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A bstract
In this thesis we study various nonlinear effects related to the existence of Solitons and
Solitary Waves in solid-core Photonic Crystal Fibres (PCFs), Tapered Fibres (TFs) and
Hollow-Core Photonic Crystal Fibres (HC-PCFs), collectively known as Microstruc
tured Fibres.
The influence of the strongly modified Group Velocity Dispersion (GVD) character
istics of solid-core PCFs on nonlinear parametric processes such as Modulational In
stability (MI) and Four-Wave Mixing (FWM) Instability is analysed in detail. Scalar
instabilities are treated rigorously using the full Maxwell Wave Equation, while vector
instabilities are studied using coupled Generalised Nonlinear Schrodinger Equations
(GNLSE). The strong modifications of the GVD due to the waveguide contribution
of the microstructured cladding in solid-core PCFs and TFs compared to standard
telecommunications fibres allow the existence of unconventional far-detuned instability
regions, the properties of which are treated in detail.
This thesis also presents complete analytical calculations of the amplitude of Reso
nant Radiation emitted by optical solitons in solid-core PCFs, due to the presence
of Higher-Order Dispersion (HOD) terms, using two different but complementary ap
proaches, which we call the ’adiabatic method’ and the ’Green function method’. These
calculations on Resonant Radiation serve as a solid basis for the precise understanding
of the dynamics of Supercontinuum Generations in highly nonlinear solid-core PCFs
and TFs, which we obtain by the use of Cross-Correlation Frequency Resolved Opti
cal Gating (XFROG) spectrograms to visualise the behaviour of the system ’soliton +
radiation’.
The resonant nonlinear interaction between light and molecules of m atter in a HCPCF filled with Raman-active gases has been analysed in the framework of the full
Maxwell-Bloch equations. We have discovered the existence of two different species of
multi-frequency soliton, depending on whether the frequency difference of the driving
fields is far from the centre of the Raman resonance or almost exactly at resonance.
The use of HC-PCFs rather than more conventional waveguides such as Raman cells
or capillaries allows for a drastic reduction of the threshold energies necessary to excite
the solitons, making their observation feasible.
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M A IN A C R O N Y M S U S E D IN T H E T E X T
PCF = Photonic Crystal Fibre
HC-PCF = Hollow-Core Photonic Crystal Fibre
TF = Tapered fibre
NLSE = Nonlinear Schroedinger Equation
GNLSE = Generalised Nonlinear Schroedinger equation
GVD = Group Velocity Dispersion
CW = Continuous Wave
MI = Modulations! Instability
FWM = Four-Wave Mixing
SCG = Supercontinuum Generation
HOD = Higher Order Dispersions
SRS = Stimulated Raman Scattering
SFS = Self-Frequency Shift
SF = Sum Frequency
ZD = Zero-Dispersion
MAL = Maxwell-Abraham-Lorentz
SVEA = Slowly-Varying Envelope Approximation
SHG = Second Harmonic Generation
TIR = Total Internal Reflection
PBG = Photonic Band-Gap
BVP = Boundary Value Problem

N O T A T IO N U SE D IN T H E T E X T
Physical wavelengths and absolute frequencies are always indicated with the symbols A and u
respectively, eo indicates the permittivity of vacuum.
Operators and matrices are indicated with a ’hat’, and they are recognisable from the context
and from their argument. For example, D(idr ) indicates the dispersion operator, while M
indicates a stability matrix.
t and z represent the physical time and longitudinal coordinate respectively, x, y indicate the

physical transverse coordinates, r and £ represent the dimensionless time and longitudinal
coordinate respectively. ( indicates the dimensionless time of a moving reference frame, like for
example £ = r —v-1f, where v is a velocity, to is the physical pulse duration or the FWHM of
the pulse, often used as a scale to make the equations dimensionless.
The symbol x is always used for indicating susceptibilities. Aef f always indicates an effective
area of the fibre under consideration.
A (t) and 0(f) are the delta and the Heaviside functions respectively.
All vector quantities are indicated with an arrow. For example the electric field is E.
The Fourier transform of a function f(t) is indicated with the symbol F(/(t),w), see also
Appendix C.
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Chapter 1

Synopsis
This introductory Chapter is intended to provide a concise overview of the essential
concepts that will be used in the course of this thesis, and to give all the necessary
basic references to the subject. An outline of the thesis containing short descriptions
of the contents of each Chapter is also given.

1.1

Solid-C ore P h o to n ic C rystal Fibres and Tapered fi
bres.

In recent years a great world-wide interest has been generated by the development of
what have become known in the literature as Photonic Crystal Fibres (PCFs) [1]. PCFs
are optical fibres made of a single material (typically silica glass), with a periodic array
of air holes running along their entire length, possessing a transverse spatial periodicity
of the same order as the wavelength of light. In a so-called solid-core PCF there is a
central hole missing, which works as a ’defect’ that breaks the transverse periodicity
[see Fig. 1.1(a)], In this case the high-index core will guide light via a Total Internal
Reflection (TIR) mechanism, much as in a conventional optical fibre, but often with
some unexpected feature, such as, for instance, ’endlessly’ single mode operation [4].
The use of this ’microstructured’ cladding that incorporates numerous air holes provides
additional degrees of freedom which do not exist in more conventional step-index optical
fibres used in telecommunications technology [21].
It is not an exaggeration to state that PCFs represent one of the most important tech
nological innovations in optics introduced during the last decade [2]. The fabrication
of the first working sample of solid-core PCF was reported in 1996 [3], and since then
1

Figure L I: Sketch of the transverse section of (a) Photonic Crystal Fibre with a high-index
solid core of silica glass, which guides light through conventional Total Internal Reflection
mechanism and (b) a Hollow-Core Photonic Crystal Fibre with low-index central defect, which
guides light due to the Photonic Band-Gap mechanism. Grey regions represent silica glass,
white regions represent air.

many technological and fundamental applications have been found [7, 109].
Recent advances in the fabrication of solid-core PCFs have made possible the pro
duction of fibres with extremely small core areas, which can dramatically enhance
the nonlinear properties of the fibre, and, most importantly, strongly modify the dis
persion compared to conventional telecommunications fibres. The contribution of the
waveguide (geometrical) dispersion to the overall Group Velocity Dispersion (GVD) is
so strong that, for certain regions of the spectrum, it can easily overcome the material
dispersion of bulk silica. This can result in the appearance of a second zero-dispersion
(2ZD) point in the GVD characteristics, located in the infrared region, and to a strong
shift of the first ZD point towards the blue region of the spectrum. This is by no means
an insignificant difference; it leads to a completely new set of physical phenomena, some
of wliich will be explored in Chapter 2 and Cliapter 3 of this thesis.
Tapered fibres (TFs) are transversely homogeneous strands of silica glass with diam
eters of around 1 —2 /iin [29, 111]. They are produced by heating and stretching
conventional telecommunications fibres in a flame in order to reduce the core diameter;
the residual core is so small that the waist is effectively a simple thread of silica in air.
The reduced effective area results in an increase in the intensity of the light guided in
the fibre, strongly enhancing nonlinear effects. In this sense, TFs can be considered as
microstructured fibres, because their cladding structure has been sealed down to a size
comparable with the wavelength of light.
An important observation relevant to this thesis is that TFs and small-core PCFs
have very similar GVD profiles with two ZD points, due to the fact that, in a typical
index-guiding PCF, most of the light is guided by the TIR mechanism, because of the
large effective index difference between the core (silica) and the surrounding cladding
(containing a significant amount of air) [see also Fig. 2.1]. However, a considerable
practical disadvantage of TFs with respect to PCFs is their extreme fragility, wliich
2
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Figure 1.2: Calculated Group Velocity Dispersion profiles of TFs (solid lines) with core diam
eters respectively of: 0.7 pm (line 1), 1.0 pm (line 2), 1.2 pm (line 3), 1.5 pm (line 4) and 2.0
pm (line 5). Dashed line indicates the dispersion of bulk silica.

makes them feasible only in short lengths (< 1 meter), while PCFs can have arbitrary
length.
In Fig. 1.2 the GVD profiles of TFs with different core diameters are shown as solid
lines. The dispersion of bulk silica is also shown with a dashed line for comparison.
The dispersion parameter D is measured in units of psec/km/nm, and it is related to
the GVD parameter fe (expressed in units of psec2/m ) by the formula

"w

= ! ( ; ; )

= -£ « ■ ■

(1 1 )

where vg is the group velocity, A is the wavelength and c is the speed of fight in vacuum.

1.2

H ollow -C ore P h o to n ic C rystal F ibres.

If instead of a high-index defect one has a low-index defect [see Fig. 1.1(b)], the
structure must confine the fight in the core through a completely different mechanism.
Destructive interference in the periodic structure can expel fight for certain frequen
cies and directions of incidence, forbidding the propagation of fight in the cladding
structure. This mechanism is called Photonic Band-Gap (PBG) confinement The
PBG is analogous to the electronic band-gap in solid-state physics except that it ap
plies to photons instead of electrons. For these reasons, the class of fibres operating
exclusively through the band-gap mechanism are called Hollow-Core Photonic Crystal
Fibres (HC-PCFs). Note that, incidentally, PBG guidance can also occur under certain

special conditions in solid-core PCFs, but confinement in HC-PCFs must always be due
to the presence of a PBG.
Historically, the first working HC-PCF was fabricated in 1999 [136], and represented a
highly significant breakthrough for many optical applications. More specifically, HCPCFs represent an ideal system for exploiting the Quantum Optics of nonlinear gases,
such as molecular hydrogen or SFg [140, 141, 143, 173]. The huge interaction lengths
between fight and m atter, and the high peak powers that can be guided in the fibre,
have the potential to lead to very promising and still largely unexplored physics. An
important example analysed in detail in this thesis is the generation of classical and
semiclassical Raman solitons in HC-PCFs filled with a Raman-active gas (Chapter 4).

1.3

N onlinear O p tics and Solitons.

All electromagnetic phenomena in a medium are governed by Maxwell’s Equations:
V - D = p,

(1.2)

V B = 0,

(1.3)

A
x
IdM
n
VxE+
=0,

(1.4)

C C/C

V x H

- ~ - - J = 0,
c eft
c

(1.5)

where c is the speed of light in vacuum, E and H are the electric and magnetic field
vectors respectively, D and B are the electric displacement and the magnetic induction
respectively, p is the electric charge density and J is the electric charge current. These
latter two quantities satisfy the continuity equation
V - / + I = °.

(1.6)

In the absence of free charges and currents in a medium such as an optical fibre one
“♦
—♦
—#
has J = p = 0. It is customary to express D and B in the following way:
D = E + P,
—♦

B =H +M,

(1.7)

—♦

where the new fields P and M are called respectively the induced electric and magnetic
polarisations. An optical fibre is made of a dielectric medium, so that we assume that
M = 0, imposing that the medium is nonmagnetic. Note that in the notation chosen
in this thesis, all fields (E , D, H , B ) have the same physical dimensions.
4

By taking the curl of Eq.(1.4) and using Eqs.(l.2-1.5), it is possible to write an equation
for E and P only:
V 2E - V(V • E) - \ d ? E = ^ d f P ,
C

(1.8)

Cr

where the identity V x V x w = V(V*w) —V • (Vu) has been used. To be able to solve
Eq.(1.8), a constitutive relation between E and P is needed. Such a relation always
exists, but with the exception of a few particularly simple situations, it is not possible
to find it in a closed analytical form. Moreover, strictly speaking, the evaluation of P
requires the tools of quantum mechanics, especially when the optical frequencies are
close to some resonance of the medium. The positive and negative charges of molecules
in a material shift under the influence of an external electric field E and this creates
a dipole moment in the molecule. This gives rise to an electric field in the opposite
direction to E inside the material which is characterized by the macroscopic quantity
P.
The following phenomenological expansion of the polarisation field is widely used:
? ( r, t) = Y , P (n) (r, t) = X{l)° E + X(21° S 2 + x (3k # + ... = PL(r,t) + PNL (f) t), (1.9)
1
where the symbol o indicates the tensor product. Here
Is the n-th order optical
susceptibility, which is a tensor of rank n -H 1, and r = [x,y,z]T . In Eq.(1.9) we have
also defined the linear polarisation as P l = x^°E-> and the nonlinear polarisation as
Pnl =
2 X ^ ° ^ ni with the assumption that |_p(n+1)| <£ |p (n)| for all n (which
means that \P n l \ ^ IP l \), so that the expansion (1.9) is meaningful. A detailed
discussion of the relation between P and E is beyond the scope of this thesis. A
complete treatment of this topic including a description of the tensor-like nature of
X can be found in standard textbooks of nonlinear optics [8 , 10, 167, 168].
For centrosymmetric molecules like SiC>2, nonlinear terms proportional to even powers
of the electric field vanish due to symmetry reasons. The lowest-order even term in
the expansion is the term proportional to x ^ \ responsible in many other material
systems for second-order nonlinear phenomena such as Second Harmonic Generation
(SHG), together with sum- and difference-frequency generation [167]. In this thesis we
will always assume th at the material composing the optical fibre has vanishing secondorder susceptibility. This means that the lowest order nonlinear polarisation is due to
the third-order susceptibility

so that we can write:

Pl j = Y , J

t')dt',

5

( 1. 10)

Pn l j = Y , J J J x f L n i * - 1' , t - t ' " ) E k (t')Em( f ) E n(f')dt'dt"dt'",
kyTTljTl

(1.11)

where x]jk
Xjkmn indicate respectively the components of the first-order and the
third-order susceptibility tensors. Relations (1.10-1.11) axe valid in the hypothesis that
the medium is spatially local, so that the susceptibilities do not depend on the position
vector r, and this is an excellent approximation for a geometrically isotropic core made
of silica glass.

NLSE. Optical Solitons.

In order to derive an equation that is more manageable than the full equation (1.8),
several useful approximations can be made. First of all in Eq.(1.8) we can take V E ~ 0,
due to the fact that the nonlinear polarisation is small with respect to the electric field,
and using the fact that the linear polarisation is proportional to E :
P n l ] - 0.

V 2& - ^ d 2

(1.12)

Secondly, one can assume that the only important contribution to the nonlinear polar
isation is given by the third-order susceptibility:
Pnl =

P {3) =

x (3)\P\2P,

(1-13)

where the coefficient x
has been taken to be a scalar [8 , 167], implicitly assuming
that the nonlinearity is instantaneous, which is justified in silica glass optical fibres for
pulse durations > 1 psec and leads to considerable simplification. For pulse durations
< 1 psec several corrections must be taken into account. These corrections will be
discussed extensively in Chapter 2 and Chapter 3. For elementary reviews the reader
can consult Ref. [8 , 9].
Let us now suppose that the electric field always maintains a linear polarisation during
propagation, so that we can use the scalar approximation in Eq.(1.8), and we can
suppress the vector notation. This can be achieved easily in practice using highly
birefringent, polarisation maintaining optical fibres. W ith this assumption, let us write
the electric field as
E ( f , t) = ^ [.F (x, y)A (z, t) exp(ikoz — iwot) + c.c.],

(1*14)

where F (x, y) is the transverse profile of the propagating mode in the fibre, with propa
gation constant equal to k$ = n(u;o V o/c, where u;o is the central frequency and n(wo) is
the linear refractive index calculated at uj = uq. A ( z , t) is the slowly-varying envelope
6

of the effective electric field. The total refractive index of the fibre medium is given by
n = n(uo) + ri2 \E\2,

(1*15)

where n 2 is the nonlinear refractive index coefficient, which in silica, glass has the value
n 2 ~ 3.2 x lO" 20 m 2-W_1.
By substituting Eq.(1.14) into Eq.(1.8), and assuming that the envelope A(z, t) is a
slowly varying function of the spacetime coordinates, it is possible to show that one
arrives at the equation [8 , 10]
i (dzA + k'dtA) — \dsnd2A + 7 |A|2A = 0,

(1-16)

where k1 and k" are respectively the first and the second derivatives of the propagation
constant, calculated at the carrier frequency ojq:
k’ =

dk
du

k" =

,
u>=u>o

du>2 01=010

(1.17)

Physically speaking, k' and k" represent respectively the inverse of the group velocity
and the group velocity dispersion calculated at the carrier frequency. Furthermore, 7
is a parameter characterising the nonlinearity of the medium, and is defined as

' S

(L18)

i '

where
( f f \F(x, y)\2dxdy)2
I J \F(x,y)\4dxdy

in which the integration is extended over the whole fibre area.The parameter A ef f
is known as the effective area of the fibre. Equation (1.16) isknown as the Nonlinear
Schrddinger Equation (NLSE), and it represents one of the most useful and successful
equations in the field of Nonlinear Optics. An adimensional form of this equation can
be found by passing to a reference frame moving at the velocity vg = (A/)-1 , through
the Galilean transformation t' = t —vgz , and applying the following change of variables:

T = *7 *0,

£ = \k"\z/tl,

i!) =

(L2°)

Substituting Eqs.(1.20) back into Eq.(1.16) we obtain
ifyiP _ I Sgn(A;")^r^ + M V = 0.

(1.21)

The region of dispersion where k" > 0 is called normal GVD, in which spectral com

7

ponents with higher frequencies travel slower in the medium, as opposed to the regions
where the dispersion is anomalous, k" < 0 , where the spectral components with higher
frequencies travel faster.
Regions of anomalous dispersion allow for the existence of a peculiar kind of nonlinear
wave, which exists as the result of a balance between the dispersive and nonlinear
effects in the optical fibre. This nonlinear wave, called a soliton with reference to its
localised nature, is a 2-parameter solution of Eq.(1.21), parameterised by the inverse
velocity c and the amplitude q:
${£,■>T) —

sech ^y/2q(r —

et(9-c2/2^ +*CT.

( 1-22)

The most important property of Eq.(1.21) is its complete integrability. This very special
property allows for the presence of infinitely many conserved quantities, and by means
of special techniques such as the Inverse Scattering Transformation (1ST), all solutions
can be found analytically. This result puts the NLSE in line with other nonlinear
equations such as, for example, the Korteveg-de-Vries (KdV) equation and the SineGordon equation. The two most important consequences of the integrability property
are that (i) the localised solutions such as Eq.(1.22) are stable with respect of small
complex perturbations (the precise meaning of this statement will be specified in the
course of the thesis), and (ii) they possess a particle-like behaviour (for example under
collisions) [47, 48, 49].
The localised solutions of non-integrable models, which represent a more general and
common class of physical models, are called solitary waves. In general solitary waves
do not share the same ’nice’ properties of solitons such as stability and invariance after
collisions. Nevertheless, the existence and the robustness of solitary waves make them
eligible to be considered as one of the essential manifestations of nonlinearity. Using
a slightly imprecise language, but which is nevertheless very commonly used in the
literature, we shall employ throughout this thesis the term ’soliton’ for indicating the
more general class of solitary waves.
In this thesis we will deal with different kinds of classical and semiclassical temporal
solitons. In the first half of Chapter 4 the off-resonance Raman solitons will be studied,
while in the second part the on-resonance quantum Raman soliton will be analysed in
detail; both of these solitons exist in HC-PCFs. The emission of Resonant Radiation
by more conventional NLSE-solitons such as (1.22) will be examined in Chapter 3.
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1.4

T h esis O utline.

After the previous brief introductory comments the reader will find three Chapters,
which constitute the main scientific content of this thesis. Each of them has its own
self-contained introduction, which has all the relevant references necessary to put the
Author’s work in the context of existing knowledge.
• Chapter 2 presents a detailed study of scalar and vector Modulations! Instabilities
in solid-Core PCFs and TFs. Scalar instabilities are treated rigorously using Maxwell’s
Wave Equation, while vector instabilities are studied using NLSE-like coupled equa
tions. The strong modifications of the GVD in PCFs and TFs compared to telecommu
nications fibres allow the existence of unconventional far-detuned instability regions,
the properties of which are analysed in detail.
• Chapter 3 presents complete analytical calculations of the amplitude of Resonant
Radiation emitted by optical solitons in PCFs, due to the presence of Higher-Order
Dispersion terms, using two different but complementary approaches, which we call
the ’adiabatic method’ and the ’Green function method’. These calculations will serve
as a solid basis for the understanding of the dynamics of Supercontinuum Generations
in PCFs, a topic which is treated in the second part of the Chapter by means of sin
extensive series of simulations.
• Chapter 4 presents an exhaustive study of two novel multifrequency optical solitons
existing in properly designed HC-PCFs filled with nonlinear Raman-active gases. Two
main classes of solitons have been found, depending on whether the frequency differ
ence of the two optical fields has a large detiming with respect to the centre of the
Raman resonance, or if they are exactly on resonance. These two kinds of soliton have
completely different properties that will be analysed thoroughly by means of extensive
numerical simulations.
• Chapter 5 contains some conclusive remarks and a discussion on possible future work.
At the end of each Chapter we have chosen to add a brief summary of the main original
results obtained. Several Appendices contain those long mathematical passages which
might otherwise distract the reader from the flow of the main text.
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Chapter 2

Scalar and Vector M odulational
Instab ility and Four-Wave
M ixing in Solid-Core
M icrostructured Fibres

2.1

In tro d u ctio n and M otivation s.

Four-wave mixing (FWM) is a fundamental nonlinear optical process, in wliich four op
tical waves interact by means of the third order nonlinear susceptibility of the medium.
FWM can be observed in a wide range of materials, including optical fibres [8].
Modulational instability (MI), also known as Benjamin-Feir instability, is a special kind
of FWM instability, and it is typical of nonlinear dispersive systems. It is known to
exist in different branches of physics such as fluid-dynamics, plasma physics, solid-state
physics and nonlinear optics [11, 12]. It manifests itself as an exponential growth of two
spectrally symmetric sidebands when launching a continuous wave (CW), by virtue of
the interplay between Kerr nonlinearity and group velocity dispersion (GVD). In optical
fibres it leads to the breakup of a CW or quasi-CW beam into a train of ultrashort
pulses [15], and in the spatial case to the formation of patterns [16]. The long-term
dynamics of MI can be very complicated, leading for instance to recurrence phenomena
[13], and it is strictly connected to the existence of solitary waves [14].
In the context of nonlinear optics MI can be interpreted as degenerate FWM: two pump
10

photons of identical frequency uq are converted into two new photons of different fre
quencies uq — S and uq + S, symmetric with respect to u>o, called respectively Stokes
and anti-Stokes photons [8]. The existence and efficiency of frequency conversion by
FWM crucially depends on the so-called phase-matching conditions [8], which are as
sociated to the momentum conservation of the four photons involved in the process.
Such conditions are determined in large part by the linear characteristics of the fibre,
i.e. its GVD, even though the entire process is nonlinear in its nature.
In conventional step-index fibres the scalar (i.e. without taking into account the vec
tor nature of the electromagnetic field) FWM process can be phase-matched only in
the vicinity of the zero-dispersion (ZD) wavelength of the optical fibre, and only in
conditions of anomalous GVD [17]. This has been demonstrated for standard telecom
munications fibres [18] as well as dispersion-shifted fibres [19].
Recent advances in the fabrication of Photonic Crystal Fibres (PCFs) [20, 51] have
made possible the production of fibres with tiny core areas and dispersion characteris
tics that are strongly modified compared to conventional fibres [55]. As a consequence,
the FWM phase matching conditions are completely different from those seen in con
ventional telecommunications fibres such as Corning SMF-28 [21]. An additional ad
vantage of small core PCFs is that strong nonlinear interactions occur at relatively low
peak powers and over short propagation distances [110]. For these reasons, PCFs offer
the opportunity to develop a new family of parametric amplifiers and oscillators [22].
In order to enhance the effective nonlinear coefficient, a conventional telecommunication
fibre can be tapered to a thin silica strand with micron-scale diameter [29]. This
tapering also leads to a strong modification of the dispersion characteristics of the
fibre. Unlike standard fibres [21] with core diameter ~ 9 jum and only one frequency at
which the GVD changes sign, Tapered fibres with core diameter ~ 1 pm have two zeroGVD points [111], see also Fig. 1.2. Strong modification of the dispersion characteristic
occurs due to the reduced diameter of the guiding area, which is now of the order of the
optical wavelength, and also due to the guidance by the high contrast of the refractive
indices of glass and air. The frequency region between the two zero-GVD points exhibits
anomalous GVD, and therefore the conditions for the existence of MI are expected to
be satisfied there. Furthermore, Photonic Crystal Fibres (PCFs) with core diameter of
the order of 1 pm surrounded by large air holes have dispersion characteristics similar
to those of Tapered fibres, see, e.g. [56, 60, 23]. A major advantage of PCFs over
Tapered fibres is that their photonic-crystal cladding structure protects the core from
mechanical damage, which restricts the practical lengths of the Tapered fibres to tens
of centimetres at best.
Several recent works on FWM in PCFs [25, 26, 27, 28] have focused their theory on
11

those cases in which FWM instabilities excite bands of gain analogous to the MI bands
seen in conventional fibres [8]. The results of these papers can essentially be described
within the framework of the idealised nonlinear Schrodinger (NLS) equation, which
means that they do not contain any new features specific to the ultra-small core fibres
studied here. The main aim of the present Chapter is to reveal these features.
It lias been previously noticed that the presence of the two zero-GVD points signif
icantly alters MI in optical fibres with idealised parabolic frequency dependence of
the GVD leading to the excitation of secondary, far-detuned peaks of instability [31].
For GVD profiles typical of small-core PCFs and TFs, some new interesting features
emerge due to deviations of the realistic profiles from the parabolic shape [60, 120]. In
particular, these deviations lead to the existence of MI when the frequency of the pump
wave is inside a finite region of normal GVD [60, 120]. The position of the secondary
MI peaks in this case is much more sensitive to the value of the pump frequency, com
pared to the standard situation with pump belonging to the anomalous GVD region.
This property suggests possible applications for frequency conversion devices based on
small-core fibres, see [22] for some preliminary results in this direction.
In sections 2.2-2.5 we develop a theory of scalar FWM which goes beyond the slowly
varying envelope approximation (SVEA) of the NLS equation and deals directly with
the Wave Equation derived from Maxwell’s equations. Our analysis reveals the ex
istence of different instability bands in PCFs and TFs, which generally possess large
frequency detuning from the central frequency of the pump wave, and shows the possi
bility of backward wave excitation. We shall also compare the results obtained using the
Wave Equation with results obtained by the use of the so-called Generalised Nonlinear
Schrodinger Equation (GNLSE), widely adopted in the literature [8 , 9, 112], revealing
a certain number of deficiencies in the latter. This is a necessary step because the
generation of two symmetric sidebands by means of FWM instabilities leads to highfrequency oscillations in the destabilisation of the CW pump. In these conditions it is
not obvious that one can still model the process by means of conventional ’reduced’
equations such as the GNLSE, since this latter equation is derived from Maxwell’s
Wave Equation assuming that the temporal and spatial variations of the envelope of
the electric field are slow compared to the carrier frequency and the carrier wavevector
respectively.
After having clarified the range of applicability of the GNLSE in the analysis of mod
ulational instabilities in PCFs, we shall focus our attention on the vector case from
section 2.6 onwards. The case of low-birefringence PCFs will be analysed by means of
coupled GNLS equations. This is obviously a more complicated case than the scalar
case due to the presence of new degrees of freedom for the CW solutions. The transition
from low-birefringence to high-birefringence will be also analysed on page 40.
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2.2

Scalar case.

F W M in stab ilities beyond th e Slow ly-

V arying E nvelope A pproxim ation.

We start our analysis with the nonlinear Wave Equation derived directly from Maxwell’s
equations [see also Eq.(1.8)]:
V'2E - V(V • E) -

- P L - PNL) =

<r

0

(2.1)

where V = idx + jd y + kdz and c is the speed of light in vacuum. Here and in
the following we use the convention that fields E and P are measured in the same
(arbitrary) physical units (for example particularly suitable units are W ^ - m -1 ), in
order to eliminate inessential factors eo (permittivity of vacuum) in the equations, z
is the longitudinal propagation coordinate along the fibre. The linear polarisation is
defined as [10]

/

0°

^

X(1) (* - t', x, y )E (x , y, z , t')dt'.

(2.2)

-oo

E is the electric field, and x ^ is the linear susceptibility of the dielectric medium (in
our case silica glass), which depends on time and on the transverse coordinates x, y.
P/vl includes both Kerr and Raman terms:

/

Pp n l = ^

+oo

g i t - t ' ^ E i t ' t f d t ' E,

(2.3)

•OO

where 0 — 0.18 measures the relative strength of the instantaneous and noninstantaneous nonlinearities [8 , 76] and
s(t) =

e~t/t2 sin

0W

(2-4)

is the so-called Raman response function of silica [75, 30, 8 , 9]. Here ti ~ 12.2 fs is the
inverse of the phonon frequency taken relative to the the pump frequency and <2 — 32 fs
is the phonon life-time [8 , 76]. ©(<) is the Heaviside function (which takes into account
causality) and X3 — 10“ 19 m2/W is the nonlinear susceptibility of silica glass.
Our next step is to reduce Eq.(2.1) to an equation in z and t only, decoupling it from
the transverse coordinates x, y. In order to achieve this we first transform Eq.(2.1)
from the time to the frequency domain, using the Fourier transform F (see Appendix
C for definitions and conventions on the Fourier transform used in this thesis), and
then separate transverse and longitudinal degrees of freedom through the approximate
factorisation
F ( e (x , y , z, t), u j = E (x, y, 2 , u) ~ F (x, y, u )E (z , u).
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(2.5)

F is an eigenmode of the linear waveguide having propagation constant k(u) where u is
the optical frequency [23]. k(u) incorporates both material and waveguide contributions
to the overall fibre dispersion [24], and it is calculated by solving the eigenvalue problem
(Helmoltz equation) for the t- and ^-independent case (see, e.g., [23]).
It can be shown that the dynamics of the inverse Fourier transform F ~1(E(z,uj)^t) =
E (z , t) of the amplitude E is governed by the equation
C2S?E - % £ = d2 \ f +°° x $ f ( t - t')E (t')dt' + (1 - 6)X3\E\2E +
J — OO
+°°
_
n
g (t-i!)\E (t!)\2di! ,
-00

(2.6)

/

where x i / / ^
p (x i//iw ) =

effective linear susceptibility of the fibre, with its Fourier transform,
being given by

<& <“ > = ^

- i -

<2-7>

Moreover,
3-^modX3
a^ T '

X3 = S

(c, o\
m

where A mod = f f \F\2dx dy is the modal area and
A2

Aeff =

eff

=psd

( 2 .9)

fflFfdxdy

is the effective area [8 , 55] [see also Eq.(1.19)]. In what follows we make the approx
imation that Afnod ~ A ef f ~ 7rd2/ 4 , where d is the core diameter. We also assume
that X e //^ ) is rea^ be.,we disregard any linear loss, eventhough, in principle, the
imaginary part of x i / / ^ ) 0311 be deduced in a more accurate analysis through the
Kramers-Kronig relations [168], For the sake of brevity, from now on we will write
x(u ) instead of x i / / M The validity of the scalar Wave Equation Eq.(2.6) is greater if the fibre under analysis
is able to maintain the polarisation for long propagation lengths, so th at a linearly po
larised wave does not rotate its polarisation state during propagation, and all generated
waves can be described by Eq.(2.6). This can be achieved easily in PCFs considering for
example the special class of high-birefringence, polarisation-maintaining PCFs [131].
The calculated frequency dependence of the GVD, /?2 =
for a TF with d =
1 fim is plotted in Fig. 2.1 (red line) together with the experimentally measured
dispersion profile of a high-birefringence polarisation-maintaining PCF with a 1.2 /im
14
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Figure 2.1: Group velocity dispersion as a function of physical frequency: for the 1.2 fxm-core
PCF (black dots), for the 1 /xm TF (red line) and conventional telecommunications fibre (blue
line, Corning SMF28). The scanning electron micrograph (SEM) of the highly birefringent
polarisation-maintaining PCF considered here is shown inset, from Ref. [131] (Courtesy of
A.Ortigosa-Blanch, University of Bath).

core surrounded by air holes of strongly unequal size [inset and dots in Fig. 2.1], but
separated by glass membranes 0.13 /im thick. In conventional telecom fibres [blue line
in Fig. 2.1] the diameter of the guiding core is ~ 9 fim. Thus the ratio of core diameter
to wavelength in the fibres considered here is much less than in conventional ones. For
this reason PCFs and TFs can be classed as both strongly guiding and highly nonlinear.
The GVD profiles for TF and PCF shown in Fig. 2.1 are very similar. There are two ZD
points with a region of anomalous dispersion in between them,
= dfr(3(cj) is positive
in the proximity of the high-frequency ZD point for both of these fibres, approximately
located at u;/(27t) ~ 500 THz. An analogue of this ZD point, where 02 = 0 and
> 0,
is well known in conventional fibres [32], where it occurs at uj/(2n) ~ 229 THz (see
blue line in Fig. 2.1). In our fibres this point is shifted far towards the blue side of the
spectrum. A second zero dispersion point occurs close to uj/{2 it) ~ 235 THz, where in
addition /% < 0. Thus the entire range of anomalous dispersion is shifted significantly
towards the blue side of the spectrum. Increasing the core diameter causes the zero
GVD points to shift towards smaller frequencies, until eventually the dispersion profiles
become similar to those seen in conventional fibres. The coexistence of two zero GVD
points within an experimentally relevant frequency range will have a profound effect on
the FWM instabilities discussed below. The unique dispersive properties of PCFs and
TFs around the low-frequency ZD point will be also extensively considered in Chapter
3.
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Let us now assume th at the fibre is pumped by a CW signal
E = - 1 ....EbeW *o+y o-^«) + c.c.,
y /A e ff

(2.10)

where ljq is the pump frequency, E q is a constant amplitude, y/k% + K q and ujq are, re
spectively, the wavevector and the frequency of the pump wave. This form of the total
wavevector is chosen because it will simplify the notation later. Note that the oscillat
ing exponential containing factors uq and y/kjf + K'q is not decoupled from Eq.(2.10)
because we are not using a slowly-varying envelope, ko — k(uo) diaracterizes the lin
ear, i.e. power-independent, part of the wavevector, while K q is intensity-dependent.
Expression (2.10) is a solution to Eq.(2.6) provided that the following relations are
true:

=

<211>

where 7 isthe standard parameter used to characterize the nonlinear properties of
fibres, measured in units of m- 1W -1 , see Ref. [8]. Note that E q is expressed in units
of W.
In order to explore the unstable behaviour and the gain due to MI, we add to solution
(2 . 10) a small complex perturbation field e:

i

E =

[E0 + e(z, ()] e>(Wko+Ko-‘*>t) + c.c.

(2.12)

V e/ /
After substituting (2 . 12) into the governing equation (2.6) we disregard all the terms
that are nonlinear in e, keeping only those terms which are first order in e. We then
take the perturbation field in the general and convenient form of a superposition of
Stokes and anti-Stokes waves:

/

+°°

^

dS

exP (i^ jz — iSt) + Uj(S) exp(—iRjz + iSt)] .
j

(2.13)

-00

Prom Eq.(2.13) one can see that the generic Stokes waves are redshifted to a frequency
uq —5, while the anti-Stokes waves are blueshifted to a frequency uq + S. For a given S,
C AC
Uj ’ (<5) represent the spectral strengths of respectively the Stokes and the anti-Stokes
frequency components. Kj is the wavevector detuning of the two generated waves from
the pump wavevector &o, and it is in general a complex quantity. Complex conjugation
is indicated here and in the following with an overbar. We will specify the meaning of
the index j shortly.
Through the procedure outlined above and the use of ansatz Eq.(2.13), it is possible
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= [UjS, wf] :

to derive a linear equation for tlie vectors

aK\
A_

- 2 KjSJ k i + i q

— Kn

6 = 0.

