wave equation, [17].
A qualitative physical interpretation of the BPM is schematised in Fig. [2.6].

For each

section the BPM procedures are:
• the input field is Fourier transformed into plane waves
• each plane wave is diffracted (propagation in uniform medium) by half section
• the plane wave spectrum is recomposed into the field profile
• the phase profile is corrected by the presence of the inhomogenities
• the field is Fourier transformed again into plane waves
• each plane wave is propagated in the remaining half section
• the plane wave spectrum is recomposed into the field profile which is used as input
field for the next section
These steps are repeated at each successive section of the waveguide.
The sensitiveness of the algorithm to the length of the sections depends on the refractive
input field

phase
correction

propagated field

phase
correction

£
8
d iffr a c tio n /

diffractic

Z

Figure 2.6: Beam propagation along a tapered device.
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index step. It has been shown, [18]-[19], that for slowly varying taper waveguides the BPM
works well and provides accurate results.

28

Bibliography
[1] Ramo S., Whinnery J.R, Van Duzer T, ’’Field and Waves in Communication Electron
ics”, John Wiley & Sons, NY
[2] Ghatak A.K., Thyagarajan K., ’’Optical Electronics”, CUP, Cambridge, 1989
[3] Rozzi T., Mongiardo M., ’’Open Electromagnetic Waveguides”, IEE, London, 1997
[4] Stinson D.C., ’’Intermediate Mathematics of Electreomagnetics”, Prentice-Hall, Lon
don, 1976
[5] Kreyszig E., ’’Advanced Engineering Mathematics”, John Wiley & Sons, New York,
1993
[6] Marcuse D., ’Theory of Dielectric Optical Waveguides”, Academic Press, NY, 1974
[7] Causa F., ’’Hermite-Gauss Functions in the Analysis of a Category of Semiconductor
Optical Devices”, PhD thesis, Univ. of Bath, 1998
[8] Rahman B.M.A., Davies J.B., ”Vector-H Finite Element Solution of GaAs/GaAIAs rib
waveguides”, IEE Proc., partJ, V.132, No.6, 1985, 349-353
[9] Henry C.H., Shani Y., ’’Analysis of Mode Propagation in Optical Waveguide Devices
by Fourier Expansion”, IEEEJ. Quantum Electron., V.27, No.3, 1991, 523-530
[10] Collin R.E., Foundations for Microwave Engineering, McGraw-Hill, Tokyo, 1966
[11] Chiang K.S., ’’Review of Numerical and Approximate Methods for the Modal Analysis
of General Optical Dielectric Waveguides”, Opt. Quant. El., N o .26,1994, S113-S134
[12] Robertson M.J., Ritchie S., Dayan P., ’’Semiconductor Waveguides: Analysis of Op
tical Propagation in Single Rib Structures and Directional Coupler”, IEE Proc., partJ,
V.132, No.6, 1985,336-342
[13] Payne F.P., ”A new Theory of Rectangular Optical Waveguides”, Opt. Quant. El., QE
No. 14, 1982, 525-537

29

[14] Rahman B.M.A., Davies J.B., "Finite-Element Solution of Integrated Optical Wave
guides”, J. Lightwave Technol., N o .2,1984, 682-688
[15] Rahman B.M.A., Davies J.B., "Finite-Element Analysis of Optical and Microwave
Waveguides Problems”, IEEE Trans, on MTT, 32,1984, 20-28
[16] TsuTsumi K., Imada Y., Hirai H., Yuba Y., "Analysis of Single-Mode Optical YJunctions by the Bounded Step and Bend Approximation”, J. Lightwave Technol., V.6,
No.4, 1999, 590-600
[17] Marz R., "Integrated Optics. Design and Modeling”, Artech House, London, 1995
[18] Sewell P., Benson T.M., Kendall PC., AnadaT., Tapered Beam Propagation”, Elec

tron. Lett., V.32, No.11, 1996, 1025-1026
[19] Sujiecki S., Sewell P., Benson T.M., Kendall PC., "Novel Beam Propagation Al
gorithms for Tapered Optical Structures”, J. Lightwave Technol., V.17, No.11, 1996,
2379-2388

30

Chapter 3

Analysis of 2-dimensional uniform
waveguides: the Spectral Index
Method
The Spectral Index Method (SIM) is a quasi-analytic method, [1], suitable for solving the
field propagation along longitudinally uniform rib waveguides (eigenmode problem) char
acterised by a large refractive index step between the core guiding region and the top
cladding region, Fig. [3.1]. The SIM is based on the functional expansion of the field in
terms of two suitable sets of functions: the rectangular metal waveguide modes and the
Fourier spectrum. The method can be summarised in three steps:
• the electric field inside the rib, region A in Fig. [3.1], is expanded in terms of metal
waveguide modes
• the electric field underneath the rib, region B in Fig. [3.1], is decomposed in plane
waves (Fourier transformed along the x axis)
• the above two expressions for the field are matched at the interface between the two
regions, A and B, i.e. the base of the rib, y = 0, utilising a variational technique
As a result, the matching conditions generate an equation (dispersion relation) whose
numerical solutions yield the propagation constants, (3, of the modes supported by the
waveguide. The value of [3 is then used in the expansion expressions to obtain the electric
field profile. Note that for the region B under the rib the field is expressed in the spectral
domain, thus Inverse Fourier transform from spectral to spatial domain yields the field
profile.
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cladding

core

substrate

Figure 3.1: Structure of a rib waveguide.

3.1

Evanescent boundary conditions and Effective Rib

As introduced in Section 2.3 the electromagnetic field propagating in a rib waveguide is
characterised by a hybrid solution. The two polarisation T E y and T M y are coupled to
gether and all the six field components are necessary to describe the propagation. How
ever, it has been shown, [ 1 ], that if the rib is surrounded by a cladding material with a
much lower refractive index the coupling between the two polarisation is negligible. This
feature is particularly true when the core/cladding interface is straight. In the case of a rib
waveguide, Fig. [3.1], the top wall and the two side walls are both straight, therefore, away
from the corners and the shoulders of the rib the above assumption is valid. In proximity
of corners and shoulders there are sudden changes of the interface; however, since for
guided modes the field is mainly confined across the central region away from the corners,
it is acceptable to neglect the coupling effect due to the corners.
A consequence of the uncoupling between T E y and T M y polarisation is that the field can
still be described accurately by using only five components, [2 ], and, more importantly, the
problem can be reduced to the solution of the scalar Helm holtz’s equation, eqn. (2.10).
Because the waveguide is longitudinally uniform the field is expressed as in eqn. (2.14),
each E m(x ,y ) representing a different mode of the waveguide, and (3m the correspond
ent propagation constant. Henceforth the index m is omitted for simplicity. The scalar
Helmholtz equation is:
(3.1)
Eqn. (3.1) is solved separately for the vertical com ponent of the magnetic, H y, and electric,
E y, field in order to obtain the T E y, T M y modes, respectively. However, in [1] it has also
been proved that in the case of T E y polarisation, solving the scalar wave equation for the
component H y is equivalent to solving the horizontal component of the electric field, E x .
Therefore, the field for the T E y polarisation can be determined by treating E x as the main
component, Tab. [3.1].
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field components

TEy

TMy

electric

Ex,

magnetic

H X, Hy, H z

Ex, Ey, Ez

Ez

H x,

Hz

Table 3.1: Definition of T E y, T M y polarisation field components using SIM. In bold are the
main components that are solved in the scalar Helm holtz’s equation.

The large refractive index step between the core and the cladding, i.e. rji «

773

<

772,

Fig. [3.1], produces guided (bound) modes that are mostly confined inside the core re
gion. As a consequence, the field in the outer cladding region decays rapidly after a short
distance from the core/cladding surface, and its value is almost negligible away from the
interface.
The decaying behaviour is described by evanescent boundary conditions which replace
the physical boundary conditions at the core/cladding boundary, [Appendix B],
_
dn

En
dn

dEt _
dn

Et
dt

p)

En and E t are the normal and tangential components of the electric field to the boundary
surface, respectively; dn is the derivative along the direction normal to the surface; the
distances dn and dt describe the penetration depth of the field inside the cladding layer
before its amplitude becomes negligible. These distances are determined as, [Appendix

dt=7

3(3)

w

<3'4)
/3 is the propagation constant of the field as described in eqn. (3.1). It is im portant to note
that because (3 is the sought parameter, the evanescent boundary conditions (3.2) can not
be defined until the final solution is known: this would invalidate the use of such boundary
conditions. However, in the case of guided modes, the propagation constant (3 must be in
the range

£0771

<<

£<3773

< (3 < k0r\2. It is thus reasonable to approximate (3 « k0e2 in order

to evaluate the distances dn, dt, and define the boundary conditions to the problem. This
approximation has negligible effect on the final value of (3, [1].
A detailed explanation and proof of eqns. (3.2)-(3.4) is given in Appendix B.
Because the distances dn, dt, are, in general, small, the field is almost zero after a short
distance away from the rib. It is then convenient to replace the actual rib with an Effective
Rib, Fig. [3.2], whose field outside is assumed to be perfectly zero, [3].
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Figure 3.2: Replacement of the rib waveguide with an effective rib: (a) T M y polarisation;
(b) TEy polarisation.
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3.2

Modal expansion inside the rib

With the new defined effective rib the wave eqn. (3.1) is applied first to the region y > 0,
omitting, for the moment, the layers below the base of the rib. The electric field inside
region A, Fig. [3.3], is expressed by using a functional expansion (Section 2.7). The artifice

E=0

cla d d in g

E=0

v/
effective rib

core
su b strate
Figure 3.3: Region A: inside the rib.

of the effective rib, surrounded outside by zero electric field, introduces new boundary
conditions similar to those applied for parallel metal plates. The two vertical walls of the
effective rib represent in fact two metal plates. It then seems expedient to expand the field
along the x direction in term s of metal waveguide modes (complete set of functions); thus,
oo

E a ( x , y) = ^ 2 F k W

‘ G k (v)

fc=i

(3 -5 )

where the function F k (x ) is the A:th order mode of two metal parallel plates separated by a
distance w, Fig. [3.3],
F^ix) = cos

x

for symmetric modes

Fk{x) = sin

for anti-symmetric modes

In [1] it has also been shown that for the Ath eigenmode of the rib waveguide only the A;th
term of the expansion (3.5) contributes significantly to the expression of the field, while
the other terms are negligible. Therefore, each mode can be solved by using only one
appropriate term of the expansion; for example, the first (symmetric) mode is described in
region A as, {k = 1):
E a (x , y) « cos ( s a x ) • G(y)

sA = —
w

(3.7)

Substituting this expression into eqn. (3.1) it is:
—

dy

^

+ [&o2 < = 2

-

sa
2

-

p2]G(y)

=

0

(3.8)

The new Helmholtz’s eqn. (3.8) is equivalent to a slab waveguide problem uniform in x.
The expression for G(y) is given analytically as
G(y) = A i sin(k2Ay) + A 2 cos(k2A y)
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(3.9)

with
* L = * o f2 - 4 - / 9

(3.10)

2

The constants A \, A 2 are determined by applying the boundary conditions at the top and
bottom of region A. At the top of the rib, y = h, the electric field is zero, due to the effective
rib. The second condition should be assigned at the base of the rib, y =

0

. Because the

region B below the rib is solved by using a different expansion to represent the electric
field, this condition will be imposed explicitely later when the two expressions for the elec
tric field are matched at y =

3.3

0

.

Modal expansion underneath the rib

Similarly to region A, also in region B, underneath the rib, Fig. [3.4], the field is expressed
through a functional expansion. In region B there are no variations along the x axis, and
the waveguide is supposed to extend between x = -o o and x = +oo. Conversely, along
the vertical y direction the waveguide shows a sequence of layers, each one characterised
by a different refractive index. The bottom layer, extending ideally to y = -o o , represents
the substrate of the device, while the base of the rib and the core/cladding interface at
y = 0 constitutes the top of the sequence.

c ladding

effective rib

ivXvXv'CQre

Substrate
Figure 3.4: Region B: underneath the rib.

Because of the uniformity, in each layer the field can be Fourier expanded along the x
direction

1

E B{x,y) = —

f +oc

J

£B(s, y)exp(-isx)ds

(3.11)

£(s,y) is the Fourier transform of the electric field E B(x,y) in the r-axis

/

+oo

E B{x,y)exp(isx)dx
•OO
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(3.12)

Inserting eqn. (3.11) into Helmholtz’s eqn. (3.1) yields, for each vertical layer,

d2£B{s,y) , r?2 , x
2 o2 i
+ [fcjje(y) - s2 - (32]£B (s,y) = 0
Oy2
The dielectric constants

e

is

e =

(3.13)

in the core layer, - d < y <

e2

and

0,

e =

e3

in the

substrate, y < - d . Eqn. (3.13) is equivalent to the slab wave equation with an effective
dielectric constant,

es ,

e. = e - r 2

<3 -14)

The field underneath the rib is thus solved in the Fourier Transform domain, in terms of the
spectral wavenumber s. This reduces the problem from a two-dimensional rib waveguide
to a one-dimensional slab. The analytic solutions of eqn. (3.13) are:
f B i sm(k2By) + B 2 cos(k2By)

£b\s , y) = <

-d < y < 0

core

y < ~d

substrate

[ Ci exp(k3By)

(3.15)

with k2B and k3B vertical wavenumbers inside the core and the substrate region, respect
ively,
kl B

=

k 0 e2 ~ S2 - 0 2

k3 B = 02 + s2 - kjje3
The constants B i , B 2, C\, are determined by applying the interface conditions. The type
of solution reflects the fact that the field is bound inside the core region, while it is de
caying in the substrate layer, thus, assuming an exponential decaying type of solution for
the substrate region, y < - d . It is important to note that, in contrast to the region A, the
electric field is now notexpressed

as the product of two functionswith

The x variable is linkedto they variable through the spectralvariable

separate variables.

s, since the field in

the spectral domain, £B(s, y), depends of both the s and the y variables. The general twodimensional physical nature of the problem due to the presence of the rib is still preserved,
although the method of solution has been simplified.

3.4

Interface conditions

In order to determine £ B (s,y) uniquely, both the continuity of the electric field and its
derivative are applied at the interface between the core and the substrate regions, y = - d .
The continuity of the field can be equivalently applied to its Fourier Transform in the spectral
domain, thus the interface conditions at y = - d are:
C> /
J-N
1 .0 (
£B {s: - d ) = b£B( s , - d r )

( \
(a)

d£B( s , - d ~ )
d£s(s,-d+)
— ----= ---------— -------

(b)

(3.17)

with b = 1 for the T E y polarisation (E x tangential to the interface) or b = e2/e3 in the T M y
case (Ey perpendicular to the interface).
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The continuity of the electric field is also required at the bottom of the rib, y = 0, between
the two regions A and B, except that the field at the two sides of this interface is represented
by two different expansions. In the top part, inside the rib, the field as given by eqn. (3.7)
is
E a (x , y = 0) = cos(sAx) • G{y = 0)

(3.1 8)

Underneath the rib the field is Fourier expanded, thus

/

+oo

E s { x , y = 0) exp(isa:)drc

(3.19)

■oo

In order to match the profile it is necessary to write both the expressions in the same
domain. For convenience the matching is constrained in the spectral domain s
r+ w /2

/

cos(s^a:) • G(y =

0)

exp(isx)dar = £g(s, y =

0)

(3.20)

J —w / 2

Before imposing the continuity of the derivative of the electric field it must be pointed out
that because in region A the expression of the field has separated variables solution, while
the same is not true in the bottom region B, it is impossible to achieve the exact matching

of the derivative o f the electric field, [1]. This is due to the fact that the field inside the rib
has been represented by using only one term of expansion (3.5), and the approximated
expression (3.7) does not satisfy exactly the wave equation.
However, a second condition is still needed in order to determine all the coefficients B i,

B2, C i uniquely in eqn. (3.15). The best option is to minimise the mismatching between
the two derivatives of the field at the two sides of the common interface, y =

0

. This con

dition is realised by using a variational technique and allowing a small discontinuity for the
derivative, d E / d y , but achieving the stationarity for the propagation constant (3, [4]. This
particular choice is justified since the propagation constant (3 is the sought parameter. It
is, therefore, more desirable to minimise the error introduced in (3 rather than the error
generated in the field profile, E ( x , y ) .

In fact, the error introduced in eqn. (3.1) by the

approximate expression (3.7) can be reflected either on the field profile, E ( x , y) or in the
value of the propagation constant, (3.
The application of the interface conditions (3.17) and (3.20), together with the variational
method, provide an equation (dispersion relation) whose solutions are the propagation
constants, j3. The variational technique and the consequent dispersion relation are de
scribed in Appendix C.
To evaluate the anti-symmetric modes of the rib waveguide it is necessary to begin with
the anti-symmetric metal waveguide modes in the expansion (3.5). As an example, for the
first anti-symmetric mode eqn. (3.7) is replaced by

The Fourier expansion in region B, underneath the rib, remains unchanged, since it is gen
eral and accounts for any type of field.
Similarly, higher order modes, either symmetric or anti-symmetric, can be found by util
ising the correspondent metal mode, eqn. (3.6), for the expression of the field in region
A. Alternatively, they can be found by searching for the solutions [3 of higher order in the
dispersion relation determined for the fundamental mode.

3.5

Computed results: single rib waveguide

The parameters for the waveguide analysed are described in Tab. [3.2], with reference to
Fig. [3.3]. Three different cladding materials are modelled, namely air

(771

=

1 ),

Silicon

Ao = 1.55fim
w = 3.52 fim
7)2

= 3.4764

d = 2.64fim
773

h = 1.63/im

— 1.447

Table 3.2: Parameters for the uniform rib waveguide analysed.

Dioxide

(771

= 1.447) and Nitride N 2

(771

=

2 ).

Tab. [3.3] summarises the effective propagation constants,

77/ /

= P/ko* obtained by the

SIM, for both T E y and T M y polarisation. These results are compared with those obtained
by applying the Effective Dielectric Constant method (EDC) and the Finite Element Method
(FEM).
The FEM method has been implemented by using the commercial software Silvaco in
stalled at the company Bookham Technology. Silvaco provides a high-level user interface
to choose the meshing of the structure. The user can select amongst three default mesh
ing options: coarse, medium and fine. At high-level usage, the user does not access
directly to the meshing parameters. But the software Silvaco, for each of the three options,
generates a grid, by using fixed set up meshing parameters (the meshing procedure is not
adaptive). For the
Fig. [3.5] shows

present case the finest meshing option

has been chosen.

the contour plot ofa typical fieldamplitude profile,E ( x , y ) , for the first

symmetric mode.
According to Tab. [3.3] both SIM and EDC provide accurate results comparable with the
FEM, which is considered the benchmark, although the SIM reaches a better accuracy.
However, there are some situations beyond the limits of the applicability of the EDC, when
the use of the SIM becomes relevant and necessary. As stated in Section 2.8.1, the EDC
is valid for shallow rib waveguides, when the ratio w / h is large. Moving away from this
condition the results obtained by the EDC will deviate from those given by SIM. This effect
is shown in Fig. [3.6].
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EDC, rlf f

SIM, rjff

FEM, rjf f

Air

3.469554

3.468094

3.468184

Si02

3.469567

3.468128

3.468217

N2

3.469593

3.468201

3.468318

Air

3.469150

3.467784

3.467874

S i02

3.469174

3.467823

3.467973

n2

3.469222

3.467905

3.468049

TEy

TMy

Table 3.3: Effective propagation constants V ff = P/ko (dimensionless) obtained by using
SIM. Results are compared with those obtained by the EDC and FEM (benchnark). Res
ults for three different cladding materials (air, S i0 2, N2) are reported, for both T E y and
TMy polarisation.

1 .5

O

1 .5

3

O

<4

x (micron)

Figure 3.5: Rib waveguide: SIM computed contour plot of the field amplitude profile for the
fundamental mode, in Arbitrary Units (A.U.).
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Figure 3.6: Comparison of the effective propagation constant, /?// = P/k0 (dimensionless),
obtained by applying the EDC and the SIM: (a) the width of the rib, w, is varied, (b) the
height of the rib, h, is varied.

3.5.1

W aveguide coupler

Another important application where the use of the SIM is relevant since the EDC becomes
inaccurate is the waveguide coupler, [5]-[7]. A two ribs waveguide coupler, with center-tocenter distance of T = 2.48/im, Fig. [3.7], and same parameters as for the rib above, is
analysed.
The Spectral Index Method can be easily extended to the coupler configuration by repla
cing the expression (3.6) of the field inside the single rib with
( A\ cos ■ f c i

)JL(x +

Fk(x) = \ A \ cos -Q±zpE{ x - T / 2)

lo
[ A\ cos
F k(x) = v Ai sin & t ( z - T / 2 ) '

[o

( - w - T ) / 2 < x < { w - T)/2
( T - w) / 2 < x < (w + T ) / 2

for symmetric modes

elsewhere

’/2)]

{ - w - T ) / 2 < x < [w - T ) / 2
( T — w) /2 < x < (w + T ) / 2

for anti-symmetric modes

elsewhere
(3.22)
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Figure 3.7: Structure of a two ribs waveguide coupler.