(2.14)

Here we have defined
a = (l + 0 g - 0 ) ,

(2.15)

A± = * ± - * o + ( l + a ) K l - - K o .

(2+6)

k \ = (wo ± i5)2(l + x(wo ± $)),

(2-17)

K l = (wo ± 0)2x 3 | ^ | 7 ( c 2Ae// ) ,

(2.18)

and g(S) is the Fourier transform of the response function g(t):

/

+ oo

+2 I j .2

9

{

t

)

= q + i t a '+ M t f '

(219)

The matrix in square brackets in Eq.(2.14) is called the stability matrix for the system.
Kj are the
roots of the following fourth-order algebraic equation:
Kj ~ [4(fco + K l ) + A+ + A _] k 2 + 2\Jkl + K q (A+ —A _) Kj
+ (A + A_ - o ? K \K 2
_ ) = 0,

(2.20)

w ith j = 1,2,3,4.
All previously published results on FWM in fibres with non-trivial dispersion charac
teristics have relied on the slowly-varying approximation in z and thereby resulted in
a quadratic equation for «, see, e.g. [8 , 34, 75, 31], and Eq.(2.25). As we shall discuss
in more detail in section 2.3, the two extra roots can describe unstable excitation of
both forward and backward waves, due to the fact that we maintain the second-order
spatio-temporal derivative in Eq.(2.6). The most important advantage of Eq.(2.20) is
that it also fully accounts for the dispersion profile of the fibre and it is valid practically
for arbitrary values of S. The more fundamental nature of our analysis is also captured
by the fact that we do not make use of the GVD profile in a direct way, but we require
the knowledge of the refractive index n(u) = k(u )c/u in our calculations based on
equation (2.20).
Solution (2.10) becomes unstable if Eq. (2.20) has at least one root where Im ( k ) <
0. Knowing k as function of u and solving Eq.(2.20) numerically we can plot the
dependencies of all four eigenvalues Kj (expressed in units of m-1 ) versus any parameter.
Since Eq.(2.20) requires a knowledge of the function k(u), we start by considering the
example of a TF, for which this dependence is relatively easy to calculate numerically
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Figure 2.2: Imaginary (solid lines, see scale on the left vertical axes) and normalised real
(dashed lines, see scale on the right vertical axes) parts of the roots of Eq.(2.20). k(u>) is taken
for the TF with d = 1 fxm, see Fig. 2.1 for the corresponding GVD profile. The pump frequency
is ua/( 2 n) = 250 THz and the pump power Eq = 200 W. In each of figures (a-d), the Stokes
part of the spectrum (J < 0) is omitted, because it is always symmetric with respect to the
anti-Stokes part (<5 > 0).

[23]. First, we fix the pump frequency at ljq = 2n x 250 THz, where the GVD is
large and anomalous, see Fig. 2.1. The corresponding calculated values of GVD and
7 for this particular frequency are fo cz —53 ps2/km and 7 = 0.165 W - 1m-1 . Fig.
2.2 shows the (5-dependence of the imaginary and real parts of all four roots of (2.20),
where S represents the detuning from the pump frequency (Jo- Two roots, «2 and «4
[respectively shown in Fig. 2.1(b) and (d)], have negative imaginary parts and therefore
generate instabilities.
Here and in what follows it will be sufficient for us to plot only values of Im (n) for which
S > 0 (the anti-Stokes part of the spectrum). Indeed, from Eq.(2.13), it is clear that
plots for S > 0 will give us full information about both the Stokes and the anti-Stokes
waves. It also follows from Eq.(2.13) that any instability leads to the same growth rate
for the Stokes and anti-Stokes waves having the same index j, so that in all the figures
shown in the present Chapter we will always omit the symmetric part of the instability
plots with 6 < 0. What, however, makes the intensities of the two waves physically
different is the ratio of the ^-independent amplitudes:
R^ =

157^ 7 ’
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3= h ^ 4
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Figure 2.3: ^-dependence of the ratios of the amplitudes of Stokes and anti-Stokes waves, i?2,4i
as calculated by means of Eq.(2.21), corresponding to the pair of unstable eigenvalues from Fig.
2.2(b) and 2.2 (d). Values of parameters are the same as Fig. 2.2. Note the difference in the
vertical scale between (a) and (b).

which can be calculated from our linear theory by analysing the eigenvectors of the
stability matrix, corresponding to each root Kj in Eq.(2.14). Coefficients i?2,4, cor
responding to the pair of unstable eigenvalues from Fig. 2.2(b,d), are shown in Fig.
2.3(a,b) as functions of the detuning S. The important physical meaning of plots Fig.
2.3(a,b) will be discussed in section 2.3.
The left-most instability band shown in Fig. 2.2(b) has a direct analogue in the idealised
NLS equation in the anomalous dispersion regime, as will be discussed in section 2.4.
The far-detuned instability peak, however, does not exist in the idealised NLS equation
- it appears in our model due to the modified fibre dispersion of Fig. 2.1, i.e. to
the presence of higher-order dispersion (HOD) coefficients in the GVD. This peak is
always narrow compared to the primary one. The existence of the far-detuned peak is
mentioned in Ref. [75], where it is referred to as a ’FWM instability peak’ (a name that
we adopt here), as opposed to the well-known ’MI peak’ which indicates the peak closer
to the pump frequency, but its physical origin is not discussed. The FWM instability
peak is also discussed in more detail in Ref. [31], where a parabolic shape of the fibre
GVD is considered.
Fig. 2.4(a,b) shows the dependence of the detuning and the maximal value of the gain
Im («2) on the pump frequency (solid lines), for the far-detuned FWM instability peak
only.
By talcing dispersion profiles for the TFs with progressively larger core radii, i.e. ap
proaching the limit of conventional fibres, we have demonstrated numerically that the
secondary FWM peak ’moves’ towards larger values of S. Ref. [31] is the only report
known to us of the existence of similar secondary peaks in fibres with flattened GVD.
However, small core PCFs and TFs have GVD profiles which, in some important as19
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Figure 2.4: Dependence of the position (a) and the gain (b) of the maximum of the fardetuned FWM instability peak on the pump frequency. Full lines axe obtained using the Wave
Equation, see Eq.(2.20), find the dotted lines axe obtained using the generalised NLS equation,
see Eq.(2.25). k(u) is taken for the TF with d = 1 pm, see Fig. 2.1 for the corresponding GVD
profile, and the pump power is Eq = 200 W.

pects, are different from the parabolic approximation for ^ ( u ) used in [31]. We shall
discuss these differences and their important consequences in section 2.4.
If one neglects the Raman effect by putting 0 = 0 in Eqs.(2.15-2.18) and Eq.(2.20),
then the imaginary parts of
are equal to zero and the instability associated with
root «4 disappears. An important feature of the instabilities induced by the Raman
effect is that their existence does not depend on the sign of @2 - Indeed in Fig. 2.5
we show plots of the imaginary parts of all four eigenvalues for a TF when the pump
frequency is taken at uq/{2'k) = 600 THz, i.e. deep inside the normal GVD regime.
One can see that the gain maxima of the existing instability domains are at S cz 13
THz, which corresponds to the maximum of the Raman gain in silica glass, see Ref.
[75, 30].

2.3

Stokes vs an ti-S tok es and Forward v s Backward w aves

Since the Wave Equation (2.6) has a second-order derivative in z it naturally in
cludes backward waves. One can see from the dashed lines in Fig. 2.2(a,b), that
0 < R e(« it2) /ho < 1, which means [see Eqs.(2.13)] that both Stokes and anti-Stokes
waves excited by the unstable root «2 are forward waves, i.e. they co-propagate with
the pump wave. On the contrary, looking at the Figs. 2.2(c,d), one can observe that
anti-Stokes and Stokes waves corresponding to the root «4 axe, respectively, backward
and forward waves, Re (/C4) /ko < —2. The situation is opposite for K3, Re (/C3) /ho < 2,
but this root does not generate any unstable bands. Thus one can conclude that the
anti-Stokes wave excited by the unstable root «4 propagates backwards and the cor
20
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Figure 2.5: 5-dependence of the imaginary parts of the four roots of Eq.(2.20) in the deep
normal dispersion regime. k(u) is taken for the TF with d = 1 /Am, see the Fig. 2.1 for the
corresponding GVD profile. Pump frequency ujq/(2 tt) = 600 THz and pump power E q = 200
W. Numbers correspond to the root index j in Eq.(2.20), to be compared with Fig. 2.2.

responding unstable Stokes wave co-propagates with the pump. Note that amplitude
of the forward Stokes wave is predicted to be 106 times less than the amplitude of
the backward anti-Stokes wave, see Fig. 2.3(b). What is important, however, is that
the strong forward anti-Stokes wave corresponding to «4 is completely disregarded in
the standard SVEA approach, though its contribution into the FWM process is of the
same order of magnitude as the one associated with « 2. We shall discuss this important
conclusion further in section 2.4.
By analysing the dependence of ffe on S [see Fig. 2.3(a)], one can see that the first
MI peak corresponds to a wave with a Stokes component slightly stronger than the
anti-Stokes one, because ffeOS) < 1 when S is sufficiently close to zero. In contrast, the
far-detuned FWM peak exhibits R.2 (8 ) > 1, and therefore generates a stronger antiStokes wave. We have found th at this situation is typical for a wide range of pump
frequencies and pump powers. The dependence of R 2 (corresponding to the maximum
gain of the far-detuned FWM peak) on pump frequency, calculated using Eq.(2.21), is
shown as a solid fine in Fig. 2.6. We shall discuss the meaning of this plot in section
2.4, where we compare it with the analogous results for the GNLSE.
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Figure 2.6: Ratio of the amplitudes of Stokes and anti-Stokes waves corresponding to the
far-detuned FWM peak as a function of the pump frequency, for a pump power |Eo| 2 = 200
W. The full line is obtained using the Wave Equation, see Eq.(2.20), and the dotted line is
obtained using the generalised NLSE, Eq.(2.25).

2.4

C o m p ariso n b etw een th e W ave E q u atio n an d th e
GNLSE

In this section we com pare the results given from the rigorous analysis obtained in
sections 2.2-2.3 by m eans of th e scalar Wave Equation, with the results th a t one can
extract by using the GNLSE [8 , 9]. This com parison is of utm ost im portance from a
theoretical point of view, because the GNLSE is a widely used equation in the nonlinear
optics com m unity [27, 28, 31, 122, 112], and in many cases there is the danger th a t it is
applied w ithout a critical analysis of its validity. In the case of MI and FW M instabili
ties in PC Fs, it is not assured th a t the GNLSE will provide a correct approxim ation of
the Wave Equation, due to the fact th a t th e fast oscillations generated by far-detuned
sidebands may break th e SVEA assum ptions on which the GNLSE has been derived.
In fact, in the next discussions we will uncover some significant discrepancies between
the two approaches [35].

2.4.1

Theory of FW M in generalised NLS equation

Assuming th a t E = ( A ef A ( z , t l )etkoZ~ tu°t A c.c., t ' = t - z/3\_, and using the
procedure outlined in Ref. [37], we derive an equation describing the evolution of the
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envelope function A(z, r):

/

dz — i.D(idt/)j A + 7 1 + — d f x A
u>0

+00

= 0,
-00

(2 .22)

where the ’dispersion operator’ D(idt>) hcis been defined as
AT

(2.23)

*—* n!

n= 2

Here @n = d™k axe the dispersion coefficients calculated for u = u 0. The summation in
D should be taken up to an order N high enough to ensure that the dispersion profile is
adequately approximated in the frequency domain under consideration, which can be
arbitrary laxge. In our calculation we have used N = 20. In this sense D describes a fit
of GVD, and not a Taylor expansion around the reference frequency. The if derivative
in the right-hand side of Eq.(2.22) describes self-steepening effects, i.e., the intensity
dependence of the group velocity, see, e.g. [8 , 34, 37].
FWM instabilities for different variations of Eq. (2.22) have been previously analysed
by many authors, see, e.g., Ref. [34, 75, 31]. For this reason we focus only on details
important to this thesis, i.e., those that are relevant either in the PCF and TF context or
in comparison with the FWM analysis of the Wave Equation [35]; We will also identify
a condition for maximising the FWM gain, which is not related to the well known
wavevector-matching condition [8], but rather to the matching of group velocities.
It can be verified that the CW solution of (2.22) has the form
A = E0 exp{iKQz/(2ko)}

(2.24)

[see Eq.(2.11) for the fink between K q and |Eo|2]. To study the stability of this solution
we perturb it with a small signal in the form (2.13) and derive the following quadratic
equation for k :
«2 + (an + a 22)« + a n a 22 - 012021 = 0,

(2.25)

where
011 = - J D M ) + K%[1 - (1 + a ) ( l - S/u0)\/(2k0)
012

= -

u K q (1 -

S/uo)/(2ko),

022

= D(S) - i f 02[l - (1 + «)(1 + «/"o)]/(2fco).

0 21

= a J fo (l + <S/a»o)/(2*o)

D(S) is the Fourier transform of D(idtr), i.e. D(5) = F (D(idt>),6). Equation (2.25)
has two roots, which we call « i (2 to make the analogy with the corresponding roots of
Fig. 2.2(a,b).
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In order to clarify the interpretation of the instability peaks shown in Fig. 2.2(b) in
the framework of the GNLSE, let us assume that 0 = 0 and neglect any self-steepening
effects. After some algebra, the instability growth rate for the unstable root «2 can be
presented in the form
Im (k2) = - i l m (J [ D (S ) + D(-<5)][D(i) + D (-S ) + K ^ /k 0] \ ,

(2.26)

where the positive realisation of the imaginary part of the square root is taken.

2.4.2

Interpretation of the FW M instabilities

Substituting any of the roots of Eq.(2.25) into Eq.(2.13) and calculating the overall
wavevectors of the Stokes and the anti-Stokes waves, we have
kAS = k0 + K H (2 ka) + Re («) ,

(2.27)

ks = ko + K% /(2ko)-nt>(K) ,

(2.28)

where k E { «i,« 2}- One can see that the phase-matching condition for these waves is
satisfied automatically under all conditions:
ks + k A S - 2 ( k 0 + 1 0

= 0.

(2.29)

The condition for the onset of FWM instabilities is that Re («i) = R e(« 2), which
is satisfied throughout the entire instability domain, but notoutside it.Thus the
emergence of FWM instabilities implies the existence of a phase synchronism between
the two eigenperturbations in Eq.(2.13). The previously introduced parameters k+
and k - correspond to the wavevectors of two independent waves, and are not linked by
Eqs.(2.13) and (2.14). Obviously, there are good grounds to call them Stokes (—) and
anti-Stokes (+) waves, but this should be done with a degree of caution. This is because
it is easy to confuse them with the previously introduced Stokes and anti-Stokes waves,
which have completely different dispersive characteristics determined by Eq.(2.20) or
(2.25). One can note that
D{5) + D {-6 ) = k+ + k - - 2 k o = A kh

(2.30)

where A ki is the linear mismatch between the wavevectors. Taking into account that
the generation of Stokes and anti-Stokes photons requires two pump photons, one can
easily show that the mismatch between the nonlinear parts of the wavevectors is given
by A k ni = Kfi/ko (note that in our notation A k ni is always positive). One can see that
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Figure 2.7: Level plots of Im («2) showing regions of FWM instabilities in the (<5, |Eo|2) plane
calculated using Eq.(2.20), for two different ranges of power, with a pump frequency of Uo/2n =
250 THz. Figure (a) clearly shows the independence of the secondary FWM peak from power
and the existence of a critical power at which the two peaks merge, while figure (b) shows the
existence of a second critical power where all the instabilities disappear.

the condition for the FWM instabilities Re («i) = Re (/C2 ) is satisfied providing
- A k ni < A ki < 0,

(2.31)

i.e. A ki is always negative within the instability domain. It is clear now that FWM
instability starts either when the matching for the full (linear+nonlinear) wavevectors
is satisfied, i.e. when A ki + A kni = 0, or when only the linear parts of the wavevectors
are matched, i.e., when Aki = 0.
Fig. 2.7 shows regions of instability in the (<5, |jE70|2) plane calculated using Eq.(2.20).
Use of Eq.(2.25) leads to practically the same results. In Fig. 2.7(a) one can see that,
as the pump power is increased, both MI and FWM bands become broader until, at
some critical power, they merge into a single band. The critical power for this merging
is in general too high to have practical relevance in the CW regime, but our estimates
indicate that it is not excluded that it may have a certain importance for long pulses
(for instance in the nanosecond regime). For powers even higher, there exists a second
threshold when all instabilities disappear [see Fig. 2.7(b)]. This effect exists also in the
absence of the far-detuned FWM peak and becomes possible due to self-steepening. It
is therefore not described by the simplified Eq.(2.26); however, it can be predicted by
Eq.(2.25). Suppression of the instability due to self-steepening was previously described
by Potasek [34] for another variation of the GNLSE.
The gain maxima in the first and second instability bands [see Fig. 2.2(b) and Fig.
2.7(a) for E q < 2500 W] correspond to zeros of the derivative of Eq. (2.26) with respect
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Figure 2.8:
(a) Full lines correspond to |Im (/c2) | calculated for the TF example using
Eq.(2.26). Pump power is indicated explicitly and the other parameters are the same as for
Fig. 2.2(b). Aki(6) is plotted by the dotted line. Dashed horizontal lines indicate —A kni/2 for
different powers. Intersections of the dashed and dotted lines correspond to the positions of the
maxima of the FWM gain before merging. After the merging maximum of the gain corresponds
to the minimum of A k i. (b) The same as (a), but for the conventional (SMF28) fibre, see Fig.
2.1, pumped at u>o/(27r) = 250 THz. Note that to make Figs. (a) and (b) readable we had to
scale the plotted values. Im ( ac2 ) corresponding to 3 kW and 7.5 kW were divided, respectively,
by the factors 1 0 and 2 0 . A k i,ni were divided by by the factor 2 0 0 .

to 6, and can be found from the condition
A ki + \ A k ni = 0.

(2.32)

This condition shows that, for maximum gain, the linear wavevector mismatch Aki
must be compensated by half the nonlinear mismatch. It is important to note that if
Aki is negative for all S and dsAki is also always negative, then, for a given power,
the condition (2.32) can be satisfied for one particular value of |<S| only. If, however,
dsAki changes its sign several times for S > 0, then there is always a range of pump
powers where condition (2.32) is satisfied at least twice. For the PCF and TF of Fig.
2.1, one can show that d$Aki changes its sign once, which ensures the existence of a
far-detuned FWM peak [see Fig. 2.8(a)]. The dispersion of a conventional fibre (see
blue fine in Fig. 2.1) however, gives a monotonic decay of Aki with S [Fig. 2.8(b)] and
therefore only a single MI peak exists and can be observed in this case.
From Fig. 2.8(a) it is clear that the condition (2.32) cannot be satisfied if the pump
power is high enough to make A kni > 2| inin^ Aki\. It is also clear that on approaching
this threshold, the two instability bands merge into one [see Figs. 2.7(a) and 2.8(a)].
However, the instability still exists when A k ni > 2| inin^ Aki\. Now, the position of
the maximum of the instability gain is given by a second condition ensuring that the
derivative of Eq.(2.26) with respect to S is zero, which, as can be shown, is equivalent
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to
9-w = ° -

(233)

Note that Eq.(2.33) is power independent and does not describe the existence of the
second threshold, when all instabilities disappear [see Fig. 2.7(b)]. This is because we
have neglected the self-steepening and Raman contributions in Eq.(2.26).
Fig. 2.8(a) illustrates that the minimum of the curve Aki exactly corresponds to the
maximum of the gain after the merging of the MI and FWM bands, which will be
therefore independent of power, ko obviously does not depend on 8 and therefore the
condition (2.33) transforms into
Pl \u}=uq+6 ~ @\.\u)=u}o-5 = 0.

(2.34)

Thus the maximum of the gain after merging corresponds to those values of 5 for which
the Stokes and anti-Stokes waves have the same group velocities.

2.4.3

Discrepancies between Wave Equation and GNLSE

Any discrepancies between the predictions of Eqs.(2.20) and (2.25) for Im (« 2) and R 2 ,
at values of detuning corresponding to the first MI peak, are negligible for all relevant
parameters. We therefore concentrate our attention on the second, far-detuned FWM
peak. Let us point out again that the large values of detuning for the far-detuned
FWM peak can either violate or endanger one of the main assumptions used to derive
the generalised NLS equation, namely that \8\/u <& 1. Plotting the position of the
far-detuned FWM peak as a function of the pump frequency as calculated by means
of Eq.(2.25) [see Fig. 2.4(a), indicated with dots], we find that the results obtained
from Eq.(2.20) and Eq.(2.25) are extremely close. This is because the position of the
secondary FWM instability peak is primarily determined by the GVD profile of the
system, which is taken into account by Eq.(2.22) with a arbitrary degree of accuracy
through the dispersion operator D. However, the gain and relative strength of the
Stokes and anti-Stokes components for this peak strongly depend on the dispersion
of the nonlinearity itself. Since the dependence of the nonlinearity on 8 is taken into
account by (2 .22) only approximately, substantial discrepancies occur between the pre
dictions of Eq.(2.6) and Eq.(2.22) for values of Im (« 2) and R 2 , see Fig. 2.4(b) and
Fig. 2.6. Thus Eq.(2.22) is often insufficient for quantitative comparisons between ex
perimental and theoretical results. Let us mention again that Eq.(2.22) also completely
fails to take into account excitation of the strong forward anti-Stokes and the weak
backward Stokes waves associated with the unstable root K4, see Fig. 2.2(d).
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Figure 2.9: Contour plot of Im («2) showing regions of FWM instabilities in the (6,uo) plane,
calculated using Eq.(2.20), for a pump power of P = 200 W. The two dashed vertical lines
mark the zero GVD points. The unstable regions existing for normal GVD and centered
approximately at 13 THz correspond to the Raman gain. In the proximity of the high frequency
zero GVD point there is a region of frequencies in which the far detuned FWM peaks, not related
to Raman effect, exist even when the fibre is pumped in the normal GVD region.

2.4.4

Role of higher order dispersion

Fig. 2.9 shows regions of instability in the (<S,u>o) plane, calculated using Eq.(2.20).
Use of Eq.(2.25) again leads to very similar results, due to the fact that the positions
of all peaks are very well predicted by the GNLSE. It is clear that the position of
the far-detuned FWM peak is very sensitive to changes in the pump frequency. For
example, this peak is located much closer to the pump frequency near to the left-hand,
i.e. low frequency, zero GVD point of the fibre. We have found this to be typical of all
TFs and PCFs that we have examined.
Fig. 2.10 shows positions of the maxima of MI and FWM peaks in the (<5, o>o) plane,
calculated using Eq.(2.20) for the TF shown in Fig. 2.1, and for different pump powers
specified in the caption. Increasing the power one can see that the unstable region
shrinks considerably, and lies well inside the two ZD points of the fibre.
Examining Figs. 2.1 and 2.11 one can see that, in the case of a TF with 1 fj,m diameter,
the curvature of the /^(o;) plot, i.e. /^(w), is positive in the proximity of the low
frequency ZD point, and negative in the vicinity of the high frequency ZD point, with
the sign change occurring around u/(27r) ~ 370 THz. Neglecting powers of S higher
than fourth in the expressions for D (±£) (the so-called ’parabolic’ approximation of
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Figure 2.10: Position of maxima of instabilities in the (<J, u j q ) plane, calculated using Eq.(2.20).
Lines from 1 to 5 corresponds to powers |JE^ |2 respectively of 0.3, 0.5, 1.0, 5.0, 8.0 kW.

the GVD characteristic), one can see that, if both Pi and Pa are negative, then Aki —
PiS2 + -j^/?4<54 and d$Aki are always negative. Therefore, the condition of Eq.(2.32)
can be satisfied only once, which gives the first MI peak. A change in the sign of dsAki
and the existence of the second FWM peak are ensured only by positive higher (n ^ 6)
order dispersion terms. This, however, requires sufficiently large values of S, because
higher order dispersions axe very small, see Fig. 2.11 where a comparison between /?2,4,6
is made.
For the reasons expressed above, the use of a parabolic approximation for the GVD
profile [i.e., fixing uq at the minimum of Pi and using only Pi and Pa in the expansion
for D(<5)] will fail to predict correctly the position of the fax-detuned FWM peak in our
fibres. The theory developed in Ref. [31] in a different context, but also predicting a
far-detuned FWM peak, uses the parabolic approximation for the GVD and therefore
cannot be directly applied to PCFs and TFs. Let us point out that the importance of
higher order dispersion also manifests itself in the remarkable fact that instability gain
exists in the finite region of normal GVD adjacent to the high-frequency ZD point of
the fibre - see Fig. 2.9. It is interesting to note that these gain regions axe insensitive
to the presence or absence of the Raman gain, which always generates an instability
peak at S ~ 13 THz for any value of uq, see also Fig. 3 in Ref. [120].

2.4.5

Numerical m odelling o f instabilities using the GNLSE

All the above results, for the dispersion profile of a 1 /im Tapered fibre, can be used to
characterize the FWM instabilities for a PCF with dispersion profile shown in Fig. 2.1.
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Figure 2.11: Plots of /?2 ,4,6 versus w for the 1 /un-diameter TF shown in Fig. 2.1. Red line is
!h( lj), blue line is 0 a{^) and green line is 0e{u).

Fig. 2.12(a) shows Im (« 2 ) and R 2 calculated using Eqs.(2.22), (2.25) and corresponding
to a PCF pumped at wo/(2n) = 250 THz. Comparing this plot with Figs. 2.2(b) and
2.3(a) for a TF, the main difference is that the detuning of the FWM peak is larger in
the PCF, which is due merely to the fact that the ratio of the corresponding \0a\ and \02\
is smaller at this pump frequency. Results of numerical modelling of Eq.(2.22), showing
the spectrum of the radiation after 0.5 meters of propagation at pump power Eq = 43
W, can be seen in Fig. 2.12(b). This is in full agreement with analytical predictions of
the positions of the FWM peaks and the relative strengths of the Stokes and anti-Stokes
components [compare Figs. 2.12(a) and (b)]. For higher powers the spectrum of the
primary MI bands broadens and is Raman-shifted towards lower frequencies. Secondary
FWM peaks still can be clearly observed, together with second-order side-bands [see
Fig. 2.12(c)].

2.5

E x p e rim e n ta l c o n firm a tio n o f S calar In s ta b ilitie s in
PCFs

After our work in sections 2.2-2.4 on scalar MI in PCFs and TFs was published [35], the
theory expressed above on the existence of secondary far-detuned peaks and instability
in the normal regime was confirmed experimentally in Ref. [38], where the authors
demonstrate a CW conversion through FWM in an endlessly single-mode PCF with a
dispersion possessing two ZD points at 753 and 1235 nm. The results of this experiment
show that it is indeed possible to obtain FWM instability in a limited region of normal
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Figure 2.12: (a) Im(/C2 ), characterizing FWM gain, and R-i, characterizing the ratio of the
intensities of the Stokes and anti-Stokes components. Dispersion profile was taken as for PCF
shown in Fig. 2.1(b), with u}q/{2^) = 250 THz and |Fo|2 = 43 W. (b) Results of the numerical
modelling of Eq.(2.22). Parameters are the same as for (a) and propagation distance is 0.5 m.
(c) The same as (b), but with \E0\2 = 200 W.

GVD, which in the experiment in question was approximately in the range from 741
to 753 mn, and despite the narrowness of the peaks [38].
In another experiment carried out at the University of Bath, see Ref. [40], sub
nanosecond pulses were launched into a series of PCFs with similar dispersions but
with slightly different high-frequency ZD points around a fixed pump frequency of
1064 mn. Tliis configuration was preferred to that in which one shifts the pump fre
quency by timing the laser, but keeping the dispersion fixed (a tunable laser is indeed
expensive). Parametric instabilities in the deep normal GVD regime were observed,
with the locations of the instability peaks perfectly matching the theoretical predictions
[40].

2.6

V ecto r case. In tro d u c tio n

In the previous sections the FWM instabilities of PCFs and TFs possessing two ZD
points in the GVD profile, have been analysed in detail through the use of the scalar
Wave Equation (2.6) directly derived from Maxwell’s equations. Our comparative
study has revealed that the GNLSE predicts the positions of the strongly detuned
FWM bands with a very high degree of accuracy, and it only fails in the prediction of
the relative strength of the generated bands. The role of Raman effect in the instability
has also been clarified, so that in what follows we pose for simplicity 0 = 0.
Being aware of the above limitations of GNLSE, we now develop a theory of MI in
small-core fibres that takes into account the vector nature of optical waves, using cou
pled NLS-like equations [36]. By analogy with conventional fibres [8], we expect that
31

polarisation-related instabilities should provide more flexibility in the choice of the
pump frequency and in the control of the positions of the generated side-bands. Rel
evant experimental and theoretical results on MI in PCFs related to our work have
been previously presented in [26]. However the results of [26] did not go beyond the
MI scenario known for conventional fibres. This can apparently be explained by the
fact that the second zero-GVD point was either absent or shifted into the fax infrared
region in the PCF used in [26].

2.7

G overning equ ation s

In what follows we focus on the prediction of the positions of the MI bands without
analysing their relative intensities, therefore we can rely on the vector NLS equations,
which include all relevant dispersion orders [8 , 35, 120]:
i (a z +
i (dz

A m )

Ax +

- Am) Ay -

-l A P

Ax - Dx(idt)Ax + t * [ ( K |2 + \ \ A y\2)AX + ±A'XA%\ = 0,

\ a 0Ay

- Dy(idt)Ay + y y[(\Ay\* +

l \ A x \* ) A y +

A \] = 0.
(2.35)

Here, AXiV are the slowly-varying amplitudes of the electric field along the two polarisar
tion axes (from now on we use x to denote the slow axis and y to denote the fast axis),
7 X)y are the nonlinear coefficients, A/3 > 0 is the propagation constant mismatch be
tween the slow and the fast axes, A/3i = (/3ix —/3iy)/2 is the ’group velocity’ mismatch,
and Dx>y{idt) are linear operators describing the dispersions of order higher than the
first. We have previously noted (page 23) th at these operators, when expressed in the
Fourier space, are not the Taylor expansions of the dispersions near some reference fre
quency, but polynomial fits to the fibre dispersion profile. The last terms in Eqs.(2.35)
are responsible for the coherent (i.e. phase sensitive) energy exchange between the slow
and fast modes, mediated by degenerate four-wave mixing. This coherent interaction is
particularly important for weakly birefringent fibres, or alternatively when the length L
of the fibre is less than or of the order of the beat length: L < L b = 27r/A/3. Realistic
differences between D x and D y do not have noticeable qualitative influence on the MI
scenarios described below. Therefore we always assume
Dx,y(idt) = D(idt) = Y , %(<&)”*•
^ 2 m!
32

(2-36)

To find the dispersion coefficients @m>2 ■
>the frequency dependence of the fibre GVD,
f.%{u), is expressed by the polynomial fit centered at some reference frequency ojq:
m

= 53
m^2 ^

'*

2'

^2'37^

Below we always choose the reference frequency to be the pump frequency and recal
culate the dispersion coefficients correspondingly. As our representative example we
use the 10-th order (M = 12) polynomial fit to the numerically computed GVD profile
of a 1 jum Tapered fibre (see red line in Fig. 2.1). We now give the dispersion coeffi
cients calculated for ujq = 350 THz, which axe P2 = —0.115 ps 2/m , P$ = 6.09 x 10-4
ps3/m , fa = 1.90 x 10-6 ps 4/m , P§ = —2.97 x 10-8 ps5/m , (3$ = 3.495 x 10_1° ps 6/m ,
P7 = —3.03 x 10-12 ps 7/m ,
= 1.518 x 10-14 ps 8/m , fo = —4.336 x 10“ 17 ps9/m ,
Pio = 7.025 x 10- 20 ps 10/m , p n = -6.026 x 10~23 psu /m , 0 l2 = 2.127 x 10“ 26 ps 12/m .
The values of the other parameters we use in our estimates are 7 ^ = 7 = 0.165
m- 1W -1 , AP = 6.2 m -1 (which corresponds to a beat length of ~ 1 m) and the groupvelocity mismatch parameter A/5i is assumed to be 0.1 ps/m. On page 43 we will also
consider larger values of A P in order to study the transition from the low birefringence
to the high birefringence scenario.

2.8

Linear sta b ility analysis

We seek CW solutions of Eqs.(2.35) in the form
Ax =

y/P^exp(i<f>x0z),

Ay =

y/P^ ex-p(i(f>yQZ + ia),

(2.38)

where a and (j}xo,yO are real phases and PXjV are the powers of the optical fields. After
substitution of Eqs.(2.38) into Eqs.(2.35), and posing 7 ®= 7 y = 7 , we find
V K {tCP* + ^ Py) + ^ jP y exp [- 2 iz((f)X0 - <j)y0) + 2ia] + ^ A p J = y/K<t>x0,
\[Py { t C ^ + \ p x) + ^ 7 Px exp[+2iz(<t>x0 - <f>y0) - 2ia] -

= y/P^<f>yo. (2.39)

(f>xo = 4>yO = <f>is the condition of ^-independence of Eqs.(2.38), which needs to be
imposed due to the phase-sensitive nature of the coherent interaction. Also the right
hand sides of Eqs.(2.39) are real, and so must be the left hand sides; this condition can
be satisfied for a = 0, ± 7r / 2 . These values of a are the only ones resulting in physically
distinct polarisation states, which we consider in detail below.
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For a = 0 Eq.(2.39) has two ’trivial’ linearly polarised eigensolutions with phases and
powers given respectively by
lPx,y + 2 ^ ^ =

^ y,x ~

(2.40)

Inserting a = ± 7r/2 into Eq.(2.39) we have the following condition for the existence of
elliptically polarised stationary solutions:
Pcr = P y ~ Px,

(2-41)

where Pcr is a ’critical power’, usually associated with the polarisation instability phe
nomenon [8],given by Pcr = 3A(3/2j. From Eq.(2.41) it follows that in the elliptically
polarised steady-state solution the fast axis always carries morepower than the slow
axis. While the CW solutions (2.40,2.41) are exactly those known for conventional
fibres [8], their stability properties are going to be strongly affected by the distinct
dispersion characteristics of the small core fibres, and this constitutes the difference
between our work and previous extensive work on the subject [41, 42, 43, 44, 45].
To find the spectra of instabilities of the stationary solutions of Eqs.(2.35) we perturb
each component of the steady-state solutions with small-amplitude complex fields u
and v:
Ax

— ► W K + cu(z, t)] exp (i<f>XQZ),

Ay

-►

h /P y + ev{z, t)] exp (i<f>yoz + i a ) .

(2.42)

Substituting Eqs.(2.42) into the original equations, linearizing with respect to the small
parameter e, and using the following expressions for the perturbation fields:
u(z, t) = u a s {z ) exp ( - iSt) + us{z) exp (+ i£ t),
v{z, t) = v a s (z ) exp (—i<5t) + vs(z) exp (+i<ft),

(2.43)

we obtain the equation governing the evolution of the Stokes and anti-Stokes compo
nents of the vector perturbation field
dz$ = *M
—♦

$ = {us , u*AS, vs , va* s )T•

(2.44)

•

Assuming that V7 ~ elKZ one can readily show that a CW solution is stable provided
that the characteristic equation det(M —n i) = 0 has no roots with negative imaginary
parts. Those frequency regions where the imaginary part of Kj(S) is negative clearly
correspond to the instability bands. The subsequent analysis is divided into three parts:
(a) stability for the x-polarised slow wave, (b) stability of the y-polarised fast wave,
and (c) stability of the elliptically polarised state described by (2.41). The explicit
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forms of the real 4 x 4 stability matrix M for all the relevant cases will be given below.

2.8.1

Instabilities of the slow pump wave

In this case the stability matrix has the following ’diagonal’ structure:
(2.45)
where

M D-

P.

l = ( ^ - A
+
I
- 7 P*

7
- 1 Px - A p lS - D +

\
r

(246)

and
S = / 3 i P x - W + W iS + D - 3 7 p*

i 7Px
A
- ^ P x + A 0 + A 0 lS - D + ) '

Here we have introduced the following notation
D±(S) = £
m>2

{±irml, 0m sm-

(2.48)

The four eigenvalues «i,2,3,4 of matrix M are given by:

= -A/3,,5 - \[D + - D .\ ± J D++2 D~ ( :g± y ^

« 3,4 = A 0 l S -^ { D +- D _ ] ± J ( 2 ± ± ^ - A/?)

+ 27px ) .

(2-49)

+ | t P * - W ) - (2.50)

Matrix A is the stability matrix that has been previously derived in the scalar analysis
[75, 35, 120]. Matrix B represents the new contribution to the instability due to the
presence of the orthogonally polarised fast wave.
Fig. 2.13(a) shows the imaginary parts of all of the non-vanishing eigenvalues
of
the matrix M when the fibre is pumped in the region of anomalous GVD, while Fig.
2.13(b) shows the case when the fibre is pumped in a region of normal GVD. When
the Mi-generated waves are linearly polarised we denote them in all the figures with
the letters ’S’ and ’P ’. ’S’ stands for ’scalar instabilities’, i.e. for the instabilities which
have already been described in sections 2.2-2.4 of this Chapter and in Ref. [35, 120],
and ’P ’ stands for the new polarisation instabilities. As we have already seen on section
2.2, analogues of MI bands close to S = 0 (see Fig. 2.13) can be found in standard
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Figure 2.13: MI growth rates for the pump wave polarised along the slow axis. GVD of a 1
/im-diameter TF has been used, see red line in Fig. 2 .1 . Letters ’S’ and ’P ’ mark scalar and
polarisation instabilities, respectively, (a) Pump frequency u)$ = 260 THz is in the region of
anomalous GVD. (b) Pump frequency Uq = 555 THz is in the region of normal GVD. Other
parameters are: pump power Px = 200 W, A/3 = 6 . 2 m-1 , A/3i = 0.1 ps/m, 7 = 0.165
m- 1 W-1 . The part of the spectrum with negative <5 is omitted because it is just a mirror
image of the <5 > 0 part.

telecommunications fibres [8], while all the far-detuned bands are specific to small core
fibres.
The behavior of the MI bands when the fibre is pumped in the vicinity of the two zeroGVD points, see Fig. 2.14 (solid fines), is particularly interesting because it clearly
demonstrates the role played by the dispersions of orders higher than the fourth [35].
I11 particular, working in the proximity of the high frequency zero-GVD point, we find
that the detunings of the slow and fast MI peaks change rapidly with relatively small
shifts of the pump frequency, see Fig. 2.14(b). In contrast, in the proximity of the lowfrequency zero-G VD point this dependence is much less dramatic [see Fig. 2.14(a)],
and therefore less interesting for potential frequency conversion applications.
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Figure 2.14: Lines of maximal gain in the plane (<5, u^o), in the proximity of the low (a) and high
(b) frequency zero-GVD points. GVD of a 1 /um-diameter TF has been used, see red line in Fig.
2 .1 . Solid line - pump wave polarised along the slow axis, Px — 200 W. Dotted line - pump wave
polarised along the fast axis, Py = 200 W. Dashed line - pump wave is elliptically polarised,
Px = 200 W, P y = 256 W. Letters ’S’ and ’P ’ mark scalar and polarisation instabilities,
respectively. The other parameters are as for Fig. 2.13. Dashed vertical lines mark zero-GVD
points.
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2.8.2

Instabilities of the fast pump wave

In case (b) the pump wave is polarised along the fast y-axis and the matrices A and B
in Eq.(2.44) have the following structure:
/ h py + A 0 ~ A ^ S + D-

;

V

~ b pv

h pv
\
- ^ P y - A 0 - A p lS - D + ) ’

f2sn

and
B = ( -rPy + ^
+DV
- 7 py

l py
)
- 7 Py + A/3l 6 - D + I

(2.52)

B now describes the scalar instabilities and A is responsible for the excitation of the
orthogonally polaxised slow x-waves. The four eigenvalues «i,2,3,4 of M axe given by:

* 1,2 = - A PiS - \[D + - D -\ ± ^ I ( ° + +
2 ° - + A p j ( ° + + D - + ly P y + A/?)
(2.53)

*

3,1

= A P it - \ \ D + - Z)_] ±

( D + 12 D ~- + 27J v )

(2-54)

Typical instability spectra for pump frequencies belonging to regions of anomalous and
normal GVDs are shown in Figs. 2.15(a) and 2.15(b), respectively. The behavior of
the MI peaks in the vicinity of the zero GVD points is shown in Fig. 2.14 (dotted
lines). Here again all far-detuned narrow peaks axe absent in conventional fibres. The
behavior of MI bands in the proximity of the zero-GVD points is similar to that in the
case of the slow pump.

2.8.3

Instabilities of the elliptically polarised pump wave

Now we consider the case of the elliptically polaxised pump beam, i.e. when the phase
difference a in Eq.(2.38) is ± 7r / 2 . The stability matrix M contains anti-diagonal sub
matrices C and D:

* - ( * * ) ■

(2-55)

where
p x + lyP y - A frS + D -

V

-7 P *

7PX

\

—yPz — \ 7Py — A/3i<5 —D + I
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Figure 2.15: MI growth rates for the pump wave polarised along the fast axis. GVD of a 1
/un-diameter TF has been used, see red line in Fig. 2.1. Letters ’S’ and ’P’ mark scalar and
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39

(2.57)

(2.58)
To launch the elliptically polaxised eigensolution into the fibre one should balance the
ratio of Px and Py determined by the birefringence parameter A/? so that it satis
fies Eq.(2.41). This creates additional difficulties for experimental observation of the
instabilities described below, though it does not make them less significant from a
fundamental point of view.
In Fig. 2.16(a) we show the MI gain that we have obtained in the case of anomalous
dispersion. In this case, surprisingly, the system is stable around 5 = 0, even though
the GVD at the pump frequency is anomalous. The polarisation states of the excited
waves are in general elliptical. When the GVD at the pump frequency is normal we
have a similar instability plot as in the case of anomalous GVD, but with the first
set of peaks missing, and with a more complicated secondary-peak structure, see Fig.
2.16(b). The behavior of the MI peaks of the elliptically polarised eigensolution in the
vicinity of the zero-GVD points is shown in Fig. 2.14 with dashed lines.

2.8.4

Transition from low to high birefringence

Finally, we have analysed the instability spectra during the transition from lowbirefringent to high-birefringent fibre in all cases considered before. This transition
occurs when A/3 increases (or, equivalently, the beat length L b — 2ir/A(3 decreases),
and the coherent terms in Eqs.(2.35) lose progressively their importance.
A representative situation is given by considering as an example the instability of the
elliptically polarised eigensolution launched in anomalous dispersion, for the same con
ditions as in Fig. 2.16(a). In Fig. 2.17 we show the qualitative change that occurs when
increasing the values of A/3, which consists in the gradual splitting of the secondary
(far-detuned) peaks into a triplet of peaks with different values of maximum gain [see
Fig. 2.17(c)], while a t the same time the initial gap around S = 0 is filled. These three
peaks tend to be polarised in the following way: the central peak comes from both un
stable eigenvalues and therefore possesses all the polarisation components; the leftmost
peak has the anti-Stokes component polarised along the slow axis and the Stokes com
ponent polarised along the fast axis; and finally the rightmost peak has the anti-Stokes
component polarised along the fast axis and the Stokes component polarised along the
slow axis. The unstable region closer to S = 0 corresponds to the well-known limit of
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liigh-birefringeiit fibres in anomalous dispersion [41].
The evolution of the transformation of the far-detuned peaks into a triplet when in
creasing continuously A/3 is also shown in more detail in Fig. 2.18.

S u m m ary of O riginal R e su lts of th is C h a p te r.
This Chapter contains the following original contributions to the theory of Modulational
Instabilities and Four-Wave Mixing Instabilities in solid-core Photonic Crystal Fibres
and Tapered fibres:
(1) A theory of FWM instabilities in ultrasmall core optical fibres with overall dispersion
profiles strongly modified by waveguide dispersion has been developed, using Tapered
fibres and Photonic Crystal Fibres as examples. I11 our rigorous approach we have
avoided the use of SVEA, and relied 011 analysis of the full scalar Wave Equation.
The existence of a secondary, far-detuned FWM peak of instability has been predicted,
which does not exist in conventional telecommunications fibres and large core PCFs,
and we have studied its properties in detail. Comparing the results obtained from Wave
Equation with the corresponding results derived from the GNLSE, we have revealed
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Figure 2.18: Splitting of the far-detuned instability peak from Fig. 2.16(a) and Fig. 2.17 into
a triplet during the transition from the low- to the high-birefringence scenario. The GVD of a
1 ^m-diameter TF has been used (see the red line in Fig. 2.1).

for the first time a number of deficiencies in the latter. In particular, the GNLSE fails
to predict correctly the gain and the relative strength of the Stokes and anti-Stokes
components associated with the far detuned peak. It also completely disregards the
existence of a pair of additional forward Stokes and backward anti-Stokes waves excited
by the Raman effect.
(2) We have analysed the MI and FWM instabilities of different polarisation eigenstates
in ultra-small core fibres with a small birefringence, using coupled GNLSE. We have
demonstrated for the first time the existence of new, far-detuned bands of polarisation
instabilities, and the transition from low-birefringence to high-birefringence has been
analysed.
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Chapter 3

R esonant R adiation from
Solitons and Supercontinuum
G eneration o f Fem tosecond
pulses in Solid-Core
M icrostructured Fibres

3.1

In trod u ction and M otivation s.

Since its well-documented initial accidental discovery [46], and the first studies on the
subject [13, 47, 48], the concept of soliton has come to be regarded as absolutely central
in the field of nonlinear dynamics. Solitons are universal, ubiquitous, and fascinating
objects that have attracted an enormous attention from the scientific community, and
now the mathematical concept of soliton (or solitary wave) is used in virtually all fields
in which nonlinearity plays a role, such as particle physics, hydro-dynamics, nonlinear
optics, ocean physics, plasma physics and biology [49].
However, the mathematical soliton is often an idealisation of physical reality, because
in many situations one needs to approximate more accurate partial differential equar
tions (for example Maxwell’s equations) to less accurate but mathematically simpler
equations (for example Nonlinear Schrodinger Equation [8]), that are easier to study
analytically and numerically. More importantly, even though solitary waves may be
found mathematically in a specific system, it is not necessarily true in general that
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the soliton can physically exist, because small external random perturbations - always
present in real situations - can grow (exponentially for instance), leading to disruptive
radiative phenomena which prevent experimental observation. The stability issue is a
very important one, and there exists an extensive literature on the subject; in Appen
dix A the reader can find a reformulation of the main results on soliton stability based
on an action integral approach.
In the description of practically all realistic fibres one must therefore supplement the
NLSE with additional perturbation terms which are able to take into account the
reduced nature of the NLSE with respect to the ’exact’ and therefore more general
Maxwell Wave Equation. Such an equation is often named the Generalised Nonlinear
Schrodinger Equation (GNLSE, [8 , 9]) as already discussed in Chapter 2 when studying
the MI of CWs in this equation.
The effect of external perturbations of various kinds on the NLSE has been a central
issue in the past [8, 9, 101, 102, 103], and has led to an efficient perturbation theory
for this equation [50], in which one attempts to obtain a set of ordinary differential
equations for the (slowly-varying) soliton parameters. As we have already discussed to
some degree in Chapter 2, the most important linear and nonlinear terms th at must
be added to the NLSE to correct it and make it consistent with the full Maxwell Wave
Equation axe: intrapulse Raman scattering [74], higher-order dispersion coefficients
[112], self-steepening [113] and linear losses [32, 33],
Raman scattering is a nonlinear perturbation which leads to a continuous frequency
shift of the solitonic spectrum towards longer wavelengths, an effect that was observed
in an important experimental work of Mitschke and Mollenauer in 1986 [73] and ex
plained theoretically immediately after by Gordon [74]. In fact, the delayed nature of
the Raman effect in the time domain leads to the transfer of energy from the ’blue’
components to the ’red’ spectral components of the soliton itself. This amplification
process of the long wavelengths at the expenses of the short wavelengths of the pulse is
continuous along the fibre, and shifts indefinitely the pulse along the spectral charac
teristic (unless some feature of the GVD characteristics - such as a ZD point - prevents
this). The simple model provided by Gordon [74] shows that the redshift Raman ’in
trapulse’ scattering scales as £q 4, where to is the pulse duration, and thus it becomes
extremely strong for femtosecond pulses.
The self-steepening effect is another nonlinear perturbation which leads to the for
mation of optical shocks [72]. Indeed self-steepening can be understood as nonlinear
walk-off; a certain point of the wave envelope travels at a velocity which depends on
the amplitude at that point, which clearly leads to the formation of sharp time-domain
features [72]. Although a correct reductive deduction of a first-order equation from the
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full Maxwell’s Wave Equation shows that the self-steepening term must in general be
included [37], this term can be safely neglected in the description of many phenomena
(including those described in this Chapter), due to the fact that the linear group veloc
ity mismatch of the PCF characteristics due to waveguide dispersion is generally much
larger [72],
On the other hand, HOD terms, introduced to describe the fibre GVD characteristic in
a broad region of the spectrum, and especially necessary when describing the dynamics
of broad-band ultrashort pulses, represent linear perturbations to the NLSE. These
additional terms, proportional to the higher order time-derivatives d™A of the envelope
A , with m ^ 3, are able to generate linear waves which can enter into resonance with
the soliton, as we shall see in detail in the first half of the present Chapter. This special
radiation, usually called Resonant Radiation or Cherenkov Radiation in the literature
[68], has been the subject of an intensive study in the past, with only partial successes
due to the numerical or semi-numerical approaches used in these works.
A surprisingly large amount of analytical and numerical work has been done in the
study of soliton dynamics around the zero GVD point, where the behaviour of light
becomes extremely sensitive to the additional perturbations cited above, due to the
smallness of the second order dispersion coefficient [61, 62, 54]. In the majority of
cases this sensitivity results in the explosive generation of a continuum of frequencies,
called Supercontinuum Generation (SCG), an effect which is due to the cumulative
presence of different nonlinear processes involving the interaction of several kinds of
linear and nonlinear waves, and which has many interesting practical applications in
modern optics [108, 109].
The recent advent of Photonic Crystal Fibres has opened many interesting opportuni
ties for fundamental and applied research in solitonic physics [1, 2]. The prime reason
for this is that there are numerous ways to control the nonlinear and dispersive prop
erties of PCFs, thanks to the flexibility in the engineering of the cladding structure
(for review see [1, 2, 50, 51, 52, 53]). For instance, the nonlinear coefficient 7 of the
fibre (measured in units of m - 1W -1 ) can be enhanced by having a small modal area
[8 , 55], and the group velocity dispersion (GVD) can be controlled by engineering the
additional cladding degrees of freedom such as hole size and pitch [120, 56]. One of
the widely used applications of solid-core PCFs is in the generation of optical supercontinua [57, 58, 59, 124]. A satisfactory theoretical understanding of the process has
been reached only recently with an experimental and theoretical collaboration between
Los Alamos National Laboratories, USA (A.Efimov, F.Omenetto) and the University
of Bath, UK (D.V.Skryabin, A.Yulin, N. Joly, W.H.Reeves and the author of this the
sis). Most of the results obtained from this joint work have been already published
[120, 128, 129], but the physics of the process is so rich that at the time of writing
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(2005) there is still conspicuous research activity on SCG in PCFs.
Another interesting and non-trivial effect which has been recently observed in PCFs
with ultrasmall silica cores is the cancellation of the Raman self-frequency shift of
solitons, accompanied by the exponential amplification of Resonant Radiation [56].
After this first numerical and experimental observation a complete theory has been
constructed [60], Reference [60] is the product of a theoretical collaboration between
D.V.Skryabin, A.Yulin (University of Bath, UK) and the author of this thesis. In due
course we shall define the (strictly related) contributions of each of these authors. The
possibility of obtaining Resonant Radiation emission from fibre solitons in the presence
of higher order dispersion terms in the NLSE has been known for almost twenty years,
see e.g. [62, 63, 64, 65, 66, 67, 68]. Its true importance relies on the fact that it has
been recently demonstrated to play a major role in the formation of the blue wing of
the supercontinuum [58].
The outline of this Chapter is as follows.
In section 3.2 we describe the process of Resonant Radiation emission due to HOD. We
find the resonant frequencies and the amplitudes of the emitted radiation field when the
soliton is assumed to be undepleted by the emission itself, a sort of ’static’ case which is
important to understand as a preliminary study of the dynamics of the emission, using
what we call the ’adiabatic’ approach [60], We describe a comprehensive theory of the
effect of the soliton self-frequency shift compensation by the radiation pressure in fibres
with a negative slope of /^(w) (first proposed by D.V.Skryabin in 2003, see Ref. [56]).
Our results provide analytical underpinning for the recent experimental observations
of [56]. Our approach to the calculation of the amplitude of the Resonant Radiation
generalises the previously known techniques by accounting for the potential created by
the soliton, see Eqs.(3.27)-(3.33), which is essential for achieving a good match between
the analytical and numerical results. In section 3.3 we study the dynamics of the
emission, using equations derived from the conserved quantities (energy and spectral
momentum), when the variation of the soliton amplitude is taken into account.
The role of Resonant Radiation, Raman scattering and the generation of new fre
quencies due to nonlinear interaction between dispersive radiation and solitons in the
process of Supercontinuum Generation from femtosecond pulses will be discussed in
sections 3.7-3.8, where important clues to the dynamics of linear and nonlinear waves
propagating in an ultra-small core microstructured fibre will be provided by the so
called ’Cross-Correlation Frequency Resolved Optical Gating’ (XFROG) spectrogram
analysis. Section 3.8.2 is devoted to the simulation of the nonlinear interaction of two
solitons through the emission of resonant radiation.

47

3.2

R eson an t

R ad iation em itted by O ptical S olitons.

M od el E q u ation s.

We start our discussion by assuming that the dynamics of the dimensionless amplitude
A(£, r) of the fundamental fibre mode is governed by the GNLSE

/

+oo

R t f ) \a (Z,t - t') 12dr'.

(3.1)

-oo

To avoid any misunderstanding in the analytical expressions we adopt the convention
of using round brackets (• • •) to indicate arguments of functions or operators when there
can be confusion, and [•••],{■•■} for all other purposes, £ and r axe the dimensionless
longitudinal coordinate and time, respectively.
The dispersion operator in Eq.(3.1) is given by

= e

<3-2>

where to is the characteristic time scale, which in the following we choose to be the
duration of the initial pulse. R ( t ) is the so-called response ju n ctio n of the material, in
our case silica glass [8 , 9, 75]:
R (t)

2
2
= [1 —0]A (t) + flTl J 2 0(t)e~ T/7a sin (r/ri).
n t2

(3.3)

Here A (r) and 0 ( r ) are, respectively, delta and Heaviside functions. Equation (3.3)
includes the instantaneous and the delayed electronic contributions, describing respec
tively the Kerr and Raman effects. 0 is the relative importance between the Kerr and
Raman terms, which can be obtained from experiments; for silica we have 0 = 0.18
[76]. Ti}2 are respectively the inverse of the dimensionless Raman frequency and of its
linewidth, which for silica are <i = n<o = 12.2 fe and <2 = 72to = 32 fs[8]. r is the
dimensionless time, in the reference frame moving with the group velocityv q = v ( u j q )
and is measured in units of to:
T = [ t - z /v 0]/t0,

(3.4)

where t is the physical time and z is the physical longitudinal coordinate. £ = z / L q v d ,
where £ is the distance along the fibre measured in units of the GVD length, L q v d =
f o / l & M I - The field amplitude A(£, r ) is measured in units of P q = 1/ ( j L c v d ), where
7 is the nonlinear parameter of the fibre [8 , 9]. Po is the power necessary to create the
fundamental Schrodinger soliton with duration to in the fibre at the specific frequency
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where L q v d is calculated, see [9].
Let us stress here that the dispersion operator D introduced above is not necessarily
a Taylor expansion near the reference frequency u;o, but it can be considered a nu
merical fit of the experimentally measured fibre GVD. It therefore correctly describes
the dispersion of a wave which is either detuned initially or drifts gradually to the
spectral regions lying arbitrarily far from ujq. If the GVD profile
measurements, then it can be fitted with a polynomial function:

is known from

M

02M =

02+™^ “ " o r ,

(3.5)

m=0

where M is the maximum degree of expansion, and uo is an arbitrary reference fre
quency.
Equations similar to Eq.(3.1) have been previously used in several studies of pulse
propagation in fibres, see e.g. Refs. [56, 69, 120, 124] and references therein, and have
been demonstrated to give extremely reliable replication of experimental measurements
in PCFs [56, 120, 124]. In constrast to Refs.[56, 120] we have neglected here the selfsteepening term. This is because, as our numerical modelling has demonstrated, it has
no qualitative and only small quantitative effects on the results described below, see
also the brief discussion on page 45.

3.3

Soliton dressed b y th e R adiation . A diabatic M eth od .

3.3.1

Resonant frequencies.

In order to describe the influence of the Raman effect on the radiating soliton we first
find the radiation field using the adiabatic method and then consider the soliton dressed
by radiation as the zero order approximation to the solution of Eq.(3.1), treating the
Raman term as a perturbation, see Section 3.4.
Generalisation of the single soliton solution of the ideal NLS equation gives the following
expression
A = F(C)e-i6aT+ilDa+9^, C = r - D'£,

/ ,(C) = v/2« s e c h ^ , w = J ^ .
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(3.6)

for the approximate soliton solution of Eq.(3.1), where the GVD varies with frequency.
The physical pulse duration is given by wto. Here 5S = [u>s —o;o]^o is the detuning
of the soliton frequency u s from the reference frequency ojq. The condition |<5a| ^ 1
usually determines a practically convenient value for uq. D s = D(Ss) is the normalised
wavenumber shift, D's = dsD(Ss) characterizes the group velocity shift, and D" =
dfiD(6s) < 0 is the GVD at the soliton frequency, which must lie in the anomalous
region of the dispersion characteristic. The physical group velocity V at the frequency
u = uq + S/to is givenby
V ^ = l + {voto /L G V D ]diD m -

(3'7)

The solution (3.6) is fully characterized by the parameters q > 0 and <5S, and it is an
exact solution of Eq.(3.1) provided that: (i) 6 = 0 and (ii) all derivatives of the function
F (() higher than the second are disregarded.
To proceed further we fix 6 = 0 (enforcing the absence of the Raman effect) and present
solution of Eq.(3.1) in the form
^ = W C )+ S (€ ,C )}e i£[D*+sl- ii'T,

C = T-(D'„.

(3.8)

g will represent the small radiation field due to the ’external’ perturbation (HOD in
the present case) accompanying the mathematical soliton. Assuming that g is small
we disregard all the terms
nonlinear in g and derive the linear equation
iP = d^g + itg ,

g = \g, g]T-

(3.9)

Here
C=

W

-F 2

(3.10)

F2 -W

where
W = g + ^-D'ldl - 2 |F |2 - [D(id( + S.) - D2(id( )],

(3.11)

and
P = \P,-P)T ,

p = [D{id( + S .) - D t ( i d ( )]F,

D.i (id( ) = D s + iD ls d( - \ D ,’(f<.

(3.12)
(3.13)

P represents the perturbation due to HOD. It is localised in £ and in order for Eq.(3.9)
to have a localized solution it is enough that the null subspace of the operator adjoint
A
—t
to £ is orthogonal to P . The dispersion operator is a polynomial and therefore it is
possible to show that D(id^ + Ss) = D 2 {id^) + X)m=3
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Coefficients D ^ / m l

for m > 3, where D g^ = d™D{8s), should be considered as small paxameters by
virtue of the assumption that (3.6) is a solution at the most significant order of the
perturbation theory. However, the frequency of the perturbation field g can be large.
Therefore, third and higher order derivatives can counterbalance the smallness of the
dispersion coefficients. That is why the higher order terms in the dispersion operators
are kept not only in P , but also inside £. For all terms in £ to be balanced we require
the condition
|[£>(.9C + S.) - D 2(id( )]g\ < \\D ”d2(g\.

(3.14)

Practically Eq.(3.14) imposes an upper boundary on the values of the frequency de
tuning between the soliton and the perturbation g that are correctly described by
Eq.(3.9). For instance, for M = 3, see Eq.(3.2), and fixing the time dependence of g as
exp(j£[<5a —5]), we find th at for Eq.(3.14) to work we have to impose the condition
|e[<5-<5a] | ^ | P ' ' / 2 | ~ 0 ( l ) ,

(3.15)

where
_ d u fa M
6 t |/? 2 (o ;o )|’

Keeping only dj* in £ already makes the existence of the localized g impossible [63, 65,
67, 68]. This is because the c^-term adds an extra zero eigenvalue to the continuous
spectrum of £* with the corresponding eigenfunction not being orthogonal to P . This
is an indication of the existence of a linear resonance due to the presence of this extra
eigenvalue.
The corresponding resonant frequency of this linear resonance can be found if one seeks
an eigenfunction in the continuum of the form e^C +^-^K , in which case the eigenvalues
A are given by
- \ = q + D s - [6a - $\D'3 - D(S)

(3.16)

Physically, the resonance is achieved when the soliton and the dispersive wave have the
same wave-number, i.e. A = 0, and therefore
q + D a - [ 8 . - 6 r ] D fa = D ( 6 r ).

(3.17)

Eq.(3.17) is an algebraic equation for the resonant frequency Sr. Real <5r ’s correspond
to the resonant non-localized waves and Sr/to is the frequency detuning from ojq. The
geometrical meaning of (3.17) is clear. Its left hand side is a tangent to the D(S) curve
taken at <5= Ss and shifted upwards by q. Remembering that D ” must be negative for
the soliton to exist, one can show that the pairs of real Ss and Sr satisfying Eq.(3.17)
can always be found provided th at d$D(5) changes its sign. All complex roots of the
polynomial (3.17) correspond to waves exponentially decaying for £ tending to either
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Figure 3.1: Electron micrograph of the PCF used in the modelling and the corresponding
(h ( u ) from Ref. [56] (blue line). The same quantity is plotted for the telecom fibre SMF-28
(red line). Core diameter of the PCF shown is ~ 1.2 /xm. (Courtesy of D.V.Skryabin, University
of Bath, UK).

—oo or +oo and describe localized corrections to the soliton (3.6) [66]. A recent and
lucid discussion of this point is given in the review paper by Skryabin and Yulin in Ref.
[70].
The GVD changes its sign at least once in most optical fibres including PCFs. The PCF
used in Ref. [56] changes GVD sign twice, in a similar manner to the fibre described in
Ref. [71], and therefore has a finite spectral range with anomalous GVD, see Fig. 3.1.
The corresponding dependencies of the real resonant frequencies Sr on the soliton fre
quency Ss are shown in Fig. 3.2. An important feature of Fig. 3.2 is that the frequency
difference between linear radiation and soliton, |<Sr —<5S|, reaches its minimum values
when the soliton frequency approaches the zero GVD points.
For the qualitative understanding of the resonances shown in Fig. 3.2 it is sufficient to
consider a cubic approximation for D(<5)
£>(*) = - y + ei3,

(3.18)

where sgn/^tuo) = —1. Using Cardano’s formula, we get the following expression for

Sr:
Sr
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Figure 3.2: Dependencies of the resonant frequencies Sr on the soliton frequency S8, taken from
Ref. [56] (blue solid lines). Vertical dashed lines mark the zero GVD points in the PCF. The
diagonal line marks the boundary where the radiation and soliton frequencies coincide. The
radiation branches above/below the diagonal line are, respectively, blue/red-shifted relative to
the soliton carrier frequency. The radiation frequency in the telecom fibre SMF-28 is also shown
(red solid line). (Courtesy of D.V.Skryabin, University of Bath, UK).

where
Y

=

S X + 6ey/6q[X - 54ge2]

(3.20)

X

=

l - 1 8 £ ae+ 1 0 8 9e2 + 108<S2e2 -216<53e3.

(3.21)

The only real value of Sr is selected by choosing the appropriate branch of Y 1/3. This
real root defines the resonant frequency.
Assuming that e « l and |<5r —<Sa|e ~ 0(1), one can calculate a simple approximate
analytical expression for the resonant frequency [63, 68]:
=

I + 0(1).

(3.22)

For example at A = 1.15 //m, i.e. u = 2n x 239 THz, the fibre in Fig. 3.1 has
= —47
ps2/km and
= —0.5 ps3/km, which gives e ~ —0.015 for to = 120 fs. It is clear from
Eq.(3.22) that the positive/negative slopes of fh ( v ) are responsible for the radiation
bands, which are blue/red-shifted from the soliton. Fig. 3.3 shows graphs of Sr vs d3
as given by Eq.(3.19). The above reasoning based on the cubic dispersion also explains
why the two radiation bands exist in fibres for which
has two zeros, see Figs. 3.2
and 3.1. Note that condition (3.14) is satisfied for (3.22).
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Figure 3.3: Resonant frequency 5r as a function of the soliton frequency S8 for the ’cubic’
dispersion profile (3.18): q — 10 and e = ±0.015. The diagonal line marks the boundary where
the radiation and soliton frequencies coincide.

3.3.2

A m p litu d e o f th e ra d ia tio n field. A d ia b a tic ap p roach .

Finding the amplitude of the emitted wave is a technically involved problem. Previous
semi-explicit results by Wai et al. [63] and by Karpman [65, 67] include undetermined
constants, which can be computed only numerically. Our modelling indicates that the
fully explicit analytical answers derived by Akhmediev and Karlsson [68] and Karpman
[65, 66] do not match with the direct numerical solution of Eq.(3.1) for parameters rel
evant to the experiment of Ref. [56]. The primary reason for this is that the theories
in [65, 66 , 68] do not account for the important anti-diagonal F 2 and F 2 terms inside
operator C described before. Therefore, we develop our own approaches, which fur
ther advance the methodology used in [65, 66 , 67, 68] and lead to results that agree
remarkably well with those of a direct modelling of Eq.(3.1). The calculation of the
radiation amplitude in the ’static’ case, i.e. when the soliton amplitude q is assumed to
be undepleted, can be performed in two different ways. The first way, which we explore
in the present section, is what we call the adiabatic approach, in which one assumes
that the radiation g may be described by a slowly-varying envelope. This approach
is simple and suitable for the numerical analysis of the problem, and it can also be
generalised to the ’dynamical’ case when one takes into account the energy depletion of
the pump soliton [60]. In another approach using a Green function technique, which we
shall describe in section 3.6, one first calculates the Green function of a linear operator
derived from Eq.(3.9) which does not include the solitonic potential term proportional
to F 2 or |.F|2, and only after th at one solves the full equation with a perturbative
method (borrowed from scattering theory) based on the so-called Lippmann-Schwinger
equation. The final result will be non-perturbative because we will manage to execute
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a resummation of all orders of perturbation theory, obtaining a finite expression for
the amplitude of the radiation, even though some assumptions on the integration on
the complex plane (which correspond to the ’adiabaticity’ assumption that we shall
make in the present section) will be necessary. This slightly complicated method is
not suitable for obtaining numerical understanding, but it gives a substantial physical
insight into the process.
It is clear that the radiation takes energy from the soliton and that the efficiency of this
transfer increases as the detuning of the radiation from the soliton carrier frequency
decreases. If the radiation is far detuned from the spectral centre of the soliton, then
it should be weak and negligible. Therefore, considering the PCF example shown in
Fig. 3.1 we can assume that the blueshifted radiation emitted by the soliton with the
carrier frequency close to the left zero GVD point can be safely disregarded as negligible
compared to the redshifted radiation, see Fig. 3.2. Thus in this case, and obviously in
the case of the cubic dispersion (3.18), one can represent the radiation field in the form
S(?,C) = G (f,C )e -i<['s' - 'y .

(3.23)

The assumption enabling us to advance the previously developed methods is th at the
amplitude G is a ’slow’ function of £ compared to the oscillating exponential factor.
After substitution of Eq.(3.23) into Eq.(3.9) we neglect all ^-derivatives of G higher
than first and find that G obeys
-id ^ G + 1 {D's - D'r } dcG - {2\F 2\G + F 2Ge2i^ 6r~6a^ = if(C),

(3.24)

where
K (Q = e*C[«--«.][£»(iat +

s,) -

D2(id( )]F.

(3.25)

The contribution of the term containing G to the effective potential created by the soli
ton can also be disregarded provided that q
|£r —<5a| • \D'S —D'r | ~ e~2. By neglecting
this term we are actually neglecting one of the two fundamental solutions to the left
hand-side of Eq.(3.24). The inequality stated above ensures that the frequency of the
driving term (3.25) is detuned far from the frequency of the neglected fundamental
solution. Thus our final equation is
-id zG + i {D'a - Dj.} 0CG - 2|F\2G = K (Q .

(3.26)

One can show that the resonance frequency for this equation is zero, which reflects that
we have accounted only for one real root of Eq.(3.17); certainly this works well in the
proximity of one of the two zero GVD points in the case of our representative PCF, see
Fig. 3.2. The inclusion of all the higher order derivatives of G will recover the exact
fibre dispersion together with all the disregarded complex and real resonances.
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The exact solution of (3.26) obeying zero initial conditions at z = 0 can be found in
the following integral form:
p-iS { 0

G(C, () =

K

.

, /
-

dC'eis« )JT((0,

(3.27)

V r\ J c + M - D ' r l t

where

The integral (3.27) can not be taken in the explicit form. However the limit values of
G can be found. Fixing | {£>' —D'r} £/C| > 1, one can show that for D ’s — D[ > 0
lim

_ e-tS (-°o)j
G = .. ---- —r-,

£—*oo, £ —►-<»

G = 0,

lim

—- ^ r ]

(3.29)

£—nx), £ —>00

and for £>' —D'r < 0
e -* S ( o o )j

lim

£-+oo, £—►
—oo

G = 0,

lim

f —►oo,

►oo

G = ^—

—r,

— ^ r\

(3.30)

where
5(±oo) = ± ^ - ^ ,
s

/

(3.31)

r

oo

dCeis^ K ( C).