The field representation in the region below the ribs remains the same as in eqn. (3.11),
i.e. Fourier transformed along x, because of uniformity.
Results obtained by using SIM, EDC and FEM are compared in Tab. [3.4], for T E y polar
isation and different cladding materials. The waveguide coupler is characterised by two
mode solutions, namely the symmetric and the anti-symmetric modes, with correspondent
propagation constants, (3sym and (3aSym• Typical field amplitude profiles for the symmetric
and the anti-symmetric modes of a coupler are shown in Fig. [3.8].
If an input field is launched into one of the two ribs, this field will gradually couple to the
secon rib. After a certain distance, L (coupling length), the field is entirely transferred to
the second rib, [6 ],

\h'sym

Hasym)

L

=m

_%

Although both EDC and SIM provide values of (3 which are sufficiently accurate and com
parable with the FEM, the EDC becomes inaccurate for the estimation of the coupling
length.

Indeed, to obtain accurate difference between the two propagation constants,

(Psim - Pasym)» is particularly important rather than the accuracy of the values of the
propagation constants themselves. This feature can be better appreciated by referring
to Tab. [3.4], and taking the FEM results as the ’’benchmark”. If EDC produces (3 which is
in error by 0.03% from the benchmark, it leads to an error in the range of 20% in the coup
ling length. The SIM produces a far better accuracy in 77/ / which translates to a typical
error of 0.02% in the coupling length.
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Figure 3.8: Coupler waveguide: SIM computed contour plot of field amplitude profile, in
Arbitray Units (A.U.): (a) symmetric mode, (b) anti-symmetric mode.
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EDC, T)f f

SIM, rjff

FEM, ijf f

Air

3.469805

3.468381

3.468506

Si/Si0 2

3.469805

3.468309

3.468403

n2

3.469805

3.468275

3.468370

Air

3.469307

3.467978

3.468100

Si/SiO ‘2

3.469307

3.467907

3.467999

n2

3.469307

3.467872

3.467964

Air

1559

1922

1910

S i0 2

1559

1924

1920

n2

1559

1924

1911

symmetric mode:

/3s y m / k

anti-symmetric mode:

o

/3aSy m / k

o

coupling length (^m ), L

Table 3.4: Effective propagation constants

/3 /k o

guide, for different cladding material.
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and coupling length of a coupler wave
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Chapter 4

Field propagation in tapered deep
ridge waveguides
As stated in Chapter 2, in the case of longitudinally non-uniform waveguides the electric
field can not be written as in eqn. (2.14) and therefore the propagation can not be described
as an eigenmode problem. It is then necessary to solve the more general Helmholtz’s
eqn. (2.10) to determine how a transverse field profile, given at a specific initial point,
propagates along the structure. In this chapter an approximate method is suggested for
solving a two-dimensional taper waveguide by using the concepts of the Spectral Index
Method adapted to the present geometry.

4.1

Taper deep ridge waveguide

The analysis is focused on evaluating optical (electromagnetic) wave propagation in lin
early varying rib waveguide (taper), Fig. [4.1]. It is also assumed that the refractive index
step between the core and the surrounding cladding is large (deep ridge).
For this structure the width of the tapered rib changes linearly along the (longitudinal) z

w (z )
w,

clad d in g
core
su b strate

Figure 4.1: Structure of a linearly tapered rib waveguide.
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direction, varying from an initial aperture, wo, at one edge of the taper, to a value of w(z),
at any distance z:
w(z) = wo + 2(tan#o)2

(4 .1 )

9q is the half-angle of the taper.
Because of the large refractive index step between the core and the cladding the taper rib,
in region A, is replaced by an effective (tapered) rib surrounded outside by zero electric
field, Fig. [4.2]. The extra dimensions dn, dt , of the effective rib are the same as those
introduced in Section 3.1, eqns. (3.3), (3.4).
Similarly to the uniform waveguide case, in Chapter 3, the replacement of the actual rib

E =0
W r

K
cladding 'H 1

A

/Z

E=0
e ffec tiv e rib
actual rib

* 1:
substrate

B

T| j

Figure 4.2: Linearly tapered effective rib.

with an effective rib introduces evanescent boundary conditions. Therefore, for weakly
varying tapers, i.e. dze « 0, it is possible to uncouple the transverse electromagnetic
field components. The vectorial field analysis is thus reduced to the solution of the scalar
Helmholtz’s eqn. (2.10) applied to the E y and Hy components separately, for T M y and
T E y polarisation, respectively, as described in Tab. [3.1].

Moreover, in the case of small angle <90 (slowly varying taper) it is convenient to separate
the slow and the fast variation of the field expression, as introduced in Section 2.6.2, and
solve the paraxial wave equation (2.19) rather than Helmholtz’s equation (2.10):
E(:r, y, z) = F( x, y, z) • exp( - i p z )

(4.2)

with F(x, y, z) the slowly varying term and p the fast propagating term. Henceforth in
the present chapter the analysis is directed to tapers with small flare angle Qq (adiabatic),
which satisfy the paraxial conditions (2.17)-(2.18).
Similarly to the SIM, the analysis of the waveguide is sub-divided in to two regions, namely
inside the rib (region A), and underneath the rib (region B), Fig. [4.1]. Following the same
approach as the SIM, the field in region B is Fourier Transformed along the x axis, while
a convenient functional form is specified for the field inside the rib. Since this functional
expression determines and ’’drives” the spatial distribution of the field in the bottom region
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B, the choice of the expression of the field inside the rib must be judicious.
As initial field a bound mode of the uniform input rib waveguide (connected to the taper
section) is launched into the taper, Fig. [4.1]. Because the input waveguide is longitudinally
uniform it supports mode solutions and it is reasonable to analyse specifically how each of
these modes propagate along the tapered section.

4.2

Modal expansion inside the rib

Inside the rib (region A), Fig. [4.1], the slowly varying function, F ( x , y , z ) , is expressed by
using the same metal-like modes, eqn. (3.6), as for the longitudinally uniform case, but
including the variation of the rib width explicitly inside the functional form of such modes.
Thus, assuming that the argument of the cosine functions varies along

2

, accordingly to

the variation of the taper width, w(z), the electric field, inside region A, is expressed as
F A( x , y , z ) = y ^ A k iy ^ z ) -cos

ifc

L

^

x

(4.3)

w (z )

The basis set of functions

(2k —1)7T
COS

w(z)

X

J

* = 1,2,...

(4.4)

is not complete. However, since it is expected that the field profile varies similarly to such
functions, the assumption (4.3) seems physically reasonable. The expression (4.3) thus
constitutes an ’’educated” approximation of the field, which satisfies in approximate terms
the wave equation for the given taper geometry.
The longitudinal, z, and lateral, x, directions are linked explicitly through the terms (4.4)
to include the effects of the taper, but the longitudinal dependence is retained even in the
coefficients A k(y, z), in order to maintain the field representation as general as possible.
As a first approximation it is considered only one term of expansion (4.3), similarly to what
assumed in the SIM for uniform waveguides, i.e.,
F A ( x , y , z ) = H ( x , z ) - G ( y ) = a (z )- cos —^ -rx
LW( Z)

• G(y)

(4.5)

S'\nce only one specific bound mode of the input waveguide is launched into the taper the
choice of only one term in eqn. (4.3), i.e. the term corresponding to such mode, is sufficient
to describe the field. In fact, the adiabatic property of the taper does not alter significantly
the shape of the propagating field profile from that of the initial field.
It must be emphasised that the cosine term alone in eqn. (4.5) is not sufficient to describe
the entire nature of the propagation because, then, the total power transmitted across the
cross-section at any z will not be the same as that transmitted across any other crosssection at a different value of z\ thus the term a(z) is necessary in eqn. (4.5) to account for
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longitudinal power conservation.

4.3

The slowly varying term

a (z )

By inserting expression (4.5) into the paraxial wave equation (2.19) it is possible to de
termine a functional form for the slowly varying term a(z) as
a(z ) =

J —_ exp ( - i - z )
y/w(z)
V
V '

q = qR - i qi

with p the fast propagating term and q a complex constant.

(4.6)

The entire derivation of

eqn. (4.6) is given in Appendix D.
An initial arbitrary but reasonable value for the fast propagating term p is chosen and, con
sequently, the values of the slowly varying term a(z) are determined.

qR describes the phase correction to the arbitrarily chosen fast propagation p, so that the
total phase variation p + qR/p satisfies the taper geometry.
The amplitude term of a(z):
exp {—^rz)

exp(—Zj-z)

V w(z)

yw o + 2(tan 0o)z

11. P }

=

(4.7)

accounts for the field amplitude decrease as it propagates longitudinally. The form (4.7)
is in accordance with the fact that a diffracting field decreases as ~

This specific

behaviour complies with the principle of energy conservation over the cross-section at any
z.

4.4

Modal expansion underneath the rib

Below the rib, y < 0, region B in Fig. [4.1], the structure of the waveguide is the same as
the longitudinally uniform waveguide. A more general expression for the field can be used
and it is not necessary to specify explicitly the dependence between x and z directions,
as done for the rib part in eqn. (4.5). Any effect due to the presence of the taper in the
top region will be enforced by the functional form (4.5) and by satisfying the continuity
conditions at the common interface, y = 0. The term a(z) is maintained explicitly only for
convenience, together with the fast propagating term, p, as follows,
E b (x, y, z) = F b ( x , y, z) • exp( - i p z ) = a(z) • L(x, y, z) • exp( - i p z )

(4.8)

Similarly to the analysis of a longitudinal uniform waveguide, here too the field is Fourier
Transformed along the x axis and solved in the spectral domain, s,

/

+oo

F b (5, y, z) • exp(zsx)da: = a(z) • £(s, y, z)
-00
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(4.9)

with C(s, y, z) the Fourier Transform of L{x, y , z) with respect to x.
Making use of eqn. (4.9) the paraxial wave eqn. (2.19) becomes

d ^ d 'y t

^ 'a^

+

~ s<2 ~ p2^

'^

Vi z ) ‘ a ( z ) = 2 ip ~ ^ ~

V

s ’ 2/5

+ 2 ip ~ ^

Z

S
Qz

Z

^

*a ^
(4.10)

The two terms on the right-hand-side of eqn. (4.10) account for the effects of the taper. Of
these two terms the second is neglected, i.e.,
dC{s,y,z) = d L (s , y , z ) _ Q
dz

dz

~

This assumption can be justified because both the amplitude and the (small) phase per
turbation due to the taper are described by the term a(z) in the top region, where the taper
occurs, and there are no other non-uniformities beneath the rib which generates longit
udinal field variation in excess to that produced by the taper rib. Thus any field variation
occurring in the bottom part is due to and determined by the top part.
A physical interpretation of eqn. (4.10) can be given by regarding the left-hand side (LHS)
terms as a longitudinally uniform waveguide equation similar to eqn. (3.13). The right hand
side (RHS) can be regarded as a perturbation term to the uniform propagation. Thus, by
assuming that

« 0 the perturbation effect is dictated only by the presence of the taper

in the top part.
The term a(z) and its derivative in eqn. (4.10) are estimated by making use of the expres
sion (4.6). Therefore it is possible to determine an analytic form for the term £ ( s , y , z )
as
f B! ( z) sin(k2By) + B 2(z) cos(k2By)
L.{s,y,z) = <
I C\{z) exp(k 3By)

-d < y < 0

core

(4.12)

y < —d substrate

with k2B and k$B given by:
k2
2B = k f a - s * - p * + 4 i p i ^ f - q
k j B = P 2 + s2 - k 0
2 e3 - i i p -t $ ! f + q

and B i, B 2, C\ coefficients to be determined by applying the boundary conditions at the
common interface y = -d .

4.5

Interface conditions

The solution of the entire field is uniquely determined by enforcing the interface conditions
at the common planes y = 0 and y = -d , Fig. [4.2]. Similarly to the SIM at y — - d it must
be

nr f
a\
unr (
a+ ^
F B{s ,- d ,z) = bJ:B {s ,-< r,z )

^ b (s, - d ~ , z)
dTB(s, ~d+ , z)
---------— ---------= --------------
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(4.14)

with b = 1 for T E y and b = e2/e 3 for T M y polarisation.
The continuity of the field at the bottom of the rib region, y = 0, Fig. [4.2], is enforced in
the spectral domain
/ w/2

rw/2
/
H{ x, z) • G(y = 0) • exp(«sa:)d:r = T b ( s , y = 0, z)

FA{x,y, z) ■exp(isx)dx =
■w/2

J —w/2

(4.15)
Differently from the uniform waveguide the conditions (4.14) and (4.15) are z dependent
and yet must be satisfied at any value of z. This requirement is accomplished in exact
terms since it is automatically built in the method. In fact, the same way as these conditions
were satisfied for each value of the spectral variable s in the case of the uniform waveguide,
eqns. (3.17), (3.20), now they are satisfied for each value of the spectral variable s and the
longitudinal variable z.
As final condition the continuity of the field derivative is required at the bottom of the rib. Of
course, since the field inside the rib has been approximated with an expression that does
not satisfy exactly the wave equation it will not be possible to accomplish such condition in
exact terms. However this limitation is overcome by applying a variational technique.

4.6

Variational analysis

The fast propagating term p, eqn. (4.2), is fixed in order to assign, as initial condition, a
mode of the input waveguide. Therefore, the only term undetermined in the field expres
sion, E ( x , y , z ) , is the term a(z).

The variational technique is applied by adjusting the

slowly varying term a(z) with the intent of minimising the field derivative mismatch. As
derived in Appendix C, the variational form for a tapered device is given by, eqn. (C.18),
r
/ +oo /*+oo

-oo j ZQ

dF A( x, y = 0+ , z)
dFB ( x,y = 0 - , z ) - \ . ,
f f f v 2 ip F Z Bd , F A,Bdxdydz
dxdz-\
; :—:------ = 0
K -------- — —F.
A
dy
B
dy
j—
■ f f f y F a ,b F a sdxdydz

Fa

(4.16)
The first integral in eqn. (4.16) is similar to the variational expression for the longitudinally
uniform rib waveguide, eqn. (C.6), [3], and accounts for the field derivative mismatch at the
base of the rib. The second integral is due to the presence of the taper and describes the
fraction of energy that is lost by the initial mode as it propagates along the taper (i.e. coup
ling to other guided or radiated modes). Since the expression (4.5) chosen for the field is
not enough to describe any other modes, but the mode launched at the beginning of the
taper, the second integral is essential to represent (as a global effect) such other modes
(guided and radiated), so that the total transmitted energy is conserved at the transverse
cross-section, for any z, [2].
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4.7

Choice of the fast propagating term p

The value of the fast propagating term p in eqn. (4.6) must be chosen much larger than
the phase correction, i.e. p

»

qr/ p

, s o that a ( z ) satisfies the slowly varying condition. In

order to assign as initial field a mode of the uniform input rib waveguide it is necessary to
chose p as the value of the propagation constant p of such mode. In fact, at z = 0 the
phase correction term qR/p vanishes and, if p = p the expression of the field inside the rib
region, eqn. (4.2), is equivalent to that of the uniform waveguide, eqn. (3.7).

4.8

Results: optical field distribution

The model suggested here in Chapter 4 is applied to deep ridge adiabatic taper wave
guides with different flare angle; the dimensions and the refractive indices are summarised
in Tab. [4.1].
The fundamental mode of the straight input rib waveguide is launched as initial field along
Ao = 1.55pm
w = 3.52pm

d = 2.64pm

m = 1 (Air)

772

= 3.4764

h = 1.63( i r n
7/3

= 1.447

Table 4.1: Parameters for the tapered rib waveguide analysed.

the tapered device. The propagation constant of such a mode is obtained by applying the
SIM, Tab. [3.3].
Figs. [4.3b-c] show how the field E 0( x , y ) launched at z = 0, Fig. [4.3a], spreads out as it
propagates along the taper. However, further along z, as the waist of the taper becomes
larger the ridge tends to confine the field more in the lateral x direction. The increase of
the ridge width in effect increases the horizontal confinement of the field (same as in slab
waveguides), considering that both the etch depth and refractive indices are kept constant.
The field in region A is always entirely confined inside the ridge, as enforced by the as
sumption of external zero electric field. The total field confinement inside the top region
and the gradual broadening of the field in the region underneath can also be observed in
the longitudinal contour plots, Fig. [4.4].

4.8.1

Comparison with BPM and LME methods

In order to test the accuracy of the present model results are compared with those obtained
by Yamauchi et al., [5], by applying a Finite-Difference BPM algorithm (Section 2.8.4). The
taper structure analysed has a flare angle of 0O = 0.5° and the field is propagated for a
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Figure 4.3: Field profile contour plot, in Arbitrary Units (A.U.), at different transverse cross
sections, Fig. [4.1]: (a) z = 0, initial field
z — 100fim . Angle 0O = 2°.

the input rib waveguide; (b)
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Figure 4.4: Field profile contour plot, in Arbitrary Units (A.U.), at different longitudinal cross
sections, Fig. [4.1]: (a) top rib region A, y = 0.5pm\ (b) bottom region B, y = -0 .5 /j,m.
Angle 60 = 2°.
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distance of 50//™; the material refractive indices are:

772

= 3.44,773 = 3.40. Because of the

small refractive index step between the core and the substrate there is less field confine
ment in the vertical direction, and the field spreads more into the substrate layer.
Fig. [4.5] shows that field profiles at the output of the guide obtained by the two differ
ent methods are similar. In both cases the adiabatic taper retains the single peaked pear
shape of the field, centred at the same location in the middle of the core region. The two
profiles are normalised in amplitude, so that the lateral spreading at the two sides of the
rib can be compared.

x (m ic ro n )

Figure 4.5: Comparison of results with BPM. Field profile contour plot, in Arbitrary Units
(A.U.), at the output transverse section of the taper, (a) present model; (b) Beam Propaga
tion Method. Angle 00 = 0.5°.
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Results are also compared with those obtained by using the Local Mode Expansion tech
niques (Section 2.8.3). Fig. [4.6] compares the field longitudinal contour plot in the bottom
region. Both methods predict the increasing lateral confinement of the field as it propag
ates along the longitudinal direction, z.
The comparison of the computational runtimes shows that the present method is faster
than both the FD-BPM and LME methods. More specifically, in the case of FD-BPM and
LME the structure is divided longitudinally in N sections (the larger the number N the more
accurate being the results) and the field is computed for each section. In the case of the
present method the field is computed overall the entire device in only one computer cycle.
Therefore the FD-BPM and LME require a computational time of the order N times longer
than the present method.

4.8.2

Effect of taper angle on propagation

Optical propagation in different angle tapers are solved in order to examine how the same
field launched at the start of the taper propagates in the structure. Three taper angles are
chosen for comparison, 0O = 0.1°, 2°, 5°, each small enough to ensure that the paraxial
approximation is valid.
When the angle is small, Oo = 0.1°, Fig. [4.7a], the field approaches the propagation in
uniform media. Conversely, with a large angle, 0O = 5°, the effects of the taper are more
evident: in one hand the waist of the field increases as the waist of the rib is increased,
but, on the other hand, the taper enforces more lateral confinement in the bottom region,
Fig. [4.7c].
The dependence of the field propagation on the taper angle can be quantified by consid
ering the values obtained for the parameter q in the slowly varying term a(z), eqn. (4.6).
Tab. [4.2] describes how larger angles require higher correction terms to the chosen fast
propagation term p = (3. The values of q act on both amplitude and phase of the slowly
varying term, F ( x , y , z ) . However, the effect on the phase is small compared to the fast
variation, so that the slowly varying approximation is valid: in fact, examining the values of
qR in Tab. [4.2] it is always qR/ p < p. Regarding the amplitude of a(z), eqn. (4.7), the de

cay is larger in taper with larger angle, i.e. amplitude of qj increases with the angle. Since
in a large angled taper the field waist broadens faster the amplitude decay must follow
accordingly in order to ensure the conservation of transmitted energy at any transverse
cross-section, {z = const).
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Figure 4.6: Comparison of results with LME method. Field profile contour plot, in Arbitrary
Units (A.U.), at the longitudinal cross section underneath the rib, y = -0 .5 p,m, Fig. [4.1].
(a) present model; (b) Local Mode Expansion method. Angle 90 =

2 °.

p = 14.5197
angle

QR

Qi

0.5°

0.257

0.054

2°

0.298

0.149

5°

0.308

0 .2 2 1

Table 4.2: Values obtained for q — qR + % at different taper angles.
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Figure 4.7: Field propagation for different taper angles. Field profile contour plot, in Arbit
rary Units (A.U.), at the longitudinal cross-segtion y = -0 .5 p m . (a) 0O = 0.1°; (b) 60 = 2°;
(c) O0 = 5°.