(3.32)

-oo

The influence of the potential term on the amplitude is two-fold. First, it affects the
asymptotic valueofthe phase of the emitted wave. Second, and more importantly, it
rotates the phaseofthe integrand, which changes the amplitude of the emitted wave.
Inside the area of localization of the integrand K(£) the tanh-function entering S(£)
can be replaced by its linear approximation in £, so that X will be simply the Fourier
amplitude of the source term K calculated at the frequency <?o:
X(S0) =i

{D(50 + S.) - A>(<5o)}sech ( ™ i 0) ,

(3.33)

where
S0 = Sr - S , + —

,

(3.34)

Taking the cubic dispersion (3.18) one can show that D{8q + S3) — £>2 (^0) =
and
D rs —D'r = —l/[2e] + 0(1). From the latter it follows that, when the detuning of the
radiation from the soliton frequency is large enough the last term in Eq.(3.34) is much
smaller than |<Sr —<Ss|. Thus the importance of the potential term increases when the
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Figure 3.4: Amplitude of the emitted wave |G| calculated using Eqs.(3.29) and (3.32)-dashed
line; using Eqs.(3.29) and (3.33) with <5ogiven by Eq.(3.34)-full line; using Eqs.(3.29) and (3.33),
but with So =6r - <5a-full line. Parameters are q = 3.5 and e = —0.015.

radiation and soliton frequencies become closer, see Figs. 3.2 and 3.3. It is crucial,
however, that X has an exponential sensitivity in So- This sensitivity has actually been
the source of error in previous works [63, 65, 66 , 67, 68] attempting to solve the problem
of radiation amplitude. Therefore the higher order corrections to So which are small
compared to |<5r —<$a| can result in non-negligible changes in X, as indeed they do in
the present case. Therefore only absolutely small, i.e.
1, corrections to So can be
disregarded. Parameters close to the experimental conditions of Ref. [56] and to those
in the numerical modelling carried out below, give |$r —*.1 ~ 1 0 an d 4 q /[X )i-D ;]
The next order correction to So is expected to be <£ 1 and therefore it should indeed
have a small effect on the radiation amplitude. Obviously the rigorous proof of this
can be obtained only calculating the next order correction to the radiation field, but
this goes beyond our present scope and we simply rely on the excellent agreement of
our analytical and numerical results, as shown in Fig. 3.4, see also section 3.4.
In Fig. 3.4 we show the dependence of the amplitude of the emitted wave versus 5S
calculated using Eqs.(3.29) and (3.32), using the approximation (3.33), (3.34) and using
integral Eq.(3.33), but with Sq = 8r — 5S, i.e. disregarding any contribution from the
solitonic potential. One can see that as Sr approaches S3 the discrepancy between the
formulae when including or disregarding the ^ -p o te n tia l increases. For example, for
8S = —6 , which is the value taken from the numerical results shown in Figs. 3.5(a) and
3.7(a), use of Eq.(3.34) gives |G| ~ 0.25 and use of Sq = Sr — Ss gives |G| ~ 0.12. This
implies that our results and the results of [65, 66, 68] differ by approximately a factor
2 for this particular choice of parameters.
Note here that if one solves Eq.(3.1) initialized with a soliton having some chosen values
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of q and Ss, then it becomes clear that parameters of the soliton and the parameters
of the radiation change with propagation. Therefore in order for the analytics to
be properly compared with numerics we should generalise the former by allowing an
adiabatic ^-dependence of the soliton parameters, which we do in the next section.

3.4

C om p en sation o f th e soliton self-frequency shift.

It has been demonstrated previously [65, 66, 68] that solitons emitting Resonant Radia
tion lose energy slowly (i.e. non-exponentially) transferring it to the resonant dispersive
wave. To conserve the momentum integral the carrier frequency of the radiating soliton
gets shifted in the spectral direction opposite to that of the radiation. This is the socalled spectral recoil effect [68]. This picture, however, is expected to be frustrated by
the soliton self-frequency shift towards the red part of the spectrum due to the Raman
effect [74]. The Raman shift is known to be a strong effect for pico- and femto-second
pulses [8].
The amplitude of the resonant wave has exponential dependence on |<5r —<Ja|, see sech
function in Eq.(3.33). The continuous Raman red-shift of the soliton carrier frequency
is directly proportional to the propagation distance f [74, 8]. Therefore, for fibres
with negative slope of /^(w), the Raman effect automatically reduces |5r — <5S|, see
Figs. 3.2 and 3.3, and leads to the exponential increase (along £) of the radiation
amplitude with the rate ~ 7r|c?f [tu<So]|/2. The growing red radiation, however, presses
the soliton towards the blue side of the spectrum. Thus, there exists the possibility
of a balance between the red frequency shift due to the Raman effect and the blueshift
coming from the radiation pressure. This effect, discovered by Skryabin et al. in 2003
[56], represents the primary reason for the existence of the solitary pulses with the
compensated Raman self-frequency shift and the growing tall of the Resonant Radiation
observed in the experiment carried out in Ref. [56]. This compensation is remarkable
because Raman self-frequency shift has hitherto been considered an immutable feature
of the propagation of subpicosecond pulses. The complete theory of this effect (due
to a collaborative effort between D.V.Skryabin, A.Yulin and the author of this thesis)
based on the results of sections 3.3 and 3.3.2 is developed below [60] .

3.4.1

A d ia b a tic th eo ry .

The essence of our approach is the standard assumption that the soliton parameters Ss
and q vary slowly in £. Then using evolution equations for the momentum and energy
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integrals we derive a system of ordinary differential equations governing the dynamics
of S3 and q.
The momentum integral
M =

J

dr\A\2dTa.ig A = -^

j

dr[AdTA — AdTA]

(3.35)

has the physical meaning of average frequency and is a conserved quantity of Eq.(3.1),
i.e. d^M = 0, only if the Raman effect is disregarded. Using Eq.(3.1) one can show
that
d^M =

—j dr | d r |A|2 J drr

[R ( t — r') — A (r —t ')\

.

(3.36)

The energy integral (number of photons)
Q = f dr\A\2

(3.37)

is a conserved quantity even in the presence of the Raman effect [9, 75]. We now assume
that the radiation tail is long enough so that contributions to M and Q originating
from the overlap between the radiation and the soliton are negligible compared to the
momenta and energy of the radiation and the soliton taken separately. Then M and
Q can be approximated by M ~ M s + M r and Q ~ Qr + Qa, where Afs>r and Qs,r are
momenta and energies of the soliton and radiation parts of the field, respectively.
Using Eqs.(3.8), (3.29), (3.32) and the conservation law d^Q = 0 we find in the lead
ing approximation the equation governing the evolution of the soliton parameter q
(D.V.Skryabin, 2004):

Similarly, substituting Eqs.(3.8), (3.29), (3.32) into Eq.(3.36) we find the equation for
the soliton frequency (D.V.Skryabin, 2004):
Qa^Sg = [<Sa —5r]d^Qr — a.

(3.39)

Here a = 4rr (29) 5/ 2/ [ i 5 |JD "|i/ 2]? Tj. ~ 3 fe/<o characterizes the slope of the Raman
gain spectrum [8], Q , = J d(|.F |2 = 2y/2q\D"\, Qr = { |I |2/|D J - D ’r |, and d(Qr =;
|I | 2/ W - ^ | .
By neglecting the first term on the right hand-side of Eq.(3.39) one reproduces the
standard formula for the Raman induced soliton self-frequency shift [74, 8], while the
fyQr-term describes the evolution of the soliton frequency due to radiation pressure.
Taken separately, the influence of the radiation and the Raman effect on the soliton
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frequency have been reported in [68] and [74] respectively. The possibility for them to
balance each other has been recently demonstrated experimentally and numerically in
Ref. [56]. Eq.(3.39) provides an analytical interpretation of the results of [56]. Indeed,
for S3 —Sr > 0, i.e. for the redshifted radiation, the terms on the right-hand side
can counterbalance one another. The balance clearly critically depends on the soliton
frequency. However, one cannot expect exact frequency locking, i.e. d^S3 = 0, for Ss
satisfying a = [<5fl —ST]\I\2/\D's —D ’r |. This is because q is not constant, see Eq.(3.38),
but decays with £ due to leakage of the radiation out of the soliton. In this respect,
instead of a ’cancellation’ of the Raman effect due to higher-order dispersion near the
zero GVD points, it is more precise to define the effect as ’compensation’.

3.4.2

N u m erica l r e s u lts .

Throughout this subsection we present results of the direct numerical integration of
Eq.(3.1) and Eqs.(3.38), (3.39) with dispersion (3.18) and e = —0.015. The cubic
dispersion approximation is sufficient for the qualitative explanation of the experimental
observations of Ref. [56] and, in addition, it significantly simplifies the handling of the
right-hand sides of Eqs.(3.38) and (3.39). The latter is because for the cubic dispersion
profile we know the exact analytical dependence of Sr on q and Ss, see Eq.(3.19).
Fig. 3.5 shows the evolution of the soliton parameters Sa and q calculated directly
from Eq.(3.1) and from the coupled system of adiabatic equations (3.38), (3.39). We
show three different cases. The first case is with the Raman effect switched off and
e = —0.015. The radiation action on the soliton then naturally leads to the decay of
the soliton amplitude and to the blueshift of its frequency. The second case is with
the Raman effect on and e = 0, i.e. there is no Resonant Radiation. In this case q is
practically constant and the standard redshift of the soliton frequency is observed. The
third and last case is when both Raman and radiation effects are switched on. One can
see that in this case the soliton amplitude drops faster than with the Raman effect off,
and that the rate of change of the soliton frequency is much less than the analogous
rate due to the Raman effect only. The faster decrease of q occurs because for small £
more and more photons are transferred to the radiation since |<5r —Ss\ is continuously
reduced by the Raman effect. As the amplitude of the radiation increases, so does the
recoil on the soliton, therefore the rates of change of q and Sa decrease substantially
for larger values of £. W ith GVD having the opposite slope, i.e. for e > 0, the recoil
effect pushes the soliton towards the red side of the spectrum and therefore acts in
the same spectral direction as the Raman effect. The overall effect is that |<5r —<5a| is
continuously increased and therefore the radiation amplitude decreases with £.
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Figure 3.5: (a) Soliton frequency S8 as a function of £. (b) Soliton parameter q as a function
of £. Numerical solutions of Eqs.(3.1) are shown by the solid lines and of Eqs.(3.38), (3.39) by the dashed lines. In (a) and (b) we have taken e = -0.015.
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Figure 3.6: (a) Spatio-temporal evolution of |A| as obtained from numerical integration of
Eqs.(3.1), (3.18) with initial condition given by (3.6) and <5a(£ = 0) = 5, <?(£ = 0) = 10,
e = —0.015. The grey shaded region emerging from the soliton is the radiation field. The grey
scale map used exaggerates the strength of the radiation in order to show it clearly. Dashed
lines mark the soliton trajectories with radiation and/or Raman effects switched off. (b) \A\ as
a function of r extracted from (a) at £ = 15. The dotted horizontal line indicates the analytical
result for the radiation amplitude calculated from Eqs.(3.30),(3.32).
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numerical integration of Eqs.(3.1), (3.18). Dashed lines are the results of the adiabatic theory.
The dashed-dotted line marks the zero GVD point. Note that the zero GVD point represents
an impenetrable barrier for the soliton, which is confined to exist in the anomalous region of
the dispersion. In order to compensate for the pressure developed by the Raman effect, which
pushes the soliton towards the red part of the spectrum, the soliton ’resists’ developing the
Resonant Radiation on the normal side of the dispersion, (b) Snapshot of the amplitude of the
Fourier transform of A for f = 15. All parameters as for Fig. 3.6.
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Figs. 3.6(a),(b) show respectively the soliton evolution in the (r, £)-plane and a snap
shot of the absolute value of the field amplitude for £ = 15. Figs. 3.7(a),(b) show re
spectively the soliton evolution in the (£, £)-plane and a snapshot of the absolute value of
the spectral amplitude of the field for £ = 15. For e = 0 and the Raman effect switched
off the soliton trajectory in the (r, £)-plane is a straight line, i.e. r /£ =constant, with
slope determined by the initial value of Ss. The slope is preserved with £ due to Galilean
invariance of the ideal NLS equation [67]. W ith the Raman effect on, the soliton tra
jectory becomes parabolic, i.e. r /£ 2 =const, which corresponds to the soliton group
velocity being inversely proportional to £ [74, 8]. When the tail of the exponentially
amplified radiation appears in the case with e < 0 and the Raman effect on, the soliton
trajectory becomes straight again, which indicates that the radiation and the Raman
effect balance each other. The emergence of the strong radiation band, see Fig. 3.7(a),
is accompanied by the transition from the regime of the uncompensated Raman in
duced self-frequency shift to the regime where the latter is substantially depleted. As
one can see, the results of the adiabatic theory predict the evolution of the blue edge of
the radiation band, see Fig. 3.7(a). This indicates that the parameters of the soliton
taken for a given £ determine the parameters of the radiation emitted at the same £.
The frequencies on the red edge and in the centre of the radiation band are created by
the soliton at earlier values of £, when the soliton frequency is larger.
The radiation tail appearing on the left from the soliton in the (r, £)-plane implies that
the red radiation propagates faster than the soliton, i.e. that it is emitted forwards.
This happens because D'T < D'a and V(<5r ) > V'(^), see Eq.(3.7). The Raman effect
creates the negative acceleration and therefore causes a delay on the solitonic motion.
The redshifted radiation, however, creates positive acceleration and therefore tends
to bend the soliton trajectory in the opposite direction, which results in the overall
straightening of the trajectory. Oppositely, for the positive GVD slope the radiation is
blueshifted. It is emitted backwards, V(<5r) < V(<5a), and causes negative acceleration
of the soliton.
Excellent qualitative and good quantitative agreement of the results of the adiabatic
theory and of the direct numerical integration of Eq.(3.1) confirms the validity of our
analytical results for the radiation amplitude derived in the section 3.3. Comparison of
the results presented here for the model dispersion (3.18) and the results of Ref. [56]
for the real PCF dispersion show that Eq.(3.18) captures the essential features needed
to explain the effect of the self-frequency shift compensation reported in [56]. We
can conclude that the analytical and numerical results that we have described above
confirm that the effect reported in [56] takes place due to the balance between the
Raman induced soliton self-frequency shift and the radiation pressure on the soliton.
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R elation betw een Cherenkov R adiation and R esonant R adiation

Resonant radiation is emitted by the soliton with a phase velocity exceeding the lin
ear phase velocity of the medium. This property of the dispersive radiation makes it
formally very similar to the familiar Cherenkov Radiation [92], but in the framework
of nonlinear optics [93]. In this sense, Resonant Radiation is often called Cherenkov
Radiation, although the latter phenomenon is purely linear, and we shall use the two
terminologies ’Resonant Radiation’ and ’Cherenkov Radiation’ as synonyms. The de
tails of the Cherenkov-like formulation of Resonant Radiation are expounded in an
early work on the subject, Ref. [68].

3.5

D iscussion.

Paper [56], where the effect of the self-frequency shift compensation by the radiation
pressure was originally reported, uses the term ’cancellation’ instead of ’compensation’.
However, as we have shown above analytically, exact cancellation is prevented because
the soliton parameter q decreases with the propagation distance. In practical terms,
however, the compensation is very strong indeed. For example, the results shown in
Figs. 3.5 and 3.7, when translated into physical units, show that over a propagation
distance of approximately 2 meters the magnitude of the uncompensated Raman self
frequency shift of a ~ 120 fs soliton is approximately 100 THz. However, in the regime
when the frequency of the soliton is ’quasi-locked’ by the radiation, the frequency
shift over the same distance is only ~ 5 THz. This agrees remarkably well with the
experimental observations of [56].
For long propagation distances the soliton keeps losing its energy to radiation and gets
broader, therefore both recoil effect and the Raman effect weaken out, but the balance
between the two is preserved. For example, for the parameters of Fig. 3.6, the soliton
decay rates found from the direct numerical integration of Eq.(3.1) and measured in
dimensionless propagation units are 0.5, 0.15, 0.04, and 0.02 for the propagation dis
tances f = 6 , 12, 25 and 50, respectively. The corresponding values of the decrease rate
of the soliton frequency are respectively 0.15, 0.06, 0.025, and 0.01. In our modelling
we observed propagation of the soliton over more than 100 dispersion lengths, but its
final fate can not be unambiguously determined from our results, because the radiation
inexorably passes through or gets reflected at the boundaries of the temporal window,
and feeds back into the soliton itself.
The most important feature of the Resonant Radiation emitted by the soliton under the
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conditions considered above is that it is exponentially amplified due to the combined
action of the Raman effect and the negative GVD slope. This leads to the idea of
obtaining parametric amplification with the signal frequency controlled by the GVD
slope, as suggested also by Mollenauer [53] in a review paper subsequent to our work.
Note that the generation of the resonant wave by the soliton is very different from
standard four-wave mixing and does not exhibit the usual symmetry between the Stokes
and anti-Stokes waves. This is because, in the process of the emission of the resonant
wave by the soliton, the energy and momentum are shared between the emerging wave
on one side and the solitonic pulse as a whole on the other, but not between several
continuous waves as in the usual four-wave mixing. The origin of this asymmetry
resides obviously in the different form of the phase-matching condition for the two
phenomena. In the case of FWM the resonant frequencies are found by solving the
algebraic equation of Eq.(2.20), which involves even-order GVD coefficients only, and
that therefore implies the existence of symmetrical bands of instability. On the other
hand, Eq.(3.17) imposes a similar phase matching condition to the previous one, but it
includes all terms of the linear dispersion, and therefore its roots, which represent the
resonant frequencies, will not have in general any particular symmetry, as is also clear
from Fig. 3.2.

3.6

G reen fun ction approach to th e treatm en t of R eso
nant R ad iation . Scalar and V ector case.

In sections 3.3-3.4 we have been able to calculate the amplitude of Resonant Radiation
emitted by optical solitons by means of the adiabatic method. We now show how a
different procedure, based on a Green function formalism, can be applied to obtain
exactly the same results. This formalism complements the simple theory described
in [60]. The Green function method is undoubtedly mathematically more involved
than the adiabatic method, but it allows a better understanding of the perturbative
procedure, relating clearly the Green function for the free linear waves to the interaction
potential provided by the soliton.
In section 3.6.1 we show how to perform calculations of the radiation amplitude in
the simplest possible case, i.e. in the case of a NLSE soliton, and we compare our
final analytical formula Eq.(3.75) with the result of the adiabatic approach given by
Eq.(3.27).
The same method is applied to the more complicated case of low-birefringence fibres in
section 3.6.3, for which case Resonant Radiation from an elliptically polarised soliton
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solution is examined.

3.6.1

Calculation of the Green function in the scalar case.

Let us start with writing the NLSE (3.1) in the absence of the Raman effect (0 = 0):
id^A + D(idT)A + \A\2A = 0.

(3.40)

The operator D has been defined in Eq.(3.2). By substituting Eq.(3.8) into Eq.(3.40)
and keeping only the first order in g = [g, g]T , we obtain
iodz - q + ^

+ M g - P ( id ()S = S (F ),

(3.41)

where a = diag(l, —1) is the third Pauli matrix which has been introduced to take
into account the change of sign of the imaginary unit under the complex conjugation
operation in our vector notation. For simplicity we have imposed D3 = 0 and Ss = 0 in
Eq.(3.8); all results can be generalised to the case in which these quantities are different
from zero. Here M (() is the hermitian potential matrix
M (Q =

2|F(C )|2 F 2(()
F 2(0
2|F(C )|2

(3.42)

P(idc)
0
0
P i - id tf

(3.43)

and P(ido) is the matrix operator
N (id c) =

where P{idc) = [£>2(«0C) - f}(idc)] and S{F) = [S,S]T = [P(idQ)F ,P { -id c)F]T =
P(id{)F, with F = [F, F]T. Operator P{id^) represents the perturbation due to higher
order dispersion coefficients, provided that the condition given by Eq.(3.14) is satisfied.
Hermitian matrix M is the potential felt by radiation g, while vector S(F ) is the source
term of the perturbation operator acting on the soliton. Note that because M is non
diagonal, in general field g will be coupled to field g.
Let us now rearrange Eq.(3.41) in the following way, putting the dispersive terms on
the left-hand side and all the other terms (source + potential) on the right-hand side:
- 9 + \% -

g = S(F ) - M g.

(3.44)

Our task is to calculate the Green function Q for the dispersive operator, looking for an
appropriate solution of the following equation [which comes from the first component
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of the left-hand side of Eq.(3.44)]:
C -C ') = A (C -C '),

(3-45)

or equivalently its complex conjugate [the second component of Eq. (3.44)]:
? ( f,C -C ') = A (C -C '),

(3.46)

where A(£) is the delta function in a certain representation, which we specify later,
and A(£) is the same function but in the complex conjugated representation. Once
Q (or equivalently Q) is known, the convolution theorem allows us to find the general
solution of Eq. (3.44) as

m, o

= m , o + J_°°

c - co [s(F(0) - M e m , co]

(3.47)

where <70 is an appropriate function that we shall specify later, necessary to select a
suitable boundary condition for the radiation field (usually specified at £ —i►± 00 ),
and where we have defined the Green function 2 x 2 matrix Q = diag(S,Q). Note
that Eq.(3.47) is an integral equation: quantity g(£, C) appears on both sides of the
equation; it will be solved, after having calculated Green’s function Q explicitly, with
a perturbative procedure which we shall describe in section 3.6.2.
As a representation of the delta function we choose
1 r +00
A(C - C ') = w~
J —00

(3.48)

Let us now substitute Eq.(3.48) into expression (3.45) in the absence of the spatial
propagation operator iad^, we shall calculate the ^-independent Green function first,
and then generalise it to the ^-dependent case in due course. We obtain the following
integral representation for the ^-independent Green function Q:
1

f +°°

1

r +00 eMC-Odu
- 7 T m ,

(3.49)

where it is clear that D (u) is the Fourier transform of the dispersive operator, D (u) =
F (D(id{)) = F(^5^ —P(id{)). This integral is to be interpreted in the sense of the
Cauchy principal value, and the integrand is an analytic function. D (u) is a polynomial
of degree M [see formula Eq.(3.2)], and the algebraic equation
- q + D{u) = 0
gives the (complex) poles of the

(3.50)

integrand function. Note that the operator in the
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denominator of the second member of Eq.(3.49) acts on the exponential function to
give the final expression for the integrand, written in the last member.
We classify the roots of Eq.(3.50) into three classes: S° is the set of purely real so
lutions of Eq.(3.50), S+ is the set containing complex roots with positive imaginary
parts, and the complex conjugated set S“ = [S+]* is the set of complex roots with
negative imaginary parts. The set S containing all solutions will be S = S° U S+ U S“ .
Moreover we assume for simplicity that all roots belonging to S are non-degenerate:
this assumption would not modify the qualitative conclusions given here, but it would
only complicate the evaluation of the complex integrals with the residue theorem.
It is important to note that set S° contains the real roots that generate linear resonances
in the system. It follows that relation (3.50) can be interpreted as a phase-matching
condition for the soliton to emit Resonant Radiation. Roots belonging to the set S°
will not decay exponentially thanks to the fact that their imaginary part is vanishing,
and they will represent the main contribution to the integral Eq.(3.49) when £ —>• ± 00.
We are now in the position to evaluate explicitly the integral in Eq.(3.49) using the
residue theorem. The evaluation of the principal value of Eq.(3.49) is performed by
calculating the contour integration of the analytic integrand function over the closed
complex paths 7 ±, depicted in Fig. 3.8 with blue and red colours respectively. To show
the concept we take for simplicity set S to be made of one real root <5o (gray dot on
the real axis in Fig. 3.8) and a complex conjugated pair of roots 5± (crossed circles on
the complex plane in Fig. 3.8). This case corresponds to the cubic dispersion relation
of Eq.(3.18). Note that paths j ± do not include pole <So in their internal areas, but
only <5± respectively. The integration of an arbitrary analytic function eWTf(u>) with
the above pole structure over 7 ± can be decomposed into the sum of several integrals:

<f eWTf(u j)d u = \f

"7±

\ J —R

+

(

+ [+ [

J 6q-\-€

J C(

1 d UTf
JC/jJ

= 2ni Res

<5±) ,
(3.51)

where r = £ —£', C€ is the small semicircle of radius e surrounding the pole <$o, and C r
is the large semicircle with radius R introduced to close the path. Res (e*a,T/(a>), <5±)
indicates the full residue of eia,T/(u;) calculated at u = <5±, as dictated by the residue
theorem [97]. We use here the convention that counterclockwise integration paths give
positive signs, while negative signs are assigned to clockwise integration paths [see also
the orientation of the arrows along 7 ± in Fig. 3.8].
In the limit of large R and small e, the first two pieces of the second member of Eq. (3.51)
converge towards the Cauchy principal value of the integral. We can therefore write in
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Im(co)

-R

+R

Figure 3.8: Contours of integration of a generic analytic function e*wr f(uj) on the complex
plane [Re (u>) ,1m (o>)]. f(u) possesses three non-degenerate poles, one purely real (<5o, indicated
by a gray dot on the real axis) and the other two complex and conjugated (<£±, indicated with
crossed circles). The prescription due to Jordan’s lemma imposes the choice of path 7 + (7 - )
when r > 0 (r < 0 ), in order to allow integration over semicircle Cr to vanish for large radii
R. Integration over the small semicircle Ce gives half of the residue calculated in <5o for every
value of radius e, while integration over thepath on the real axis gives, in the limit of large R
and small e, the principal value of the integral over the real axis.

this limit:

/

+00

oo

= — lim f

lim

rdo-e

/

R -+ 00, c->0 LJ - R

/* + ^ l

+ /

e*" 7 («)<fc; =

J6o+e\

etuJTf (u)du> — lim f e1** f[ui)du) + 2ni R,es (etuJTf(uj),S±) =

e -+ °J c e

= - lim f

r

e™Tf(u>)du> =

R -to o J c r

eWTf{ui)dw + ni [ Res (e,u;T/(a;), So) sgn(r) + 2 Res (e*WT/(a;), S± ) ] ,

R-> 00 J c R

(3.52)
where we have used the fact that the integration over Ce gives ni Res (/(cj), ^o)? which is
half of the full residue of f ( u ) at cj = So [97]. In addition, Jordan’s lemma [97] ensures
that the integration over C r in Eq.(3.52) goes to zero for R —>0 0 under the following
conditions: when r > 0 (r < 0 ) one must perform the integration on the upper (lower)
half-plane of the complex plane, i.e. along curve 7 + (7 -). These conditions are found
by imposing an exponential decay of the function eluJTf(uj) along C r, and are also
responsible for the factor sgn(r) in Eq.(3.52).
It is important to note that roots <S±, belonging to set S± , have nonvanishing imaginary
parts. As a consequence, the residue Res [elu}Tf(uj),S±) in Eq.(3.51) will decay expo
nentially with |t|, being strongly localised around the centre of the soliton solution.
It follows that the residue due to <J± can be safely neglected when considering large
values of r , and in the following we shall put it equal to zero. Disregarding the effect
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of roots <S± in the calculation of the Resonant Radiation amplitude is analogous to ne
glecting the ^-derivatives of G of order higher than the first in the adiabatic approach
of Eq.(3.24).
Applying all the previous considerations to Eq.(3.52), we obtain:

/

'+00
+00

etu}Tf(u)du) ~ 7T« Res (elwT/(w ), <5o) sgn(r).

(3.53)

•00

Let us now apply Eq.(3.53) to Eq.(3.49) to obtain explicitly Green’s function Q, calcu
lated by integrating only over the set of real roots belonging to S°:

<3-54>

0 l(

where
V 'M

= D'(S0) =

(3.55)

defines the group velocity at the resonant frequency.
The next fundamental step is to impose the boundary conditions for the radiation field,
i.e. to find an appropriate go in Eq.(3.47) that is able to satisfy the condition that there
is no radiation at the beginning of the spatial propagation, <f(£ = 0 , £) = 0 for all values
of £, in order to restore the spatial dependence on the variable £ in Eq.(3.44). In other
words, Green’s function Q must vanish for £ = 0. It is possible to show that this task
is accomplished by the ^-dependent Green function
r+°°

1
y

j

j

—

- A-Q+D(uj)]^\
( ,* ,

to be compared with the ^-independent Green function of Eq.(3.49). Again, the in
tegrand is an analytic function. This expression can be derived more rigorously by
analysing the spatial dependence iad^ in Eq.(3.44), solving it with respect to £ as if it
were an ordinary differential equation.
Note that the integrand in Eq.(3.56) now contains an exponential with argument
i[—<7+.D(u;)]£, which can be, generally speaking, a complicated function of the complex
frequency u. It is therefore not possible to solve explicitly the integral of Eq.(3.56),
unless a specific integration path satisfying Jordan’s lemma is found. However, such
a path can be found once an additional (but not excessively restrictive) assumption is
made, i.e. that the function [—q + D{ui)\ can be expanded in a Taylor series around
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the only resonance Sq:
[ - Q

+D {u)]

cz

d [-q + D{u)]
[u - i5o] = vg L(tS0)[oJ - (So]du)
uj=5q

(3.57)

With this assumption, we totally neglect the partial Green functions Q± , and expression
(3.54) must be modified accordingly to include the spatial dependence:

27r J s o

—q 4- D{io)

- ^ ° K _c']vfl(<50)[sgn(C - C') - sgn(C - C' + v ^ iS o )^ ] .

(3.58)

Function [sgn(£ —(') —sgn(£ —£' + v~l (<So)£)]/2 will be of importance in the discussions
that will follow. We name this function r}^(vg, C ~ 0 , and its basic properties are listed
in Appendix C, where the definition of the truncated Fourier transform is also given.

3.6.2

Lippmann-Schwinger equation and Born series. Born approxi
mation.

Knowing explicitly (thanks to the powerful methods of complex integration) an ap
proximate expression for the total Green function Q, we are now in the position to use
the convolution theorem Eq.(3.47) and calculate the radiation field <?(£, £) explicitly.
As we have noted before, Eq.(3.47) is an integral equation on the amplitude function
g. To solve it, we may use a standard method borrowed from scattering theory [94].
The explicit form of Q = diag(£7, Q) deduced from Eq.(3.58) is given by
Git, C - C') = ivg{60)det<rS°te-*>\(vg{6o), C - C')>
where rj^vg, t ~ C) = diag(r/€(us , £ - C')>

(3-59)

C “ C'))-

Let us rewrite Eq.(3.47) in the following way:

/

+oo

C- C')[S (F ((')) - M ( ( ' m , C')]<-

(3.60)

■00

Let us define a new matrix kernel K as
(3.61)

and a ’constant’ vector Go such that
_

r+ oo

^

Go({, 0 = /
5 ( ? , C - C ')S(F(('))d('.
J —00

(3.62)

With these new definitions we can write the original equation (3.60) in the following
symbolic way:
g = G0 + K ® g ,
(3.63)
where the symbol <g> denotes the operation of convolution[asprescribed explicitly in
Eq.(3.60)], and all superfluous dependence on £, £ and £' has been suppressed to clarify
the concept, and will be restored in due course. Using this symbolic notation, one can
rearrange the terms of Eq.(3.63) to obtain a formal solution for the amplitude field
3 = - ^ — Go-

(3.64)

1 - K <g>

Equation (3.63) is called the Lippmann-Schwinger equation forthe problem, and its
formal solution expressed in Eq.(3.64) can be justified rigorously in the framework of
the theory of Volterra integral equations, see for example [95]. Of course the only
problem with expression (3.64) (which in principle represents an exact solution of our
problem) is the interpretation of the operator in the denominator, which contains the
potential matrix M . Under the following assumption:
«: 1,

V£,

(3.65)

(we will further elucidate this condition later), we can expand in a series the operator
[1 - .KTO]-1:
[1 - £<g>]-1 = l + K ® + k ® K ® + . . . ,
(3.66)
obtaining the so-called B om series [94] for the Lippmann-Schwinger equation Eq.(3.63):
g = [ l + A : ( 8>+^:<8)X( 8) + . . . ] ^ o .

(3-67)

W ith this perturbative expansion of the solution for the radiation amplitude g we can
now start to calculate explicitly the single terms in the expansion. The zero order in
the perturbation theory is certainly given by
3 <0) = Go,

(3-68)

which corresponds to the solution found from Eqs.(3.32-3.33). At this level the inter
action between the solitonic potential and the radiation is totally neglected; only the
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resonant frequency So which appears in Eq.(3.68) is calculated using Eq.(3.50), where
the soliton parameter q is taken into account, see also Eq.(3.34). Note that in Akhmediev et al. [68], even this important correction to the tuning of the resonance frequency
is not taken into account, leading to strong disagreement with numerical simulations,
as already discussed on page 57.
Correcting the zero order approximation by adding the first order correction to
Eq.(3.68), we obtain the so-called B om approximation, given by
= G o + J r ® G 0,

(3.69)

which aheady takes into account the potential matrix M hidden in the kernel operator
k.

The calculation of

under the assumption that S° = {<$o} leads to the result:

/

+oo

# ( ( < < - C')5(C'K ' =

io)‘+„ -,£,

(3.70)

where with the symbol F(-, -)^ We have indicated the truncated Fourier transform,
in which the argument is integrated not from —oo to +00 but from x i to X2 , the
properties of which are listed in Appendix C. In Eq.(3.70) the diagonal Pauli matrix
a = diag(l, —1) has been used. In the limit £ -> +00 and £ —►± 00, the truncated
Fourier transform simply tends to the conventional Fourier transform calculated at So
(provided that one has respectively sgn(us) = =F1, see Appendix C), which we denote
with F(-). We obtain the result
gf°> (( - > + o c , { - > o o ) = ivg (So)<7 ei&‘°<F(S; S0).

(3.71)

This ’simple’ formula constitutes the main result given in Eqs.(3.32-3.33). More ex
plicitly we have, for the first component of Eq.(3.71):
0 (O)(f -» + 00 , £ -> 00) = ivg(<$0)e,<Jo^7re<$Qsech

>

(3-72)

which coincides with the result of Eqs.(3.32-3.33) if we identify vg(So) with [D's — D'r\.
Under the Born approximation (3.69), it is possible to prove that
C) = ivg(S0) » e ^ [F(5, <So)<+„ -,£+

/

;

+00

C - C ' W ( S , «o)<+„ -.£< q •
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(3.73)

Again, in the limit £ —►+ 0 0 , £ —> 0 0 we can calculate explicitly the first component of
vector (ft1) in Eq.(3.73), obtaining:
+ 0 0 , C ->• 0 0 ) = w 9(<50)e*<JoC7re^sech

x / 1 + iu9(^o) ^y/2q —27r<5osinh

“ (& )]} ■

x

(s-74»

Eqs.(3.73-3.74) are already useful analytical results. It is possible, however, to go fur
ther and to resummate all the orders of the perturbation theory, obtaining a formula
which is valid beyond all orders. It is possible to show that, after some careful mar
nipulation, the calculation of the arbitrary partial sum (ftN) and the limit for N —>0 0
yields the following expression (see Appendix C for some details of this derivation):

f

=

e+f»j(«o)»*K')e- iMo<'£(*•(£'))<£', (3.75)

where we have defined the integrated potential matrix:
m (£) =

J —oo

e - ^ 'a M iO & e + ^ 'd t ',

(3.76)

which is well-defined because the solitonic potential is localised. Expression Eq.(3.75)
represents our main analytical result for the amplitude of Resonant Radiation.
The result given by the first component of the vector <?(£,£) of Eq.(3.75) must be
compared with equation (3.27) given in section 3.3.2, to which it is analogous [apart
from the oscillating exponential exp(i<5oC)> see Eq.(3.23)]. In our compact notation,
the second component of the vector <?(£, £) will be simply the complex conjugate of
the first component. Exponentials containing the perturbative factor vg in equation
Eq.(3.75) can be expanded in Taylor series provided that condition (3.65) is satisfied;
this is a condition on the soliton amplitude q, which specifies the convergence radius
of expansion (3.67). In the present case the reader can verify that one obtains the
simple condition \vg\y/q
1. Since vg is of the order of e, we conclude that the series
is convergent for |e|y/q

1.

The influence of the integrated potential matrix m in Eq.(3.75) is two-fold, as it was in
Eqs.(3.30) and (3.32): it affects the asymptotic values of the amplitude and the phase
of the emitted wave. Moreover, the integrated potential matrix m couples the two
components of the vector g, through its non-diagonal elements. In a first approximation
these non-diagonal elements in the matrix can be neglected, as we have discussed in
section 3.3.2 regarding the transition from Eq.(3.24) to Eq.(3.26), due to the fact that
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Figure 3.9: Amplitude of radiation generated by the third order dispersion operator P(id{) =
ied* in the scalar NLSE, as a function of the soliton parameter q, calculated in four degrees
of approximation. (1) using the zero-th order approximation Eq.(3.71), which coincides with
the result given by Eqs.(3.32-3.33); (2) using the Bom approximation given by Eq.(3.73); (3)
using the full expression Eq.(3.75) but when the integrated potential matrix m is taken to be
diagonal, which coincides with the result expressed by Eq.(3.27); (4) the same as (3) but using
all the components of the integrated potential matrix m. The value of parameter e, which
regulates the magnitude of the third-order dispersion, is e = -0.005.

they rotate at a frequency which is detuned far from the fundamental frequency of the
Resonant Radiation.
In Fig. 3.9 the radiation amplitude |<?(£ —> oo, £ —> oo)| as a function of the soliton
parameter q is shown, as calculated in four different degrees of approximation. For this
example we have chosen e = —0.005. Line (1) in Fig. 3.9 shows the crude zero-th order
calculation when neglecting the potential. This approximation is expressed in Eq.(3.71),
and constitutes the result previously known from the adiabatic theory without the
potential term [Eqs.(3.32-3.33)]. Line (2) represents the first order correction (Born
approximation), expressed in our Eq.(3.73). Line (3) represents the result of formula
(3.75) but neglecting the off-diagonal elements of the integrated potential matrix m,
which therefore provides the same result as Eq.(3.27) as calculated in the adiabatic
approach. Finally, line (4) (dotted line in Fig. 3.9) gives the result of the full formula
(3.75) with no approximations on the integrated potential matrix, showing that in
the scalar case represented by the NLSE the off-diagonal elements of m can be safely
neglected to obtain a result which is accurate enough to describe the process of emission
correctly.
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3.6.3

Green function approach in the Birefringent case.

Let us turn briefly our attention to the case when the optical fibre exhibits a small
birefringence, which allows a coherent (i.e. phase-dependent) coupling between the
orthogonally polarised modes A x (TM, slow mode) and A y (TE, fast mode), already
described in detail in section 2.7, see also Eqs. (2.35). Here we rewrite the governing
equations of light propagating in the low-birefringence PCF with a new dimensionless
notation which we will adopt from now on:
id^Ai + ipd^Ai + pAy + D (id^)Ai -f- [|Ai |2 + -®|A.2 |2].Ai 4- [1 —B]AiA% = 0,

(3.77)

id{A2 —ipd(tA2 — pA2 -1- D(id^)A2 -I- [\A212 + S |A i| 2]A.2 -f [1 —B]A2A\ = 0,

(3.78)

where B = 2/3, A 1)2 = A X}y/y/P^, f = z /z 0, C = */<o, Po = (l* o)_1, P = |A/?iz0Ao|
and p = \Aj3\zo/2. zq and to are arbitrary scales for propagation length and time
respectively.
As done in the previous section, we assume that the radiation fields are small compared
to the principal optical components of the soliton,
^i(fiC ) = [^i(C) + /(f,C)]exp(*gf),

A2 (£,C) = [^(C ) + 0 (f,C)]exp(*gf), (3.79)

where FipiC) are the two components of the stationary solution around which the
perturbation theory is constructed, and (/, g) are the complex perturbation (radiation)
fields, with the condition f , g
Fi,2 - Note that we have imposed the condition that
the wavevectors of the two components be equal to a common value g, due to the fact
that the two orthogonally polarised components of the low-birefringence soliton are
phase-locked (see Ref. [36, 100]). Substituting expressions Eqs.(3.79) into Eqs.(3.773.78) and linearizing with respect to the radiation fields {f,g), we obtain the following
two equations
• [idt S - q + p + ipd( + D (idc)] f + [2 |i*\ |2 + B |F 2|2] / +
+ [F? + [1 - B]F22] / + 2BRe (F LF2) g + B F iF ig = 0

(3.80)

. [<9{J - q - p - ipdQ + D(id()]g + [B |F i |2 + 2|F2|2] g+
+ [[1 - B ]F 2 + F |] g + 2BRe (FLF2) / + B F ^ J = 0.

(3.81)

Prom these two equations it is quite evident that the potential term due to the soliton
has a more complicated structure than the potential term in the scalar case of Eq. (3.42).
Introducing the radiation vector ip = [/, / , g, g]T, we can write Eqs. (3.80-3.81) (together
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with their complex conjugate) as the single compact equation
[*£% - q + ipBds + pC + D{idc) + M] $ = 5 (F ).

(3.82)

Here we have defined the auxiliary matrices B, C and S as
B =

C =

a

0

0

—a

12x2
0
0
—12x 2

£ =

a
0

0

(3.83)

(3.84)

(3.85)

<7

where a is the diagonal Pauli matrix and 12x2 is the two-by-two identity matrix. The
matrix operator D(id^) which models the GVD has been defined as
£>(idc) = diag lD(id<), D ( - id c), D(idc), D ( - id c)],

(3.86)

and the potential matrix M, which depends only on the stationary solution F l}2, is
given by the 4 x 4 hermitian matrix

M(0 =

2|F 1|2 + F |F 2|2, F 2 + [ 1 - F ] F 22, 2 B R e(F LF2) ,
BF[F2
F t + [1 - B ]F 2, 2 |F i |2 + B |F 2|2,
F F iF 2,
2B R e(F LF2)
2BRe (F i F2) ,
B F tF2,
B\Fi\2 + 2|F2|2, [1 —B \F f + F 2
B F tF2,
2 B R e(F iF 2) , [1 - H ] F 2 + F 2, B |F i |2 + 2|F 2|2
(3.87)

The source vector 5 (F ) depends on the stationary solution vector F = [Fi, Fi, F 2, F2]T
only, and it is given by 5 (F ) = [P (id^)Fi,P(—id^)Fi^P(id^)F2^P (—id^)F2], where
the perturbation operator is defined as P (id£) = [D2(id^) — D{id£)], using the same
notation as in Eq.(3.43).
To findthe resonant frequencies and the group velocities of the linear waves which enter
into resonancewith the soliton, we need to write first the phase-matching conditions on
the physical wavevectors for the linear waves to exist. Following the same procedure as
that outlined on page 68 , we take the Fourier transform of the linear operators which
figure in Eqs. (3.80-3.81), obtaining the two phase-matching conditions
—q + fjL + pu) + D (u) = - q + ki(oj) = 0,

(3.88)

—q —p —p u + D (u) = —q + k2{u) = 0,

(3.89)

where D (u) is the Fourier transform of the dispersive operator D(id^), i.e. D ( oj) =
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F(D (id^),u). kip( oj) in Eqs.(3.88-3.89) represent the wavevectors of the linear waves
polarised respectively along the slow and the fast axis.
Real roots of the algebraic equations (3.88-3.89) will provide the resonant frequencies
of the linear waves. In the general case the real frequencies found by solving Eq.(3.88)
will be different from those found by solving Eq.(3.89). This results in linear waves
excited along the slow and the fast axes which differ in their frequencies and therefore
in their amplitudes, as we shall see later. Equations (3.88-3.89) have several complex
solutions, and all of them contribute to generate the resonant wave. We collect these
roots into the following sets: S® and S 2 contain all the purely real roots respectively
of Eqs.(3.88) and (3.89). Using notation introduced on page 69, we define the sets S ^ 2
which contain all the complex roots with non-vanishing positive imaginary parts, for
the TM and the TE modes respectively. Finally sets Sj"2 axe complex conjugates of
S f>2. The set S containing all solutions to Eqs.(3.88-3.89) is therefore S = Si (J S 2 =

s?’ussusfusrusjusj.
The matrix M appearing in Eq.(3.87) represents the ’potential’ term of the Schrodinger
-like equation given by Eq.(3.82), analogous to matrix M given by Eq.(3.42) in the
scalar case. The (coherent) vector case provides therefore a more complicated potential
when compared to the case of Eq.(3.42). This is of course a consequence of the presence
of the phase-dependent coupling terms A ipA ^p in Eqs.(3.77-3.78). Following similar
considerations to those discussed in section 3.3.2, it is possible to identify those terms in
the potential matrix which give a negligible contribution to the scattering of the linear
waves due to their different rates of phase rotation. The elements
which rotate at
double the resonant frequency are the elements for which i + j is an odd number, with
h j £ {1,2,3,4}. We shall analyse the contribution of these terms later in the text.
The group velocities of the two resonant waves polarised along the two principal axes
axe found to be:
dki(S)
dD(5)
(3.90)
= p+
as
as seSi
’9,2 (S) =

dk2{5)

as

tfes2

= -p +

dD{6)

as

(3.91)

where S in these relations is intended to be one of the roots of the polynomials of
Eqs.(3.88-3.89). Note th at because the resonant frequencies axe in general complex,
their associated group velocities will be in general complex too. The physical group
velocity at which each component of the resonant wave travels will be associated with
the real part of v " 1, while its imaginary paxt will determine the damping coefficient
during the emission process.
We axe now able to calculate the Green functions Qip (£, £ —('), which will describe the
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spatio-temporal evolution of the resonant emission process along the two polarisation
axes. Following essentially the same steps as in section 3.6.2, one obtains the definitions
of 01,2 (6 C—CO through the Cauchy integrals
1

e [ - g + f c i , 2 (w)]f \

/•+ 00 ptw fC -C '] r 1 _

C- C') = ^ P V /

1

27T

. ■■■-n ----------Ldu,

(3.92)

- q + fci,2(<W

where the structure of the ^-dependent exponential has been chosen to satisfy the
boundary condition if) = 0 for £ = 0, i.e. that there is no Resonant Radiation at
the beginning of the soliton propagation. Because of the complicated nature of this
exponent, the integral can be evaluated analytically only if we expand the exponent in
Taylor series up to the first derivative around the real roots belonging to the set S°:
- q + &i,2M s v~l { ^ 2)[u - <S?}2],

(3.93)

where J ° 2 £ S®2. For this expansion the integration path satisfying Jordan’s lemma
can be found in an elementary way, leading to the results:

£1,2 ( 6 C—CO —

[sgn(C - CO“ sgn(C - C' +

e*i?.aK" c'1 (3.94)

where as usual only the set S° containing the real (resonant) roots has been considered.
Having determined the Green functions for the ’free’ linear waves in resonance with
the birefringent soliton, it is now possible to construct the perturbation theory (which
describes the interaction between the free linear waves and the potential generated by
the soliton) using a Lippmann-Schwinger equation, in perfect analogy to what has been
done in section 3.6.2, Eq.(3.63). For this purpose, let us define a Green function matrix
as
£ = diag(0i,0i,02,02).

(3.95)

The Lippmann-Schwinger equation for our problem then reads

<?({, C) = r ° ° 6((, C- CO [s(P(C0) - M(C0l?(C, col d(',
J —00

(3.96)

which can be written in the synthetic form
if = tpo + K <8>

(3.97)

where <8> represents the convolution integral operation in the variables £ and C?
K(£, C, CO = —0(6 C—C)M(C), and V'o = 0 <
8 >S(F ). As usual, the formal solution of
this integral equation is given by the formula

1-K ®
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(3.98)

which can be expanded in a formal Taylor series if the following condition is satisfied:
WK&&W

« 1,

VC.

(3.99)

IM I

We introduce now the following 4 x 4 diagonal matrices
V =

(3.100)
6 = diag(<$i, <5?,^2 ^ 2 )?

(3.101)

fy(V,C- CO = diag{r/e(us ((5f)),^(?;9(^ )),r/e(nfl(^ )),r/f (t;fl((55))} ,

(3.102)

which will serve to express the final formula for the radiation amplitude 0 in the most
compact way. Using these matrices and Eq.(3.94) one may write the Green function
matrix as

c-

C- CO=

COe^K-fl.

(3.103)

It is therefore possible to prove that, after the resummation of all orders in the pertur
bation theory (see also the procedure outlined in Appendix C), the full expression for
the radiation amplitude reads

0(£, 0 =

JC+v^'t
'C+Vglt

(3.104)

where the 4 x 4 matrix m is defined by
m ( < ) = f C e - i£^ 'S M (C ')S e +if:^ 'd C '.
J — OO

(3.105)

The condition of Eq.(3.99) becomes the condition yTjl max{uff(^f), v9 ($5;}| ^ 1The zero-th orderapproximation of expression (3.104) for £

oo and £ —►
oo is given

by

t?(°> = iVte'^FiS, i),

(3.106)

and the Born approximation is given by
r

= tV-SeiE{« F (S, 5) + i V t J

r+oo

«.

e -™ * ± M ((')Z e+its? ■

-i

< - ( ')F(S,
(3.107)

Formula (3.104) needs to be explained carefully. First of all it has been written to
resemble closely Eq.(3.75). In the scalar case of Eq.(3.75) there was only one resonant
frequency (<5q), and to take into account the change of sign of the complex conjugation
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Figure 3.10: Amplitudes of radiation |/| [(a), slow axis] and |p| [(b), fast axis] generated by
the third order dispersion operator P(id$) = ied%, emitted by the elliptical soliton solution
of Eqs.(3.77-3.78) (described in Refs. [99, 100]), as a function of the soliton parameter q,
calculated in four degrees of approximation. (1) using the zero-th order approximation given by
Eq.(3.106), which neglects the potential; (2) using the Born approximation given by Eq.(3.107);
(3) using the full expression Eq. (3.104) but when the integrated potential matrix m is taken to
be diagonal; (4) the same as (3) but using all the components of the integrated potential matrix
m. The value of parameter e, which regulates the magnitude of the third-order dispersion for
the two optical components, is e = —0.015. Other parameters in Eqs.(3.77-3.78) are: p = 0.5
and /* = 1.

operation on the imaginary unit i we had to introduce the diagonal Pauli matrix a.
Of course the notation in Eq.(3.75) was redundant, because to specify completely the
vector g only the first component is needed, since the second component is just the
complex conjugated of the first one, but it is very compact and useful, because it shows
explicitly that the components of vector g can couple between themselves through the
integrated potential matrix m. In expression Eq.(3.104) we have the same kind of
redundancy, where the first component of the vector ip is the complex conjugate of the
second component, and the third component is complex conjugated of the fourth one.
Secondly, Eq.(3.104) can be used for equations with an arbitrary number of components,
provided that one generalises properly the definitions given by Eqs.(3.100-3.102).
In order to provide a practical example for the theory explained above we use the
complex elliptical low-birefringence solitons, solutions of Eq.(3.77-3.78), described in
detail in Refs. [99, 100] (we do not reproduce here the results given there), when
perturbed by the third-order dispersion operator P(id$) = iedj?.
In Fig. 3.10 the radiation amplitudes |/ | and |g| along the two principal axes in the limit
£ —>• oo, £ —>oo as functions of the soliton parameter q are shown, as calculated in four
different degrees of approximation. For this example we have chosen the parameters
e = —0.015, p = 0.5 and p = 1. Fig. 3.10(a) is referred to the radiation emitted along
the slow axis of the fibre, and 3.10(b) to the radiation emitted along the fast axis.
Lines (1) in Figs. 3.10(a,b) show the crude zero-th order calculation when neglecting
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the potential, given by Eq.(3.106). Lines (2) represent the first order correction (Born
approximation), given by Eq.(3.107). Lines (3) represent the results of the full formula
(3.104) but neglecting all the off-diagonal elements of the integrated potential matrix
m. Finally, lines (4) [dotted lines in Figs. 3.10(a,b)] give the results of the full formula
(3.104) with no approximations on the integrated potential matrix.

3.7

Supercontinuum

G eneration

in

ultra-sm all

core

P C F s. G eneral features.
3.7.1

In tr o d u ctio n .

Supercontinuum Generation (SCG for brevity) is a nonlinear phenomenon that is char
acterized by the dramatic spectral broadening (which can exceed several octaves) of
intense light pulses passing through a nonlinear material, first investigated in the eaxly
1970s by Alfano and Shapiro, who were the first to report the generation of a 200THz-wide continuous spectrum of light in bulk glass [104]. Since then, SCG has been
the subject of a large number of experimental works, and it has been found in a broad
variety of materials [105] and in different types of waveguide structures, such as silica
optical fibres [106] and hollow optical waveguides [107].
SCG has a large variety of technological applications. We mention here absorption
and excitation spectroscopy [108], pulse compression techniques and tunable ultrafast
femtosecond laser sources [108], generation of multi-wavelength optical sources [108]
and optical frequency metrology [109]. Especially this latter field has benefited from an
efficient SCG, which has made possible the absolute measurement of optical frequencies
with unprecedented accuracy [109].
Since the first demonstration of SCG in PCFs in 2000 [57], Microstructured Fibres
such as TFs and PCFs have been found to be ideal systems in which nonlinearity
and linear dispersion can both be engineered to produce extremely broad and flat
supercontinuum spectra [27, 120]. Indeed, the flexibility in the design of the cladding
structure allows one to modify the geometrical dispersion of the fibre, shifting the zerodispersion point closer to the central frequency of the pump fight (usually in the visible
region of the optical spectrum) [27]. In the region of low dispersion, the generation of
new frequencies becomes particularly violent, and short fibre lengths are sufficient to
produce very bright supercontinua with a low power [120]. In addition to that, ultrasmall core PCFs with diameter equal to or less than 1 fim with arbitrary length can
be fabricated, enhancing the nonlinear coefficient 7 [8] by several orders of magnitude
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with respect to conventional telecommunication fibres such as SMF-28 [110].
Since PCFs and TFs are such superior platforms for the production of extreme nonlinear
phenomena in silica with respect to conventional step-index fibres, it is natural that
a large part of research during the years 2001-2004 has been dedicated to trying to
understand theoretically the basic processes on which SCG in PCFs is based [27, 112,
116, 120, 121, 122, 124, 125, 126, 127], Certainly one of the major breakthroughs
in this understanding has been the realization that solitons play a crucial role in the
process of the avalanche generation of new frequencies through so-called soliton fission
[114, 115, 122], which is the decay of a higher-order iV-soliton into N solitons due
to universally present ’external’ perturbations such as the Raman effect and higherorder dispersion [122]. This leads to the avalanche nonlinear generation of multiple
frequencies in the fibre which eventually generate the supercontinuum [122].
Our previous work on Resonant Radiation, presented in sections 3.1-3.6, will now serve
as an essential basis for a deeper understanding of the dynamical process of SCG in
PCFs [129] and in general in all fibres with ultra-small core diameter (such as TFs),
of the order of 1 /im or less. In sections 3.7.2-3.8.1 we show how our theoretical
modelling can explain in great detail the experimental spectra of SCG in ultra-small
core fibres by means of soliton dynamics accompanied by Resonant Radiation. The
basic processes which constitute the building blocks of SCG have been identified in the
literature previously [27], but a satisfactory theoretical understanding of their inter
relations (strongly supported by recent and accurate experiments performed at the Los
Alamos National Laboratories in the USA by A.Efimov and N.Joly [129, 128]) can
be achieved only through the so called ’Cross-Correlation Frequency Resolved Optical
Gating’ (XFROG) spectrogram [135], a technique applied numerically in the study
of SCG in Ref. [123, 124], th at now has major applications in the visualization of
ultrashort timescale events such as the propagation of femtosecond pulses in optical
fibres. This technique allowed us to correlate the time domain features with the spectral
domain, resulting in a particularly clear theoretical (as well as experimental) tool in
the description of all nonlinear optical processes involving solitons and linear radiation
emitted by them.
The investigations of sections 3.7.2-3.8.1 are the result of an intense joint theoretical and
experimental work between D.V.Skryabin, A.Yulin, N.Joly and the author of this thesis
(University of Bath, UK), and A.Efimov (Los Alamos Laboratories, USA). All of the
experiments described in sections 3.7.2-3.8.1 were performed by N.Joly and A.Efimov
during 2003/2004 at Los Alamos National Laboratories. Wherever it is needed, the
contribution of each of these authors to the research will be clearly specified in the
text.
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Figure 3.11: Dispersion profiles for three PCFs (A-C) and a Corning SMF-28 fibre (D).
The curves represent polynomial fits of actual experimental data. The broken vertical line
indicates the pump wavelength in the experiments explained in the text. The scanning electron
micrograph (SEM) is of fibre (B), with holes of diameter ~ 0.6 /Ltm and an interhole spacing
(pitch) of 2.6 pm. (From [120]. Courtesy of W.H.Reeves, University of Bath, UK).

3.7.2

G o v ern in g E q u a tio n . M o d e llin g o f S C G in u ltra -fla t d is p e rs io n
P C F s.

As a first example of the typical modelling of ultra-short pulse propagation in PCFs
we describe the SCG process in a newly developed kind of fibre, which shows ultraflattened group velocity dispersion in a broad range of frequencies [119, 120], see Fig.
3.11. These fibres, investigated numerically in two papers by Ferrando et al. [117] and
more recently by Hoo et al. [118], axe based on the optimization of the hole size d and
the pitch A such that A > d, with holes placed in a very regular arrangement, as shown
in Fig. 3.11 inset. The first working example of ultra-flattened dispersion fibres was
produced by Reeves et al. in 2002 [119]; the dispersions of three representative fibres of
the kind described above are shown in Fig. 3.11 (lines A,B,C), with the SEM picture
of fibre B shown inset. The parameter D(X) that appears on the vertical axis is related
to the second order group velocity dispersion coefficient /% through the relation

<3'108>
where v q is the group velocity characteristic function of the fibre. Note that the
values of D (expressed in units of psec/mn/km) are extremely low compared with
telecommunication fibres, TFs or PCFs of previous generations, see for example [111,
116]. For comparison, the dispersion of the telecommunication fibre Corning SMF-28
is shown in Fig. 3.11(D).
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Pulse propagation is modelled inside the fibre by use of the one-dimensional GNLSE
[8, 9], already described in some detail in Chapter 2 [see Eq.(2.22)]. The equation
includes Kerr and Raman intrapulse scattering through the delayed response function
R ( t ), together with the self-steepening effect operator which comes from a correct
perturbative reduction of the second order Maxwell Wave Equation to the first order
forward propagating Nonlinear Schrodinger Equation [8, 9]:
id$A+

A + N 2 1 + —l— dT] A f
R (r')|^ (f, T - r ' ^ d r ' = 0.
L
" o to J J - o o
(3.109)
In this equation, to is the full-width at half-maximum (FWHM) pulse duration, ljq is
the physical pump frequency, /3m = drn[\/vg\/du;m (evaluated at u = u>q) is the m -th
m >2

Dm

dispersion coefficient, Lom = t‘o'/\Pm\ is the m-th dispersion length, and R (r) is the
response function, defined in Eq.(3.3), the causahty condition being taken into account
through the Heaviside function 0 (r). Note that the instantaneous part of the response
function R ( t ) (responsible for the Kerr effect), is regulated by a delta Dirac function
A (r). The time r is calculated in a reference frame moving at the group velocity
(evaluated at u = u>o) and is measured in units of to. The propagation distance f along
the fibre is measured in units of the second order dispersion length L m - N 2 is the
ratio between the peak power of the pump pulse and the peak power Pq = [7 ^ 02 ]_1
necessary to create a single fundamental soliton in the ideal NLSE. 7 is the nonlinear
parameter which appears in the NLSE, given by [8]

(3110)

where n 2 is the nonlinear refractive index in silica glass (~ 2.2 x 10-20 m 2W _1), a;
the circular frequency, c the speed of fight in vacuum. ri2 strongly depends on the
modal area A ef f in the core. A is the amplitude of the electric field at the pump
frequency, measured in units of \/Po. The parameters of the response function for
silica axe 6 = 0.18, t \ — 12.2 fe/to and T2 = 32 fs/^o, as in Eq.(3.3).
It is generally accepted that equation (3.109) accurately describes the propagation of
femtosecond pulses and that it is valid even in circumstances where the bandwidth of the
radiation is of the same order as the central frequency of the pump laser, as confirmed in
recent modelling of SCG in PCFs [124]. In the present work of thesis we have thoroughly
tested the validity of Eq.(3.109) comparing it with results of numerous experiments
of various kinds, as we shall discuss shortly, finding in all cases an almost perfect
correspondence with theory, provided that the GVD profiles are known with sufficient
accuracy. To solve equation (3.109) numerically we have used a fast Fourier transform
method to integrate the linear part, and a fourth-order Runge-Kutta algorithm to
integrate the nonlinear part. The convolution integral which models the delayed Raman
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effect is calculated with a Fourier transform technique, which uses the fact that in
frequency space a convolution is simply a product. The launched pulses were taken to
have hyperbolic-secant temporal profiles and to be free of any frequency chirp, which
closely approximates the typical experimental conditions in which the launched pulses
exhibit a minimal linear chirp:
Ainputir) = -ATsech (1.76r),

(3.111)

where the factor 1.76 has been introduced to agree with the experimental practice of
specifying the FWHM of the input pulse intensity [8]. To convert the average pump
power Pav (measured in experiments) to peak power, we have used the relation
Pav = VRVtoPoN2 ,

(3.112)

where vr is the pulse repetition rate and rj « 0.7 is an empirically determined coefficient
which is introduced to allow for non-ideal input pulse profiles [120].
Neglecting fibre losses and launching chirp-free pulses will obviously create some small
discrepancies between the numerical and the experimental results. More substantial
difficulties arise from the fact that chromatic dispersion (see Fig. 3.11) was measured
only in the range from 1 to 1.7 /im, whereas the numerical modelling produces spectra
that can cover a much broader range of wavelengths. To calculate the dispersion
parameters for equation (3.109), a 10-th order polynomial (m = 12) was fitted to the
available experimental dispersion profiles given in Fig. 3.11.
Soliton formation is expected in PCFs with appreciably flattened anomalous dispersion.
This indeed is quite clearlyobserved in the numerical modelling of fibre A of Fig. 3.11.
Fig. 3.13(a) shows the evolution of the pulse intensity in the (r, £) plane for a pump
power of Pav = 48 mW. Initially, self-phase modulation causes pulse compression and
later, when dispersive effects come into play, one can clearly see the formation and
splitting away of the solitary pulse, which is delayed (that is, continuously shifted
towards larger values of r) by the Raman effect. Figure 3.13(b) shows the spectral
evolution of the same initial pulse, showing that the solitary pulse is red-shifted, as
is typical for Raman solitons. The pulse dynamics in this particular PCF are similar
to those observed in standard telecommunication fibres [120]. The only noticeable
difference is that nonlinear effects, including the Raman part of the nonlinearity, are
stronger in the PCF case, which leads to the formation of a Raman-shifted solitary
wave at an earlier stage.
The experimental measurement performed in Ref. [120] gives the dependence of the
output spectrum on the average input power. By comparing experimental and nu
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merical results in Fig. 3.12(a), good qualitative agreement is observed. In particular,
two clear spectral traces deviating out towards longer wavelengths are present in both
the experimental and numerical output. These traces correspond to the formation of
Raman-delayed solitary waves; most of the non-solitonic radiation continues to propa
gate at the initial pump wavelength. Although the modelling results are in qualitative
agreement with experiments, there axe differences in the relative brightness of the ob
served and predicted spectral lines, especially in the red part of the spectrum. This is
most probably due to the combination of the uneven spectral response of the OS A and
to the wavelength-dependent coupling losses into the instrument.
Modelling of pulse propagation in fibre B - the one with small anomalous GVD - is
shown in Fig. 3.12(b) and Fig. 3.14. The behaviour in this case is highly sensitive to
the exact form of the GVD profile, but nevertheless there is good agreement between
our numerical modelling and experiment. After the initial stages of propagation, which
is again dominated by the spectral broadening and temporal compression induced by
self-phase modulation, a quasi-solitary pulse forms [Fig. 3.14(a)]. This pulse immedi
ately starts to radiate dispersive waves, too weak to be affected by the nonlinearity,
which correspond to the Resonant Radiation studied in the first part of this Chapter.
Unlike in the previous case (Fig. 3.13), this radiation is strong enough to prevent the
formation of a robust solitary pulse. Another noticeable difference, compared to the
previous case, is that spectral broadening now occurs on both sides of the pump wave
length. In particular, one can clearly see the formation of a robust bright feature at
short wavelengths. This blue-shifted radiation, observed in both modelling and exper
iment, is due to the presence of Resonant Radiation, which occurs when one or more
spectral components of the solitons are phase-matched to the dispersive waves. Thus
the intersection of the dispersion characteristic of the soliton (which is a straight line
due to the fact that the soliton has a non-dispersive nature) and the fibre dispersion
guarantees the existence of channels for resonant energy exchange between the solitary
wave and the ’sea’ of ever-present linear dispersive waves, see also the phase-matching
condition of Eq.(3.50).
Finally, in Fig. 3.12(c), the GVD is normal everywhere (/% > 0) and spectral broaden
ing is caused by the higher-order dispersion terms. In this case, solitary wave formation,
which takes place in both of the previous cases with ^ < 0, is prevented. The excellent
agreement between modelling and experiment arises from the fact that practically no
energy is transferred into the spectral areas where the GVD is not known [120].
The ability to control light on the femtosecond timescale, by manipulating the GVD
profile precisely over a broad wavelength band, defines a new territory in nonlinear
optics. The implications for laser physics and its applications are wide-reaching. For
example, it is difficult (and therefore expensive) to generate laser light at wavelengths
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beyond those offered by the small canon of available lasers. The efficient transfer of
laser energy to new wavelengths is therefore a highly attractive prospect [120].
In Fig. 3.12(a) energy is transferred to longer wavelengths in a highly controllable way;
in Fig. 3.12(b) there is conversion to a dramatically shorter wavelength through the use
of resonant emission from the soliton - and the magnitude of the wavelength shift can
be engineered. In Fig. 3.12(c) the spectrum broadens in a symmetrical fashion, and at
higher pump powers a supercontinuum is generated that can extend from the ultraviolet
(~ 350 nm) to the near infrared (~ 2000 nm) [130], with a spectral brightness 104 times
greater than sunlight.

3.8

X F R O G -sp ectrogram

an alysis

o f Supercontinuum

gen eration.

In the previous discussion (section 3.7), a typical simulation of supercontinuum gener
ation from Microstructured Fibres has been shown. In particular, useful spectral and
temporal features when varying the pump power or the propagation length have been
shown in Figs. 3.12, 3.13 and 3.14. Although this way of representing the nonlinear
dynamics is important and now widely used in the PCF community to engineer the
supercontinuum [120, 128], one usually has only a ’numerical’ understanding of the
processes occurring in the fibre, very often limited to a mere verbal description of the
phenomena. For instance, non-dispersive radiation bands observed in the modelling
and experiment of Fig. 3.12(b), have been known for a long time [61], but their precise
origin and dynamical role in the SCG process were obscure and not well understood.
In the important numerical works by Herrmann et al. [122], and the more recent
extension to the vector case given by Lu et al. [134], these authors show that the
iV-order soliton ’fission’ into N fundamental solitons through perturbations such as
the Raman effect and higher-order dispersion, is a crucial ingredient in describing
correctly the dynamics of the production of new frequencies typical of SCG, although
the precise details of the dynamics are not studied. This picture has been confirmed
in subsequent extensive work on soliton production in high-birefringence polarisationmaintaining PCFs [131].
In this section we present the results of our recent theoretical work on the subject
[60,129], in which we axe able to describe the precise dynamics of SCG making use of the
so-called cross-correlation frequency resolved optical gating (XFROG) technique [135],
which is essentially a pictorial representation of a correlation function between the time
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Figure 3.12: Experimental (left) and theoretical (right) output intensity spectra for the PCFs
of Fig. 3.15, as a function of the average power. The pump source is a pulse train of 100-fs
pulses at a repetition rate of 80 MHz and a wavelength of 1550 nm in all cases. Plots show (a)
fibre (A), with anomalous GVD and negative slope; (b), fibre (B), with small anomalous GVD
and positive slope; and (c), fibre (C), with normal GVD and negative slope. The theoretical
modelling was based on the experimental data. The small disparities between experiment and
theory are caused by limitations in the optical measurements, inexact knowledge of the GVD
profile at all wavelengths, and the perfect chirp-free hyperbolic-secant time-envelopes used to
represent the input pulses. (From [120]. Courtesy of D.V.Skryabin and W.H.Reeves, University
of Bath, UK).
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3.15: (a) pulse delay (relative to a time frame moving at the pulse’s average group velocity);
(b) spectrum. The colour represents a uniform mapping to an arbitrary intensity scale. (From
[120]. Courtesy of D.V.Skryabin, University of Bath, UK).
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Figure 3.14: The pulse evolution, plotted against propagation distance, for fibre (B) of Fig.
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[120]. Courtesy of D.V.Skryabin, University of Bath, UK).
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domain and the spectral domain, which allows the identification localized structures
(such as solitons) and non-localized structures (such as Resonant Radiation) in the
(w, t) plane at each step in the spatial propagation. One of the advantages of XFROG
spectrograms is that the input pulse itself can be used to generate the correlation
function between the frequency domain and the temporal domain, without the need
of a second extraneous reference pulse [135], The application of XFROG to SCG
characterization has permitted the first complete intensity and phase characterization
of SCG generated by PCFs in the femtosecond regime [126].
Detailed analysis of all possible FROG techniques is available in Ref. [135]. Relevant
for this thesis is the fact that the XFROG signal beam using Sum Frequency (SF)
generation has the form
« t , t') = A (t)A ref(t - 1'),

(3.113)

where A is the slowly varying output electric field and A ref is a reference pulse which
is chosen to be equal to the input pulse. The squared magnitude of the spectrum of
the cross-correlation signal, recorded as a function of delay 1? between output pulse and
reference pulse yields the XFROG trace or spectrogram:

/

+0°

,
A (t')A ref( t — tf)e iu; d£ |2.