4.8.3

Total longitudinal phase variation

An indirect test for the validity of the model can be pursued by examining the total longit
udinal phase variation along the z direction. According to the expression utilised for the
field inside the rib region, eqns. (4.2), (4.5), (4.6), the longitudinal phase variation is given
by the contribution of two terms: (a) the fast propagating term p, (b) the phase part of the
slowly varying term a ( z ) , i.e. q R /p . Therefore, the total longitudinal phase variation is
(4.17)

<\>tot = P + qR/p

In the limit case of uniform waveguide, Fig. [4.8a], (flare angle 0O = 0°) the longitudinal
phase constant is equivalent to the propagation constant, <\>tot = P- The opposite limit
case, with flare angle 0O = 90°, Fig. [4.8b], is equivalent to the propagation of the initial field
E 0( x , y ) into the half space region

2

> 0, made of the vertical layer sequence cladding-

core-substrate. This sequence constitutes a longitudinally uniform slab waveguide and,
hence the total phase 4>tot can not exceed the effective propagation constant of such slab
waveguide. The total phase variation for all other angles lie between these two limit cases,
Fig. [4.9].

cladding

substrate

(a)

cladding

core

substrate

Figure 4.8: Limit cases for the flaring angle, (a) 60 = 0°; (b) 60 = 90°
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Figure 4.9: Total phase, (f>tou of the propagating field for different flare angles. The total
phase varies between the uniform waveguide propagation constant and the half-space
phase propagation (asympotically).

4.9

Y-junction waveguide

The method presented in this chapter for solving tapered devices can be extended to Yjunction configurations, Fig. [4.10]. The inclusion of the two arms is similar to the extension
of the Spectral Index Method for a longitudinally uniform single rib waveguide to a two ribs
waveguide coupler, presented in Section 3.5.1.
In the present case each mode, symm etric and anti-symmetric, is launched separately

w

Figure 4.10: Structure of a Y-junction waveguide.

from the uniform input rib waveguide at the start of the Y-junction, z — 0 . The total optical
field propagating along the two arms is then obtained by adding the two field profiles,
calculated separately. The field inside the top part is approximated with the expression
Ea(x> y, z) = F A( x , y , z ) * exp ( - i p z ) = a(z) ■f{ x , z) • G(y) - exp { - i p z )
60

(4.18)

with
A i cos 2 ^ ( x + T /2 )
f{x,z) = i

A \ cos

( * - T /2 )

(—w — T ) / 2 < x < (w — T ) / 2
( T - w ) / 2 < x < { w + T ) /2

for symmetric fields

elsewhere

f(x,z)=<

A \ cos

( - w - T ) / 2 < x < (w - T ) / 2

A\ sin ^ ( x - T / 2)]

( T — w ) / 2 < x < (w + T ) 12

for anti-symmetric fields

elsewhere

(4.19)
The slowing varying term a(z ) is determined in Appendix D, and given by

a(z) - exp ^ - i^ z ')

q = qR - iq!

(4.20)

qR describes the small phase correction to the arbitrarily chosen fast propagation p, and
qi the amplitude decrease as the field propagates longitudinally.
The field in the region below the rib is Fourier transformed along x, the same as de
scribed in eqns. (4.8), (4.9) for the tapered geometry.

The boundary/interface condi

tions and the variational expression are similar to those applied in the taper waveguide,
i.e. eqns. (4.14), (4.15), (4.16).
An example of field propagation, for a Y-Junction rib waveguide with parameters as given
in Tab. [4.1] and an angle 0O = 2°, is shown in Figs. [4.11], [4.12]. A symmetric field
is launched at the start of the Y-junction, from the uniform input waveguide, Fig. [4.11a].
The field splits and propagates equally between the two arms, decreasing in amplitude,
Fig. [4.12], because of coupling to other modes (radiative). Although the radiated modes
are not explicitly accounted for, their effect is included implicitly in the variational expres
sion (4.16), so that the slowly varying term a(z) is determined accordingly.
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(a)

Figure 4.11: Y-junction structure. Field profile contour plot, in Arbitrary Units (A.U.), at
different transverse cross sections, Fig. [4.10]. (a) z
waveguide; (b) z = ZZr
^

—

0, initial field fed by the input rub

\ (c) z = 66pm . Split angle, Oq = 2°.
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Figure 4.12: Y-junction structure. Field profile contour plot, in Arbitrary Units (A.U.), at
different longitudinal cross sections, Fig. [4.10]. (a) top rib region, y = 0.5^m; (b) region
below the rib, y = -0 .5 ym. Split angle, 0O = 2°.
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4.10

Quasi-modal propagation in taper rib waveguides

The Spectral Index Method determines, under some approximations, the eigenmode solu
tions of longitudinally uniform rib waveguides, by expressing the field inside the rib region
in terms of metal-like rectangular waveguide eigenmodes. In fact, because of the effective
rib with zero electric field outside, Fig. [3.2], the two vertical walls of the rib can be seen as
parallel metal plates, which admits eigenmodes of the type described in eqn. (3.6).
In the case of a taper waveguide, Fig. [4.2], the effective rib is equivalent to a metal-like
horn waveguide. Since metal horns admit eigenmode solutions it could be argued that, by
applying the same concepts as in the SIM, the field inside a taper deep ridge could be ex
pressed in terms of metal horn eigenmodes. However, if by using metal horn eigenmodes
it is still possible to determine eigenmode type solutions in a taper rib waveguide is not
entirely clear, and certainly needs more investigation.
In this section a preliminary analysis is attempted to investigate the possibility of solving
taper waveguides in cylindrical coordinates, by applying metal horn eigenmodes. The the
ory presented here does not aim to be exhaustive, but mainly to introduce material for
possible further developments and discussions.

4.10.1

Mode solutions of a metal horn

As introduced in Section 2.5, the distinct feature of eigenmode solutions is the fact that they
can be expressed as products of factors with separated variables, i.e.

the transverse, x

and y axes are separated from the longitudinal z axis, eqn. (2.14). This feature is valid even
for fields propagating in a metal horn of sectoral shape, Fig. [4.13]. In fact, the field in metal
horns can be expressed as separate factors of the transverse axes, 0 and y, and the radial
direction,

r, [6]. However, in order to obtain an analytic solution for the eigenmodes of a

sectoral horn it is necessary to solve the general wave equations (2.6), (2.7) in cylindrical
coordinates, (r, 0, y).
As explained in Section 2.4, the electromagnetic field in cylindrical coordinates can be
easily solved, in scalar form, if eqn. (2.6) is solved for the vertical component of the electric
field, E y, or eqn. (2.7) is solved for the vertical component of the magnetic field, H y, (T M y
and T E y polarisation, respectively). For T M y polarisation the wave equation is, thus,
d2Ey

Id E y

1 d2Ey

^ Ey

, « „

„

~d^~ + r ~ d ^ + ^ ~ d e ^ + W ~ + k o e E y - °

,, ^
(4'21)

Solutions of eqn. (4.21), with reference to Fig. [4.13], are, [7], [6]:
.

(2ra + l)-7r ]

E mn(r, 0,y) = cos ------

0o

/ riTT \

( H j p ( k nr) 1
(2) ^ x >

0 • cos ( —-y ) • <

H (2\ k nr)

(4.22)

the two indices, m = 0,1,2,... and n = l, 2,..., are the azimuthal and the vertical mode
numbers, respectively; H ^ \ H £2) are the reverse and forward travelling Bessel functions
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Figure 4.13: Structure of a sectoral metal horn.

of the third type (or Hankel functions); v = ---T^ 1)7r indicates that the Hankel functions are
of fractional order; k \ = k%e -

)2 is the radial wavenumber. The set of eqns. (4.22) are

orthogonal and complete and are not valid at the apex, r = 0.

4.10.2

Field expression inside the rib

Similarly to the SIM for uniform waveguides, the analysis of the field in taper rib wave
guides is subdivided in two regions: inside the taper rib and below the rib.
After replacing the actual rib with an effective taper rib, thus introducing metal-like bound
ary conditions, the field, E a , inside the rib can be expanded, alongthe azimuthal axis, in
terms of metal horn modes, eqn. (4.22),
oo

Ea =

cos

( 2 m + l) 7 T g

9 • G(y)• a i H ^ ( k r ) + a2H ^ { k r )

In the case of a metal horn the forward and reverse travelling solutions are not coupled, so
that they can be used separately and independently from each other to represent an exact
mode solution of the horn. In the present case of taper rib waveguide, since the rib region
does not have metal-like boundary conditions at the bottom surface, y = 0, Fig. [4.2],
the forward and reverse travelling waves are, in general, coupled. However, because the
analysis is focused only on adiabatic tapers, it is assumed that the coupling is small so
that the forward and reverse travelling waves are still treated separately. Moreover, as first
approximation, only one term of the expansion (4.23) is considered at a time. Thus, for

m = 1, the electric field inside the rib region is

with k the radial wavenumberto be determined.
Inserting the expression (4.24) in the wave eqn. (4.21) gives

^ 0 - ' G[v) + \ ^ r G[v) + ( kle - 7 ) h * )g{v]

+

^

j p

^

2) =

0

<4 -2 5 >

utilising separation of variables conditions, yields
■ w g w

+ Id H g w

. m

+ (lJ< _ o l )

tr) _ 0

SSla - -J a w

(4 ja )

(4.27)

Eqn. (4.26) is the Bessel equation, with k2 = k%e - a 2.
Eqn. (4.27), together with the boundary condition at the top of the rib, E a ( t , 6 ,y = h) = 0,
Fig. [4.2], provides the expression for G{y) as
= sin a (h — y)
sin a h

4.10.3

Field expression in the region below the rib

The region below the rib, y < 0, is uniform along the radialand azimuthal axes. A general
field expansion is:
+oo

E B = ^ 2 A m(r, y) COS(mO)

(4.29)

771=0

Inserting eqn. (4.29) in the cylindrical wave equation (4.21), and considering the fact that
the cosine functions are orthogonal, produces
d2A m

1 dAm . / , 0

dr2

r dr

m2\ A

+ V
( koe ~ r 2 J

. d2A

+ -Q-pdy“ ~ 0

(4.30)

form = 0,1,2,....
The functions A m(r, y) can be expressed by using the Hankel transform, [8],
f+ o °

A m(r, y) — I
J o+

kmGmikmi y) ■

^{kmr)dkm

7r
u= —

"o

(4.31)

Inserting the expansion (4.31) in eqn. (4.30), and interchanging the integral and the deriv
ative operators, yields

17

*■»

+

\77~g™
+(kh- 7)Gm
H('}+d~wHf)

dfcm = 0 (4.32)

Because of Bessel’s equation

+

(4.33,
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eqn. (4.32) can be rewritten as
»+oo
£ + °° km (k2e - k l ) G mH <2> +

r2m 2) G mg ( 2> +

d2G,

d/tm — 0

(4.34)

Eqn. (4.34) can be simplified by applying the orthogonality condition, [9],

J

r - H P ( k mr ) H P ( k mr ) d r = l

j a

km 7^ km

°
I

v

td )

Tn —

(4.35)

m

with 0 < a < 6 and
I {km ) —

- w { H T X k m r) +

12

{1

-

kmr

(4.36)

Therefore, multiplying eqn. (4.34) by H P ( k mr), integrating between the start of the taper
r = r 0 and r =

+ 0 0

and using the orthogonality eqn. (4.35), eqn. (4.34) becomes

_
_
_
x1
r'•+“
~ T ~ ° °>
d2Gm(km,y) , . _T
I{km)~\~{kQ€—km) I ( k m)Gm{kmiy)~\~y
I
km{v —tti )J {k m) Gm{km: y)dkm — 0
dykm J 0+

(4.37)
with
J{km) =

f°° 1

/

Jr0

- - H l 2\ k mr ) H i 2\ k mr)di

(4.38)

r

The integral in eqn. (4.37) represents the coupling between different terms, G m(kmy), due
to the presence of the top sectoral rib.
In the set of eqns. (4.37) the functions G m(km,y) and the constants km must be de
termined, for m = 0,1,2,....

In principle, such unknown quantities can be determined

by solving the interface/boundary conditions and by assigning an initial field profile for the
propagating field. However, it is cumbersome to determine a direct quasi-analytic link
between the initial field profile and the values of G m and km.
In order to maintain a quasi-analytic approach to the problem an approximation for the field
expression in the region below the rib is invoked. Each coefficient, A m(r,y), is approxim
ated by using only one spectral term, G m(km, y), of the Hankel Transform (4.31). In partic
ular, the term corresponding to the radial wavenumber k of the top region, eqn. (4.24), i.e.
k —- kQ6

a 2, is chosen. With this choice the coefficients A m(r,y) in eqn. (4.31) become
A m(r,y) = G m(k, y ) H ^ \ k r )

(4.39)

and, consequently, the field expansion (4.29) is
+00

E b = ^ 2 G m(k,y) cos( m 6 ) H ( 2\ k r )

(4.40)

m —0

It is important to note that although in each term of the expansion (4.40) the transverse
spatial variables are separated, the entire expression of the field, E B, does not have sep
arated variables. The expression for G m(k,y) is determined from eqn. (4.37), which, with
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the present assumption, i.e. km = k , reduces to
d2G m
. 2 I { k ) + (kje - k ) I { k ) G m + (v2 - m ) J ( k ) G m = 0
oy2

(4.41)

Solutions of eqn. (4.41) are
f Bi s m { k ymy) + B 2 cos(kymy)
^ 7 7 1 (^ 5 y j

—

-d < y < 0

core

y < —d

substrate

j

i

I C i e xp (rym2/)

/

with kym and Tym given by:
k2
ym =

k f a

~ k 2 +

{v2 -

m 2)

r ym = k2 - /c§e3 - ( V2 - m2)
and S i, S 2, C i coefficients to be determined by applying the boundary conditions at the
common interface y = - d . The solution in the substrate, y < - d , is such that the field is
guided inside the core and vanishes at y = -o o .
The continuity of the field is also ensured at the bottom of the rib, y = 0, i.e., by using
eqn. (4.24), (4.28), (4.40),
+oo

^ (( kk rr )\ == ^
E A( r , 0 , y = 0) = cos ( - ^ -R6 \H
)H^
#0

G m(k, y = 0)cos{ m 9 ) H i^ ) {kr) = E B { r , 0 , y = 0)

m —0

(4.44)
Similarly to the SIM for uniform waveguides, the continuity of the field derivative can not
be ensured (Section 3.4), and a variational analysis is therefore applied
+7r
.+7r

/

^r -+ 0 0

—
7r Jr
-7
Jroo

r T7»* d E A{\ 'r,7 0,
y = 0+)
w7
w
/

Ea

dy

Tp*

d E B ( r , 0 ,y = 0“ )

E * ----------- ¥

d^dr = 0

(4.45)

The main difference between the variational expression (4.45) and the expression used
in (4.16) to solve the taper waveguide propagation in Cartesian coordinates, is that the
second term in (4.16) is not needed in the present case. In fact, the energy conserva
tion is ensured automatically by the type of function chosen to describe the longitudinal
propagation, i.e. Hankel function, eqn. (4.24), rather than plane wave function, eqn. (4.2).
In Cartesian coordinates the variational analysis is applied to minimise the field derivative
mismatch at the base of the rib and to ensure energy conservation as the field propagates
longitudinally. In Cylindrical coordinates the variational analysis is invoked only to minimise
the mismatch of the field derivative at the base of the rib. Thus, for taper waveguides, the
choice of Hankel functions to represent the field inside the rib is more appropriate than to
approximate the field with sine/cosine plane waves as in Cartesian coordinates. Moreover,
in the Cartesian coordinates case the fast propagating term, p, was chosen to assign the
initial propagating field, and the variational expression (4.16) was used to obtain the (com
plex) slowly varying term, a(z). Differently, the variational expression (4.45) is solved to
determine the value of the (real) radial propagation term, k.
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4.10.4

Results: optical field distribution

The taper waveguide with parameters as in Tab. [4.1] is solved in cylindrical coordinates.
Some preliminary results of the field profile are shown in Fig. [4.14]. Similarly to the field
profiles determined in Cartesian coordinates, Fig. [4.3], the effect of the taper produces an
increasing effective lateral confinement as the field propagates.
The side lobes appearing in Figs. [4.14] are generated because the expansion (4.40)
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Figure 4.14: Field profile contour plot, in Arbitrary Units (A.U.), at different transverse cross
sections, Fig. [4.1]: (a) r = 40^ra; (b) r = 400yuni. Angle O0 = 2.5°.

has been truncated and the field represented with a finite number of terms, N = 50.
Fig. [4.15] shows how an expansion with too few terms generates a profile which does not
satisfy accurately the continuity of the field at the base of the rib, y = 0 , with consequent
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excessive lateral spreading of the field in the bottom region.
If, in the limit case, the depth, d, of the uniform core region, Fig. [4.2], is reduced to a small

lOO
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1oo
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1OO

x (micron)

(a)

100

50

O

x (micron)

(b)
Figure 4.15: Influence of the number of terms, N, in the field expansion. Field profile
contour plot, in Arbitrary Units (A.U.), at the transverse cross sections, r = 50/xm: (a)
N=10; (b) N=50. Angle 90 = 2.5°.

value, d —> 0, and the core/substrate refractive index step is chosen large, i.e.
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- r?3) is

large, then the taper rib structure resembles a pure metal horn. Results for such a case
are depicted in Fig. [4.16]. The field profile calculated is similar to a metal horn eigenmode
solution, eqn. (4.22), with the peak centred in the middle of the rib.

The above results on the field propagation solved in cylindrical coordinates are presen
ted at a preliminary stage and need to be analysed more. In particular, it is necessary to
determine the formal connection between such results and those obtained by solving the
same taper structure in Cartesian coordinates. Nevertheless, the first inspection reveals
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Figure 4.16: Limit case structure: taper rib as metal horn. Field profile contour plot,
Arbitrary Units (A.U.), at the transverse cross sections, r = 50/im.

qualitative satisfactory agreement between the profiles obtained by the two methods.
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Chapter 5

Injection of carriers into
semiconductors
The first part of the thesis was devoted to describe optical propagation along planar semi
conductor rib devices. An important requirement for optoelectronic components is the cap
ability of altering their optical propagation characteristics. One relevant example is given
by the optical switch, whose functional purpose is to select the spatial path of the optical
signal. Similarly, a spatial modulator, for phase/amplitude modulation, requires alteration
of the optical propagation characteristics.
This requirement can be achieved by changing the refractive index of the material thus
affecting the optical properties of the device. The refractive index of a material can be
altered, for example, during the growing process, adding impurities inside the semicon
ductor lattice to create a new alloy composition. Although this is the most effective way to
influence the refractive index, it is not convenient because it can be only achieved during
material growth.
However, alteration of the refractive index while the device is operating is more useful. One
possible way of changing the refractive index of a semiconductor device is by injecting car
riers (holes and electrons). It is then useful to determine the carrier distribution (which in
general may not be uniform) inside the device after injecting an externally applied current.

5.1

Refractive index change in semiconductors

There are three most common different ways of altering the refractive index,
conductor material:
• applying an external electric field (Electrooptic effect)
• injecting/depleting a current (Carriers induced effect)
• altering the temperature of the semiconductor (Thermooptical effect)
74

77,

of a semi

The effectiviness of these methods varies accordingly to the material utilised.

Electrooptic effect (or electrorefraction) is determined by two physical effects, both gen
erated by an externally applied electric field: the Franz-Keldysh and the Kerr effects. The
inherent on/off response time is very small (generally sub-picosecond), and limited only by
the RC time constant of the device. The modulation depends of the electric field polarisa
tion.
In the particular case of Silicon material studies on electrorefraction have shown that the
electrooptic effect is small, especially if compared with the other two methods, [1 ].
The carrier induced effect can be achieved either by injection, (negative At/), or by de
pletion, (positive A 77), of carriers into the semiconductor. The carrier effect is determined
by three main physical phenomena:

1)

free carrier absorption; 2 ) bandfilling; 3) Coulombic

interaction of carriers with impurities, [1], [2], [3], [4]. However, the major interest here is
the combination of all of them, in order to describe the overall effects. For many applica
tions it is an important advantage to alter the refractive index by carrier injection because
it is independent of the polarisation of the optical signal.
In the injection case the response time is limited by the minority carrier lifetime (« ns to

/is), the depletion mode is expected to be faster because of carrier sweep out.
In Silicon the carrier injection effect has been empirically determined as, [1]:
A 77 « (A N )0-8

for holes

(5.1 j

A 77 « (A N ) 05 for electrons

where A N is the injected carrier density.

Thermooptical modulation is in general the slowest way of altering the refractive index. In
Silicon the depth of modulation is as effective as the carrier injection, i.e. A t/ =

2

• 10 ~4/K ,

[5]. However, because of high thermal conductivity of Silicon it requires high power con
sumption, so that carrier injection still remains the preferred way of altering the refractive
index.