(3.114)

-oo

The logarithm is introduced for the only purpose of making the small amplitude features
visually more pronounced on the XFROG spectrogram. A clear advantage of the
XFROG spectrogram is that it is able to characterize weak pulses because, according
to Eq.(3.113), the XFROG signal is also proportional to the amplitude of the reference
pulse. A wave which is localised both in the time domain and in the spectral domain
(for instance a soliton), will manifest itself as a bright spot on the (a;, t) space of the
XFROG trace; moreover, if the output pulse possesses a chirp, the spot on the XFROG
trace will show an ellipse with a certain inclination in the (a;, t) plane, proportional to
the chirp itself [135].

3.8.1

SCG and soliton dynamics in the vicinity of a zero-dispersion
point w ith negative slope. Emission of Resonant Radiation and
Soliton Stabilization.

When the fibre core size is made sufficiently small, the waveguide dispersion contribu
tion to the total dispersion of the fibre dominates the material dispersion [8]. In this
regime of ~ 1 /jm core diameters a second zero-dispersion (2ZD) point develops in the
infrared region of the optical spectrum [111]. Precise control of the position of the 2ZD
point on the wavelength axis can be achieved through an accurate control of the core
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size, see also Fig. 1.2. The dispersion slope in the vicinity of the 2ZD point is negative,
whereas it is positive near the first zero-dispersion point, which is the typical situa
tion for telecommunication fibres and for previous generations of PCFs [124, 58]. Our
theoretical predictions [60, 132] and previous experiments [56, 125, 116] show unusual
soliton dynamics in the vicinity of the 2ZD point, explicated through the emission of
Resonant Radiation which can compensate the Raman self-frequency shift [56]. These
effects, described in sections 3.4, may have far-reaching applications since the wave
length of the 2ZD point can be tuned to the telecommunications region around 1550
nm through careful control of the fibre structure during manufacturing [129].
Fig. 3.15 shows the dispersion and the optical loss of one of the fibres used in the
experiments performed at the Los Alamos National Laboratories (USA) in 2004 by
N.Joly and A.Efimov. The high quality of the structure is manifested through the
relatively low loss in the wavelength range of interest (1.4 —1.6 /im). The 2ZD point in
this case is located at 1510 nm (indicated with a circle in Fig. 3.15) and the measured
dispersion slope is large and negative. The dispersion properties of a regular fibre are
shown for comparison in Fig. 3.15 by the dashed curve. The small core of the fibre
also leads to high peak intensities in the propagating optical pulses. The nonlinear
parameter 7 exhibited by our fibre is estimated to be 7 ~ 0.1 W - 1m_1, making use of
formula (3.110). Note that in the vicinity of the 2ZD point, the anomalous dispersion
regime is realised at shorter wavelengths, whereas normal dispersion lies at longer
wavelengths. Thus, for the ultrashort optical pulses used in our experiments, the novel
feature of the fibre of Fig. 3.15 is that the strong self-frequency shift resulting from
Stimulated Raman Scattering (SRS) [74] tends to push solitons closer to the 2ZD point
as in Ref. [56], rather than driving them away as in the case near the first ZD point
of the ultra-flat dispersion fibres, the SCG of which has been analysed in section 3.7.2
[120, 124, 58, 133].
Experimental results described in Ref. [129] reveal the intricate details of the inter
action between solitons and dispersive or continuous waves in time and frequency. In
particular, we show th at this interaction can, under suitable conditions, lead to the
generation of new spectral lines, described for the first time by Yulin et al. in Ref.
[132] and accurately confirmed in our numerical simulations. All these processes axe
resonant in their nature, and require certain wavevector matching conditions to be
satisfied. Experiments for investigating this important process of ’FWM between CW
and soliton’ are still ongoing, and for the purposes of this Chapter it will be sufficient
to cover only its essential features.
In the experiment th at we model here [129], 100 fe pulses with central frequency tunable
in the range 1400-1600 nm are generated by an optical parametric oscillator with a
repetition rate of 82 MHz and an average power up to 350 mW. From this pulse train
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Figure 3.15: Optical properties of the PCF used in the experiments. Blue curve - attenuation,
solid red curve - group velocity dispersion with 2ZD point at 1510 nm and a negative dispersion
slope. For comparison, the GVD of a regular telecom fibre is shown by the dashed curve. Inset
- scanning electron microscope image of the PCF; the central guiding core diameter is about
1.2 /mi. (From [129]. Courtesy of N.Joly, University of Bath, UK).
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the reference and the signal pulses axe derived with controllable power ratios. The signal
pulse propagates through the fibre and the reference pulse is appropriately delayed in
a self-retracing delay apparatus. To obtain XFROG traces the signal and the reference
pulses are mixed in a 200 fj,m thick BBO crystal and the sum-frequency (SF) generated
pulse is spectrally resolved in a 0.3 nm resolution spectrometer. The phase-matching
bandwidth of the crystal exceeds 400 nm at the wavelengths used which is sufficient to
upconvert the complete spectrum of the signal pulse at the fibre output.
To model the experiment we have used the GNLSE already written and explained in
Eq.(3.109). The input pulse has the profile expressed by Eq.(3.111). Several regimes of
propagation were studied, with observed dynamics that differs significantly depending
on the input pump wavelength. Most interesting are the regimes where the fibre is
respectively pumped exactly at the 2ZD wavelength and on the anomalous dispersion
side. These two cases axe considered below.

P u m p in g a t th e 2ZD p o in t, Ap = 1510 nm . R e tu r n tra je c to ry o f th e solito n .

The fundamental Cherenkov Radiation emitted by the soliton can be observed when
the fibre is pumped exactly at the 2ZD point, A2zd = 1510 nm; in the panel of Fig.
3.16 we show the experimental power-dependent XFROG spectrograms recorded at the
output of a 130 cm long PCF, when varying progressively the input average power from
3 mW to 47 mW. On the bottom horizontal scale the SF wavelength is indicated, which
is defined as Xs f = ^sigAre//(^aig + Are/), where Asig and Are/ axe the wavelengths of
respectively the signal and the reference pulses. The top horizontal scale indicates
the more traditional fundamental wavelength. Under these conditions, soliton and
quasi-CW fields with different frequencies emerge from the same pump pulse. As the
input power is increased the pump pulse splits in the spectral domain into two parts:
the longer wavelength part evolves in the region of normal dispersion and the shorter
wavelength one in the region of anomalous dispersion [61, 62, 8]. For sufficiently high
powers, the spectral energy contained in the anomalous GVD region will compress in
the time domain, forming a soliton. This is made evident by observing for example
the transition between Fig. 3.16(b) and (c). On the other hand, the normal GVD side
of the plot will contain only dispersive waves. The formation of a missing section or
a ’hole’ on the opposite side of the soliton is also observed, as indicated by arrows in
Fig. 3.16(c,d). The study of the nature of this ’hole’ is ongoing, and will be discussed
in a future publication by Skryabin et al. [70]. We can say here that it is clear that
the soliton will interact most efficiently with radiation propagating at the same group
velocity, which therefore overlaps with the soliton inside the fibre. When soliton and
radiation share the same group velocity, one can show [132] that no frequencies are
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Figure 3.16: (a-f) Panel showing experimental power-dependent XFROG spectrograms at the
output of a 130-cm long PCF with \ ? z d = 1510 nm. Pump wavelength is at A = X ^ z d Formation of a soliton-’hole’ pair is observed above 10 mW input power. The onset of resonant
energy transfer into the spectral band between the soliton and the dispersive wave branch occurs
at 41-43 mW. At 45 mW and above the soliton begins to emit Cherenkov Radiation at longer
wavelengths. The vertical red dotted lines show the 2ZD point of the fibre and separates regions
of normal and anomalous dispersion. The color scale is the logarithm of the intensity of the
SF signal. SF wavelength is related to the fundamental signal and reference pulse wavelengths
as As f = X 8 i g X r e f / ( X g i g + Ar e f ) . The reference pulse wavelength is equal to the input pulse
wavelength, 1510 nm in this case. The meaning of arrows is explained in the text. (Courtesy
of Anatoly Efimov, Los Alamos National Laboratories, New Mexico, USA.)

efficiently excited from their resonant interaction, see also Fig. 3.23(a) and its caption.
The soliton, however, creates an effective repulsive potential for the radiation, which
is responsible for the ’hole’ cited above. A similar feature has been found numerically,
but not explained, in Ref. [124].
On the time-frequency XFROG spectrograms of the panels of Fig. 3.16, the radiation
follows a quasi-parabolic trajectory. This is consistent with the wavelength dependence
of the group delay in the vicinity of every ZD point. The quasi-solitonic pulse, which
gradually appears in the region of anomalous dispersion as pump power increases, is
quite long at first and it is not influenced by SRS [8, 74]. This pulse moves increasingly
towards the shorter wavelength side of the spectrum because the splitting between the
two spectral halves of the pump gets stronger as the input power is increased for the
same fibre length. With further increase of power the soliton becomes shorter, and
intrapulse SRS starts to shift its frequency away from the left branch of the parabola,
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Figure 3.17: (a-f) Panel showing numerical modelling of pulse propagation in the same con
ditions as for Fig. 3.16. Numbers indicate average input power in the fibre. The color scale is
logarithmic. All the features observed in the experiment are reproduced in surprising detail.

towards the 2ZD point, see Fig. 3.16(e,f)
43 mW). This destroys the group ve
locity matching between the soliton and the CW radiation on the normal GVD side.
Cherenkov Radiation starts to be emitted, due to the exponential sensitivity of the radi
ation amplitude on the soliton frequency, see the arrow in Fig. 3.16(e). For even higher
powers the Cherenkov Radiation fills the gap in the right branch of the parabola and
starts to interfere with the previously emitted wave, which creates modulation ripples,
indicated with an arrow in Fig. 3.16(f).
Numerical modelling of Fig. 3.16(a-f) is shown in Fig. 3.17(a-f), for the same ex
perimental parameters used to produce Fig. 3.16. All the features observed in the
experiment are reproduced with surprising detail, confirming once more the excellent
validity of the GNLSE equation (3.109) in the dynamical description of femtosecond
light propagation in PCFs.
In summary, it is experimentally and numerically seen that the soliton follows an effec
tive return trajectory starting from the 2ZD point, through the anomalous dispersion
region and back to the proximity of the 2ZD point as the input power is increased,
with the consequent emission of strong Cherenkov Radiation. Further evidence of this
soliton trajectory has been deduced in another later experiment where exactly the same
PCF has been used [128], in which the spectra obtained after a propagation length of
1.3 meters have been recorded for different pump powers, see Fig. 3.18(a). It is clear
from this figure that a ’comma’ shape appears in the power-spectrum plot as a conse

quence of the return trajectory phenomenon explained above. The numerical modelling
of tills experiment is shown in Fig. 3.18(b) and gives excellent qualitative agreement,
though the small quantitative mismatch on the evaluation of powers is certainly due
to the uncertainties on the coupling efficiency of the laser into the fibre, and on the
nonlinear coefficient 7 of the fibre [129, 128]. Moreover, each spectrum for a given
power of the experimental plot shown in Fig. 3.18(a) is the average result of a large
number of shots, an operation that automatically smoothes the irregularities shown
in Fig. 3.18(b), which is the result of only one numerical integration of the partial
differential equation (3.109) for each given power.
Similar behaviour is also observed in the situation when one fixes the power and varies
the propagation distance, see the panels shown in Figs. 3.19 and Fig. 3.20, where
experimental results and numerical simulations are shown respectively. In this case
a simple ’cutback’ technique was used, similar to that used in Ref. [56]. In this
experiment the input power was kept fixed at 55 mW. Strong spectral splitting is
observed already after 10 cm of propagation. The soliton is formed in the anomalous
dispersion region shortly after that (at approximately 17 cm), and a ’hole’ in the CW
branch is visible on the normal dispersion region. At the end of the fibre the soliton,
driven by SRS, comes back to the 2ZD point thus completing the return trajectory
explained above, and emits strong Cherenkov Radiation as a result of its proximity
with the 2ZD point. One interesting thing to note here is that the extreme spectral
broadening occurs from the very beginning of the spatial propagation [see Fig. 3.19(a)
and Fig. 3.20(a)]. Even in this case the correspondence between experimental and
numerical results is remarkable.

P u m p in g in an o m alo u s d isp ersio n , Xp = 1430 n m .

G en e ra tio n o f a N ew

S p ectra l Line.

Different dynamics occurs when we pump the PCF in the region of anomalous dis
persion, Figs. 3.21 (experiment) and Fig. 3.22 (modelling), for a pump wavelength
Xp = 1430 nm. Under these conditions most of the pump energy is transformed into a
soliton, which is almost immediately subjected to Raman self-frequency shift towards
the red part of the spectrum and approaches the 2ZD point, see the transition be
tween Fig. 3.21(a) and (b). When a sufficient portion of the spectrum of the soliton
extends across the 2ZD point into the normal dispersion region, efficient generation of
a Cherenkov continuum occurs [56, 60, 116], see the arrows in Fig. 3.21(b,c). In our
XFROG traces the Cherenkov continuum manifests itself through a long tail at SF
wavelengths longer than 750 nm (1560 nm of fundamental wavelength) in the normal
dispersion region of the fibre dispersion. Spectral recoil from the continuum stabilizes
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Figure 3.18: (a) Experimental power-dependent spectra for pump wavelength A = X^zd =
1510 nm, for the fibre shown in Fig. 3.15. After the initial spectral splitting in two wellseparated branches, the branch in the anomalous dispersion of the fibre undergoes pulse com
pression and creates a soliton (at approximately 6 mW of average power), which therefore starts
to feel the Raman intrapulse scattering and drifts towards longer wavelengths, eventually lead
ing to Cherenkov compensation (from approximately 11 mW of average power). Dashed line
indicated the position of the 2ZD point, (b) Modelling of experiment (a) using the dispersion
of Fig. 3.15, with the same launching parameters and a nonlinear coefficient 7 = 0.1 m- 1 W_1.
The qualitative features are reproduced. Figure (a) has been reproduced with the courtesy of
Nicolas Joly, University of Bath, UK.
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Figure 3.19: Experimental length-dependent X-FROG spectrograms for the pumping condi
tions similar to Figs. 3.16 and 3.17: Pump wavelength is 1510 nm and the input power is held
constant at 55 mW. Numbers indicate propagation length along the fibre. (Courtesy of Anatoly
Efimov, Los Alamos National Laboratories, New Mexico, USA.)
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Figure 3.20: (a-f) Panel showing numerical modelling of pulse propagation in the same con
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logarithmic. All the features observed in the experiment are reproduced in surprising detail.
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the soliton a t a wavelength near to the 2ZD point, see Figs. 3.21 and 3.22 for powers
^ 14 mW [56, 60].
Note that there is a continuous energy flow from the soliton to the radiation through
an uninterrupted spectral overlap [68, 60]. As the input pulse energy is increased, the
length of the continuum tail also increases because soliton formation, SRS frequency
shift, stabilization and the offset for continuum generation occur at an earlier stage in
the fibre. Subsequent power increase allows the formation of a second soliton which
carries less energy and is therefore broader, Fig. 3.21(e) and Fig. 3.22 for average input
power equal to 28 mW. This new soliton propagates ahead of the first strong soliton
and thus effectively interacts with the Cherenkov continuum emitted by the first soliton.
The Cherenkov Radiation from the primary soliton then plays the role of the CW-pump
for the second weak soliton [132], The nonlinear interaction of this radiation with the
second soliton leads to the appearance of a clearly observable new spectral peak which
fills the gap between the second soliton and the primary Cherenkov band emitted by
the first soliton, see arrows in Fig. 3.21(e,f) and Fig. 3.22 for powers ^ 28 mW. The
theoretical reason for the existence of this new spectral line is treated in Ref. [132], and
in Fig. 3.23 we give a brief geometrical illustration of the phase-matching conditions
necessary to generate the new resonance.
At yet higher powers the dynamics becomes overly complicated with multiple solitons
present and a continuum radiation tail extending over more than 20 psec in time.

3.8.2

G eneration o f the N ew Spectral Line from two-soliton interac
tion.

In the simulation of Fig. 3.22 we sent one powerful pulse into the PCF, and two solitons
were formed after a certain threshold power (approximately at an average input power
of 26 mW). After that, the simultaneous presence of two solitons in the fibre, inter
acting through their Cherenkov Radiation, generated the new spectral line (’primary
resonance’) predicted in [132] (see also Fig. 3.23). More precisely, the stronger soliton
is subject to a faster frequency redshift than the second (weaker) soliton, according to
Gordon’s theory of SFS [74], and it therefore arrives in the proximity of the 2ZD point
quicker than the weaker soliton. As a consequence, the soliton with larger amplitude
emits strong Cherenkov Radiation which in turn collides and interacts with the soliton
with smaller amplitude, giving rise to the new strong spectral line due to FWM of CW
and soliton considered in [132].
We now turn briefly our attention to the possibility of generating the spectral line due
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Figure 3.21: (a-f) Panel showing experimental power-dependent XFROG spectrograms at the
output of a 130 cm long PCF with \<i z d = 1510 nm. The fibre is pumped at 1430 nm, on the
anomalous dispersion side. At lower input powers formation of the primary strong soliton and
its Cherenkov Radiation are observed [arrows in (b) and (c)]. Subsequently, a second weaker
soliton is formed which interacts with the continuum emitted by the first soliton. The scattering
of the Cherenkov Radiation by the second soliton leads to energy transfer into a spectral band
[arrows in (e) and (f)] located between the solitons and the Cherenkov Radiation band, in
perfect agreement with the theory of Ref. [132], see also Fig. 3.23 for a brief explanation
of the CW-soliton scattering process. (Courtesy of Anatoly Efimov, Los Alamos National
Laboratories, New Mexico, USA.)
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Figure 3.22: (a-f) Panel showing numerical modelling of pulse propagation in the same con
ditions as for Fig. 3.21. Numbers indicate average input power in the fibre. The color scale is
logarithmic. All features observed in Fig. 3.21 are reproduced in surprising detail.

to the primary resonance by pumping the optical fibre with two pulses instead of one.
The two pulses will have different amplitudes and will be separated by a temporal delay.
Adjusting properly these two parameters one can obtain the maximum efficiency in the
generation of new spectral lines. One of the advantages of this configuration is that it
allows a considerable reduction of the total power needed to observe the new primary
resonance, with respect to the case of one-soliton pumping shown in Fig. 3.22.
In Fig. 3.24(a) the dynamics of the spatial propagation in the time domain of two pulses
is shown. The fibre used is once again that of Fig. 3.15. The temporal separation of
the two pulses is taken to be equal to to = 0.6 psec, with the stronger soliton launched
after the weaker soliton. The pulse with greater amplitude has a peak power of 1.87
kW, and the pulse with smaller amplitude has a peak power of 0.75 kW. The launching
wavelength for both pulses is X = 1.4 fj,m. The stronger pulse rapidly compresses due
to SPM and creates a soliton which starts to decelerate due to the Raman effect. This
deceleration in the time domain, as we know from sections 3.4.2, is accompanied in
our PCF with negative GVD-slope, by a self-frequency shift that pushes the soliton
frequency towards the 2ZD point. When the soliton is in the vicinity of the 2ZD point,
it starts to emit Resonant Radiation in order to maintain its central frequency in the
anomalous dispersion. Quasi-linear radiation leaving the soliton travels faster than
the soliton itself, and therefore will be emitted towards the second weaker soliton, see
arrows in Fig. 3.24(a). The second soliton, having a smaller amplitude, is less sensitive
to SFS, and will be hit by the radiation emitted by the first soliton, allowing the
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Figure 3.23: (a) Geometrical illustration of the wavevector matching condition for generation
of the additional resonances considered in Ref. [132]. The thick solid line represents the
dimensionless dispersion D(uj) of the fibre, which in our case has been taken to be cubic, see
also Eq.(3.18). The frequency position of the Cherenkov resonance for the first strong soliton
with parameter q\ is found by intersecting the horizontal dispersion line of the first soliton (red
line) with D(w), and it is indicated by a gray circle. Soliton dispersions are always straight lines
in the plot, due to the fact that all Fourier harmonics of solitons must have a linear dependence
on the wavenumber. When Cherenkov Radiation interacts nonlinearly with the second soliton
having parameter q2 , the dispersion of which is indicated by the central blue line, FWM between
soliton and CW generates three new resonances, indicated with gray diamonds. The positions
of two of these resonances (named the new primary resonances) are found by translating the
central blue line down to touch the Cherenkov resonance point, and intersecting the line with
D(cj). By repeating the shift of the dashed line upwards by the same amount (indicated by d),
and intersecting with D(cj) one finds the third additional resonance (named the new secondary
resonance). Justification of this geometrical procedure can be found in Ref. [132,70]. Generally,
the excitation efficiency of the primary resonance indicated by symbol (I) is much stronger than
that for the resonance indicated by symbol (II). (b) Same as (a) but with physical units. The
excitation efficiency of the new primary resonance marked by a circle is not sufficient to be
observed under our experimental conditions.
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nonlinear mixing between CW and soliton described in Ref. [132], with the consequent
generation of the additional primary resonance explained in Fig. 3.23.
The dynamics described above is clearly shown in the colourmap plot of the correspond
ing spectral evolution of Fig. 3.24(b), where the new primary resonance emerges after
approximately 1 meter of spatial propagation. A noticeable feature is the narrow band
of missing energy which appears in the Cherenkov spectral band, as a consequence of
the energy flow depicted in Fig. 3.23.
A slightly different dynamics is shown in Fig. 3.24(c,d), where the stronger soliton is
launched before the weaker one. The peak powers and the delay parameter are the
same as in Fig. 3.24(c,d). Since the strong soliton decelerates quickly, it will collide
soon with the weaker soliton. The collision triggers immediately the phenomenon of the
generation of the new frequency in the fibre, as can be seen from Fig. 3.24(d). A more
complicated structure of the energy flow from the Cherenkov band to the new spectral
line is also observed, as can be seen from the number of narrow bands of missing energy
in the Cherenkov Radiation band, together with a slightly different frequency of the
spectral line with respect to Fig. 3.24(b).
One last thing to note is that there is an optimal ratio between the amplitudes of
the initial pulses for which the generation of the primary resonance is observed. This
is due to the fact that if the two pulses have comparable intensity, then the Raman
effect acts similarly on them, and the process of emission of Resonant Radiation from
the two solitons occurs simultaneously, so the new primary resonance is not efficiently
generated. On the other hand, if one of the two solitons is too weak, it will be wiped
out and erased by the Cherenkov Radiation of the stronger soliton, and again no novel
spectral line will be observed. We have found numerically that this optimal ratio for
tD = 6 psec is approximately 5/2, the ratio at which Fig. 3.24 has been calculated.
Experimental verification of the effects predicted above is still ongoing at the time of
writing (2005).

Sum m ary o f O riginal R esu lts o f th is C hapter.
This Chapter contains the following original contributions to the theory of Resonant
Radiation from solitons and Supercontinuum Generation in solid core PCFs:
(1) We have developed a comprehensive theory of the effect of the emission of Reso
nant Radiation from solitons. Our results provide the analytical underpinning for the
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Figure 3.24: (a) Spatio-temporal evolution of two pulses of different amplitudes launched into
a PCF with the GVD of Fig. 3.15. Both pulses are launched at a wavelength of A = 1.4 /im.
The stronger pulse (1.87 kW) is launched after the weaker one (0.75 kW), with a delay of to = 6
psec. Red arrows indicate the ’direction’ of the Resonant Radiation emitted by the stronger
soliton. (b) Spectral evolution versus propagation distance corresponding to the configuration
used in (a), which shows the generation of the additional spectral line predicted in Ref. [132] and
described in Fig. 3.23. (c) Same as (a) but with the stronger pulse launched before the weaker
one, with a delay of to = 6 psec. Since the strong pulse is quickly decelerated by the Raman
effect, it will collide with the second pulse. Red arrows indicate the ’direction’ of the Resonant
Radiation emitted by the stronger soliton. (d) Spectral evolution versus propagation distance
corresponding to the configuration used in (c). Note that in this configuration the additional
spectral line is generated at a slightly different frequency with respect to (b), and the dynamics
of the energy transfer between the Cherenkov band and the new primary resonance is more
complicated than in (b).
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recent experimental observations on the compensation of the Raman effect by means
of radiation pressure in PCFs with negative GVD slope first studied in Ref. [56]. Our
approach to the calculation of the amplitude of Resonant Radiation generalises the
techniques previously known by accounting for the potential created by the soliton.
The calculation of the amplitude of radiation has been carried out using two different
but equivalent approaches: the adiabatic method and the Green function method. The
latter formalism has been also used to formulate the theory in the case of birefringent
fibres.
(2) Supercontinuum Generation exhibited by solid-core PCFs possessing an ultra-small
core diameter and therefore a high nonlinear coefficient has been studied. Two cases of
particular interest have been examined, namely when the fibre has an ultra-flattened
dispersion, which leads to particularly broad supercontinua, and the case when the
fibre is pumped around a ZDP which possesses a negative slope of /?2 (<*>)• Satisfactory
theoretical understanding of the dynamics of the system ’soliton + radiation’ has been
achieved through XFROG spectrograms.
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Chapter 4

Two-colour Ram an Solitons in
H ollow -C ore M icrostructured
Fibres

4.1

H istorical P ream b le and M otivation s.

The propagation of laser light in a Hollow-Core Photonic Crystal Fibre (HC-PCF)
using photonic bandgap (PBG) guidance has been demonstrated relatively recently
[136]. The PBG fibre consists of a 2D periodic lattice of refractive index variations in
the transverse direction (cladding), with a break in the periodicity (’defect5) in the form
of a hollow core, see also Fig. 1.1(b). Light coupled into the core at frequencies lying
in its bandgap is therefore confined in it, by a multiple Bragg reflection mechanism,
along the transverse direction.
The transmission of light inside the HC-PCF represents a very attractive phenomenon,
due to the potentially low nonlinearities experienced by the fibre modes. For example,
the fibre modes may feel a very low Kerr nonlinearity mostly due to the small nonlin
ear refractive index of air (ri2 >air — 2.9 x 10-23 m2W -1 ), compared to the nonlinear
refractive index of silica glass (ri2 ,glass — 2.2 x 10-20 m2W -1 ).
Typical attenuation coefficients achieved during the year 2004 are declared to be 1.7
dB/km or less [139], together with extremely small bend losses. In general, cladding
structures can be engineered in such a way that less than 1 percent of the optical
power propagates in glass, which makes the contribution of the nonlinearity of silica
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glass negligible for most practical purposes (we shall discuss this point in the concluding
section 4.4.5).
Rather paradoxically, despite the smallness of direct nonlinearities due to the Kerr
effect in the core, HC-PCF represents undoubtedly one of the most interesting nonlinear
microstructured optical devices created in the last decade. In fact, strong nonlinear
interactions can be obtained by filling the core with nonlinear gases or liquids, providing
a practically unlimited interaction length between m atter in the core and the mode field.
This interaction is particularly suitable for the study of resonant nonlinear optics. For
instance, in a recent experiment on stimulated Raman scattering due to vibrational
states of molecular hydrogen [140], threshold energies of Stokes generation in HCPCF have been reported that are two or three orders of magnitude less than in any
other published experiment. Similar tremendous results have been achieved in the
experimental study of Stokes generation from the pure rotational Raman transition in
H2, with threshold energies 106 times lower than for any previously reported result
[141]. A more recent application is that of electromagnetically induced transparency
(EIT) in HC-PCF filled with acetylene, where the long interaction length provided by
the hollow fibre has been used to facilitate a strong coherent light-matter interaction
even though the optical response of the individual molecules of acetylene was weak
[143].
The propagation of optical solitons inside HC-PCFs would constitute a significant step
towards the delivery of short and intense optical pulses over long propagation distances.
This first step has already been undertaken recently in the framework of the creation
of MW solitons due to the Kerr nonlinearity of air (NLS solitons) [144, 145].
Over the past twenty years, however, a different class of solitons known as Raman soli
tons or Raman simultons (the name being derived from their multi-frequency nature)
have received much experimental and theoretical attention, following the first exper
imental observation of these solitary waves in a non-dispersive medium (typically a
Raman cell) by Carlsten, Wenzel and Druhl in 1983 [155].
Raman solitons were first discussed by Chu and Scott in the 1970s [156], but there exists
an extensive literature of subsequent theoretical studies [157]. They consist of several
optical components ’in cascade’, the frequency difference of two adjacent components
being the frequency of a Raman transition u)r in a Raman-active medium; the simplest
system of this type is made of a pump wave which oscillates at a frequency wp, and
a Stokes wave which oscillates at a lower frequency u s = u p —u r , but in general
the system can possess many components simultaneously [159, 157]. In the simplest
situation, the typical variety of these peculiar solitons that is found in the literature
[157] combines a bright component at the pump frequency, and a dark component at
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the Stokes frequency, see for example Ref. [159] for an extensive review. Note also that,
because the experiments were carried out, as a rule, with gas cells, waveguide dispersion
played no role whatsoever in the early investigations [155, 161, 162, 157, 163],
The dark nature of the Stokes component of the Raman solitons described above, makes
their experimental observation slightly tricky [155], due to the fact that one needs an
instantaneous phase shift of 7r radians in the Stokes-seed beam to trigger the generation
of the solitary wave in the pump beam, which is produced spontaneously and at random
from the Stokes source laser [155, 157]. Because long pulses are preferred over CWs in
the pumping due to the power limitations of the latter, the bright component of Raman
solitons described in [155, 161, 162, 157, 163] exist as anomalous repletion of the pump
energy only for a finite time, and its lifetime can be calculated [161]. Permanent,
soliton-like structures in which the pump wave retains a substantial fraction of its
initial energy has been proved to be impossible in Ref. [161], due to the fact that the
ultimate fate of the soliton is to propagate to the back end of the pulse and disappear.
The possibility of generating stable multicomponent solitary structures has attracted
much attention from the nonlinear optics community for the following reason. Ultrashort pulse generation at the subfemtosecond level requires a wide phase-locked spec
trum. With the term ’phase-locked’ we mean here that the spectral harmonics of all the
components of the solitary wave have the same propagation constant, or better, that
they have propagation constants for which the differences stay fixed during propaga
tion along the longitudinal coordinate z. Until recently the shortest optical pulses were
obtained by expanding the spectrum of a mode-locked laser by SPM in conventional op
tical fibres, and then compensating for the GVD by diffraction gratings and prism pairs
[170]. The state of the art of this technology resulted in the generation of 4.4 fs pulses
in 2000 [171]. The use of two or more phase-locked Raman components represented an
alternative possibility to obtain a wide spectrum made of equidistant, mutually coher
ent Raman sidebands which in principle may provide the spectral width (by means of
a Fourier synthesis) necessary to obtain subfemtosecond oscillations [166, 175]. For a
complete review of the subject the reader can consult Ref. [146],
In an attempt to solve the problems encountered in Ref. [161], A.E.Kaplan proposed
in 1994 the coherent generation of new dispersionless solitons [172], which he found an
alytically, and which are conceptually similar to the Self-Induced Transparency (SIT)
solitons [177], that show phase-locked bright pulses for all components [172]. Kaplan’s
solitons owe their existence to the balance between group velocity mismatch and nonlin
earity provided by the resonance, and in this respect they are profoundly different from
NLS solitons [8]. In addition, as we shall discuss in detail on page 152, their threshold
nature in power and pulse duration depends crucially on the walk-off coefficient [172].
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Until now, in order to keep the dispersion of the different components generated by
Raman scattering as low as possible, only dispersionless gas cells or capillaries have been
considered in experiments as well as in theoretical modelling [172, 157]. This limits the
generation of Kaplan’s solitons in gas cells, due to the fact the the energies required
to excite these solitons become prohibitively large [172]. W ith the introduction of HCPCFs, however, one can obtain extremely long interaction lengths and strong dispersion
towards the edge of the bandgaps, which would reduce dramatically the threshold
energy and would finally allow, with a proper engineering of the fibre dispersion and a
proper choice of the Raman-active gas, the efficient generation of phase-locked solitons
at low powers, as we have shown theoretically for the first time [173, 174],
In this long Chapter we give an exhaustive numerical and analytical description of two
new classes of solitary waves propagating in a dispersive HC-PCF and supported by the
Raman resonant interaction between the light and the ensemble of molecules of m atter
present in the fibre core. These two classes of soliton, which we have called off-resonance
and on-resonance solitons respectively, both consist of two optical components with
different frequencies, and for this reason we shall usually refer to them as two-colour
solitons, their frequency difference being in the proximity of the Raman resonance.
These two kinds of soliton possess completely different properties, as we shall see in
the following discussions. The first kind of soliton (off-resonance, analysed in section
4.3) lives in the far (negative) detuning region of the lorentzian Raman resonance, and
it is analysed in the framework of the MAL equations, see section 4.2.4. The second
kind of soliton (on-resonance, analysed in section 4.4) is a strict parent of Kaplan’s
soliton, and it lives at resonance ( u p —u s = u r ), and for this reason must be analysed
using the full version of the Maxwell-Bloch equations, equations that we examine in
detail throughout all of section 4.2.

4.2

Resonant Interaction of Light with an effective TwoLevel system and Maxwell-Bloch Equations.

4.2.1

Stim ulated Raman Scattering.

Spontaneous Raman Scattering can be generically defined as the ’inelastic’ interaction
of an intense light wave with a resonance of the medium, in which incident pump light at
frequency u p is converted into light at a new frequency u s < u p (Stokes wave), initially
excited by the background noise fluctuations, by means of a material excitation with
eigenfrequency u r . The particular nature of the excitation can be either a molecular
vibrational or rotational mode, an electronic or spin excitation, an acoustic, polariton,
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thermal or entropy wave, or even combinations of these excitations [150, 149]. When
the incident laser field exceeds a well-defined power threshold, the generated Stokes
component acts like an independent field and builds up with exponential gain; this
regime is called Stimulated Raman Scattering (or SRS for brevity) [10, 8], The sharp
intensity threshold exists because the gain must overcome all the intrinsic losses arising
due to the finite conductivity of the medium [10].
The Raman effect has been observed in a wide variety of different physical situations
in solids, liquids, gases and plasmas [152, 154]. In the vast majority of cases, how
ever, Raman scattering involves resonances with molecular vibrational or rotational
energy levels, which are the most accessible experimentally [152, 140, 141], through the
availability of a large set of Raman-active gases [152].
A proper description of Raman scattering in gases necessitates, in its own nature,
the use of the concepts of quantum mechanics, through the application of the density
matrix formalism (Bloch’s equations), which we develop briefly in sections 4.2.2 and
4.2.3. However, a self-consistent classical theory valid in conditions of weak resonance
and large quantum numbers can be deduced from purely classical principles; this is
done in section 4.2.4 where we discuss the MAL equations.

4.2.2

D ensity m atrix approach. Bloch’s equations for the effective
two-level system .

The description of resonant optical processes is greatly simplified by restricting at
tention to the dominant resonant transition. In Fig. 4.1 a sketch of the two-photon
three-level Raman transition is shown. Direct transition from the ground state |0)
to the first excited state 11) are electric dipole forbidden by assumption, so that this
transition can only occur at the second order of perturbation theory, i.e. through a
two-photon process [10, 149, 152]. Thanks to the existence of the dense manifold of far
detimed energy levels collectively named |y), the transition at the Raman frequency ujr
can occur. Details of the physics of the process and the simplifications made to derive
this simple picture are given in many introductory books, see for example [10], [152]
and [149].
Levels |0), |1) and \j) axe eigenstates of the unperturbed hamiltonian operator H q for
the molecule, which we write in the Dirac notation as
A 0 = fiu;R|l ) ( l |+ X ; H o b '> ( i l .
j
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(4-1)

Figure 4.1: Sketch of two-photon three-level Raman transition considered in this Chapter.
|0) is the ground state, |1) the first excited state, and |ji) a manifold of off-resonance virtual
levels. Two photons are provided -pump and Stokes- at frequencies respectively of u p and u s Raman resonance is at u r , and A u is the frequency detuning between the optical fields and
the material resonance. When u p ts
u r , equations for levels |j) decouple from equations for
levels |0 ,1), and the system can be considered to a good approximation as an effective two-level
system, consisting of the levels |0) and |1).

where U jk are th e frequency differences U j —Uk between the various levels, and uqo = l j r .
H

q

need not be specified further for our present purposes, and its fundam ental m atrix

representation is diagonal, using the orthonorm ality of its eigenstates.
T he radiative interaction betw een light and m a tte r is described in the framework of
th e dipole m om ent approxim ation. In this fram ework different eigenstates of

H

q

are

coupled through a dipole interaction operator, thus:
H in t

=

~ n E ( z ,t)

,{ 1 0 ) 0 * 1
Y

+

li> < 0 | +

Ii)(l| + 11)01}, ( 4 - 2 )

3

where /i is the dipole m om ent and E ( z , t ) is th e (real) electric field. Note th a t |0) and
|1) are not coupled through H i n t , due to th e assum ption th a t the transition between
these two levels is dipole forbidden. Moreover, th e vector n atu re of the electrom ag
netic field is not taken into consideration here for simplicity, and the dipole m om ent
/i is supposed to be approxim ately th e sam e for all th e transitions considered in th e
interaction ham iltonian. In addition, note th a t the interm ediate levels \ j ) are assum ed
to be sufficiently non-resonant th a t they acquire no appreciable population during th e
transition, and for this reason they are com m only referred as v i r t u a l levels , although
they represent real eigenfrequencies of th e m edium .
A physical quantum s ta te \tp) o f th e system is in general a superposition of all eigen
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states |m) of the hamiltonian operator, i.e.

IV7)

=

(4.3)
m

where am are the expansion coefficients. The quantum probability of finding the system
in a specific eigenstate |m) is given by |am|2 (which is, in general, function of time),
and therefore
operator

|am|2 = 1- We define the so-called density matrix p as the hermitian
P= W ( #

(4-4)

This product must be interpreted in a statistical sense, as an ensemble average over
all the molecules [149, 10, 148, 168, 167, 169]. We will not describe here the simple
procedure through which one should calculate such ensemble average; the reader can
find all the necessary details in [168, 167].
Using the two Schrodinger equations
ihdt\4>) =

(4.5)

-iHdt(rp | =

(4.6)

where H = Ho+Hint, we derive easily a Heisenberg-type equation for the time evolution
of the density matrix [10, 148, 168, 169]:
ihdtp=[H,p],

(4.7)

where [A, B] = A B —B A is the commutator. Using the cyclic properties of trace
operator, we can write the expectation value of a generic operator O as:
W|0|V>> = Tft (d|V >«-l) = Tr ( d p ) = T r ( p O ) .

(4.8)

The expectation value expressed in Eq.(4.8) is valid for one moleculeonly, mediated over
the statistical ensemble. The macroscopic average of the physical quantity associated
with the operator O will be given in this formalism by
(6> = JV0H r (d p ),

(4.9)

where Nq is the molecular density. Another important relation to observe is that
Tr (p) = 1, which follows from Eq.(4.8) when the operator O is equal to the iden
tity operator; this relation encapsulates the conservation of total probability for the
wavefunction |ip ) [168, 169].
Our strategy will therefore be to apply Eq.(4.9) to find the macroscopic average of
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the polarisation function P from the microscopic dipole moment operator ft of the
molecule under consideration. Once this is achieved, polarisation P will be inserted
into Maxwell’s Wave Equation to give a self-consistent set of semiclassical equations
for the Raman process.
The next step is to solve the Heisenberg equation (4.7) for all the elements of the
density matrix pik. Substituting the hamiltonian H — H q + H int into Eq.(4.7), and
using the definitions (4.1) and (4.2), it is possible to prove that, after some lengthy
algebra, the following set of equations hold:
dtPjj + 'YjjPjj H

iE u

d tP n + l i i P n +
dtPoo + 7ooPoo +

\Poj ~ Pjo + Pij ~ P j l) = 0?

9 §1
9 tL

(4*10)

(p ji — P ij) = 0,

(4-11)

(Pjo —Poj) = 0,

(4-12)

dtPoj + (7oj + ivo j)p o j 4— j ~ (Pjj — Poo — Poi) = 0?

(4-13)

dtP ji + [7ji + ifa o j ~ ^oi )]Pj i + - jr - (poi + P n — Pjj) = 0>

(4.14)

dtPoi + (701 - <woi)poi + -ju - (Pji ~ P o j) ,

(4-15)

Pjj — 1*

Poo + P n +

(4-16)

j

In Eqs.(4.10-4.15), the gradual loss of energy (and coherence) fromthe small subset of
levels of interest to the heat bath consisting of all the other materialstates is captured
phenomenologically through adding by hand the decay terms —ijikPik to the right-hand
side of the Heisenberg equation (4.7). The diagonal elements 7 ** correspond to the
decay rates due to the irreversible losses to the heat bath, and to lower-energy dipolecoupled bound states. These damping effects refer to as homogeneous broadening, and
7t^ 1 correspond to the associated relaxation times [10, 168, 167, 169]. For the resonant
phenomena that we are going to describe in this Chapter, we must take into account
the various decay times required for the medium to relax to the equilibrium state after
its excitation. We shall elaborate further on this point on page 120.
The diagonal elements of the density matrix, pkk, represent the probabilities of finding
the system in the energy eigenstate \k) of the unperturbed hamiltonian; therefore the
conservation of probability of Eq.(4.16) is required as an extra equation to be satisfied.
In general, in a quantum transition where N photons are exchanged through N + 1
eigenstates (N is called the order of the transition), one has (N -I- 1)(N + 2)/2 + 1
equations for the components of the density matrix. (N -1- l)( N + 2)/2 equations come
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from the fact th at the operator p is hermitian, while an additional equation is due to
the conservation of probability, which can be expressed by Tr (p) = 1.
Levels |j), the energy of which is far detuned from the Raman resonance u r , can be
adiabatically eliminated from the ground state and the first excited state assuming
that they are sufficiently non-resonant that they are never populated, pjj — 0, and
that their time derivatives dtpoj, dtpij can be neglected in comparison with uoj = u p
and u ij = usTaking pjj = dtPjj = 0 in Eq.(4.10) we obtain immediately that poj —pjo + pij —pji cz
0. Prom Eq.(4.13), using u o j
dt, we also have the two relations (assuming that
Up ~ us)'Poj —

+ Poi),

(4-17)

P ji — ^ ( P o i + Pii)-

(4-18)

Inserting relations (4.17-4.18) into Eqs.(4.10-4.15) yields, after simple but lengthy al
gebra, the following approximate simplified equations for the effective two-level system:
1 /2 E u \
dt(poo — P n ) + (7 0 0 P00 ~ Tu P i i ) + —

2

(~

(P°° —P11) =

dtPoi + (701 — iv R ) p o i — —

=

(4-19)

(4.20)

The variable (poo —Pi l) hi Eq.(4.19) represents the population difference between the
ground state and the firstexcited state. From now on wenamethis variable n. In
our convention,when n = 1 the system is all in the ground state,
while n = —1
corresponds to a total inversion of population. The condition Tr (p) = 1 implies here
that n 2 + 4|poi|2 = 1.
The next step is to express the real electric field E(z, t) using SVEA:
E ( z , «) = i \Epe~ijJpt + Es e-™st + c .c .] ,

(4.21)

where Epys are the complex envelopes for the pump and the Stokes fields respectively.
The same procedure (known in the literature as the Rotating Wave Approximation,
RWA) is applied to the off-diagonal element of the density matrix poi- We therefore
make the change of variables:
Poi = - - Q e - i(u p - us)t = - i Q e_i^ +Au,)t,
2

2
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(4.22)

where A cj is the detuning from exact resonance (see also Fig. 4.1). After substitution
of Eqs.(4.21-4.22) into Eqs.(4.19-4.20) we obtain
.1
idt + i — + Au; Q + OLQiEpEsn = 0,
J-2

(4-23)

s t + ¥ i n + Im («oiEpE sQ ) = 0,

(4.24)

’ . o

where 1/Ti = 700 — 711, I/T 2 = 701 are the inverse of the so-called longitudinal and
transverse dephasing times [10], and
a 0i = n 2 /(h 2 u P)

(4.25)

plays the role of an effective nonlinear coupling coefficient, see also Refs. [10] and [148]
for a clear and elementary discussion of this quantity. We will express aoi in a more
useful way (which links it to the Raman Stokes gain) later in Eq.(4.43). Note that,
from the condition Tr (p) = 1, the conservation of probability implies that in the new
variables we have
n 2 + \Q\2 = 1.
(4.26)

Eqs.(4.23-4.24) are the Bloch’s equations for the problem, which regulate the behaviour
of matter (gas molecules in our case) under the influence of two laser beams (pump and
Stokes waves). In the next section we complement Eqs.(4.23-4.24) by writing equations
which model the behaviour of light under the influence of matter.

4 .2 .3

E va lu a tio n o f P o la riza tio n . M a x w ell-B lo ch eq u a tio n s.

We are now in the position to calculate the average (P ) through the use of Eq.(4.9).
We thus find, using the system of units employed in Chapter 2 in which polarisation
and electric field are expressed in the same physical units (V/m), that
(P) = - N 0 Tc(fip),
Co

(4.27)

where the matrix representations of operators p and p are given by [159]

0
0 0 p
A=
\ p p 0/
( 0

P=
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( Poo

Poi

Poj \

Pio

Pll

Pij

Pjo

Pji

Pjj )

(4.28)

Substituting these expressions into Eq.(4.27) and using relations (4.17-4.18) we obtain
{P} ~ —

eofkop

[1 + 2Re (p„i)].

(4.29)

Inserting expression Eq.(4.29) into Maxwell’s Wave Equation Eq.(1.12),using SVEA
on the optical fields [Eq.(4.21)] and RWA on the off-diagonal elementsof the density
matrix poi [Eq.(4.22)] we obtain:
idzEp + Dp{idt)Ep 4- 7 pQ Es = 0,

(4.30)

idzE s 4- Ds(idt)Es 4- 'ysQEp = 0.

(4-31)

Here we have called 7 ^ 5 = wp^NoHacQi/faocnp^s), where aoi has already been defined
in Eq.(4.25) and npts are the refractive indices at the pump and the Stokes frequencies
respectively. Dp,s{idt) are the dispersion operators:
Dp,s(idt) = Y ,

(4.32)

where /?mp,s are the physical dispersion coefficients of the fibre (expressed in units
psecm/m ) calculated by expanding respectively around the pump and the Stokes fre
quencies. For our purposes we typically stop the expansion at m = 2:
Dp,s(idt) — i@iP,sdt ~ 2 # 2P.s^t,

(4.33)

where Pip}s are the group-velocity coefficients and fo p,s are the group-velocity disper
sion coefficients at the two frequencies.
Putting together Bloch’s equations (4.23-4.24) and Eqs.(4.30-4.31) we obtain a selfconsistent and closed set of semiclassical partial differential equations, known as the
Maxwell-Bloch (MB) equations [10, 169, 168], which govern the mutual interaction
between electromagnetic waves (in our case two fields) and a gas of two-level atoms, in
the presence of dispersion:
idzEp + iflipdtEp — \(h,pdtEp + 7pQ E s — 0,
MB:

idzE s 4- ifiisdtEs — \ f h s d t E s + is Q E p = 0,
idt + i j r 4- Au;] Q -1- aoi E p E s n = 0,

(4.34)

+ 3T-] n + Im (<atoiEpEsQ) = 0 .
In Eqs. (4.34) it is also customary to define a frequency T as the inverse of the transverse
dephasing time, F = I/T 2.
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4.2.4

Classical MAL equations.

When the two-level system is driven by optical fields, the frequency difference of which
is relatively far from the resonant eigenfrequencies of the material, the rate at which
Raman particles undergo the transition from the ground state to the first excited state
of the system is low, and for this reason the population inversion n can be considered
as constant at all times and in the fundamental state (n ~ 1 in our notation) with a
high degree of accuracy. In this approximation of large detunings, the MB equations
(4.34) reduce to:
idzEp + ifiipdtEp —^(hp dfE p 4- 7 pQ Es = 0,
MAL:

idzE s + i/3iSdtE s - \ f o s d t E s + 7sQEp = 0,
+ i r + Au;] Q + qqi E p E s = 0.

(4.35)

Eqs.(4.35) are also called the Maxwell-Abraham-Lorentz (MAL) equations, due to the
fact that the last equation of (4.35) can be obtained in a classical way writing the
Abraham-Lorentz equation for the oscillating dipole, with Q being interpreted as a
complex molecular vibrational coordinate. For a full account of this classical set of
equations the reader can consult References [10, 148, 167, 168, 169].

4.3

O ff-resonance R am an S olitons in d ispersive H ollowC ore F ib ers filled w ith R am an -active gas.

4.3.1

Off-resonance approximation of MAL equations.
quantities.

Conserved

Although one may think that far from the resonance there cannot be any particularly
strong nonlinear effect arising from the resonant nonlinearity, this conclusion is far
from being correct. In this section we demonstrate theoretically for the first time the
existence and the internal stability of different families of off-resonance solitary waves
supported by a remarkable mechanism which produces an effective Kerr nonlinearity
in the HC-PCF, even when the intrinsic Kerr nonlinearity is small or vanishing. The
families that we consider and discuss here are in order: the Bright-Bright soliton family,
when both components are bright, and the Gray-Bright soliton family, when one of the
Stokes components is dark and the pump component is bright.
Surprisingly, this induced Kerr-like nonlinearity, when applied to the specific case of
HC-PCFs, will turn out to be strong enough to overcome the intrinsic Kerr nonlinearity
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of the Raman gas by two or three orders of magnitude. This allows a substantial
reduction in the power needed to excite two-colour solitary waves in HC-PCFs (typically
of the order of ~ 10 kW), with respect to the one-component NLS-soliton which exists
due to purely intrinsic nonlinearities, and which requires powers of the order of MW
in air [144, 145]. We shall discuss this important point further in section 4.3.6.
The starting point of our discussion on off-resonance Raman solitons will be the classical
MAL equations (4.35) for the envelopes of the pump, Stokes and coherence fields. In
the limit of sufficiently short pulse durations to
I 2, the system excited by the pulse
does not have time to lose coherence with the thermal bath, and therefore under this
assumption the term proportional to T in the last of Eqs.(4.35) can safely be dropped.
Once solitary wave solutions are found, this requirement on pulse duration must be
satisfied a posteriori.
To verify directly that Eqs.(4.35) correctly describe a ’Raman cascade’, it is however
useful to consider first the CW limit of these equations, in which the time derivatives
vanish; in this situation the dephasing time T2 cannot be neglected, and from the last
of Eqs.(4.35) we find that
Q= - ^

^

E p R s — atoiEpEsf(Au),

(4.36)

where
/(A w ) = (-A w + iT)/(Aw 2 -I- T2).

(4.37)

When this expression for the coherence is substituted into the equations for the fields,
after multiplication of the first by E p and of the second by E 5 , and subtracting their
complex conjugates, we obtain the following two coupled equations for the spatial
evolution of the intensities (expressed in units of W /m 2) of the continuous waves
dJP+

d ,I s -

ceo
ceo

(/(A w )) I s Ip = 0 ,

(4.38)

(/(Aw)) I p l s = 0,

(4.39)

It is immediately evident from these expressions that the pump wave intensity
Ip = ^ceo\Ep \2 is subjected to Raman depletion, while the Stokes wave inten
sity I s = ^ceol-E'S'l2 is subjected to Raman gain, and the rates of both of these
processes are proportional to the imaginary part of the complex function / . Eqs.(4.384.39) must be solved numerically, but if one assumes that the pump is undepleted
(rP
constant = ipo), then the evolution of the Stokes intensity I s can be easily
found:
Is{z) = exp[Gi(Au)Ipoz]Is{z = 0),
(4.40)
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where G t(A u ) is the imaginary part of the complex detuning-dependent Stokes function
G (expressed in units of m /W ), defined by [152]:
G (Au) = gSsr • /(Au;) = G p(Au) + iG/(Au;).

(4-41)

A widely used experimental parameter (expressed in the units m/W ) which is tabulated
in many references [152], is that of the Stokes function at zero detuning (Stokes gain),
which in our notation is defined by
gss = 4 7s< W (ceor)-

(4-42)

In the following we shall often refer to gS3 simply as the ’Raman gain’ when this does
not cause confusion. Relation (4.42) also links the effective nonlinear coupling aoi to

“°‘ = / a

s

-

(4-43)

where we haveused the definition of 7 p given on page 118. This link will turn out
to be of utmostimportance in the second part of this Chapter which is dedicated to
on-resonance solitons (see also page 144).
Returning to Eqs. (4.35), it is now convenient to pass to adimensional units, defin
ing the dimensionless propagation coordinate and time, £ = z/zq, t = t/to, where
z 0 = <o/|^2p| a*11*! ^0 are respectively the second order dispersion length of the fibre at
the pump frequency and the pulse duration. W ith this choice, the adimensional group
velocity mismatch (walk-off) coefficients are given by Sp}s = Plp,szq/^0 = /3 iP,sto/\@2 p\,
and the ratio between the GVD coefficients is r = /?2s/|#2p|- The dimensionless fre
quency detuning from the resonance will be given by the parameter A = A u - to,
and the dimensionless Raman linewidth is T = Tto. To reduce the number of inde
pendent coefficients in the dimensionless equations, we perform a scaling of ampli
tudes as follows: Epts = ocp,s^P,s and Q = aQq, where chq = [^o(7P75)1^2]-1 and
<*P,s = (2o*o7s,paoi)” 1/2- Using a new reference frame which moves at the velocity
{Sp+ 6 s ) f 2 + v (where v will have the meaning of the velocity parameter for the solitary
wave), and defining S = (Sp — S s)/2, one finally arrives at the following dimensionless
equations:
id^Ap + i(S - v)dTA p + ^sd%Ap -I- qAs = 0,

(4.44)

id^As - i(S + v)drA s + ^ rd ^ A s 4 - qAp = 0,

(4.45)

idTq + (A -I- i f ) • q + A p A s = 0.

(4.46)

The coefficient s can assume only the values ±1, which refer respectively to anomalous
or normal dispersion for the pump wave, while r has already been defined above.
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Eqs.(4.44-4.46) with vanishing group velocity dispersion (s = r = 0) and vanishing
dephasing term (f* = 0) have been known since the first experimental and numerical
works on the subject of Raman solitons [155, 156, 157]. They exhibit several types
of solitary wave solution (depending on whether <5 = 0 or 8 ^ 0), in which either the
pump component is bright and the Stokes component is dark (for 8 = 0) [159], or both
components are bright but the coherence field has a non-vanishing initial condition
(for < 5 ^ 0 ) and it is described by a gray component [160], When considering HCPCFs, which possess large dispersion in the bandgap range of frequencies, the solutions
considered in [155, 156, 157] are no longer applicable, and new solitary wave solutions
must be found, a goal that we are going to achieve in this section.
Let us now analyse in some detail the structure of the hamiltonian and the symmetries
of Eqs.(4.44-4.46), using the same notation and concepts as in Appendix A. The reader
can find a compendium of the most important ideas of the lagrangian and hamiltonian
formulations in [183, 192]. Here and in all the following discussions we will assume that
T = 0. The hamiltonian density associated with the differential problem (4.44-4.46) is
then [compare with Eq.(A.l)]:
H = - ~ s \d TA p \2 - -r \d TA s\2 + (qA pA s + qApAs)+
+ A • \q\2 — M q — (8 — v)M P + (8 + v )M s ,

(4.47)

where we have defined the following spectral momenta for the generic field ip =
[.AP,A s ,q ]:
M^p =

z

( ipdTip — ipdTip) = Im (ipdTip) .

(4.48)

Spectral momenta represent physically the local frequency shift across the fields; we
have already encountered the same concept on page 58 when we treated the spectral
recoil due to Resonant Radiation, see Eq.(3.35). Note that q is not a propagating field
(in the variable £), and this formally marks the difference with, for example, certain
versions of the Second Harmonic Generation (SHG) equations (type II phase-matching)
[9, 190], in which the field q would be in general both propagating and dispersive.
H is invariant with respect to the following set of phase transformations:
Apts —» et(^p's Ap}s,

q —►e ^ q ,

(4.49)

provided that <pq = <pp — <ps- Therefore there are only two independent ’gauge’ para
meters (pp and (pSi and the hamiltonian dynamical system will possess two associated
energy invariants Pp and Ps given by [191]:

/

+oo

\A p:s ( T ) \2dT,
-oo
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dt Pp,s = 0.

(4.50)

Because T-L does not depend on r explicitly, Eqs.(4.44-4.46) are also invariant with
respect to the following arbitrary translation along r:
A p tS{Z,T) -> APj5(£ ,t - r'),

q{r) ->• q{r - r').

(4.51)

As a consequence the total momentum Mtot is conserved [191, 183]:

/

+oo

[MP(r) + M s {r) + Mq{r)\ dr,

d^Mtot = 0.

(4.52)

-oo

However, integrals of M p + M s and M q are separately conserved momenta, due to the
fact that d^Mq = 0, as follows from the non-propagating nature of the coherence field
q■

4 .3 .2

E ffectiv e K err n o n lin ea rity in th e large d etu n in g s reg im e.

A useful way to understand the dynamics of Eqs. (4.44-4.46) is to consider first the
behavior of the system in the presence of relatively large detunings from the resonance
(|A • q\
\dTq\). In such a case, we can write formally a solution for Eq.(4.46):
q = -------- — i - A p A s ,
l + £0r A
which has the Taylor expansion, assuming the condition A
q ~ - i ^1 - ^ dT -I-

(4.53)
1:

A PA S.

(4.54)

It is therefore obvious that the nature of the nonlinear parts of equations (4.44) and
(4.45) is, at the order 0 ( A -1 ) in the perturbation theory, of the Kerr type; more
specifically, the system behaves as if the two components were coupled by cross-phase
modulation (XPM) only, induced by the Raman resonance.
In the following discussions we first focus our attention on the reduced set of equations
f id^Ap + i(S - v)dTA P + \s d lA p - sgn(A)|A5 |2AP = 0,
\ id^As - i(5 + v)dTA s + \r<%As - sgn(A)|AP |2A 5 = 0,
derived by substituting Eq.(4.54) into Eqs.(4.44-4.46), truncating at the order 0 ( A -1 ),
and making the redefinition Ap}s
y/AApts to scale away the parameter A. Eqs. (4.55)
represent the most essential set of equations for the out-of-resonance Raman interac
tion. Note the im portant fact that if AP>s are localised stationary solutions, then the
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Figure 4.2: A pictorial representation of the Raman resonance. Real and imaginary parts
of the complex function /(Au;) given by Eq.(4.37) axe shown as a function of normalised de
tuning Alj/T. Imaginary part of / (dashed line) is an even function of Au;/r and determines
the nonlinear gain properties of the Raman resonance, while its real part (solid line) regulates
the effective Kerr nonlinearity induced by the resonance, see Eq.(4.60), and is an odd func
tion of Au/T. As a consequence, for negative (positive) detunings one has effective focusing
(defocusing) nonlinearity.

coherence field q will also be a localised function, at least at the order

0

(A L).

The hamiltonian density H' corresponding to the stationary solutions of the reduced
system Eqs.(4.55) is given by
« ' = - \ s \ d TA p ? - ir |< M s |2 - 8gn(A)|Ap|2|As |2.

(4.56)

The symmetries of this hamiltonian density implies, in complete analogy with the case
of Eq.(4.47) discussed previously, the conservation of the following quantities:

/

+oo

H'dr,

r+oo
M'tot — I (M P + M s )dT

(4.57)

J —oo

■00

where M p}s have already been defined in Eq.(4.48).
It must be noted th at the focusing or defocusing nonlinear behaviour of the NLSElike set of Eqs.(4.55) is uniquely determined by the sign of the detuning A [see also
Fig.(4.2)]. This fact implies that one can have bright solitary waves in anomalous or
normal dispersion conditions, provided that the sign of the detuning is respectively
negative or positive [8, 9]. The truly important conclusion that can be drawn from
Eqs.(4.55) is that, in this model, the SPM part of the nonlinearity is missing. This
will have far-reaching consequences, in particular on the internal stability of the offresonance solitons that we have found to exist in our system.
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The knowledge of the dephasing time T2 and the Raman Stokes gain at zero detuning
(gss) turns out to be sufficient to give an estimate of the observable value of the effective
Raman-induced nonlinearity 7 e/ / [173], Raman gain is tabulated in the literature for
many different species of Raman-active gases [152, 187]; it is connected to the presence
of a dephasing time T2 for the coherence field Q, as we have proved in Eq.(4.40) for the
particular case of the CW solution. As one can see from Eq.(4.41) and Eq.(4.37), in
general Raman gain G is a complex quantity; its real part is proportional to detuning
Au;, while its imaginary part is proportional to the inverse of the dephasing time, I \ It
is evident by substituting Eq.(4.36) back into the first two equations of set (4.35) that
Gj regulates the nonlinear exponential absorption or gain as in Eqs.(4.38-4.39), while
the Kerr-like nonlinearity is regulated by the real part G r .
It follows from Eq.(4.36) that the relation between G r and Gj is given by the simple
formula
|G*(Aa,)| = £ - |G ,( A u>)|.
(4.58)
Using G j{Au) from Eq.(4.41), and going to the limit of large detuning Au;, we have
|G r (A w)| ~ 2 "E .

(4.59)

The effective Kerr nonlinear coefficient 7 ef f induced by the Raman nonlinearity (ex
pressed in units m- 1W -1 ) is readily found by dividing G r by the effective modal area
A ef f of the fundamental mode of the fibre core [8 , 173]:

(460)

which in turn can be related to an induced nonlinear refractive index [8] given by:
n2 =

„ .

6J5AU; ' T2

(4.61)

We shall calculate the induced nonlinear quantities Eq.(4.60)and Eq.(4.61) in section
4.3.6, when wediscuss a realistic example and when we also proposean experimental
configuration for the observation of the solitons described here.

4.3.3

Bright-Bright solitary wave solution.

Let us now consider the existence of bright-bright solitary waves in Eqs.(4.55). W ith the
term bright-bright solitons we always refer to those mathematical solutions for which
both components are bright, localized pulses which maintain their profile indefinitely.
Let us now suppose that the detuning A in Eq.(4.55) is negative, and therefore the
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effective nonlinearity is of the focusing type (see Fig. 4.2). W ith this choice of A,
both pump and Stokes components of the soliton will live in anomalous dispersions,
and therefore throughout all this section we assume that s = -fl and r > 0. The
specific solitons that we describe here are mathematically similar to vector solitons of
incoherently coupled NLS equations [195], but with the essential difference that in our
case the self-phase modulation term is absent [173].

Tail A nalysis.

An essential step which gives valuable insights into the regions of existence of solitons
is tail analysis, that is the eigenvalue problem for the decay rate of the fields found
fax from the center of the soliton, i.e. in its ’tail’. In this tail region the nonlinearity
is small, because of the exponential localization of the solitary wave, and therefore we
can pose
ApjS ~ apts exp(-X pjST),
(4.62)
where Ap(s are the decay rates of the tails far from the central peak. Substituting (4.62)
back into Eqs.(4.55)we have (in the limit r —y oo) the following algebraic problems for
^P,s'
- k P + i ( 8 - v)XP -I- \ x 2P = 0,

(4.63)

- k s — *(<5 + v)Xs + ^ rA | = 0 ,

(4.64)

Xp — i(v — 8 ) ± y/ 2 kp — (v — 8 )2,

(4.65)

the solutions of which are

A5 = —i — ^

± y/2 ks/r — (u + 8 )2 / r 2.

(4.66)

Solutions with a positive (negative) sign in Eqs.(4.65-4.66) regulate the decay of the
tails for r > 0 (r < 0), as is clear from Eq.(4.62). From the previous two relations it
is straightforward to derive the conditions of existence of localized solutions, given by
imposing a nonvanishing real part for both eigenvalues Apts, yielding the following two
relations (which must be satisfied simultaneously) which define the region of existence
in the parameter space (k p , k s ,v ):
8

—8

— y/2kp < v <

8

+ y/2kp,

— y / 2 ksr < v < —8 + y/2ks-

(4-67)
(4.68)

The form of eigenvalues shown in (4.65-4.66) provides two important pieces of informa
tion. First of all an imaginary part is acquired by the stationary solution in the presence
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of walk-off S by at least one of the two components; this simply means that the com
ponents shift slightly their frequencies (and therefore their dispersions) to correct the
group velocity mismatch which tends to separate them temporally. The two frequency
shifts for the pump and the Stokes components are given respectively by dp — 8 — v
and ds = —(v + 6 )/r. Secondly, the soliton profiles will be described by two functions
fp,s{p/pp,s)-> with 1 /rp = y / 2 kp — (v — <5)2 and 1/ t s = y / 2 k $ /r —(v + 8 ) 2 / r 2 are the
real parts of Ap,s, which determine the pulse widths for the two components.
Tail analysis can alternatively be performed with a Green function method, which we
outline briefly here. Neglecting the nonlinear terms in Eqs.(4.55), we can write them
in the form
Dp,s{kp,s; idT)ApiS = 0,

(4.69)

where we have defined the two linear differential operators
b p ( k p ,id T) = - k P + i ( S - v)dT + (1/2)0?,

(4.70)

D s (ks ; idT) = - k s - i(S + v)dT + (r/2)fl*.

(4.71)

Fourier transforms of D(kp:s]idT) define the dispersion relations for the two compo
nents through the equations Dp,s(A:p,s; u) = 0, i.e. their propagation constants kpt$
as functions of normalised frequency u:
—kp +

(8

— v)u —

—ks — {8 +

v

) oj

= 0,

(4-72)

— ^u/2 = 0.

(4-73)

By solving Eqs.(4.72-4.73) with respect to u we obtain the roots pp =

(8

— v) —

iy / 2 kp — (v — 8 ) 2 and us — —{$ + v )/r — (i/r ) y / 2 ksi— (v + <5)2, plus their conjugates
ftp,S’
From Eqs.(4.69) one can define the two associated Green’s functions G p ^ fc p ^ jr)
through the equations
D {kp ,s\id ^G p ^ikp ^] r) = A (r),

(4.74)

where A (r) is the representation of the Dirac delta function given by Eq.(3.48). We
find, after a contour integration:
_
.
1 _ , . f +°°
exp(—iuT)du>
Gp(fcp; r) = — PV /
7
^
^
2n
J_ oc - k p + (d - v)u -

=

= 2im'1(/ip ) [exp (-* > p r)0 (r) + e x p ( - i/ip r ) © (- r ) ] ,
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(4.75)

and

_ ,»
.
1 ___ f + ° °
exp(—iur)du
G s(fcs;r) - — P v y ^ _ &s_ ( f + t;)w _ r w2 -

= 21m(iis) [exP(“ ^ 5T)0 (r ) + exp(-«/u5r ) 0 ( - r ) ] .

(4.76)

Being complex conjugate pairs, eigenvalues corresponding to the same component have
the same real parts, provided that the existence conditions Eqs. (4.67-4.68) are satisfied,
as the reader can verify. This in turn means that one can always write the Green
function in the following way, separating the real and imaginary parts of fip,s = Cp,s +
iDp}s -’
Gp,s(kp,s; r ) = — J— exp( - i C PiSt) exp(-£>P)5|t|),

(4.77)

confirming the conclusions of tail analysis performed earlier with the algebraic method,
because the functions Gp,s axe always exponentially localised with exponents X?p,s
(the soliton never enters in resonance with the linear waves in the continuous spectrum
because there are no roots on the real axis), and they are subjected to a frequency shift
induced by the purely imaginary exponents Cp#s, that are proportional to walk-off
coefficient S and soliton velocity v.
From the preliminary tail analysis given above it follows that the bright-bright soliton
will be a localized, three-parameter wave, with parameters given by (k p , k s ,v ). The
solitons will always be complex in the presence of group velocity mismatch S between
the two optical components, with a well-defined region of existence (4.67-4.68) in the
parameter space.

A nalytical branch for B right-B right solitons.

Generally speaking the system of ODEs which arise from Eqs. (4.55) by imposing star
tionarity on £ has solutions that can only be found numerically. It often happens,
however, that for particular combinations of parameters one can obtain an explicit
analytical solution to the problem (the so-called analytical branch). Such a solution
will represent in general only a ’low-dimensional’ region in the parameter space, but
it is useful anyway to obtain important clues to the general numerical solution. The
analytical branch of Eqs. (4.55) can be found by using the ansatz
AP'Sit, r) = aP)Ssech (/3r) exp(tfcp,s£ - idptsr)

(4.78)

with ap — y/r (2kp — (v — 6 )2), as = y/2kp — (v — S)2, dp = ( 6 —v), ds = —(v + 5)/r,
ks = [2fcpr2 + v 2 — r 2(v — S) 2 + 8{2v + <5)]/(2r) and (3 = as- Note that for the
analytical branch the Stokes propagation constant ks is now not independent of kp,
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and this reduces the dimensionality of the parameter space for this solution, which is
now two-dimensional (kp and v) instead of three-dimensional.

General num erical solution o f BVP.