A comparison of the refractive index change due to the three different methods is summar
ised in Tab. [5.1], at A = 1.3nm for Silicon material.
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Carrier injection
injection of holes, A N
A N = 1018cm~3

At) = —10-3

A N = 1019cm~3

Ar) = —8 ■10"3

A N = 1020cm“ 3

Ay

=

—5 • 10"2

injection of electrons, A N
A N = 1018cm~3

Ay = - 6 • 10"4

A N = 1019cra-3

Ay =

A N = 1020cm "3

Ay = - 7 ■10~2

-5

■10~3

Electrorefraction

Franz-Keldysh effect
E = 75kV/ cm

A y = 5 • 10"6

E = lOOkV/cm

A y = 1.3- 10~5

Kerr effect
A = 1.3f i m
E = 100kV/cm

Ay

=

10"6

E = lOOOkV/cm

Ay

=

10-4

Thermooptical effect

Ay

=

2 ■ 10~4/ K

Table 5.1: Comparison of refractive index change, A y, in Silicon by using electrorefraction,
carrier injection and therm ooptical effect, at A = 1.3nm.
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5.2

Injection of carriers into semiconductors

The process of injecting carriers into a semiconductor sample can be entirely described by
the current flow continuity equations, together with Poisson’ s equation, [6]. The injection
of a current results in a net increase of carriers (hole and electron) in the volume of the
sample. However, increase or decrease of carriers from the volume is not only due to
the flow in-flow out, but also because some hole-electron pairs are generated while some
recombine. If recombination (at the rate R for unit volume) or generation (at the rate G for
unit volume) processes occur inside the region the net amount of generation per unit time
per unit volume is (G - R).
By enforcing hole and electron particle conservation separately yields the equations for
the hole concentration distribution, p(x, y , z, t), and the electron concentration distribution,
n(x, y, z, t), [8],

= - ” V • Jp + (G - R ) p
|

= V

j „

+ (G -fl)„

(5.2)

(5.3)

with e the elementary charge constant. J p and J„ are the hole and electron current densit
ies, respectively. It is useful to note that p and n are scalar variables while the current dens
ities Jp and J n are vectors. The total injected current density is given by J tot = J P + J nIf po, n0, are the equilibrium concentrations, before injection, the injection of current in
troduces excess carriers concentrations, A p, An, so that the final carrier concentrations,
after injection, are
P = Po + Ap

n — no + An

(5.4)

The transport of carriers is due to diffusion and conduction phenomena, [7]:
J p = JpdifF T Jpcond =

Dp ^P T PPpE)

J n — Jndiff “1“ Jncond = c(-£)nV n + n/inE)

(5-5)

(5.6)

where Dp, D n are thediffusion coefficients, p,p, pn the carrier mobilities and E is the elec
tric field applied across the semiconductor.
If the diffusion coefficients and the mobilities are constant substitution of the current eqns. (5.5), (5.6)
in the continuity eqns. (5.2), (5.3) yields
^

= D „ V 2p - M PV - ( p E ) + ( G - f l ) p

(5.7)

C^TIj
— = D nV \ + nnV - ( n E ) + ( G - R ) „

(5.8)

The diffusion coefficients can be related to the mobilities through Einstein’s relations, [6],

Dp = I ^ L

Dn =
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(5.9)

with

k Boltzmann’s constant1 and T the absolute temperature.

Finally, the electric field, E, is related to the carrier densities through Poisson’s equation
V • E = ^(p - n - po + no)

(5.10)

In the case of an intrinsic region the concentrations at equilibrium are po = n 0 = n*;
for p and n doped region it is po = N a (acceptor concentration) and n 0 = iVrf (donor
concentration), respectively.
From eqn. (5.10) it is also possible to observe that any electric field variation is present
only in those spatial regions with a non zero net charge.

5.2.1

Recombination

Recombination is an important physical process in semiconductor materials contributing
negatively to the net injection of carriers as it generates losses of carriers from the conduc
tion and/or valence band. The number of carrier involved in this process, per unit volume
per unit time, is described by the recombination rate

R{n,p,T) as a function of the carrier

concentrations and the temperature.
In order to model all the different types of physical recombination it is possible to regard
the recombination rate

R(n,p, T), for a fixed value of the temperature, as an expansion in

power series, [6],

R(n,p,T)

=

ci(T )

+

C2 (T)n + c$(T)p + c^(T)pn + c${T)p2n + cq(T)pti2 + C7 (T)p2n2 + ...
(5.11)

Each term of this expansion represents a different physical effect; terms of higher order
represent higher order effects.
It is evident that the coefficient c\ is zero, c\ = 0, because there can not be any re
combination without the presence of any type of carrier. However, in order to represent
recombination processes in eqns. (5.7), (5.8), it is convenient to represent all the different
recombination terms in (5.11) in the same way. To each type of carrier is then associated
a lifetime constant, t, describing the time necessary to the carrier before recombining.
Following this definition recombination rates can also be expressed as:

Rp = Tp

Rn = —
Tn

(5.12)

The lifetime constants rp and r n effectively represent the overall recombination processes,
and each term of eqn. (5.11) contributes, with different weights, to the values of r p and rn.

As a broad convenient classification recombination processes may be subdivided in two
main categories: band-to-band and no-band-to-band recombination.
1fc = 8 . 6 1 7 - 1 0 ~ 5e V / K
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Band-to-band recombination
Band to band recombination occurs when an electron in the conduction band replaces
the location of a hole in the valence band, at a lower energy level, relaxing an amount of
energy equivalent to the difference between the two energy levels. It can be of two types:
radiative and non-radiative.
In the radiative process the relaxed energy is radiated out. Because the process involves
two carriers (electron and hole) it is represented through the term c4pn in eqn. (5.11); c4 is
also known as bimolecular recombination coefficient B r . Considering the representation
introduced in eqn. (5.12)
P

Ti

Rp = B rpn = —
Tp

R n = B rpn = —
Tn

(5.13)

it is possible to estimate the effective radiative lifetime constants as:
tp

= ~5—
Brn

r n = ~B—
B rp

(5.14)

In the non-radiative case, also known as Auger recombination, the energy relaxed from the
electron-hole pair is passed to a third carrier. The physical process involves three carriers,
and it is thus represented by the two coefficients c5, c6, (known as Auger coefficients) in
eqn. (5.11). By using the form (5.12) it is
Rp = Cpp2n = —

R n = Cnpn2 = —

(5.15)

'T’n

Consequently, the Auger lifetime is expressed in terms of the Auger coefficients Cp, Cn as:

Tp = Cppn

Tn = Cnjm

^5 '16^

It is important to note that because R p, R n in eqn. (5.15) depend of the third power of the
carrier concentration, Auger recombination becomes relevant only in the case of very large
carrier injection, [9].

No band-to-band recombination
Carriers can also be lost because they are trapped by energy levels located inside the
forbidden energy bandgap. These extra energy levels are oftenintroducedby donors and
acceptors dopant or by dislocation due to lattice imperfections.

Thesetypes of recombin

ation have been quantified and modelled by Shockley, Read and Moll as, [9],

„

R sR M

= ---- 7 - —

np — tl/ 2

r—

Tpo(n + 7ii) + Tn0(p

+ rii)r

(5.17)

The time constants rp0 and rn0 vary with doping densities and material, n f is the intrinsic
(undoped) carrier concentration. Because only a single carrier is involved when trapped,
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these recombination are represented by the coefficients c2, c3 in eqn. (5.11). Moreover,
expressing the

R srm

coefficient in terms of lifetime constants, eqn. (5.12), it is
n

nP

S RM

- " i 2_______

T ^ n + nJ+TnO ^+m )

/K 1 R \

-

Tp

Tn

'

^

Another important type of recombination occurs near surfaces of semiconductor samples.
In fact, surfaces introduce high densities of extra energy levels acting as recombination
centres, [10]. Because one electron recombines with one hole, the flux of holes to the
surface precisely equals the flux of electrons: thus there is not any net current flowing.
Differently from the other types of recombinations (bulk recombination) surface recombin
ation can not be expressed through the effective lifetime constant introduced in (5.12).
They are quantified by a velocity coefficient, Sr , describing how fast carriers recombine at
the surface.

According to the semiconductor material, some of the recombination processes introduced
above are less relevant thus they may be neglected when modelling devices. Tab. [5.2]
summarises the effects of the various recombination processes in the case of Silicon ma
terial. For each type of recombination it is reported the corresponding effective lifetime
constant: according to eqn. (5.12) a shorter lifetime constant yields a larger amount of
carriers recombining, R.
It is possible to observe that the most important recombination effect in Silicon is due to
carriers trapping, while, in comparison, the radiative electron-hole recombination is almost
negligible, even in the case of large amount of injected carriers. The Auger effect becomes
relevant and must be included in the model only in the case of large carrier injection.

5.2.2

Levels of injection

The amount of carrier injection, or injection level, establishes which physical processes
are dominant when injecting carriers and, therefore, must be considered when modelling
carrier injection. A scheme of different injection levels for a typical n doped semiconductor
is described in Fig. [5.1]. The case for a p type semiconductor is similar. Two main levels
are relevant: the low-level injection and the high-level injection, [10].
At equilibrium, the majority carrier (electron) concentration, n 0, approximately equals the
doping density, n0 ~ N d.
In the case of low-level injection the amount of injected carriers is much smaller than the
doping density, i.e. A p « A n <c N d. Therefore, the minority carriers, p = po + A p, will
be significantly changed, while the majority carriers, n = n 0 + A n, although injected in the
same amount as the minority, will remain almost unaffected, Fig. [5.1b], thus the resulting
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Recombination coefficients of Si
Radiative

B r = 10 15cm3/s

Auger

Cp = 1.8 • 10-31cra6/s, Cn = 8.3 • 10~32cm6/ s

R srm

t po =

200ns, r no = 200ns

Recombination lifetime
Band-to-band (Radiative)
A p = A n = 1017cra-3

Tp

=

Tn t t

A p = An = 1019cra-3

Tp

=

Tn

10-2 S

% 10-4 S

Band-to-band (Auger)
A p = An

=

10 l7cm~3

Tp =

Tn ^

Ap

=

1019cm “ 3

Tp =

Tn

=

An

4 • 10_4S

« 4 • 10_8S

Trapping SRM
any Ap, A n

TSR M =

TpQ

+ Tn0 « 4 • 10_7S

Table 5.2: Recombination coefficients for Silicon material and comparison between differ
ent recombination processes, [3], [9].
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Figure 5.1: Levels of injection for a n-type Silicon material.
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carrier concentration will be

n ttN d

p « Ap

(5.19)

In the case of high-level injection, the excess injected carriers are comparable with the
doping density. Therefore, both majority and minority carriers will be significantly affected,
Fig. [5.1c].
Summarising, the conditions for the two cases of injection are:
• low-level injection: A p « A n <c majority carrier concentration

• high-level injection: A p « A n almost equal or greater than majority carrier concen
tration

If the amount of injected carriers is small it is sufficient to solve the carrier eqns. (5.7), (5.8)
only for the minority carriers. On the other hand, when the concentration of injected carriers
is large it is necessary to solve for both the two types of carriers. This is usually the case
when carriers are injected with the intention of changing the refractive index of the material.
Indeed, in order to produce a considerable change it is necessary to inject a large amount
of carriers, as shown in Tab. [5.1].
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Chapter 6

Injection of carriers in a rib
waveguide
The general concepts of semiconductor carrier injection introduced in Chapter 5 are now
applied specifically to a planar rib waveguide structure. The method presented for determ
ining the two-dimensional carrier profile has been made simple to use and transparent to
follow the ’physics in the computation’, albeit at the expense of a slight loss of rigour. It
is meant to provide a means for rapid initial evaluation of desirable design directions as is
often required, for example, in an industrial context. The details of the method presented
here applies to SOI stripe devices, but the method is applicable in a more general context
upon minor adjustments appropriate to the case of interest.

6.1

Structure of the SOI device analysed

In Silicon-on-lnsulator (SOI) devices the current can be injected only from the top surface,
as the S i0 2 deposited in the bottom part of the Silicon optical guiding region is insulating.
As a consequence, the two metal contacts for injecting current must necessarily be depos
ited on the top Si layer. Although this limitation, different configurations are still possible. If
a rib is etched on the top layer, for example, the two metal contacts can be either deposited
on the side of the rib or one contact on top and the other on the side of the rib, Fig. [6.1]. In
the first case, Fig. [6.1a], the current flows mainly between the two side contacts, although
some carriers diffuse inside the rib region. In the second case, Fig. [6.1b] there will be a
distribution of carriers between the top and the side contacts mainly in the central region
A; however, it is expected that a fraction of carriers will diffuse also into region B.
For the purpose of modelling carrier distributions the second structure can be treated sim
ilarly to the first; with the two metal contacts aligned in a straight line, on the side of a
stripe of length w, separated by a distance I. Therefore, the amount of carriers that in
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, , , . . m etal contact
■$$$» doped region

Si (intrinsic)

MS

Si (intrinsic)
metal contact

doped region

(b)
Figure 6.1: Different ways of depositing metal contacts in a SOI rib waveguide.
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Fig. [6.1b] diffuses inside region B is represented by the amount of carriers that flows into
the stripe in the equivalent structure of Fig. [6.1a]. Although this equivalence might seem
too approximate it has the advantage of being straightforward.
However, in practice the configuration in Fig. [6.1b] is not very convenient for realising
devices. In fact, in order to increase and facilitate the flux of current from a metal contact
to the semiconductor region it is necessary to dope the region in proximity of the contact.
The introduction of donor/acceptor generates an increase of optical losses. As shown in
part one, the optical field is mainly confined in the central region below the rib, while only
small tails extend on the two sides of the rib. Therefore, because of the optical confinement
it is then more convenient to utilise the structure shown in Fig. [6.1a], in order to reduce
the overlap between the optical field and the doped region, with consequent reduction of
optical losses.
For this reason the carrier distributions analysis will henceforth be focused only to struc
tures similar to that represented in Fig. [6.1a].

6.2

One-dimensional analysis: the p-i-n junction

As a first approximation the structure of Fig. [6.1a] can be regarded as a one-dimensional
p-i-n structure, Fig. [6.2], ignoring the rib and assuming that the carrier distributions and the
electric field are uniform along the y direction. Thus, in the steady state regime eqns. (5.7)(5.10) can be rewritten, with the use of eqns. (5.5), (5.6), as

+

- D^

- O

j ^

<6-1>

- , J ^ E

ax

{X) - M ^ n ( x ) = (G - R )n

= - ( p - n - po + n0)
e

(6.2)
(6.3)

Because of their complexity this set of equations can not be solved analytically and hence
a numerical approach is invoked. Many examples exist in published literature on how
to determine carrier distributions in semiconductor devices. The seminal paper on the
computation of a p-i-n junction was by Gummel, [1]. He suggested a solution based on
an iterative method. First an educated guess for the electric field distribution is made: this
assumption allows to decouple the two carrier eqns. (6.1), (6.2). Therefore the solution for
the carrier concentrations can be obtained separately for p{x) and n(x). Finally the results
of p and n are inserted back into Poisson’s eqn. (6.3) which is then solved to determine
the electric field distribution. The estimated profile E(x), different from the initial guessed
profile, is used to recalculate, with more accuracy, new distributions of p(x) and n(x). The
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process is repeated iteratively, until the desired degree of accuracy is reached.

^ v m etal contact
■sxxxs- doped region

Figure 6.2: Structure of a p-i-n junction.

6.2.1

Boundary Conditions

In the present context the contacts of the p-i-n structure are located at infinite distance from
the p-i and i-n junctions. The exact choice for the boundary conditions consists of assuming
the electric field to be zero at the metal contacts, E ( —oo) = £(+oo) = 0. Moreover, both
the carrier concentrations, p{x), n(x), must reach their equilibrium value away from the
junctions, i.e.,
p(-oo) =

Po

= Na

n (+

oo) = n0 = N d

(6.4)

However, these conditions are applicable only if the problem is solved entirely analytic
ally and the solutions are considered over an infinite spatial range. Conversely, when
eqns. (6.1)-(6.3) are solved numerically these conditions can not be applied, since the
infinite distance is replaced by an approximate large, but finite, distance (computational
window). The accuracy of the solution will then depend on how far the metal contacts are
chosen from the junctions. As a consequence the conditions (6.4) must be abandoned,
and alternative, accurate yet realistic, boundary conditions need to be considered.
The approach followed in this work is based on the assumption that all the injected carri
ers recombine inside the intrinsic region before they reach the opposite junction [2]. Con
sequently, if holes are injected from the p side and electrons from the n side into the
intrinsic region, Fig. [6.2], it follows that there will not be any hole current flowing through
the i-n junction and, similarly, any electron current flowing through the p-i junction, [2],

U x — l/2 ) = °
Jp(x
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=

1/20

Considering both the diffusive and the conductive currents, i.e.

using eqns. (5.5), (5.6),

the boundary conditions are expressed as
Jn{x = - 1 / 2 ) = epnn ( —l / 2 ) E ( —l / 2) + e D n£ = 0

(6 .6 )

Jp(x = 1/2) = efipp ( l / 2 ) E ( l / 2 ) - eDp& = 0

With the conditions (6.5) the boundaries are shifted from infinity to finite points of the
device, corresponding to the junctions, although this choice limits the solution for p(x) and
n(x) only within the intrinsic region, (|x| < 1/2), Fig. [6.2],

However, since the investigation is focused mainly on the central region of the waveguide,
where the optical field is mostly confined, it is sufficient, for the purpose of the present work
to limit the analysis of carrier distributions only across the intrinsic region. For complete
ness, a quasi-analytic method for solving the carrier concentrations in the highly doped
regions too is suggested in Appendix E. Although the doped regions may not be relevant,
it is useful to solve for the carrier and electric field distributions also in these regions, in
order to calculate the voltage drop across the entire device, thus determining the currentvoltage, l-V, characteristic.

6.2.2

Intrinsic region

In order to solve eqns. (6.1)-(6.3) semi-analytically some approximations are necessary.
Two justifiable physical assumptions can be made inside the intrinsic region, [2]:
• high-level injection
The injection of current from the two highly doped sides introduces a large amount of
carriers inside the intrinsic region. Despite recombination processes, the total carrier
density remains still high compared to the equilibrium values p0, n0. Therefore it is
reasonable to assume
p , n » po.no

(6.7)

At equilibrium, at room temperature, the intrinsic carrier density for Silicon is p 0 =
no = 1.45 • 1010cra- 3 .

• neutrality condition or charge balance
Inside the intrinsic region it is assumed that the excess electron density A n = n - n 0
is exactly balanced by the excess hole density A p = p - po, i.e,
p —Po — A p — A n = n — no

( 6 .8 )

This is equivalent of assuming charge neutrality, although it can not be exactly cor
rect. In fact since the two types of carrier have different diffusion rate, D n ± D p, the
faster diffusing species (electron) would tend to diffuse more ahead than the slower
diffusing species (hole), therefore separating altogether. Moreover, since carriers
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are charged, their separation generates an electric field which tends to counteract
the difference in speed for diffusion. Therefore, it is not be possible to achieve ex
actly the condition of charge neutrality. However, the difference between hole and
electron densities is small compared with each carrier density, p - n <^ p, n, and the
aforementioned assumption remains valid within good approximation.

Under the assumptions of high-level injection and charge neutrality it is possible to solve
eqns. (6.1), (6.2) and find an analytic form for the carrier distribution, p{x) and n(x),
(6.9)
The proof of expression (6.9) and the values of the two constants, C \, C2 , obtained by
applying the boundary conditions (6.6) are detailed in Appendix E.

6.2.3

Current-Voltage (l-V) characteristic

The current-voltage, (l-V), characteristic of a p-i-n junction is similar to that of a p-n junc
tion, although different in the slope: the difference becomes predominant for high current
injection, which is the case analysed in this work.
Because the l-V curve shows, in general, a large slope it is convenient to treat the current
rather than the voltage as the input parameter. In this way the numerical method is more
stable since the most sensitive parameter (current) is used as input, and the voltage de
termined correspondingly: large variations of the current do indeed correspond to small
variation of the voltage.
The analysis of the l-V characteristic is subdivided in two parts: inside the intrinsic re
gion and inside the doped regions. The total voltage drop across the device is thus the
summation of the three contributions

Vpin — Vpi + V, + Vin

(6 . 10 )

Vi is the voltage drop across the intrinsic region and Vpi, Vin are the voltage drops across
the p-i and i-n junctions, respectively.
Since the electric field settles to a value which is almost zero after a short distance away
from the junctions, inside the heavily doped regions, it is assumed that there is no voltage
drop almost anywhere inside the doped regions, but only across some small distances
near the junctions (depletion regions). Therefore, the total voltage drop Vpin is equal to the
external voltage, Vbias, applied between the two metal contacts, Fig. [6.3].
Inside the intrinsic region the voltage drop is obtained by integration of the electric field
profile, i.e.,
(6.11)
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Figure 6.3: Voltage drop across the p-i-n structure.

The derivation of the integral (6.11) and the expression of

% i, are described in A p

pendix F.

6.3

Two-dimensional analysis

In a more accurate two-dimensional analysis the current and the electric field vectors de
scribed in eqns. (5.2), (5.3), (5.10), must be considered, each constituted by two com pon
ents,

x and y as follows:
J p fay)

= Jpx(x,y)Sc + Jpy(x,y) y
J n(x, y) = Jnx{x, y)x. + Jny{x, y) y
E(x, y) = Ex(x, j / ) x + Ey(xt y) y

( 6 . 12)

with (x, y ) unity vectors. Moreover the device has been assumed uniform along the longit
udinal

z axis.

Combining eqns. (6.12) and (5.5), (5.6) the single components of the current are expressed
in term s of carrier distributions:

JPx(x, V) =
Jpy{xi y) =
Jnx(x, y) =
Jny(x,y) =

6.4

-eDpdxp(x, y) + /J,pep(x, y)Ex(x, y)
- eDpdyp(x, y) + ppep(x, y)Ey(:r, y)
eDndxn(x, y) + pnen(x, y)Ex(x, y)
eDndyn(x, y) + pnen(x,y)Ey{x,y)

(6.13)

The Lumped Iterative Method (LIM)

In order to simplify the formalism the different types of recombination introduced in Section
5.2.1 are all represented through the lifetime constant, eqn. (5.12), so that the carrier
conservation equations (5.2), (5.3), at the steady state, reduce to
V -J p =

—ep(x iV)
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(6.14)

V • Jn = e

n(x,y)

(6.15)

The basic strategy for solving the two-dimensional problem is the effective decoupling,
with some approximations, of the lateral x profile and the transverse y profile of injected
carriers. The structure in Fig. [6.1a] is considered as a lumped element, and described
by two interconnecting wires, representing the horizontal and the vertical flux of carriers,
Fig. [6.4]. The horizontal wire, representing the horizontal currents, Jpx, Jnx, is connected
to an applied external bias, while the flux of carriers along the rib, Jpy, Jny, is represented
by a ’floating’ wire, departing from the intersecting node with the horizontal wire. The node
is the equivalent of the common central region A in Fig [6.1a].
In this way each direction is solved separately by reducing the two-dim ensional solution to
a one-dimensional problem, which can be easily solved in analytic form, as described in
the previous section. The error introduced with the process of averaging is minimised by

Figure 6.4: Lumped equivalent representation of the 2-D device.

applying an iterative method, until a convergent solution is achieved.
Each iteration cycle can be described by the following two steps, with the illustrative use
of Fig. [6.5]:
1. In the first step the device is averaged in the y direction, so that structure in Fig. [6.1 a]
is reduced to a one-dimensional, (x-axis), horizontal device. The hole current conser
vation eqn. (6.14) is integrated in the y axis, between y = - d and y = 0, Fig. [6.5a],

1 f°
d J_d L

d J ^ y )+
ox

dy

J

d J_d

p frv )
rp

The corresponding equation for electrons and electron current density is similar and
is omitted here for brevity.
Using the expression (5.5) for J p, and defining the quantity
r*0

p(x) = -d j
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p (x ,y)Ay

(6.17)

Figure 6.5: Averaging process, (a) device averaged in the y direction and solved along the
x direction; (b) device averaged in the x direction and solved along the y direction.

eqn. (6.16) becomes
~ D p dd x ^

+ fJ,p ^ \ P ( x ) '

+

=

^

[ J p y ( x ’ ° )

“

Jp y { x , - d ) \

(6.18)

In writing eqn. (6.18) it has been assumed that each component of the electric field,
E ( x , y ) , varies only along the corresponding direction, i.e. E x( x , y ) « E x(x), for the
horizontal component, [3], and E y(x,y) « E y(y) for the vertical component. In this
way E x{x) acts as a constant in averaging over the cross section at fixed x, and it
is in accordance with V x E =

0

(there is no time varying field in the problem), i.e.

dxEy —dyEx = 0, [3].
The physical meaning of eqn. (6.18) can be visualised in Fig. [6.5a]; the analysis
is focused on the horizontal flux of current, Jpx, inside the region delineated by the
surfaces y =

and y = 0. Following the averaged representation, eqn. (6.17),

- d

this region is considered uniform along the vertical y direction. However, the effects
of the top rib are represented through the current Jvy escaping out of the horizontal
region, Fig. [6.5a].
In the first iteration the rib is neglected, thus
Jpy(x, —d) — 0

Jpy(x, 0) =

0

for all values of x

(6.19)

since carriers do not flow out of material surfaces (the case of surface recombination
is considered in detail at a later stage in the thesis). As a consequence, at the first

iteration, eqn. (6.18) reduces to the same form of the 1-D case, eqn. (6.1),
(6 .20)
Eqn. (6.20) together with the analogous equation for electron carriers can be treated
equivalently to the one-dimensional eqns. (6.1), (6.2), obtaining an analytic solution
for the horizontal carrier profiles p(x). However, boundary conditions (6.6) can not
be assigned explicitly to fi(x), unless a separation of variables is assumed, i.e.,
P{x, y) = f { x ) • g(y)

n ( x , y) = u(x) • v(y)

(6 .21)

With this choice eqn. (6.17) becomes
(6 .22 )

and an analytic solution for eqn. (6.20) is obtained
(6.23)
where the constants ai, a2, are determined by applying the same boundary condi
tions as in eqn. (6.6),
Jnx{x = - 1 / 2 ) = 0

Jpx(x = 1/2) = 0

(6.24)

In successive iterations the effect of the rib on the horizontal flux of carriers is re
introduced, considering the value of the drain current, Jpy in eqn. (6.18). At the
bottom interface, y = —d, there is still no current flow, while at the top interface,
y = 0, there is a drain of carriers toward the rib region, Jpy corresponding to the

position of the rib, |x| < w / 2. The value of Jpy is estimated by using the results of
the vertical current flow obtained in step (2)
Jpy(x, —d) = 0
t

(

n \

_

for all values of x

J

=

fo r

lx i <

w / 2

(6.25)

With this choice eqn. (6.18), in the range \x\ < w/2, becomes
(6.26)
while in the range \x\ > w / 2 it has the same form of eqn. (6.20), and similarly for
electrons. The solution is uniquely determined by applying the boundary conditions
(6.24) at the two boundaries, x = ±1/2, and requiring the continuity of p(x) at the
common interfaces, x = ± w / 2 .

93

2. In the second-step the hole carrier eqn. (6.14) is solved along the vertical y direction.
The problem is equivalent of solving a one-dimensional structure as in step (1), ex
cept that now carrier profiles are solved without any x dependence. This is achieved
by averaging eqns. (6.14) along x. Thus, referring to Fig. [6.5b], it is
f w/2

w j —w/i

9Jpx(x, y) + dJra(x ,y ) -K

dx

dy

J

= _e_ M 2 p ( x , y ) dx

w J-

,g 2?.

tp

w/2

and similarly for electrons.
With analogy to step (1) the horizontal average value of the carrier profile across the
central regions A and B, Fig. [6.5b], is defined as
fw /2

1

p(y) = -

(6.28)

p{x,y)dx

w J —w / 2

Therefore eqn. (6.27), with the use of eqn. (5.5) and the assumption on the electric
field E y(x, y) « E y(y), reduces to
- D

ay z

+

ay

= _ L [ j Px( - w / 2 , y ) - Jpx( w / 2, y)]

. E v(y)] +
tp

ew

(6.29)

The illustrative explanation of eqn. (6.29) is given in Fig. [6.5b]. The current Jpx in
eqn. (6.29) accounts for the escape of carriers out of regions A and B, at the two
interfaces x = ± w /2 and it is non-zero only in the range - d < y < 0, because
carriers can not escape outside the boundaries of the rib region, for y > 0. The value
of Jpx(±w /2, y) is approximated with the value of Jpx obtained in step (1),
t (+
to \ —
- /< J^ ( ±W / 2)
Jpx\Ew/2,y)

[0

for —d < y
for y > 0

<

0

(6.30)

The solution is determined by satisfying the continuity of p(y) at the common inter
face, y = 0, and applying the boundary conditions at the physical interfaces, y = - d
and y = h. After invoking the separation of variable (6.21), it is
l

w/2
rnw/2

P{y ) = -

f { x ) d x ■g(y) = f • g{y)

(6.31)

™ J' -- w
w/2

and the following boundary conditions are applied to determine p(y) uniquely:
Jpy(y = h) = 0

Jpy(y = - d ) = 0

(6.32)

considering that carriers can not flow out through the top and bottom edges of the
rib, respectively.

Steps (1) and (2) are iterated, thus refining the solution for the carrier profiles, p(x,y), at
each iteration, until the solution converges to a steady distribution.
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It is useful to note that from a circuit analysis the vertical arm in the lumped circuit,
Fig.(6.4), is an open circuit. Therefore the total amount of current coming out of it is
zero, Jy = JPy

+

Jny = 0. This condition is true for any value y > 0, along the vertical

wire. In particular, it is true at the top edge of the rib, y = h, where both electron and hole
currents are separately zero, i.e., Jpy = 0, Jny = 0. However, in general this does not
imply that hole and electron currents are each separately zero everywhere: for example,
corresponding to the node, at y = 0, the two vertical carrier currents have a nonzero value,
Jpy(y =

0) ^

6.4.1

Surface Recombination

0,

Jny(y =

o ) 7^ 0 .

A further refinement of the model can be accomplished by introducing the effects of surface
recombination. As introduced in Section 5.2.1 surface recombination can not be modelled
through an effective carrier lifetime, but must be considered as a boundary condition at
the pertinent surface. The result of such recombination is that holes and electrons will
recombine at the surface, generating an effective flux of carriers through the surface, [4]. It
is important to note that, because one electron recombines with one hole, the flux of holes
at the surface is precisely equal to the flux of electrons, thus resulting in no net current
flow.
In order to model surface recombination in the Lumped Iterative Method, the conditions
on the flux of current at the surfaces must be revised. In particular, in the first step it
is assumed that there is a vertical flux of current, Jp y(x, 0), at the interface y = 0, even
corresponding to the regions C and D, Fig. [6.6a]; thus rewriting eqn. (6.25) as
Jpy(x, —d) = 0
T r

for all values of x

J Jpv(y ~ °)
[ eSrp(x, 0)

Jpyy'E5 0 ) — \

for W < W/ 2
for \x\ > w / 2

^

with Sr the surface recombination velocity, [4].
Similarly, in step (2) the current Jpx( ± w / 2 , y ) in eqn. (6.30) is replaced by, Fig. [6.6b],
for —d < y < 0

(6.34)

for y > 0

Moreover, in the second step also the boundary condition (6.32) at the top edge of the rib,
y = h, is revised and surface recombination included, i.e.,
Jpy(y

= h) = eSrp{x, h)
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(6.35)

Figure 6.6: Averaging process with surface recombinations. The effect of surface recom
binations is represented by the extra drain of carriers at the surface (dotted flux of current
in the picture), (a) device averaged in the y direction and solved along the x direction; (b)
device averaged in the x direction and solved along the y direction.
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Chapter 7

Results: carrier distribution
In this chapter some numerical results for the carrier distributions obtained by applying the
Lumped Iterative Method methods (LIM) are presented.
The structure analysed is depicted in Fig. [7.1]. Dimensions and sem iconductor param et-

S i (in trin s ic )

Figure 7.1: Structure of the rib waveguide analysed.

ers utilised for the simulation are as in Tab. [7.1 ]. The LIM determines the two-dimensional
carrier distributions across the transverse x-y plane. The longitudinal length, L, of the
device, Fig. [7.1], is reported only to provide the link between current densities and in
jected currents.

In general, the device can be of any length, L. The particular length,

L = 2000/xm, chosen in Tab. [7.1] reflects typical values of Silicon-on-lnsulator realistic
devices.
The carrier distribution is firstly calculated for a one-dimensional p-i-n junction, inside
both the doped and the intrinsic regions. Then the LIM is applied to determine the twodimensional profile of carrier and current flow distributions. Results are compared with
those obtained by using a Finite Element Method, showing good agreement. The effect of
the rib on the carrier profile is discussed in details, together with the influence of recom
bination processes. Finally, the efficacy of the LIM as a way to predict the refractive index
change of the material, prior to carrier injection, is demonstrated by comparing the results
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dimensions:
w

— 3.5n m , d = 2.6/ira, h — 1.6/im,

I = 12 ( i m , L

= 2000f i m

recombination coefficients:
TpO

=

Tn 0

= 2 - 1 0 ^s

Cp = 1.8 • 10-31cm6/s, Cn = 8.3 • 10-32cm6/s
Sr = 8 • 104cm/s

Table 7.1 : Dimensions of the rib waveguide and recombination coefficients for Siiicon ma
terial.

with a similar published work.

Reference model
In order to test the accuracy of the Lumped Iterative Method the commercial software Silvaco has been adopted as a reference model. Silvaco is designed to solve the continuity
flow eqns. (5.2), (5.3), together with Poisson’s eqn. (5.10) by using a Finite Element nu
merical technique.
In general, the carrier mobility,

/xn, in semiconductor materials depend on the carrier

concentrations, [1]. This effect is not directly taken into account by the LIM; however, at
each step of iteration, np and //,„ are considered constant, and their values are set accord
ing to the hole and electron concentrations obtained as results in the previous step. These
values are tabulated in literature: in the particular case of Silicon the mobility dependence
of the carrier concentration is shown in Fig. [7.2], [2]. Because most of the devices under

electron
hole
1250

950

650

350
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le+14

le+15

le+16

le+17

le+18

le+19

le+20

le+21

carrier concentration (cm-3)

Figure 7.2: Mobilities dependence (experimental) of the carrier concentration, N (in cm -3 ).
Solid line is /4n(lV); dashed line is ^ P( N ), in (cm2/ V - s)., [2 ]
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investigation operate in the range of high-level injection it is possible to assume, by dir
ect observation of Fig.[7.2], that the values of pp and pn are almost constant. Therefore,
as a first approximation it may also be possible to consider the mobilities as constants
throughout the entire iterative process.

7.1

One-dimensional p-i-n junction

As a first approximation the device in Fig. [7.1] is solved as a one-dimensional p-i-n junc
tion, along the x direction, neglecting the presence of the rib.
The carrier concentrations are analysed according to the model described in Section 6.2
for the one-dimensional p-i-n junction. The computation is repeated for two different cases
of recombination: (a) considering the Shockley-Read-Moll (SRM) non-radiative recombin
ation only; (b) considering both SRM and Auger recombination.
The amount of injected current is varied between I 0 = 1mA and / 0 = 100mA. Typical
profiles of the hole carrier concentration inside the intrinsic region are shown in Fig. [7.3],
for different values of injected current. The hole and electron concentrations are almost
the same, p(x ) « n(x), since inside the intrinsic region the neutrality condition, eqn. (6.8),
is valid.
Results are compared, Tab. [7.2], with those obtained by applying the reference software
1e+18
1=100 -

I=50 -

1e+17
n
E

c
Q.

1e+16

1e+15
0

2

4

6

x (um)

8

10

12

Figure 7.3: Carrier density distribution, p(x) (in cm-3 ), inside the intrinsic region, for dif
ferent values of injected current. 70 = 1 , 10,50,100mA. Only the SRM recombination has
been included.

Silvaco, which accounts for both SRM and Auger recombination effects.
All results are in agreement for small values of injected current. Since cases (a) and (b)
100

current I 0 (mA)

Silvaco

case(a)

case (b)

1

4 • 1015

4 • 1015

4 • 1015

10

3 • 1016

4 • 1016

4 • 1016

50

1017

2 • 1017

1.5 • 1017

100

1.5 • 1017

4 • 1017

2 • 1017

Table 7.2: Comparison of carrier density (in

c m ~ 3),

at

x =

0, between Silvaco and the

present method. Case (a): SRM recombination only is considered; case (b): SRM and
Auger recombinations are considered.

provide similar results Auger recombination is negligible. Conversely, with large current in
jected Auger effect becomes predominant. In fact, if Auger recombination is omitted, as in
case (a), i.e. the total recombination process is underestimated, the LIM provides values
of carrier concentration divergent from those obtained by Silvaco.
It is important to note how the assumption of high-level injection is valid even in the case
of small values of injected current, since the amount of injected carriers is still much larger
than the equilibrium concentration, p0 = n 0 = 1.45 • 1010cm~3.

Inside the p doped region, far apart from the p-i junction, the charge neutrality condition is
still valid. Since this region is doped, at equilibrium it is p0 » n0. Therefore, in order to
satisfy the charge neutrality condition, eqn. (6.8), it is necessary that p » n and p « p0. It
is then expected that, even at non-equilibrium, the hole density settles to a value near the
equilibrium concentration, p0.
The transition of the hole concentration from the heavily p doped region, p « p 0, to the
value at the beginning of the intrinsic region, p(x = -1/2), Fig. [7.1], occurs within few
Angstroms (depletion region), Fig. [7.4]. Inside the transition region the charge neutrality
condition is not valid, and a high electric field is generated.
It is possible to estimate the length of this transition region from conventional p-n junction
theory. In general the depletion region, where most of the transition occurs, for a standard
semiconductor material is long Tp = sLd, Fig. [6.2], where s is a constant depending of the
material, and L d is the Debye length, defined as, [3],

For Silicon material Tp « 8L d. The Debye length, L d, is proportional to the doping density
as 1/y/Na. With the actual doping density of N a = 1020c m - 3 , the corresponding Debye
length is L d = 4.15A, hence, the transition region is approximately Tp = 33A. This value is
in agreement with the results obtained in Fig. [7.4], where the hole concentration reaches
its equilibrium value, p = p0 = Na = 1020c m - 3 , after a distance of approximately 8L d from
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Figure 7.4: Carrier distributions inside the p doped region. Solid line is p(x), dashed line
is n(x) (in cm-3 ). Doping density is N a = 1020cm-3 .

the junction, into the p side doped region.
In lower doped material the carrier profiles reach the equilibrium value at a longer distance
from the junction, Fig. [7.5]. Carrier profiles at the i-n junction can be explained in a similar
way, with electrons replacing holes.
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doping A ----doping B —
doping C ......
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Figure 7.5: Majority carrier distribution in the p doped region, for different amount of doping
density, N a (in cm-3 ). A: N a = 1020; B: N a = 1019; C: N a = 1()18.
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7.1.1

l-V characteristic and Current densities

As described in Section 6.2.3 once the carrier profiles are established it is possible to
determine the total voltage drop across the p-i-n junction. Moreover, by iterating the calcu
lation for different values of injected current, and obtaining the correspondent voltage drop,
it is possible to characterise the current-voltage (l-V) curve.
As an example, Fig. [7.6] shows the l-V characteristic for a p-i-n junction with dimensions
and parameters as indicated in Tab. [7.1].
For completeness, the profile of the total current across the intrinsic region is documented,
0.2
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0.16
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0.12

<
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0.06
0.04

0.02
0.7

0.75

0.8

0.85

0.9

0.95

1

1.05

V(V)

Figure 7.6: Current-Voltage characteristic for a p-i-n junction device.

for an injected current of 70 = 100mA. Both hole and electron currents are determined from
the carrier profiles, and shown in Fig. [7.7] and Fig. [7.8], respectively. In accordance with
the boundary conditions (6.5) there is no flux of electron at the p-i junction (x = -1/2)
and no flux of holes at the i-n junction (x = 1/2).

Moreover the total current density,

j tot = j ptot + j ntoU as shown in Fig. [7.9], is constant across the device.

7.2

2-D Carrier analysis: the Lumped Iterative Method

The two-dimensional carrier distribution for the device depicted in Fig. [7.1] is analysed by
applying the Lumped Iterative Method (LIM). Dimensions and parameters utilised in the
simulation are the same as those described in Tab. [7.1]. As first instance surface recom
binations are neglected: the effects of surfaces will be re-introduced and emphasised at a
later stage in the chapter.
A typical two-dimensional hole density profile across the intrinsic region, obtained by ap
plying the LIM, is shown in Fig. [7.10]. Because the analysis is focused on the intrinsic
103

2000
1500

<N
<
£
u

1000
500

<

-500
-1000

6

4

■2

0

2

4

6

x (micron)
Figure 7.7: Hole current density (in A /c m 2). Solid line: total hole current density, Jptot
Dotted line: conduction current density; Dashed line: diffusion current density.

2000
1500

1000
CN

<
£
o
<

500

-500
-1000

-1500

-2000
6

4

■2

0

2

4

6

x (micron)
Figure 7.8: Electron current density (in A /c m 2). Solid line: total hole current density, J ntot
Dotted line: conduction current density; Dashed line: diffusion current density.

2500

2000
£*

1500

^

1000

S
o

500

0
-6

-4

-2

0

2

4

6

x (micron)

Figure 7.9: Current density across the intrinsic region (in A / c m 2). Solid line: total current
density, Jtot\ Dotted line: hole current density, Jp\ Dashed line: electron current density,
Jn-

1

0. 5

-

6

-

3

0

3

0

x (micron)

Figure 7.10: Contour plot of the carrier density profile, p ( x , y ) = n(x,y) (in cm-3 ), inside
the intrinsic region. Injected current: l=50mA.

105

region where neutrality has been assumed, the two types of carriers, hole and electron,
have almost the same value.
Part of the carriers redistribute also inside the rib region, hence reducing the amount of
carriers in the region A underneath the rib, Fig. [7.1]. Thus the rib does have an effect on
the carrier distribution and, therefore, the analysis conducted by approximating the device
with a simple p-i-n junction may not be accurate and sufficient to account for all these ef
fects.

Effect of the rib on the carrier distribution
The influence of the rib can be estimated by comparing the profiles of the carrier concen
tration for devices with different rib widths. Fig. [7.11] depicts the carrier profile taken at
the horizontal cross section below the rib, correspondingly to y = - l/ im , Fig. [7.1]. In the
case of the wider rib a larger amount of carriers flow inside the rib region, so that a smaller
amount of carrier remains below the rib (the injected current is kept constant). The results
presented in Fig. [7.11] are also compared with those obtained by utilising the commercial
software Silvaco showing good agreement for the levels of the carrier concentration.
Same effects can be visualised from a different point of view by observing the vertical
cross-section of the 2-D carrier profile at x = 0, Fig. [7.12]. The device with the larger
stripe (w = 7um) forces a larger drain of carriers inside the rib region. However, since the
amount of injected carriers is the same the extra flux of carriers toward the rib does reduce
more the amount of carriers left below the rib (y < 0).
A further test has been conducted by comparing the vertical carrier profile of two devices
with same rib width, w, but different rib height, h. Fig. [7.13] depicts how carriers redis
tribute more in the device with the higher rib

( h

=

3.5 f i m ) than in the case of the shorter

rib (h = 1.6/im), thus reducing the level of concentration in the central region below the rib
(y

< o).

The limit case has also been analysed by applying the LIM to a large rib, approaching a
1-D p-i-n junction. A rib with width w = I has been considered, so that the carrier distribu
tion is similar to the 1-D case where there is no rib, h = 0, but the height d of the bottom
region is increased, Fig. [7.1], as such that the total vertical height d + h is kept the same
in both cases, Fig. [7.14].

7.2.1

Current distribution

The distribution of carriers, due either to diffusion or to conduction, does generate a flux
of current across the device. Because the 2-D carrier profile is not uniform both the hori
zontal and the vertical components of the current are generated, i.e. all the four current
components in eqn. (6.13) are present.
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Figure 7.11: Carrier profile p(x,y) (in cm~s) at the horizontal cross-section y = - 1 pm,
Fig. [7.1]. The curved solid line corresponds to a uniform device without rib; the curved
dotted and dashed lines refer to rib devices with rib width of w = 3.5pm and w = 7pm,
respectively, for the same amount of injected current, I 0 = 50m A The dotted-diamond
and dashed-diamond line represents results obtained by utilising Silvaco to solve the same
devices (w = 3.5pm and w = 7pm), respectively. Injected current: I 0 = 50m^t.
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Figure 7.12: Carrier profile, p(x,y) (in cm-3 ), at the vertical cross-section x = 0, Fig. [7.1].
Solid line: device with rib width w = 3.5pm', Dotted line: device with rib width w = 7pm.
Injected current: 70 = 50m^l.
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Figure 7.13: Carrier profile, p(x,y) (in cm-3 ), at the vertical cross-section x = 0, Fig. [7.1].
Solid line: device with rib height h = 1.6/xm; Dotted line: device with rib height h = 3.5/im.
The rib region corresponds to the region y > 0. Injected current: I 0 = 50m,A
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Figure 7.14: Carrier profile p(x,y) (in cm-3 ), at the cross section x = 0. The total height is
kept constant (d + h = 7um), the rib width is w = I, Fig. [7.1]: Solid line d = 5fim, h - 2^m;
Dashed line: and d = 7pm,, h = O^m. Injected current: 70 = 50mA.
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Fig. [7.15] shows both hole and electron current flows. Accordingly to the boundary con
ditions (6.5) there is no hole current flowing at the i-n junction, (x = 1/2), and there is
no electron current flowing at the p-i junction, (x = -1/2), Fig. [7.1]. The major flux of
current occurs between the two sides of the device, where the electrodes are positioned.
However, in Fig. [7.15] it is also possible to observe flux of currents, Jp, Jn, toward the
rib region, where there are no electrodes. These fluxes are generated by the gradient of
carrier concentrations between the bottom region and the rib (diffusion currents). In ad
dition, part of the vertical flux is generated by surface recombinations at the walls of the
rib. Despite each type of carrier (hole and electron) generate a diffusion current, the total
current, Jtot = JP + Jn , is zero, so that, as expected, there is no net flux of current inside
the rib.
The current flows from the p side to the n side since the device is forward biased; however,
the flux is not uniform along the vertical direction, as in proximity of the rib it is influenced
and partially distorted inside the rib. This feature is visualised in Fig. [7.16] where the hori
zontal component of hole, Jpx, electron, Jnx, and total current, Jx = Jpx+ J nx . are reported.
The assumptions made in the Lumped Iterative Method implies that the net vertical flux of
current inside the rib is zero, i.e. Jpy + Jny = 0, as it corresponds to the current flowing
through the arm of an open circuit, Fig. [6.4]. However, this does not imply that both hole
and electron currents must be exactly zero, except at the top of the rib. This concept is
visualised in Fig. [7.17]: each carrier current is different from zero, although there is no net
flux of current. However, corresponding to the top of the rib (y = 1.6^m) both electron and
hole currents have zero value.
In both Figs. [7.16]-[7.17] the results are also compared with those obtained by applying
the reference software Silvaco, showing similar profiles.

7.2.2

Effects of recombination processes

Recombination of carriers can be classified as: (a) bulk recombination, i.e.

Shockley-

Read-Moll (SRM), Auger; (b) surface recombination.
In case (a) recombinations are distributed across the whole device and represented in the
model through the effective lifetime. A shorter lifetime does determine carriers to recom
bine at a faster rate.
Fig. [7.18] focuses on the effects of the non-radiative traps SRM recombination by com
paring the carrier profile for two different values of carrier lifetime, eqn. (5.17), r p0 =

rn0 =

2 • l0 - 7 s and t pQ = rn0 = 2 • l0 -9 s. In the case of short lifetime more carriers would recom
bine by the time they reach the central part of the intrinsic region and the level of carriers
in the central region does show a deeper well. The results are in agreement with those
obtained by utilising Silvaco.
Differently from bulk recombination surface recombination occurs predominantly in prox109
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Figure 7.15: Current flow across the device (in A /c m 2), (a) Hole current density, J p =
(Jpx, Jpy); (b) Electron current density, J n = (Jnx, Jny). Injected current: I 0 = 200mA.
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Figure 7.16: Profiles of the horizontal com ponent of the current density (in A /c m 2) at the
cross section x = 0, Fig [7.1]. Solid line: total current density, Jx = Jpx + Jnx, Dotted
line: electron current density, Jnx\ Dashed line: hole current density, Jpx\ Solid-doamond,
dotted-doamond, dashed-diamond: same as before, but results obtained by applying the
software Silvaco. Injected current:

/ 0

= 200m A.

imity of surfaces. The Lumped Iterative Method does take in to account surface recom
binations and the effects are shown in Fig. [7.19]. The surface recombination velocity, Sr ,
for Silicon/Air interface lies between 102cra/s and 8 • 104cm/s, while at the bottom Si/SiC >2
interface, Fig. [7.1], can be as small as 0.5cm/s, [4], Therefore it is sufficient to investigate
the effect of surface recombinations only at the top Si/Air surface.
Fig. [7.19] shows how the carrier profile is strongly affected by the top Si/Air surface,
when surface recombinations are considered. On the other hand, at a distance from such
surface, in the bottom part of the device, the vertical gradient of the carrier distribution
remains unaffected, independently of the top surface recombination velocity, Sr , that is
considered.

7.2.3

Accuracy of the Lumped Iterative Method

The validity of the Lumped Iterative Method as an accurate way to determ ine the carrier
concentration (and the consequent induced refractive index change of the material) has
been tested by comparing the results with a similar published work. Hewitt et al. in [5]
performed a more systematic application of the software Silvaco to determine the refractive
index change, after injecting a current into a sem iconductor rib device.
The parameters for the structure analysed in [5] with reference to Fig. [7.1] are indicated
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Figure 7.17: Vertical flux of current (in A /c m 2) at the cross-section x = 0, Fig [7.1]. Solid
line: total current density, Jy = Jpy + Jny\ Dotted line: electron current density, Jny\ Dashed
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Figure 7.18: Carrier profile (in cm-3 ) at the horizontal cross-section, y = - l ^ m , for two
different values of carrier lifetime. Solid line: r p0 = rn0 = 2 • 10-7 s; dotted line: Tpo = rn0 =
2 • 10-9 s. The solid-diamond and dotted-diamond lines are for same lifetime constants as
before, but results obtained by applying Silvaco. Injected current: 70 = 200m A
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Figure 7.19: Effect of surface recombination on the carrier profile p(x,y) (in cm-3 ), (a)

Sr = 0: surface recombinations are not included. The small vertical gradient is due only to
the presence of the rib; (b) Sr = 104cm/.s. Carriers recombine faster in proximity of the top
surface.
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in Tab. [7.3].
In contrast to the design of the structure introduced in Fig. [7.1], the waveguide studied
dimensions:
w = 3.35um, I = 10/xra, L = 500fim
d = 2.58fim, h = 1.59/j,m

recombination coefficients:
tpo =

300ns, r no = 700ns

Table 7.3: Dimensions and recombination coefficients for the waveguide analysed by He
witt et al. in [5].

by Hewitt has highly doped regions which extend only a part away below the surface of
the metal contacts, Fig. [7.20]. However, this difference can be included in the LIM by the
inclusion of the term, Jpv(y = - d), in eqn. (6.25), to account for the escape of carriers into
the bottom Si region, Fig. [7.20].
Fig. [7.21 a] compares the results obtained by the two methods, for the averaged refractive

A

h

d

Figure 7.20: Structure of the waveguide analysed by Hewitt et al. in [5].

index change versus different values of injected current. The relation applied between
carrier concentration and refractive index change is the same as used by Hewitt, already
introduced by Soref in [6], eqn. (5.1).
The total voltage drop between the two contacts is determined by solving Poisson’s
eqn. (5.10) for the electric field corresponding to the carrier profile calculations. Results
for carrier concentration versus voltage drop between the two contacts are compared in
Fig. [7.21b]; the two methods provide results in very good agreement.
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Chapter 8

Carrier controlled optical devices
As described in the Introduction, after injecting current, the consequent effect of the re
fractive index change on the field propagation must be determined. This prediction can be
achieved either by solving again the wave equation, but applied to the altered refractive
index profile, or by regarding the change of the refractive index as a perturbation to the
initial (unperturbed) structure, Fig. [8.1].
The change of the refractive index reflects in the dielectric constant term c(x, y , z) in the
wave eqn. (2.10). After the perturbation the new refractive index profile may assume a
non-uniform distribution across the device, and, as a consequence, the wave equation be
comes cumbersome and difficult to be solved with the methods introduced in the first part
of the thesis.
A valid and efficient alternative to this problem consists of considering the solutions of the
original unperturbed waveguide and treating the changes as a perturbation.
After introducing the formalism of the perturbation theory, in this chapter some device
configurations are analysed and given as examples of possible application of the models
suggested in the thesis. The configurations illustrated are firstly solved in absence of any
carrier injection, by utilising the electromagnetic models introduced in Chapter 3 and 4 for
longitudinally uniform and non-uniform waveguides. The new refractive index distribution,
after carrier injection, is then calculated by applying the Lumped Iterative Method. Finally
the consequent changes in optical propagation are determined by applying the perturba
tion theory.

8.1

Perturbation analysis

The stationary perturbation theory determines the changes of the propagation character
istics of the modes when a small disturbance is applied, [1].
In the case of a longitudinally uniform waveguide the eigenvalue wave eqn. (2.15) for the
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Figure 8.1: Flow chart describing different ways (in bold boxes) of analysing the effect of
the refractive index change on the optical field propagation.
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unperturbed waveguide can be written in a compact form as

U0E% = a0
nE°n

(8.1)

with U° = d2 + dy + ko2eo(x, y) and a° = (/3“)2; the superscript zero refers to unperturbed
values, the subscript n refers to the n-th mode of the waveguide.
If the operator U° is altered by the perturbing operator u, the perturbed scalar wave equa
tion can be rewritten in terms of the new operator U = U° + u, as

(U° + u)En = a„En

(8.2)

where En = En(x, y) and an = 01 are the perturbed field and propagation constant,
respectively.
Assuming that the perturbation term, u, is small it is possible to expand the perturbed
propagation constant, a n , as a power series in proximity of the unperturbed value, a ° .

an — a°n + a \x + a^x2 + a3x3 + ...

(8.3)

The expansion coefficients a * , a£, a3, etc., represent the first, second, third order of per
turbation. In most cases it is sufficiently accurate to consider only perturbations of first
order, i.e. evaluate only the coefficient a * in eqn. (8.3), [2]. The theory for the first order
perturbation analysis is developed in Appendix G.
As a result, if the refractive index profile is changed from the unperturbed profile e0{x,y)
to the new value

e (x ,

y) = e0(x, y ) + Ae(x , y), the effect of the perturbation Ae(x, y) on the

propagation constant, (32 = (/3{J)2 + A(32, is
.1 = A o2 = Js E ^ A 0 x ,y )E ° 'd x d y
n

r

|

t-iq

12

j

j

Js I ni dxdv

the integration is over the transverse spatial domain S.
In particular, if the perturbation of the dielectric inside the core region of a waveguide is
constant, i.e. Ae(x, y) = A, then the perturbation on the (3 is proportional to the confine
ment factor of the field profile, Tcore, inside the core region, i.e.,

[ a EnEn
A 0 12 = AT JA
.n n

dXdyy_ = Af A \E lfA xA y

r

8 5

As indicated in Appendix G, in order to validate the perturbation theory, it is necessary
that the modes of the unperturbed waveguide, E °, are orthogonal. In the case of the
two-dimensional rib waveguides solved by applying the Spectral Index Method it has been
explicitly checked and verified numerically that the modes determined by the SIM are or
thogonal.
Another important requirement to increase the accuracy of the perturbation analysis is the
accuracy of the unperturbed field profile, E®( x, y) . Because the effect of the perturbation
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relies on the integration of the field profile, eqn. (8.4), the description of the profile must be
numerically accurate. However, the SIM does satisfy this requirement, thus providing one
more justification why the SIM is more favourable than other methods for determining 2-D
optical field profiles.
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8.2

A small library of SOI devices

The quasi-analytic models suggested in parts I and II of the thesis, combined with the
perturbation analysis, are applied to a variety of device configurations to demonstrate how
they can be used as an integrated Computer Assisted Design (CAD) tool to design novel
devices.
The process of analysis can be summarised in the following three steps:
1. The field propagation of the unperturbed device (before injecting carriers, OFF state)
is determined. The eigenmodes, F%{f (x,y), and propagation constants, /3%{f , of
uniform parts of the device are determined by applying the Spectral Index Method
(SIM) for longitudinal uniform waveguides, Chapter 3. Each mode propagates along
the longitudinal z axis as

Emf (x , y, z) = Fm f (x >y) exP (~ ^ m M

(8-6)

The total (unperturbed) field propagation along uniform sections of the device is given
by

E o ff(x, y,z) = Y ^ Fm f (x >y) exP(~ ip m f z )
m

(8-7)

The field propagation along non-uniform sections is determined by applying one of
the SIM modified version for non-uniform waveguides, presented in Chapter 4.
2. The refractive index distribution, A e(x,y), consequent to the carrier injection is de
termined by applying the Lumped Iterative Method, introduced in Chapter 6.
3. The altered optical propagation (ON state) is predicted by applying the perturbation
analysis. The new values of the propagation constants

P™=(3°Jf + A(3m

(8 .8 )

are calculated by using eqn. (8.4). These values are then used to determine the
perturbed field distribution, as

E on(x, y, z) =

Fm i x >y) exP( ~ ^ m z)

(8-9)

7
7
1

The class of integrated devices which have been analysed and modelled, all based on
Silicon-on-lnsulator (SOI) technology, includes:
• Rib waveguide coupler
• Multimode Interferometer (MMI)
• Y-junction splitter
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From the carrier injection analysis obtained in Chapter 7 it is possible to observe that, in
the case of Silicon material, the carrier profiles are, in general, almost flat everywhere
across the device. Although they are injected from the doped regions, carriers tend to
diffuse largely (due to the large diffusion coefficients, D p, D n, of Silicon). These results
impose a limit on the possibility of localising carriers inside Silicon.
So, for example, in the injection electrode configuration of Fig. [6.1b] there is evidence
that a large amount of carriers diffuse also into the tail region B. Similarly, in the case of
two ribs waveguides, e.g. Y-junction, coupler, Figs. [8.6], [8.2], if the metal contacts are
deposited only at the sides of one rib, in order to alter the refractive index only across that
rib, it will not be possible to confine the carriers locally. In fact a large amount of carriers will
diffuse and spread also corresponding to the second rib, thus generating a wider spatial
refractive index change.

8.2.1

Rib waveguide coupler

The configuration of a two ribs waveguide coupler of length L is depicted in Fig. [8.2]. As
analysed in Section 3.5.1, the waveguide coupler supports two eigenmodes, namely the
symmetric and anti-symmetric modes, Fig. [3.8], characterised by propagation constants,

fisym and Pasym, respectively. If the coupler is designed with a length L equivalent to the
coupling length, L c, i.e.,
L = L‘ =

\(H0s y m - Bh'asym j)

(8 ' 10)

then, by launching the input field in to one branch, e.g. A, the optical power is entirely
transferred to the other branch, B, at the output, Fig. [8.2]. If the length of the coupler is
doubled, i.e. L = 2L c then the same input field is coupled to the parallel rib, B, first and
then coupled back in to the original rib, A, at the output. Therefore, for a given device
length L, by changing the coupling length it is possible to operate the device as a switch
and select the desired output channel, either A or B.
The most effective way to change L c is by altering one arm, e.g. A, of the coupler,
injecting carriers from two metal contacts deposited at the sides of that branch (asymmetric
contacts). However, in Silicon carriers will diffuse even toward the second branch, B, so
that this configuration is practically not realisable. As alternative the metal contacts can be
deposited at the sides of the two ribs (symmetric contacts), Fig. [8.2].
The injection of carriers produces a change on both the two propagation constants, psyL —5-

P™m and Pasym -> PTsym* which, consequently, reflects on the coupling length, eqn. (8.10).
Results for a coupler with dimensions as in Tab. [3.2], and a rib separation of T = 2.48/xm
are shown in Tab. [8.1].
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;; metal contact

W

Figure 8.2: Scheme of a two ribs waveguide coupler.

J0 (A/cm2)

P sym

P a sym

Lc (//m)

0

3.468309

3.467907

1924

200

3.468296

3.467886

1891

1000

3.468253

3.467824

1808

2000

3.468214

3.467731

1604

4000

3.468169

3.467512

1180

Table 8.1: Results for a coupler waveguide. J0: injected current density; fisym propagation
constant for the symmetric mode;

p asym

propagation constant for the anti-symmetric mode;

L c: coupling length.
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8.2.2

Multimode Interferometer (MMI)

In the Multimode Interferometer (MMI) configuration, Fig. [8.3], the input beam is launched
into a (multimode) waveguide section supporting more modes.
When carriers are not injected (OFF state) the field pattern excited at one side of the

channel

=

* Z

channel

in p u t

1

2

o u tp u t

MMI

'o u t

"in

Figure 8.3: Scheme of a MMI.

device must emerge on either one of the two output channels. If the waveguide supports
two guided modes, with propagation constants, fa , fa, a phase shift of m n is necessary in
order to produce a total field entirely confined at one output gate,

A f3 °ff

■ L

=

( f i f f (8.11)

L is the length of the multimode section, Fig. [8.3].
When the carriers are injected (ON state) the difference between the propagation con
stants of the modes changes.

The consequence is a shift of the total field inside the

multimode section, from one side to the other side. An additional

tt

phase shift is then

needed to steer the optical profile to the opposite output of the device:
A/?071 • L =

- fa n) • L = (m + 1)tt

(8.12)

From eqns. (8.11), (8.12) it is determined the required length L of the device to achieve
optical switching,
L ~ A/3on - A/3°ff

^8 '13^

L is reduced if the injection of current induces a larger change on the differential of the two
propagation constants for the ON state.
Fig. [8.4] shows the field propagation for the OFF state: at the input stage the field is
confined in the left part of the multimode waveguide; at the output the optical field emerges
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average injected carrier density:
ON state: p = 6.77 • 101 8 (cm~3)
average refractive index change: ON state: A n = -1.5817 • 1 0 ~ 2
propagation constants:
OFF state: f t = 14.068681, f t = 14.053735, A (3°ff = 0.014946
ON state: f t = 14.004533, f t = 13.989523, Aft™ = 0.01501
length L = 49087p,m
Table 8.2: Results for a MMI device.

from the same side. Fig. [8.5] refers to the ON state: the input field is the same as in the
OFF state, but at the output the optical field selects the opposite channel. The numerical

Figure 8.4: MMI: contour plot of the transverse field profile, (A.U.), for the OFF case, at the
input and output stages, Fig. [8.3].

Figure 8.5: MMI: contour plot of the transverse field profile, (A.U.), for the ON case, at at
the input and output stages, Fig. [8.3].

results are summarised in Tab. [8.2].

8.2.3

Y-junction splitter

The configuration of a Y-junction splitter is depicted in Fig. [8 .6 ]. The light is coupled from
an external source into the single rib section, (a), and propagated toward the adjacent
(linear) tapering section, (b). At the apex, beginning of section (c), the optical field is split
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equally in two parts and propagated through the two arms of the splitter. By lowering the
refractive index of one arm it is possible to cause the optical suppression of that arm. As a
consequence the optical field will be forced to propagate along the unaltered arm, hence
causing optical switching.
An example of optical field propagation along a Y-junction with no arm suppression is
: metal contact

S iO

w
Figure 8.6: Scheme of a Y-junction splitter.

given in Figs. [4.11], [4.12], Section 4.9. As a comparison, the effect of an injected current
(in the right arm of the splitter), and the consequent optical arm suppression is shown in
Fig. [8.7], for the same device. The dimensions and parameters are the same as described
in Tab. [3.2],
However, in the case of Silicon material, because carriers diffuse even toward the non
injected rib, it is necessary to deposit the metal contacts away from the apex, where the
distance between the two arms is sufficiently large.

All the SOI devices presented in this section (coupler, MMI, Y-junction) can be solved by
applying the software Silvaco. Since Silvaco is based on a Finite Element Method analysis
it can support and solve the most complicated structure geometries. However, even for
simple geometries, like these presented in this Section, the computational time required by
Silvaco is of the order of some hours. Conversely, by combining the SIM for uniform/taper
structures and the LIM it is possible to determine the electromagnetic field and the carrier
distributions across the device with computational runtimes of few minutes (usually less
than 15 minutes).
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arm of the splitter. The lateral field profile (A.U.) is reported for different sections along the
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Chapter 9

Conclusion and Future work
9.1

Conclusion

The control of optical propagation inside planar dielectric waveguides has been investig
ated.
Quasi-analytic models capable of analysing complicated waveguide structures, whose
solution is otherwise known only in terms of pure numerical techniques, have been sug
gested. The study has been conducted under two broad headings: the electromagnetic
field propagation along deep ridge waveguides and the two-dimensional carrier distribution
subsequent to current injection.
The optical field propagation along longitudinally non-uniform waveguides, such as taper
and Y-junction configurations, has been predicted by using simple functional expansion
techniques. The methods introduced constitute thus convenient tools to design and ana
lyse the feasibility of novel structures.
An efficient and accurate method for determining two-dimensional carrier density profiles
has been developed. The Lumped Iterative Method provides carrier and current distribu
tion profiles inside two-dimensional structures with degrees of accuracy as those offered
by more detailed commercial software packages.

The electromagnetic analysis focused mainly on the field propagation in deep ridge wave
guides, i.e. characterised by a large refractive index step between the guiding region and
the surrounding cladding region. That is the case e.g., of devices realised with the Siliconon-lnsulator (SOI) technology.
The well established quasi-analytic Spectral Index Method (SIM) has been utilised for the
eigenmode propagation solution of longitudinally uniform waveguides. The use of the SIM
provides results with an accuracy of the same extent of that obtained by using the pure
numerical Finite Element Method (FEM). As a consequence the SIM can be used to over-
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come the limits imposed by other more straightforward quasi-analytic methods (like the
Effective Dielectric Constant), especially when applied to complex integrated structures.
This is the case, for example, with a rib waveguide coupler, where the accuracy of the
difference between the propagation constants of the modes is more important than their
individual values in order to estimate the coupling length sufficiently accurately.
The SIM has also been extended and adapted to the analysis of longitudinally non-uniform
(adiabatic) waveguides, like small angled tapers. The field propagation in taper devices
can not be treated as an eigenmode problem, so the modified SIM has been applied for
determining the longitudinal propagation of a specified input field launched at the start of
the taper.
The field inside the taper has been represented with a judiciously chosen expression and
the error introduced by such approximation minimised by applying a variational analysis.
In this way it is possible to determine an analytic form for the slowly varying longitudinal
field propagation.
Results have been compared with other numerical methods showing satisfactory agree
ment. The field profile spreads out laterally as the taper becomes larger, albeit it becomes
effectively more confined inside the rib. The stronger influence of larger flare angles on
the field propagation has also been investigated and illustrated.
Within devices with longitudinal variations the method has also been applied to Y-junction
structures. In most published works, the propagation along Y-junction structures is ana
lysed either by Local Mode Expansion technique or by using Finite Element/Beam Propaga
tion methods.

The approach presented in this thesis represents a unique alternative

method to predict the longitudinal field decay due to the coupling to other guided or ra
diative modes.
Tapered rib waveguides have also been investigated by using metal horns eigenmodes as
convenient set of basis functions for the functional expansion of the optical field. This ap
proach constitutes a straightforward extension of the concepts utilised in the Spectral Index
Method for longitudinally uniform waveguides to longitudinally non-uniform waveguides.
The optical propagation characteristics of a device can be altered by changing the refract
ive index of the semiconductor material. Amongst different possible ways of changing the
refractive index the injection of carrier has been considered in the thesis. Therefore, the
carrier distribution across the device, after injection of current, has been investigated.
As a first approximation the rib has been neglected and the planar structures treated as a
one-dimensional p-i-n junction. However, in order to include the two-dimensional effects of
the rib the Lumped Iterative Method (LIM) has been suggested as a simple, but accurate,
method of solution.
The LIM reduces the two-dimensional problem, (x,y), to the separate solution of two
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coupled one-dimensional problems in (x) and (y ). The errors introduced by the approxim
ations are minimised by iterating the process, and refining the solution at each successive
cycle of iteration.
The carrier and current density (two-dimensional) profiles calculated by using the LIM have
been compared with results obtained by the pure-numerical commercial software Silvaco,
showing excellent agreement. Different recombination processes have been considered
and represented in the model through the effective carrier lifetime constant. In addition,
recombinations at surfaces have been introduced in the model as boundary conditions.
Results have been calculated for different values of injected current, recombination pro
cesses, doping densities, etc., matching with the results calculated from the software Sil
vaco. The presence of the rib has an effect on the carrier distributions as some of the
carriers diffuse toward the rib, thus reducing the carrier concentration across the whole
device. Moreover, the rib generates non-uniform carrier distributions, thus causing spa
tially localised refractive index changes.
The propagation of the optical field in the structure with the new (altered) refractive index
profile can be determined by applying the Spectral Index Method (SIM). However, the SIM
is not directly applicable to the case of waveguides with non-uniform refractive index pro
file. Therefore a Perturbation Analysis was introduced to predict the change of the optical
field propagation following current injection. The waveguide is firstly solved for the unper
turbed case and, then, the solutions used, together with the altered refractive index profile,
to determine the new field solutions for the perturbed case.
Finally, examples of optical modulation in some waveguide structures are given, by ap
plying all the different techniques described in the earlier chapters of the thesis. Different
geometries have been simulated and presented, to prove the capability of the model as a
flexible computed assisted design (CAD) tool.
In addition to providing a direct insight into the physics of the problem, the quasi-analytic
methods introduced in this thesis offer also computational runtime advantages. In fact,
most of the structures analysed were solved within few minutes, whereas, the same struc
tures, required few hours computational runtime when solved by using the commercial
software Silvaco (based on the pure numerical Finite Element Method).
Although all the numerical results presented in this thesis refers specifically to SOI devices,
the models suggested are general enough to be applied to a wider variety of devices and
materials, with minor modifications.
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9.2

Future work

Further investigation of some topics presented in the thesis is envisaged, in order to re
fine the models introduced. Possible, most relevant, improvements are described in the
following sections.

9.2.1

Field propagation in longitudinally non-uniform waveguides: func
tional expansion

The optical field inside the taper rib of a non-uniform waveguide can be, in general, rep
resented by the functional expansion, eqns. (4.3), (4.4),
°°
r(2k — 1)7T 1
F { x ,y , z ) = ) ak(z) - cos ------ — — x • G k(y) • e x p (-ip z )
*—'
W[ Z)
k= 1

(9.1)

However, in the thesis only one term of the expansion (9.1) has been used. The simpli
fied single term expression does not account for the coupling of the input field with other
modes, i.e. guided and radiated, due to the taper effects. The variational analysis utilised,
eqn. (C.17), must encompass such coupling, and describe the energy transfer from the
propagating mode to other modes, so that the total energy is conserved.
A more accurate field representation can be obtained if more terms of expansion (9.1)
are considered. In that case the coupling effect is automatically built in to the expression,
and the variational analysis will be reduced to the same form of a uniform waveguide,
eqn. (C.6). On the other hand, more coefficients ak(z), G k(y), in eqn. (9.1) need to be de
termined. The field expansion (9.1) produces a set of coupled linear differential equations,
that, eventually, can be reduced to a matrix form,
da^

G k{ y ) + d ^ k^

z

y

ak(z ) + k l e - p 2- { ^ - —
w

ak(z)G k(y) = ^ b i c n { z ) G i( y )

k = 1,2,

ijLk

(9.2)
In order to solve the set of equations (9.2) some approximations are needed, and the
convenient choice of such assumptions is the main object to be targeted in future work.

9.2.2

Field propagation in longitudinally non-uniform waveguides: vectorial
analysis

The field analysis in the thesis has been reduced, under valid approximations, to a scalar
problem. However, the scalar solution can only describe five components of the elec
tromagnetic field. If an accurate polarisation analysis is required then it is necessary to
consider all the six vector components. As a consequence, all the three electric field com
ponents eqns. (2.8), together with the corresponding magnetic field equations must be
solved.
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The solution of six electromagnetic components is not straightforward and major changes
may be needed to the models introduced in this thesis, although the approximation dze = 0
in eqn. (2.8) may still be retained in the case of adiabatic tapers or uniform waveguides.

9.2.3

Field propagation in longitudinally non-uniform waveguides: cylindrical
coordinates

The quasi-modai analysis attempted in cylindrical coordinates by using metal horn eigenmodes is, perhaps, the most challenging and speculative work to be investigated further.
The use of more terms to represent the field inside the rib, eqn. (4.23), is encouraged.
But, more importantly, a detailed analysis of the use of the Hankel Transform, eqn. (4.31),
is suggested. In fact, the consequent solution of the differential-integral eqn. (4.37) will
certainly provide a deeper understanding of the coupling effects among different modes
produced by the tapers.

9.2.4

Carrier dependent mobilities

The carrier transport equations (5.2), (5.3) have been solved without including explicitly the
mobility dependence of the carrier concentration, i.e. fip = fip{p), [in —

Although in

the iterative process the values of /ip and /in have been readjusted according to the carrier
concentrations obtained as result in the previous step of iteration, the mobilities have been
considered constant within each cycle of iteration. Such artifice used in the model may not
be accurate if the carrier densities are in the range where the mobility/ carrier concentration
curve presents a large slope. That is the case, for example, of carrier concentrations in
the range of [1016 -f-1018]cra~3, for Silicon, Fig. [7.2].

9.2.5

Refractive index change: electro-refraction, thermo-optical effect

Of all possible physical ways of changing the refractive index of a semiconductor emphasis
has been given only to carrier injection. This particular restricted choice was dictated by
the industrial requirement of analysing Silicon-on-lnsulator (SOI) devices. However, as
introduced in Chapter 5, the refractive index can also be altered by applying an external
electric field or by exploiting the thermal properties of the material. Both these two cases
can be accounted for by analysing the effects they produce on the quantum energy level
distributions.
However, the temperature dependence analysis can also be conducted at a macroscopic
level, by applying the same carrier transport equations (5.2), (5.3) and Poisson’s eqn. (5.10)
utilised in this thesis. The temperature effect is encompassed in the model by including
the temperature dependence of the recombination rate,

Hn(T)t and the diffusion coefficients, Dp, Dn.
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R(T,p,n), the mobilities, nP{T),

The inclusion of electro-refraction and thermo-optical effects extends the applicability of
the model to a wider variety of semiconductor materials, i.e. GaAs, Nitrides, etc.

9.2.6

Injection of carriers in new device configurations

The two-dimensional carrier distributions have been calculated for rib waveguides with
both the metal contacts deposited on top of the core layer, Fig. [6.1]. This choice was
particularly suitable for SOI devices, because of the bottom insulator layer. In general, the
contacts may be deposited on both the top and bottom parts of the grown wafer (stripe
lasers). This new configuration can be solved by extending the Lumped Iterative Method
to the new structure, Fig. [9.1b].
Moreover the LIM can be easily extended also to other geometries, such as the waveguide
coupler, Fig. [9.1a].
x (metal contacts)

1

i

(b)

(a)

Figure 9.1: Lumped equivalent circuit for: (a) waveguide coupler; (b) stripe laser.

9.2.7

Dynamic analysis

In the present thesis the carrier transport eqns. (5.2), (5.3) have been solved in the steady
state regime, i.e. without considering any time dependence. Since the main aim of the
work was to analyse the final effects of the injected carriers on the refractive index, the
time-independent analysis was acceptable. But, often, the time dependence is an import
ant parameter in device modulation, especially in the case of fast modulation.
The dynamic analysis of a device is so cumbersome that may not be described exhaust
ively in the content of a thesis. However, if one particular dynamic aspect is targeted,
i.e. transient time, stability analysis, etc., then it may be possible to make some specific
approximations and obtain fairly accurate results with limited calculations.
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9.2.8

Perturbation analysis: perturbation of the field profile

The perturbation theory has been applied specifically to determine the waveguide propaga
tion constants, /3, after altering the refractive index. Thus, it has been assumed that the
main effect of the perturbation acts on the propagation constant, rather than the field pro
file, E(x, y). In some cases, the perturbation may effect significantly even the field profile,
and such changes can be determined by considering the coefficients cnm in eqn. (G.13).
Moreover, the perturbation analysis requires a complete set of (unperturbed) functions to
use as a basis set for expanding the perturbed field profile. Such set is certainly available
in the case of longitudinally uniform waveguide, but must be chosen carefully in the case
of non-uniform waveguides. The application of the perturbation analysis to non-uniform
waveguide is thus a topic which needs to be studied more in detail.
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Appendix A

Maxwell’s equations and Vector
Relations
A.1

Vector relations

/ is a scalar variable
A is a vector
V x (V x A ) = V V • A - V 2A

(A.1)

V x (/A ) = V / x A + /V x A

(A.2)

V ' ( V / ) = V 2/

(A.3)

Cartesian Coordinates
unity vectors: x, y, z
f is a scalar variable
A = (Ax, A y, A z) is a vector

ox

1
V 2A = V 2^

d2*

oy

oz

d2y ^ d2z
+ V 2Ayy + V 2A zz

Cylindrical Coordinates
unity vector: r, 6, y
f is a scalar variable
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(A.4)

(A.5)
(A.6 )

A = (A r , A q, Ay) is a vector

(A.7)

d2f

I d f , 1 d2f , d2f
r 2 d2B + d2y

(A. 8 )

d2r ' r dr
V A

A.2

A

V 2 A r - ^r i - r2
~i~dO

Ae

2 dAr

r

r 2 de

9 + W2Ayy

(A.9)

Maxwell’s equations for dielectric materials

Charge free, p =

0

, source free, J =

0

, material and harmonic time dependence are

assumed.

Cartesian Coordinates
dxeEx + dyeEy + dzeEz = 0

dxH x

dyHy -f- dzH z — 0

iuj PQH x = dyE z

dzEy

upoHy = dzE x

dxE z

OJPqH z = dXEy

dyEX

(A. 10)
(A .11)

(A. 12)

-iu>e0eEx = dyH z - dzH y
-iuj€0eEy = dzH x - dxH z
iuje0eEz == dxH y

(A.13)

dyH x

Cylindrical Coordinates
- d rreEr H— dgtEo + dy€Ey — 0
r
r
v

(A. 14)

- d rr H r ^— dgHff -\- dyEy = 0
r
r

(A. 15)

iujpqH j. — -d eEy
upq H q =

dyEr

dyE e

dr Ey

(A.16)

-icopoHy = ld r r E e - \d eE r
-i(jue0eEr = ±deH y - dyH e
—iueoeEy = dyH r — dr H y
- iuje0€Ez = ld rr H e - \d eH r
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(A.17)

Appendix B

Evanescent boundary conditions
If the refractive index step between the core region of a rib waveguide (where a propagating
guided field is bound) and the cladding region (where the guided field is evanescent) is
large, the field decays rapidly into the cladding, and vanishes after a short distance away
from the interface.
The decaying distance depends of the type of polarisation; that is, if the electric field is
tangential, E t , or perpendicular, E n, to the interface.
With reference to Fig. [B.1] and coordinate system (t,n), the electric field inside the

cladding

core
Figure B.1 : Cladding/core interface,

cladding region satisfies Helm holtz’s wave equation, eqn. (2.15), [1],

j2 rp
^ 2 + (fc0e! -

0

(B.1)

with solution
E =

e x p ( y V - *ge, „ )

E (1) is the value of the electric field at the interface n =

0

(B.2)
+ , on the side of the cladding.

It is then possible to establish two mathematical boundary conditions at n = 0 for the two
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polarisations E n, E t
(B.3)
(B.4)
However, the field components, E ^ \ E ^ inside the cladding must be matched with the
corresponding components inside the core, E ^ \ E ® \ i.e.,

E tw = £ ((2)

e i£ „ (1) = €2K <2)

(B.5)

and, similarly for their derivatives
dEt (1)

dEt W

dEnW

dEnW

dn

dn

dn

dn

(B.6)

Substituting eqns. (B.5)-(B.6) into eqns. (B.3), (B.4) yields the evanescent boundary con
ditions

d'En

_

dn

En
dn

( ' *

dn and dt represent the penetration depth of the field inside the cladding region before its

amplitude becomes negligible

^

\f/32-k%ei
(B.9)

In the case of a rib structure, with reference to Fig. [3.2], for T M y polarisation the electric
field, E y , is tangential to the side walls of the rib and perpendicular to the top wall; for T E y
polarisation, the field E x is tangential to the top wall and perpendicular to the vertical walls.
Thus the dimensions of the effective rib in Fig. [3.2] are chosen either dn or dt according
to the type of polarisation and the direction of the field with respect to the walls of the rib.
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Appendix C

Variational method in the SIM
As introduced in Section 3.4 the assumptions made in the Spectral Index Method (SIM) do
ensure the continuity of the field at the base of the rib, y = 0, Fig. [3.3], but they cause a
mismatch of the field derivative, [1]. A variational technique is then introduced in order to
minimise the error induced on the propagation constant (3 by the approximate method.

C.1

Variational analysis for uniform waveguides

In the case of a longitudinally uniform rib waveguide the exact field solution satisfies Helm
holtz’s equation, eqn. (2.15),
d2E ( x , y )

d2E { x , y )

dx2

dy2

+ [,k02e(x, y) - (32} E( x , y) = 0

(C.1)

Eqn. (C.1) can also be written in the variational form for the propagation constant (3, [1],
[2], [3],
(C.2)
IS a ,b \E f dx d y

The integrals are over the entire transverse section, i.e.

the union of the two regions A

(top) and B (bottom), Fig. [3.3].
If the field representation E ( x , y ) is not an exact solution (as in the case of the SIM) the
variational form which makes (3 stationary assumes a different form than eqn. (C.2). Mul
tiplying Helmholtz’s eqn. (C.1) by E * ( x , y ) (complex conjugate) and integrating over each
region A and B, it is possible to obtain a new variational form for the propagation constant

j3. More precisely, it is

SIA [E a ^

+

e *a^

+ k2e2E AE*A\

dxdy
(0.3)

f f A EAEAdxdy
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in region A, and

SSb

\Eb ^ +
II

Eb ^

(C.4)

E BE'Bd

b

in region B.
Integrating eqn. (C.3) by parts, and using the divergence theorem 1, after some algebra,
yields

IL

kle2\EA\2 -

dx

02 =

dEy

dxdy - /

dy

IfA

E ^ d l

(C.5)

E AE \ d

The second and third line integrals at the numerator of eqn. (C.5) are calculated around the
boundary of region A, as indicated by the closed (dotted) curve C a in Fig. [C.1]. Because
the field is zero, E = 0, along the rib, these two integrals reduce to the integration along
the x axis (the only part of the curve C a where the field is non-zero). A similar form of
eqn. (C.5) is obtained by solving the integral eqn. (C.4) in region B \ in that case, since the
field vanishes at y = -o o the line integrals around C b (dashed line in Fig. [C.1]) reduce to
the integration along the x axis.
Adding (C.3)-(C.4) and making use of eqn. (C.2) yields
w
o
II
U

<

1

A

;

£

i *> *

C

j

z

E =0

X

J

cladding

/

B
substrate

Figure C.1: Regions of integration. C a (dotted line): boundary of region A; C b (dashed
line): boundary of region B.

/ +°° \E X ° E A l x ' y
J - oo
dy

dy

°- +) -

“ ° - ) 1dx =

J

It is useful to note that if the field expression E (x, y) is an exact solution, i.e. the continuity
of the field derivative at the base of the rib can be ensured, than eqn. (C.6 ) will be an
identity and eqns. (C.3), (C.4) reduce to the exact form (C.2 ).
1Divergence theorem, [4]: Let S be a region in space whose boundary is a piecewise smooth closed
curve I, and F ( x , y ) a continuous function with continuous first partial derivatives. Then
F • ndl, where n is the outer unit normal vector of I
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f /s

+ ^ d .-rd y

=

0

Although in the SIM the two derivatives in eqn. (C.6) are expressed in different domains,
namely dyEA{x , y = 0+) in the spatial domain and dyEB{x , y = 0_ ) in the spectral domain,
they can be linked by using Parseval’s identity, [5]. Therefore, considering that the field
outside the effective rib is zero, i.e. E a = 0 for |z| > w/2, Fig. [C.1], eqn. (C.6) becomes
r

d E A (x ,y ~

/ 2

J —w / 2

£b

0 + ) (j

=

dy

1
27r 7 - 0 0

^

( x

B

^

0

- ) ds

dy

'

'

is the Fourier Transform of E B (x , y ) along the x axis, eqn. (3.12).

C.2

Dispersion relation for uniform waveguides

Eqn. (C.7) is the dispersion relation of a two-dimensional rib waveguide, whose roots are
the sought propagation constants (3.

Evaluation of the left hand side (LHS) of eqn. (C.7)
By imposing the field to be zero at y = h, Fig. [3.3], G(y ) in eqn. (3.9) becomes
s in fe ^ -y )
sin K2Ah

with k2A defined as in (3.10). A i is an arbitrary constant which can be chosen to be unity
for convenience, A i = 1, since the field profile amplitude is calculated in arbitrary units
(A.U.). Using eqn. (C.8) and the expression for E a in eqn. (3.7) the LHS of eqn. (C.7)
becomes
l

E a (x , y

= 0) - ? A ^ y— ^-dx =

-w /2

dV

k 2A cot k 2Ah

(C.9)

2sa

Evaluation of the right hand side (RHS) of eqn. (C.7)
The interface conditions (3.17) are applied at the common interface y = - d , Fig. [3.4], to
the expressions of SB(s, y) in eqn. (3.15):
• Continuity of the field, (3.17a):

—B \ s\n(k2Bd) + B 2 cos(k2Bd) = bC\ e xp ( -k s Bd)

(C.10)

b = l or b = e3/e 2 for T E y, T M y polarisation, respectively.

• Continuity of the field derivative, (3.17b):
k2B[B\ cos(k2Bd) + B 2 sm(k2Bd)] - k3BCi exp( ~ k 3Bd)
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(C .11)

The continuity of the field is also ensured at the base of the rib, y = 0, by making use of
eqn. (C.8) in eqn. (3.20). This yields
[ wt 2

_

B2 =

co s ( s a x )

/.

\ i

exp(zsa;)da: =

2 sa c o s (s iu /2 )

s

J —w / 2

s A

=-----

(C.12)

s

Eqns. (C.10), (C.11) and (C.12) define uniquely the constants B i, B 2, C\.
d

_
1

bk2B s i n ( k 2 B d ) - k 3B cos(k2 B d) p
bk2B cos(k2 B d ) + k 3B s in ( k 2 B d)
2

s2=

(c .i 3 )
A

C\ = b(Bi sin(k 2 Bd) + B 2 cos(fc2Bd)) exp(&3£cf)
and the consequent expression for £ b

as given in eqn. (3.15). Therefore, the RHS of

(s , v )

eqn. (C.7) is
1

f + °° n

5 jL

/

n\d £ F i(x iy =

g j, ( a ’ v

=

Q) i

1

/'+ ° ° ^ /

n4 s ^ cos2 ( s W 2 )

ds = i - « L r(s) k - W

0 )

ds

( C -1 4 )

TVcA — b
fcfc2 B s in (k 2 B d ) —k 3B c o s ( k 2 B d)
v /
25
cos(fc2fjc O + fc 3 B s in (/c 2B d )

The combination of eqns. (C.9) and (C.14) in eqn. (C.7) yields the dispersion relation for
the propagation constant (5,
/>+o o
co s2 (sw/2)
4s,3 /‘+00
ds
k2BCot(k 2Bh) = —Y /
r (s )

^

C.3

«

J —oo

- s2)2

(C.15)

Variational analysis for non-uniform waveguides

The slowly varying term of the field profile, F(x, y, z) in eqn. (4.2), satisfies the paraxial
wave equation
d2

d2

d

ff2 + Qy2 - 2 i v ~0~z + k ^

X' ^

“ p

F<' X ’ y ’ ^

= 0

(C.16)

Multiplying eqn. (C.16) by F * (complex conjugate) and integrating yields

p2 =

fffv

F

~dxT

^

~dyT

koeF F

dxdy

f f f v FF*dxdy

JJJy 2 i p F * ^ d x d y d z

f f f v FF*dxdydz

(C.17)

The integrals are over all of the volume space V occupied by the tapered rib waveguide.
The first term of eqn. (C.17) can be treated equivalently to eqns. (C.3)-(C.4) for the uniform
case. Integrating by parts and after some algebra the variational expression for a taper
device is given by
-t-oo r
’+
°° r+ °° rr * d F ( x , y - 0+) _ Fi f d F ( x ) y = 0 )

/

■oo J 0

dy

dy

f f f v 2ipF* Q^dxdydz
dxdz + JJJZ r
.
= 0
f f f v FF *d x d y d z

(C.18)
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Appendix D

Slowly varying term for tapered
geometry
The field profile inside the taper rib in Fig. [4.1] has been represented as, eqn (4.5),
7r

F A( x , y , z ) = a(z) • cos
.

w(z)

x

G(y)

(D.1)

Inserting eqn. (D.1) into the paraxial wave eqn. (2.19), multiplying by c o s (J x ) and integ
rating over x yields
da(z)
tan On . j
d 2G(y)
a(z) + (k%e - s \ - p2)G(y)a(z) = 2ip
V ’ + — r ~ r a (z ) G{y)
dz
w (z )
dy2

(D.2)

with 3a = &

In eqn. (D.2) it is possible to separate the two variables y and z and obtain two inter
dependent equations for G(y) and a(z) linked through the common complex parameter

q = Q R - iq i
d2G(y)
dy2

+

- s \ - P2)G(y) = qG(y)

d a(z)
tan6»0
.q
— — + — ;— a{z) - - i - a ( z )
dz
w(z)
P

(D.3)
(D.4)

The first equation (D.3) provides results similar to the uniform case, eqn. (3.9),

G{y) = A i sm(k2Ay) + A2cos(k2Ay)

(D.5)

k2A = k0el - SA ~ P 2 ~ q

(D-6)

with

and constants ratio A \/A 2 to be determined by applying the boundary condition E A(x, y =
h, z) = 0.

The second equation (D.4) provides an analytic form for the slowly varying coefficient a (z ) ,
i.e.,
a ( z ) = ~ ^ = exp ( — i - z )
yJW
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V

p

J

(D.7)

D.1

Slowly varying term for the Y-junction configuration

The field profile inside the rib arms of the Y-Junction is expressed as, eqns. (4.18), (4.19),
Fig. [4.10],
A \ cos & ^ ( x + T / 2 )

_ T / 2)

E A( x , y, z ) = a(z) • G(y) ■ < A i cos

(-w -T )/2 < x < (w -T )/2
( T — w ) / 2 < x < (ty + T ) / 2
elsewhere

. o

(D.8)
for symmetric fields, and
A \ cos ^ ^ ( a i + r / 2 ) ]
E A{ x,y, z) = a(z) • G(y) • < A \ sin ^ ( x - T / 2)]

0

( - w - T ) / 2 < x < (w - T ) / 2
( T - w ) / 2 < x < (w + T ) / 2
elsewhere

(D.9)
for anti-symmetric fields. Inserting eqns. (D.8) (D.9) into the paraxial wave eqn. (2.19),
multiplying by c o s (£ z) and integrating over x yields
(D.10)
with sA = %■
The separation of the x and z variables in eqn. (D.10) yields explicitly the expressions for
G{y) and a(z). Namely, the form of G(y) is the same as in eqns. (D.5), (D.6), while the

slowly varying coefficient a(z) is obtained as
a(z) = exp ^ — i-z^j
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(D.11)

Appendix E

Carrier concentration solution in
p-i-n junctions
E.1

Intrinsic region

As introduced in Section. 6.2 in the case of a one-dimensional p-i-n junction the current
conservation eqns. (5.2), (5.3) are reduced to
= _ eRp = _ e? M
CLX

= eRn =
CLju

Recombination processes,

<E.i)

Tp

(E.2)
Tyj

i?n, have been represented through the effective lifetimes

rp, t „ , as defined in eqn. (5.12).
Moreover, inside the intrinsic region both the high-level injection and the neutrality condi
tions are valid. Under these assumptions it is then possible to solve the carrier transport
eqns. (E.1), (E.2). Specifically, multiplying (E.1) and (E.2) by p n and np, respectively, and
adding yields the ambipolar equation,

D - * & i + lt-EM x) = Z @

(E.3)

- = - + -

(E.4)

with
r

Tp

Tn

D * = ('n + p)D nDp
nD n + pDp
H*

_

(n0 ~
nfJLn

/ p

+ PUp

(t.b )

the ambipolar effective lifetime, the ambipolar diffusion length and the ambipolar mobility,
respectively.
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Inside the intrinsic region it is po = n0, thus p* = 0. Moreover, under the assumption of

high-level injection it is, [7],
D , = 2pnp,v
l^n P'p

(E J )

Since D* is typically almost constant, analytic solutions for eqn. (E.3) are easily obtained
as

p(x) = C\ cosh y - + C2 sinh
with L i

(E.8)

= V D * tthe ambipolar diffusion length. The arbitrary constants C\ and <72 are

determinedby applying the boundary conditions at the two ends of theintrinsic region
d TL

Jn(x = -1 /2 ) = ep,nn ( - l/ 2 ) E ( - l/2 ) + eDn - ^ = 0
Jp{x = 1/2) = e\ipp {l/2 )E {l/2 ) - eDp^

= 0

(E.9)
(E.10)

The only current flowing through the p-i junction, x = -1/2, Fig. [6.2], is the hole current,
thus

J p i-l/2 )

= J0 = ep,pp ( - l/ 2 ) E ( - l/2 ) - eDpdp{-X

(E.11)

where J0 is the injected current density.
The electric field may then be determined from (E.9) as

~ l/2 )

(E-12)

Inserting eqn. (E.12) into eqn. (E.11) it is possible to express the boundary condition at

x = -1 /2 explicitly in terms of the carrier density p(x):
^ ( s = - V 2) =

dx

~ J°
2epLpVt

(E.13)

Vt is the thermal voltage 1.
In a similar manner it is possible to express the boundary condition at the i-n junction,

x = 1/2, Fig. [6.2], after determining the electric field from eqn. (E.10),
E {l/2 ) =

pvp(l/2)

l—

(E.14)

da;

The only current flowing at x = 1/2 is the electron current, i.e.,

Jn( l / 2) = J0 = epnp (l/2 )E (l/2 ) - eDnApi-X^ l/2 )

(E.15)

hence, the second boundary condition for p{x) is
^ ( * = i/2 ) = ~ T 7
V , = 0.026V at 300K
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(E.16)

Applying the conditions (E.13),(E.16) to the expression (E.8) of p(x) the two arbitrary con
stants Ci and C2 are uniquely determined as

C = J° ^ n
1
2e V t D p
r

=

^0

^

(F i T ’k

s in h ^

K

fl n — Pp

2e V t D

E.2

^p
fin

p

p

„

’

Li
c o s h 111

[

E/%

•

’

Doped regions

Across the junctions, Fig. [6.2], the charge neutrality condition is not valid: these regions
have a net space-charge, yielding the generation of an electric field. Within the spacecharge regions the electric field and the carriers are more strongly coupled. Particular
attention is then necessary when developing numerical techniques for determining the
carrier distribution at the junctions.
The physical boundaries of the doped regions are x = -o o , x = - 1 / 2 , and x = 1/2,
x = +oo for the p and n side, respectively.

However, as mentioned in Sect. 6.2.1, it is not possible to use boundary conditions at
infinity. Therefore an alternative approach is proposed which transforms the boundary
value problem to an initial value problem. This implies that all the boundary conditions are
assigned at the beginning of the doped regions, i.e. x = -1 /2 and x = 1/2 for the p and
n regions, respectively. The values of p(x) and n(x) at the edge of the intrinsic region are
obtained by using the analytic solution described in (E.8).
p ( - l / 2 ") = p ( l / 2+)

n (V 2+) = n ( l / 2 ~ )

< j p ( - l / 2 ~ ) = d p ( - i/2 + )
dx

(E.19)

d n (//2 + ) = dra(//2~)

dx

dx

dx

Each region, p, n, is discretised into several small segments. Within each segment eqns. (6.1), (6.2)
are linearised and solved analytically,

/ip
^ d2n(a;)

D n—

. dnix)

— I- finE(x)—

da:2

da:

dE ( x )

1-

da:

Tp -

, .
dE ( x )
b n(x) fin
dx

—

1
=

0

0

(E.21)

(E.22)

T «J

The algorithm is described as follows, for the p doped region, Fig. [E.1]:
1. The boundary conditions are assigned by evaluating the carrier profiles at the edges
of the intrinsic region, x = -1/2, Fig. [6.2], using the results obtained in the intrinsic
region.
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2. The majority carrier profile, p(x), inside one segment is determined by solving eqn. (E.21).
The electric field, E , and its derivative, d E ( x ) / d x in eqn. (E.21) are assumed to be
constant within the segment (the constant value is taken to be that at the beginning
of the segment). Hence the differential eqn. (E.21) reduces to a linear second order
ordinary differential equation whose solution for the mth segment is in the same form
as (E.8).
3. Similarly, the profile of the minority carrier, n{x), could be determined by solving
eqn. (E.22). Because at the junction minority carrier densities change more signi
ficantly than majority carriers the slope of n(x) is expected to be large. An attempt
to determine n{x) in this way has been tried, but the algorithm resulted unstable,
since the profile of n(x) did not converge to the equilibrium value n 0 away from the
junction. Therefore, the electron concentration has been solved by applying the total
current conservation equation

=

+

= 0

(E.23,

Expressing the minority current Jn in terms of the carrier profile n(x) as given in
eqn. (5.6) it is
(Lt i ( x )

eDn~dx—

e^ E { x ) n { x ) = Jo - Jp(x)

(E-24)

where Jp is estimated by using the values of p(x) obtained from step (2).
4. The values of the carrier profiles, p(x), n(x), obtained from steps (2) and (3) are sub
stituted into Poisson’s eqn. (6.3), and, after integration, the electric field distribution
is determined.
The n doped region can be solved similarly, substituting electrons with holes.
At each interface, between two adjacent segments, the continuity of the carrier concen
tration, the electric field and their derivatives are imposed. In this way it is possible to
determine uniquely the carrier and electric field profiles over all the doped regions.
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boundary conditions

P (X )

from carrier transpo rt equation

PI( X ) from total current equation

E(x)

from Poisson's equation

Figure E.1: Schematic flow-chart for solving the p doped region.
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Appendix F

Voltage drop across the p-i-n
junction
The excess carrier concentrations, A p, An, inside the intrinsic region, near the junction
edges, can be related to the equilibrium carrier concentrations, p0, n0, inside the heavily
p, n, doped regions, respectively. The two junctions p-i and i-n can be considered as two
different separated junctions, whose voltage drop across is Vpi and Vin respectively. From
the p-n junction theory it is, with reference to Fig. [6.2],
p ( - l / 2+) « A p ( - l / 2 + ) = po exp Ft
n ( l / 2 ~ ) « A n ( l / 2 ~ ) = no exp ^

V‘

(F-1)

Substituting eqns. (F.1) into the expression for the carrier distribution (6.9) it is
r Po exp \

= Ci cosh

+ C2 sinh = £

^ no exp ^

= Ci cosh ^

+ C2 sinh -l 0-

The constant C\ and C2 are defined as in (E.17), (E.18). L i is the ambipolar diffusion
length.
Multiplying both eqns. (F.2) it is

Vpi T V,n
vt

noPo exp ■--

=

2

12

• u2
C { cosh —— h C£ smh —

Li

Li

/r n \

(F.3)

Defining the constants A, B as A = C i/Jq, B = C2/Jo, eqn. (F.3) becomes
noPo exp ^p% ^ in = Jo2(A 2 cosh2
V t

— B 2 sinh2
L

(F.4)
L

The l-V characteristic, for the pairs of junctions, is then
T

n0po

Vpi + Vin
-—

J 0 = —.
exp —1
y jA 2 cosh2 ^0- — B 2 sinh2 ^0-

/cc\
(F.5)

1

While in the case of an ordinary p-n junction the relation between current and voltage is of
the type (exp ^ ) , with Vo the applied bias across the junction, for a p-i-n junction with high
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current injection, the slope is reduced by a factor of two.

In addition to the junction voltage drop, there is a voltage drop also across the intrinsic
region, Vp it is obtained by integrating the electric field profile over the spatial range of the
intrinsic region.
Adding the two eqns. (5.5), (5.6) for the current, the electric field can be written as

E{X) = ^

Pp + pnn ) [Jo ~ eVi(^

(F.6)
“

Integrating this expression inside the intrinsic region, is
r l / 2

Vi = -

(- E ) d x
J —1/2

1/2 dx

Jo

I l / 2 p{x)
e (lip + Pn) J-

Vt (pn - pp) ^
{Pp + P n )

p(l/2)

(F.7)

p H / 2)

As a result, the total voltage drop across the entire device is
Vpin = 2Vt In

Jo

A 2 cosh2 J - + B 2 sinh2

n 0Po
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(F.8)

Appendix G

First order Perturbation Theory
An unperturbed system is in general described by the eigenvalue equation
(G.1)
where U° is the unperturbed differential operator, and a0, E®, the unperturbed eigenvalue
and eigenmode, respectively.
If the operator U° is perturbed by a small amount, u, the corresponding eigenvalues and
eigenfunctions, an, En, will be perturbed accordingly, [8]. They will satisfy the perturbed
equation

U Efi — o,nEfi

(G.2)

U is the perturbed operator. The perturbed eigenvalues, an, and eigenfunctions, E n, can
be expanded in powers series, x n, in proximity of their unperturbed value:

U = U° + ux

(G.3)

an = a° + a* x + a^x2 + a „x 3 + ...

(G.4)

En = E® + E ^x + E 2x2 + E 3x 3 + ...

(G.5)

where the coefficients of the power terms with order higher than zero represent the cor
rections due to the perturbation.
Inserting eqns. (G.3), (G.4), (G.5) in (G.2) yields

Equating coefficients with the same power it is

If the perturbation, u , is small, only the first order correction term will be predominant, while
the others can be neglected. Thus, only the first order equation is considered

U ^ E l- a lE i- a i^ ^ - u K

(G.8)

The correction term, E \, to the field profile, can be expanded in terms of the complete set,
{E ^ }, of mode solutions of the unperturbed eqn. (G.1)
eJ

= £ 4 » X

(g .9)

7
71

Inserting expansion (G.9) into (G.8) and making use of eqn. (G.1) yields

£ 4m(«1 - <£) < - 4K =
m

(G.10)

Multiplying eqn. (G.10) by the complex conjugate E%* and integrating over the transverse
spatial domain S, after some algebra, yields
£

(< 4 - a° ) Js £& E °*dxd y - a i j s E ^ E ^ d x d y = - j f E&uJEfrdxdy

(G.11)

Because the eigenmodes {.E jjj are orthogonal it is
• for m = n

,
[ q E°u(x, y)E°*dxdy
a \ = Js n { ’ z n
I a E n dzd y

(G.12)

for m ^ n
„1

Cnm

_ f s Emu (x ^ ) En*dxdy
/

\

[ an ~ ^ m ) dxdy
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