To solve Eqs.(4.55) numerically one poses A p(£,r) = w(r) exp(ikp£ — idpr) and
^ s ( £ 5t ) = u (r) exp(jfcs£ —id s r ), with w and u real functions, arriving at the fol
lowing real Boundary Value Problem (BVP):

r " +

—kp +

\:run + - k s +

(u-<S) 21

w -I- u w = 0,

(4.79)

(v + <5)21
u + w u = 0,
2r

(4.80)

where the prime indicates a derivative with respect to r.
It can be checked th at the real envelopes w(r) and u(r) in the system (4.79-4.80) may
be considered as two coordinates of an effective particle with hamiltonian given by

/

+o° r i

i

^Pw +

2

(4.81)

rPl + U f a u) dr,

with momenta pw = w' and pu — uf, and where U (w, u) is the two-dimensional effective
potential
U(w,u) = -

(u-<5)

W2 + ~1 —ks +
2

{v + S) 21
2r

ti

2

1 2 2
+, -w
u .
&

(4.82)

One can use this mechanical analogy to find the separatrix trajectories in the phase
space, which lead to temporally localized solutions of the system. Separatrix trajecto
ries can be found using the standard shooting method, for which there exists an extensive
literature [196]. As an illustration, Fig. 4.3(b) shows a typical homoclinic orbit found
numerically (parameters are given in the caption), together with the corresponding
soliton profile [Fig. 4.3(a)].
It follows from the conservation of individual energies Pw = f W2 dr, Pu = f U2dr
and the hamiltonian H given by Eq.(4.81), that to identify unambiguously a localized
solution in the parameter space it is sufficient to specify Pw, Pu and H. It is therefore
convenient to plot the dependence of these conserved quantities on a parameter of the
system. In Fig. 4.4 (top) the dependence of PW)U, Ptot = Pw + Pw, and H as a function
of parameter p = (kp —k s ) / 2 is shown; other parameters axe k = (kp + k s ) / 2 = 1,
<5= 0.2, v = 0, r = 1. Three different soliton profiles found numerically are also shown
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Figure 4.3: (a) Soliton profile for the two components found by solving numerically Eqs.(4.794.80). Blue and red lines correspond respectively to w and u. Parameters are: 6 = 0.2, v = 0,
r = 1, /x = (kp —k s )/2 = 0.4, k = (kp -I- k s ) /2 = 1. (b) Homoclinic orbit in the phase space
corresponding to soliton found in (a).
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Figure 4.4: The top plot shows Pw (blue line), Pu (red line), Ptot = Pw + Pu (black line)
and hamiltonian H' (green line) as functions of parameter n = (kp — k s )/ 2. Values of other
coefficients are k = (kp + ks)/2 = 1, S = 0.2, v = 0, and r = 1. The bottom plots show
three soliton profiles found by solving numerically Eqs. (4.79-4.80) for different values of /i, in
correspondence with the points indicated by solid dots A, B and C.

in Fig. 4.4 (bottom), corresponding to the points marked with solid dots (A, B and
C).
In Fig. 4.5(a) the dependence of the ratio of the peak amplitudes Wmax/umax as a
function of fi is also shown for different values of the dispersion ratio r, with k = 1
and S = v = 0. The energy imbalance A P = (Pw — Pv)/Ptot between the two optical
components for different values of k is shown in Fig. 4.5(b) as a function of /i.

V akhitov-K olokolov c rite rio n for B rig h t-B rig h t solitons.

An excellent tool for analysing the internal stability of solitary waves is provided by
the so-called Vakhitov-Kolokolov (VK) criterion [188]. This criterion gives a sufficient
condition for the onset of instability, but in general not a necessary one [188, 9,189,191].
We describe this important criterion in Appendix A, where we give a compendium of
the most important concepts derived using a geometrical ’action functional’ approach
to the internal stability.
In this approach one first calculates the action functional S using the procedure outlined
in Appendix A [see Eq.(A.6)]; it is possible to prove that
S = H ' — kpP p - ks PS + <

t,

(4.83)

where we have used the integrals of motion defined in Eq.(4.57) and Eq.(4.50).
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6 — v — 0 . (b) Energy imbalance A P = (Pw —Pv)/Ptot plotted as a function of /i, for different
values of k. Other parameters are: <5= u = 0, r = 1.
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Note that - with the exception of the hamiltonian - to each conserved quantity
I j = { P p , P s , M l ot} is attached a soliton parameter a j = { —k p , —ks, v}[193]. This
allows us to write the three (N = 3) relations of Eq.(A.9) as:

dH '
ov

, dPP
kP -5
ov

, dPs , dM[ot n
ks - 7— + v — — = 0.
ov
ov

(4.86)

The stability threshold is determined by the solvability condition Eq.(A .ll), which in
our case reads:

d (kp, ks, v) = det

dPP
dkp
dPs
Wp
dkp

dPP
dks
dPs
Uks
dK t
dks

dPp
dv
dPs
dv

= 0.

(4.87)

dMdv
J«

Because the soliton solution is known in general only numerically (with the excep
tion of the low-dimensional analytical branch), one must construct a fine grid in the
3-dimensional parameter space, and calculate the derivatives necessary to find d in
Eq.(4.87) with, for example, a finite difference algorithm. This can be achieved by
associating with each point of the above grid a soliton solution calculated by solving
numerically the BVP defined by Eqs. (4.55). We have explored a broad region of the
parameter space by constructing a grid composed of thousands of points, and our con
clusion is that the solitons are always stable. This result is also confirmed by a large
number of direct numerical simulations.

Full set of eq u atio n s.

After having studied the reduced equations (4.55), valid in the limit when the detuning
A is large, we now turn our attention to the more general case when this detuning is
not substantial (but still different from zero) and the equation for the coherence q must
be taken into account [Eqs.(4.44-4.46)], and cannot be decoupled from the equations
for the optical fields.
The Green function for the last equation (4.46) is given by
Gq{r) = -^ P V

J eX^ ^ rfa;= ^ sgn (r ) e x p (-tA r),
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(4.88)

and its general solution is given by the convolution
i

f +oc

q{t) = qo(r) + - exp ( — i A t) /

sgn(r - r') exp(*Ar')

[-A p (t')A s (t')]

dr', (4.89)

J-o o

^

where qo{r) is a suitable function which determines the right initial conditions for
r —* —oo. Analogously to what we have seen on page 74, the integral on the righthand side can be written in terms of truncated Fourier transforms (see Appendix C for
definition):
q{r) = qo{r) +

e x p (-iA r) [ F (-A PA S, A ) ! ^ - F (~ A PA S, A)+°°] .

(4.90)

Now we have to impose the boundary conditions on the field q{r). A reasonable physical
initial condition is q(r = —oo) = 0, because in general the gaseous medium will be not
polarised before sending the pulse. This gives:
«(t) = l- e x p (-iA r) [F f-y lp A j, A ) ^ - F ( - ^ PAS, A)+“ + F ( - A P^ S, A)] •
(4.91)
In the limit r -> —oo, the first term on the right-hand side vanishes, while the second
term cancels out with the third one, giving vanishing coherence as required. On the
opposite side of the temporal window, when r —>+ 00 , the field q tends to the value
q(r —►+ 00) = iexp(—iA r)F (—A PA s, A).

(4.92)

Thus in general the coherence always has a nonvanishing tail for positive normalised
times, which oscillates at the detuning frequency A and cannot be eliminated by any
choice of the parameters. Note in addition that the amplitude of this tail has an
exponential sensitivity on the detuning A, so that for large detunings this amplitude
goes to zero exponentially. We can attem pt to evaluate the asymptotic value for the tail
amplitude assuming that the optical fields are still given, to a first approximation, by
Eq.(4.78). In this case, using the analytical branch to illustrate the concept, we have,
performing the Fourier transform of A PA s according to Eq.(4.92), that the asymptotic
coherence field is given, for large r , by
_ iexp(iAr)ap057r(A + dP — ds )
Qoo —

/

/A , .

7T \

ff2s in h ( ’r(A+^ - <ls>)

(A ftoX
?

where (3, aP>s and dPis have been defined on page 128. Note that although the nu
merator vanishes when A + dP — ds = 0, the asymptotic value of q never diverges or
vanishes because lim ^ o x/sinh(zr) = 1. Fig. 4.6(a) shows a plot of |<7oo| as a func
tion of dimensionless frequency detuning S, calculated with Eq.(4.93), for parameters
specified in the caption.
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Figure 4.6: (a) Plot of |<7oo| as a function of dimensionless detuning A as calculated using
Eq.(4.93), for parameters r = 1.5, kp = ks = 1, v = S = 0. Only negative detunings are shown
because the bright-bright soliton with both components in anomalous dispersion can exist only
in the presence of a focusing nonlinearity, (b) Stationary solution of full Eqs.(4.44-4.46) found
by solving numerically the BVP with the boundary condition q(r —►—oo) = 0. Blue line is
pump wave Ap, red line is Stokes wave A s, green line is coherence field q. Parameters are the
same as in (a), and the dimensionless detuning was A = —5. The asymmetry of q with respect
to r = 0 induces a slight asymmetry on the body of the soliton components.
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In Fig. 4.6(b) a typical stationary solution found by numerically by solving the Bound
ary Value Problem of the full equations (4.44-4.46) is shown, when imposing the bound
ary condition that the fields Apts are localised, and that the field q vanishes as r —>—oo.
One general feature of these solutions is that the soliton profiles for the two components
A p(r) and A s{r) are slightly asymmetric with respect to the centre of the pulse, due to
the asymmetry in the profile of q{r). It is seen numerically that approximate formula
Eq.(4.93) is able to predict the height of the coherence tail for r —►+00 to within a
tolerance of less than 5 percent, provided that |A| > 5 .

4.3.4

Gray-Bright solitary wave solution.

In section 4.3.3 we have analysed in detail the bright-bright solutions of the reduced
equations (4.55), which in focusing nonlinearity conditions (A < 0) exist when both
components lie in the anomalous region of the dispersion characteristic of the HC-PCF
(s = +1, r > 0), filled with a suitable Raman-active gas and driven by fields out of
resonance with the Raman transition.
We now focus our attention on another family of solitary waves, namely Gray-Bright
solutions, which exist in Eqs. (4.55) when the bright pump component propagates in
normal GVD (5 = —1) and the gray Stokes component propagates in anomalous GVD
(r > 0) [173]. This curious feature of our XPM-coupled solitons (named for this reason
inverted solitons) has already been encountered in the literature in a slightly different
mathematical model which included SPM interaction [198].

A nalytical solution for Gray-Bright solitons.

Throughout all this section we pose s = —1 and r > 0. We have found that Eqs. (4.55)
possesses the following three-parameter family of dark-bright solitons:
-4p(f>T) = apsech ^ \ / l —A 2a s r j e*ftp^“ *dpt,

(4.94)

-4s(£>'7') = as [ \ / l —A 2 ta n h (\/1 —A 2 asT) + iA^elks^~ldst,

(4.95)

where
ap = \ / l + A 2

^2kp + ^ ~ f l2]’

° 5 = T l T l * >/M p + (v - S ) 2,
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(4'96)
(4.97)

dP = v - S ,
,
5

ds =

^ AW 2kP + (v ~ ^ )2’

r

v 1+ ^

(u + <J)2 + A2 [(„ + <5)2 - r 2(u - <5)2 - 2fcPr 2]
2(1 + A2)r
‘

(4-98)

1

'

Here parameter —1 ^ A ^ 1 characterises the depth of the dip of the dark Stokes
component [8, 9]. For A = 0 the intensity at the dip center falls to zero, while for other
values of A the dip does not go to zero, from which originates the name gray soliton
component.
Soliton family (4.94-4.95) is parametrised by the three parameters A, kp and v. As in
the case of the bright-bright soliton analysed in section 4.3.3, the number of parameters
corresponds to the number of symmetries possessed by the hamiltonian H , and therefore
to the number of conserved integrals different from H [193]. The analytical solution
given by Eqs.(4.94-4.99) provides a representation for the entire family of gray-bright
solitons present in the system, and it is not just a ’low-dimensional’ subspace of the
parameter space, as was, on the contrary, the analytical branch Eq.(4.78) for the case
of bright-bright solitons.
In Figs. 4.7(a,b) profiles of two representative elements of the family (4.94-4.95) are
shown (parameters are listed in the caption), while Figs. 4.7(c,d) show their corre
sponding homoclinic orbits in the phase space (lAp^j, d T \A p ts \) -

4.3.5

Numerical propagation of Bright-Bright and Gray-Bright soli
tons.

For Eqs. (4.78) and Eqs. (4.94-4.95) to be good approximate solutions to the exact system
(4.44-4.46), we must require that in expression (4.54) the second term in the expansion
is much smaller than 1, obtaining [173]:

T

W

1 * ' 4 '.

^

<4“ ” >

Condition (4.100) is satisfied for the soliton (4.78) if
|(<S - v) + ^(<f + v)| < |A|,

(4.101)

and for the soliton (4.94r4.95) if
|( i - v) - ! (« + 1») + , Ar
J 2 k p + ( v - 6 ? « |A|.
I
r
v 1 + A2
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(4.102)
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Figure 4.7: (a,b) ’Inverted’ gray-bright soliton profiles of Eqs. (4.94-4.95). Blue line is pump
component Ap, red line is Stokes component A s . Parameters are r = 1, k p = I , v = 6 = 0. (a)
is for A = 0.6, (b) is for A = 0.9. (c,d) Homoclinic orbits in the phase space (lA p .sl^lA p .sl)
associated with soliton profiles given in (a) and (b). Blue lines correspond to pump wave,
which propagates in normal GVD, red lines corresponds to Stokes wave, which propagates in
anomalous GVD.
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In particular, if the walk-off coefficient S is too laxge, then conditions given by
Eqs.(4.101-4.102) break down, and this can greatly complicate the practical obser
vation of the two-colour solitons, because the two components will tend to separate
spatially quicker than the GVD can be compensated by nonlinearity [173].
Assuming T = 0 in Eqs. (4.44-4.46), and by solving them numerically (using a split-step
Fourier technique with linear part solved with the FFT method and nonlinear part
solved with a fourth-order Runge-Kutta algorithm [8]) with initial conditions given
by Eqs. (4.78), we have found that, if the group velocities of the two components are
exactly matched, then these approximate solutions quickly adjust to the full model
and propagate without disturbance for many dispersion lengths, see Fig. 4.8(a,b,c).
Small values of the walk-off coefficient S, ensuring that condition (4.101) is well satis
fied, also do not alter the stability of the solitons. However, introducing a moderate
mismatch of the group velocities, which starts to endanger condition (4.101), leads to a
strong outburst of material excitation, leading to the destruction of the soliton; see Fig.
4.8(d,e,f). By solving Eqs.(4.44-4.46) with f = 1, we have observed the same stable
and unstable scenarios observed for the soliton evolution, which were accompanied by
a small energy flow rate from the pump component A p to the Stokes component AsHowever, the presence of this flow does not change the solitons significantly even for
long propagation distances.
Let us discuss now the case in which the initial conditions are given by Eqs.(4.944.95). In this case we have solved numerically Eqs.(4.44-4.46) through the use of a
Crank-Nicolson algorithm with derivative boundary conditions [197]. This is the case
of the ’inverted’ dark-bright soliton, for which the background of the dark component is
modulationally stable due to the fact that the SPM part of the nonlinearity is missing
in our case, and the dark component lives in anomalous dispersion. The stability
properties of the inverted dark-bright solitons in our model are similar to the properties
discussed above for the bright-bright solitons. Namely, when condition (4.102) is ’well’
verified, we have observed undisturbed propagation for hundreds of dispersion lengths.
This is valid for the full model (4.44-4.46) as well as when q is replaced by Eq.(4.54).
When S is increased the full model starts to reveal distortions of the dark-bright solitons
[see Fig. 4.8(g,h,i)] induced by the spatial separation of the centers of the two optical
fields, but these distortions are typically much less pronounced when compared with the
case of bright-bright solitons examined above, due to the fact that condition Eq.(4.102)
is slightly less restrictive than condition Eq.(4.101).
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Figure 4.8: Numerical modelling of Eqs.(4.44-4.46) with solitonic initial conditions (4.78) and
(4.94-4.95). Optical fields Apts and coherence field q are shown, (a-c) Bright-bright soliton:
8 — + 1 , r = 3, A = —10, kp = 10, v = S = 0. (d-f) The same as (a-c) but for 5 = 3. (g-i)
’Inverted’ dark-bright soliton: s = —1 , r = 3, S = —10, S = 3, kp = 10, A = v = 0 .
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4.3.6

Comments on possible experim ental
resonance Raman solitons.

observation

o f off-

We consider a particular PCF, the cladding structure of which is shown in Fig. 4.9(b,c),
with the distance between the centers of the air holes, i.e. the pitch, equal to A, and with
strut thickness equal to 0.03A. We have chosen this structure because it is very similar
to the HC-PCFs used in recent experiments [140, 141, 142, 143, 144]. The dispersion
of the HC-PCF modes can be characterised by the dependence of /3A on v = kA,
where (3(u) is the propagation constant, k is the vacuum wavenumber, u — c v f A is the
angular frequency, and c is the speed of light in vacuum. The group velocity is given
by l/(3i [see Fig. 4.9(a)], where (3i = 8^(3 = c~l d((3A)/dv. An important feature of the
HC-PCF under consideration and of those used in Ref. [140, 141, 142, 143, 144] is the
presence of one or more high-loss spectral windows where the dynamics is dominated
by surface modes localized around the walls of the fibre core [180]; see Fig. 4.9(a). As
a result of this, the photonic bandgap has several fundamental guided mode branches,
and each branch has a point where the GVD, /?2 = 9UJ0i, is zero.
Clearly, the dispersion characteristic in Fig. 4.9(a) offers several opportunities to match
the group velocities at the two frequencies of the pump and the Stokes waves, as required
from the discussions of section 4.3.5. For example, for the bright-bright soliton in
both focusing and defocusing nonlinearity conditions, it is clear from Fig. 4.9(a) that
the matching of group velocities for the two fields having GVDs of the same sign
is possible only by means of both branches of the fundamental mode. On the other
hand, the matching of group velocities for the dark-bright soliton can be achieved using
either two frequencies on a single branch of the fundamental mode or by using both
branches of Fig. 4.9(a). Moreover, if the group velocities at u p and u s are equal, then
since the corresponding normalised frequency difference is given by A u = A k • A =
(up —u s ) A / ( 2 t t c ) , the pitch of the fibre required to achieve group velocity matching
can be specified prior to fabrication, provided that the GVD as a function of u = kA
is known.
From the Raman-active gases, we have chosen SFg gas as our working example, but
similar considerations can be applied to many other gases made of non-polar molecules
[194, 152]. SF6 has a Raman transition frequency u r = 2n x. 23 THz, which easily fits
into the photonic bandgap shown in Fig. 4.9(a) for typical values of A. The Raman gain
coefficient at zero detuning for this gas is g3S = 1.4 x 10-13 m/W . Recent experiments
performed with SF6, where the symmetric vibrational mode has been excited in hollow
waveguides [187], have exhibited values of T2 of the order of several picoseconds. Let
us choose for example T2 ~ 1 psec, and a dimensionless frequency detuning of ten
linewidths A u • T = 10, which corresponds to the dimensional detuning A u = 2ir x
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Figure 4.9: (a) Ratio of the speed of light in vacuum to the group velocity of the fundamental
HC-PCF mode versus kA. Fundamental mode of the fibre for (b) kA = 14.828, and (c) kA =
16.337. The two branches of dispersion are separated by surface modes. Frequency matching
between pump wave and Stokes wave occurs when the pump wave lies on the high frequency
dispersion branch (to the right) and the Stokes wave lies on the low frequency dispersion branch
(to the left). (Dispersion data provided by David Bird, University of Bath).

1.6 THz. Positive values of A imply defocusing nonlinearity and therefore require
normal GVDs for both components for the bright-bright soliton to exist. Choosing, for
example, a pump wavelength Ap = 1.15 //m, we achieve group velocity matching with
the Stokes pulse at As = 1-27 ^m for A = 3 /im. These A /As,p values correspond to
the calculated modes shown in Fig. 4.9(b,c) respectively. The corresponding values of
/% are 0.4 psec2/m for Ap and 1.2 psec2/m for A5 . Despite the fact that the resonant
system is detuned by ten linewidths from the center of the resonance, we have, using
formula (4.60), that 7e/ / ~ 10-4 W - l m-1, which is two orders of magnitude larger
than the intrinsic Kerr nonlinearity of air, jintr — 10-6 W- 1m -1 [144]. Thus our
neglecting the intrinsic Kerr nonlinearity, which otherwise would give SPM terms in
Eqs.(4.55), is well justified for the conditions discussed here. Also it follows that the
observation of solitons due to effective nonlinearity requires peak powers of the order of
10 kW only, compared with the MW scale required to excite NLS solitons in air [144].
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4.4

O n-resonance R am an

n -

and 27r-solitons in d ispersive

H ollow -C ore F ibers filled w ith R am an-active gas.

4.4.1

Introduction

In the first part of this Chapter (section 4.3) we have exploited the possibility of the
existence of several kinds of stable Raman solitary wave, when the frequency difference
of the driving fields from the frequency of the Raman resonance is relatively large.
In that context the equation for the population inversion was not taken into account
because under these conditions the rate at which Raman particles undergo a transition
from the ground state to the first excited state through the Raman process is low, and
therefore the population can be assumed to be constant and mainly in the ground state
with an excellent degree of approximation. In on-resonance conditions, however, this
approximation is no longer possible, and one must solve the full set of Maxwell-Bloch
equations (4.34). The presence of an extra equation for the population (which clearly
has no classical analogue in the framework of the Abraham-Lorentz equation) creates
unexpected and exciting possibilities for the existence of new stationary solutions, based
on the quantum nature of the two-level system. As can be understood intuitively and
is proved extensively throughout this section, the temporal coherence between light
and molecules plays a crucial role, and to observe new physics the use of intense and
strongly coherent pulses is necessary.
As anticipated in the introduction to this Chapter, in the present work on on-resonance
Raman solitons we have been inspired by recent papers by A.E.Kaplan [172], in which
the full set of on-resonance Maxwell-Bloch equations has been considered and new
solitary wave solutions have been found. These solitons (to which we shall refer from
now on as Kaplan’s solitons) exist thanks to the interplay between group velocity
mismatch and nonlinear interaction between the optical fields and the coherence field,
and in general they do not require group velocity dispersion to exist, making them
fundamentally different from, for instance, Schrodinger solitons, which are due to the
balance between GVD and Kerr nonlinearity [8, 9].
In the next section we first give a brief review of the main properties of Kaplan’s
remarkable solution to Maxwell-Bloch equations, and the approximations and assump
tions that have been made to derive the (real) analytical soliton solutions in the absence
of fibre GVD. After that we use perturbation theory to find a non-trivial generalisation
to complex optical fields, finding analytically and numerically new stable solutions in
the presence of GVD, which is an essential step of the analysis if one wants to propa
gate these solitons in HC-PCFs. The internal stability and the propagation features of
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these new solutions will be extensively treated on page 156.
The experimental feasibility will also be extensively considered. It is obvious that the
experimental observation of on-resonance solitons strictly relies on the unique properties
of HC-PCFs, i.e. long interaction lengths between light and matter, and low loss
characteristics in the photonic bandgap which makes possible the concentration of
high-intensity light in the core, two features that are impossible to achieve with more
conventional systems such as capillaries or Raman cells [152, 172]. On the other hand,
HC-PCFs have group velocity dispersions that, thanks to the Bragg nature of the
guidance mechanism, can become very substantial, for example, at the edges of the
bandgap [179]. It is therefore necessary, if one wants to investigate quantum coherent
phenomena in HC-PCFs, to introduce GVD into the system, which is often non-trivial
to achieve, and this is done in our context in section 4.4.3.

4.4.2

General properties o f dispersionless Kaplan’s 7r- and 27r-solitons.

Governing equations and assumptions.
Consider the propagation of two optical pulses with envelopes described by the func
tions E p (z,t) (pump) and E s (z ,t) (Stokes), with carrier frequencies respectively u p
and u s, nonlinearly coupled through a two-photon, three-level Raman transition with
frequency u p = u p — us- As we have seen in the introduction to this chapter, the
equations governing the dynamics of the three-level transition can be approximated
by an effective two-level interaction, with the assumption that the transition from |0)
to |1) is electric dipole forbidden, and that the manifold of the most energetic levels
U j has an energy well above the Raman resonance frequency, i.e. U j
u r .
Under
these assumptions we have already proved that, using the slowly-varying approxima
tion (SVEA) for the optical fields Epts and the rotating wave approximation (RWA)
for the anti-diagonal elements of the density matrix poij the Maxwell-Bloch equations
(4.34) hold.
In Eqs. (4.34) aoi is the effective (averaged over all the intermediate levels |y)) nonlinear
coupling constant that we have already calculated in Eq.(4.25), which is linked to the
Raman gain gss (expressed in units rn/W) by the expression 4.43. Relation (4.43) will
turn out to be central in several calculations on Kaplan’s solitons.
In order to simplify equations (4.34) to study the essential physics, let us introduce the
dimensionless longitudinal coordinate f = z / z q and dimensionless time r = t/to, where
z q and to axe arbitrary scales th at we shall specify below, and let us also scale the new
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field amplitudes Apts and q to be dimensionless as follows:

Ep,s =

=

J — — — A pts,
y conp,s

q = oiqQ,

(4.103)

The coefficients apts are expressed in the physical units of V/m, because they have the
dimensions of an electric field, while coefficient olq is adimensional and we chose it to
be olq = 1.Typically, the coefficients apts are of the order of 108V/m.
We now take the spatial scale zq to be equal to the walk-off length L o i = to/\APi\,
where A fti is the group velocity mismatch coefficient A fii = ( A s —/3ip)/2 (expressed in
units of ps/m); with this choice of zq the dimensionless walk-off coefficient will simply
be equal to 1.Moreover, with this choice the GVD coefficients will become (3p}s =
(hp,s/(2to\A(3i\).The last step is to choose a reference frame movingwith velocity u,
which will play the role of an arbitrary parameter determining the common value of
group velocity for the two soliton components, obtaining, eventually, the following set
of dimensionless equations which we will use throughout our treatment of on-resonance
Raman solitons:
i [df - (v + l)d T A i(3pdr] A p + nqAs = 0,

(4.104)

i [0£ - (v —l)d T + ips^r] A s + n,qAP = 0,

(4.105)

idTq + k A p A sn = 0,

(4.106)

dTn + Im (kA p A sq ) = 0,

(4.107)

where
= g ^ 0001*0,
n
4eoc

(4.108)

k = 2<oteJVoao1,
eon

(4.109)

k

Cj = y/u>pusi

n = y/npns-

(4.110)

Coefficients k and k are dimensionless. c is the speed of fight in vacuum. Eqs.(4.1044.107) must be supplemented by the conservation of probability law, now given by the
simpler relation
n2 + |9|2 = l.

(4.111)

The two-photon Rabi frequency (which essentially represents the driving field in Bloch’s
equations) is given, in our dimensionless notation, by ft = kA pA $. To extract phys
ical powers (expressed in Watts) from the expression for \Ap}s\2, one should use the
following simple conversion formula:
Pp,s = ~fiMP,sNocAef f max \Ap>s\2,
Z

T
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(4.112)

where A ef f is the modal area in the core. In our context we have preferred not to
use the conventional normalisation of the optical fields with the square root of the
effective area, described for example in Ref. [8], so that an effective area appears in the
expression for the physical power (4.112). Similarly, physical pulse energies are found
using:
1
00

£p,s =

J

\Ap,s\2dr

From now on, P and E will always represent respectively a physical power expressed
in units of Watts and a physical energy expressed in units of Joules.
Note that in Eqs. (4.104-4.107) the contribution of the phenomenological decay con
stants of the ensemble of Raman oscillators due to collisions or phonon scattering has
been completely neglected, implicitly assuming that the temporal width of the sta
tionary solutions will be much shorter than these dephasing times (Ti}2
to), an
assumption which will be verified a posteriori in section 4.4.5 when we discuss a real
istic experimental configuration. The dynamical Stark shift, which causes a tiny shift
in the position of the energy levels is negligible in most practical cases [169], and we
have omitted it, together with inhomogeneous Doppler broadening [169, 10].
It is also interesting to identify the two physical scales of length that play a crucial role
here: the first order dispersion length L o i = z q = to/\A@i\ and the nonlinear length
L n i = jzo/(4«) = 2cto/«- We anticipate that the optical solitons in question will form
if Itatl is comparable with L oi- Typical values of Ljvx and L o i referring to realistic
parameters will be calculated in section 4.4.5.

Pulse area. Soliton areas from stationarity condition.

An essential definition which we shall use in our discussion is that of pulse area, that
is the integral of the Rabi frequency over all times:

/

+oo
n ( f ,T)dT.

(4.114)

-oo

In the more geometrical point of view expressed by the so-called ’vector model’ of the
two-level system, the pulse area expressed in Eq.(4.114) represents the angle subtended
by the Bloch vector R as it rotates around the Rabi vector fi. The precise definitions
of all these quantities can be found in all elementary books on Quantum Optics (see
for instance [148, 168, 169]), and represent a pictorial way to show the dynamics of
coherence and population fields under the influence of the driving optical fields. When
the pulse area is equal to 7r the Bloch vector rotates only 180° around the Rabi vector,
146

and a total inversion of the population occurs. For example, if a 7r-pulse is launched
with the initial condition that all molecules are in the ground state (n = +1), then
at the end of the propagation, at least ideally, all the molecules that have interacted
with the pulse will be in the first excited state (n = —1). Even more remarkable is a
27r-pulse, for which the population ’rotates’ by 360°, and therefore no change in the
initial condition will occur at the end of the propagation, but a total inversion will
occur in correspondence with the centre of the pulse. Historically, the first 27r-pulse
to be predicted and observed was the SIT soliton, for which there exists an extensive
literature [177].
One of the most important and beautiful results arising from the theory of SIT is the
so called area theorem [177], which is a precise statement on the evolution of the pulse
area ^ as a function of the evolution coordinate £. In the case of SIT one is able
to predict from Bloch’s equations not only the general features of this evolution, but
actually the general (localized) profile of the electric field itself, without using Maxwell’s
equations’, Maxwell’s equations will have a role uniquely in determining the velocity of
the solitary wave, which can be orders of magnitude slower than the speed of light
in vacuum [177]. This remarkable result is only possible (for mathematical reasons)
in the context of one-photon transitions between a two-level system, nevertheless we
have found that an analogous theorem can be deduced from Eqs. (4.104-4.107) in the
following way. Naming a = iq we have that the material equations Eqs. (4.106-4.107)
satisfy the following linear system (in the absence of dispersion, i.e. /?p,s=0, where all
the quantities are real, as will be cleax in the next subsection):

*(:)-(!

(4115)

By solving Eq.(4.115) one obtains
<j(t) = (j-oo cos(0(t)) - n-oo sin(<£(r)),

(4.116)

n(r) = cr-oo sin(<f>{r)) + n-oo cos(<£(r)),

(4.117)

where we have defined a partial area function as
4>{i,r)= [ T m ,T ') d T ',
J —oo

(4.118)

and where <7-oo and n-oo are the initial conditions of the medium for r —y —oo (when
the pulse has not yet arrived), for respectively the coherence field and the population
difference. We are interested in two kinds of such initial conditions: (i) when the initial
coherence vanishes (<7-00=0) and (ii) when the initial population is n-oo — 0, i.e. the
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ground state and the first excited state are equally populated.
Now we multiply Eq.(4.104) by A p and Eq.(4.105) by As] integrating over dr on the
real axis, and noticing that d(f> = fidr, we have the result for case (1) discussed above
d^£P = - 2 ? [1 - cos 0 (f)],
ft

(4.119)

d( Ss = + 2 ? [1 - cos 0 (fl],
ft

(4.120)

while for the case (2) one has a different integration constant such that
0e£P = - 2 ? s in 0 ( O ,
ft

(4.121)

& £5 = +2?sin<£(f)K

(4-122)

Physically, this leads to the important statement that the variation of the number of
photons of the two components during propagation is regulated by the pulse area only.
If we have stationary solutions with no transfer of energy between the two components,
then d££p}s = 0 (This does not assure us yet that there will be no modification in
the profiles, but clearly it is an essential condition for the existence of solitons in
the system). This can be achieved when (f> = ±27rm in Eqs.(4.119-4.120), or when
<f>= ±7r(2m +1) in Eqs.(4.121-4.122), where m is an integer greater than or equal to 0.
The theorem expressed in (4.119-4.122), contrary to the area theorem for SIT found by
McCall and Hahn [177],does not allow the extraction of a unique and self-consistent
expression for the electricfield because the transition considered here is a two-photon
transition (the Rabi frequency is quadratic in the optical fields), but nevertheless it
provides a non-trivial generalisation of this theorem, which allows us to determine that
the fundamental stationary solutions of Eq.(4.104-4.107) must necessarily have areas
equal to ir or 27r. A vanishing solitonic area (<j>= 07r) is not possible for real fields
because of paxity-symmetry reasons: the integral of the Rabi frequency kApA g on the
real axis can be zero only if one of the fields has even parity and the other one has odd
parity, but as will be proved in Eq.(4.135) both fields must necessarily have the same
functional behaviour and therefore the same parity-symmetry.
Another fundamental difference with SIT is in the expression for the common group
velocity v of the resulting solitary wave: in SIT phenomena, the speed of the light
may be reduced considerably [177], while in the present case of Kaplan’s solitons, the
velocity is close to the speed of light in the gaseous medium under consideration, as
can be deduced from the analytical results given in the next subsection.
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Analytical solution in the absence of GVD. Sech- and Lorentz-type solitons.

When the GVD coefficients vanish, Eqs. (4.104-4.107) possess two kinds of remarkable
real analytical solution, according to the existence condition found in the previous
section, namely the ±7r- and ±27r-eigensolitons, as found in Kaplan’s original works
[172]. The former type of soliton is associated with the square root of a hyperbolic
secant profile, while the latter is associated with the square root of a lorentzian profile.
We will often refer to these two species of soliton as ’sech-soliton’ and ’lorentz-soliton’
respectively. Sech-type solitons have a pulse area equal to ±7r, while lorentz-type
solitons havea pulse area equal to ±27r, and the ± sign dependson the initial conditions
for the coherence field. We look for solutions of the type
A P)S(€, t ) = aPfSf ( r ) exp(ikptS£),

(4.123)

q{r) = - iq Qg{r),

(4.124)

n = no/i(r),

(4.125)

where kp ^ are suitable propagation constants for the pump and the Stokes fields, v is
the common velocity of the two components, and / , p, h are real functions to be found.
It is possible to check that consistency with Eqs.(4.104-4.107) always requires that
kp,s = 0, which means that the solutions will be real, and that the two components
will be phase-locked to each other.
Using ansatz (4.123-4.125) we find that for the sech-type soliton one has

k (1

(4.126)

k(1 —v)

+ 1>)

(4127)
/ ( r ) = \/sech (/3r),

g{r) = tanh(/3r),

h(r) = sech(/?r),

(4.128)

where the sign ± refers respectively to ±7r-solitons. For the lorentz-type soliton:

=±2/ 5 5

=VSt^

ap =

= +1,

= J l + pT*'

4k

go = ± - = = = ,

vl —

®( t) = 1 + ^ r 2’

/3 =

2k

v 1 —v

(4-i29)
.,

ft(T) = ( X _ l + ^ r 2) ’

(4.130)

(4131)

where again the sign ± refers to ±27r-solitons. The sohton width t (v) is the same for
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both kinds of soliton, and it is given by

t

{v )

= {3~l (v) =

■

(4.132)

It is possible to see from Eqs.(4.126-4.128) and Eqs.(4.129-4.131) that for both cases the
solitons in question live in a 1-parameter space, the parameter being the velocity v of
the soliton, which therefore uniquely determines the amplitudes of the two components
as well as their common temporal width. This velocity must satisfy the relation —1 <
v < +1, as a consequence of the reality condition for the expressions of the amplitudes
(4.126) and (4.129). When v —►±1, the common velocity for the two components
is close to the group velocity experienced by the Stokes wave or by the pump wave
respectively.
Close to the points v = ±1 one of the two amplitudes goes to infinity, and the other
one saturates to a finite value, and the soliton width becomes indefinitely narrow for
both components. This divergence is smoothed in the presence of GVD, as we shall
see on page 172. Note in addition that solutions (4.126-4.131) do not represent merely
a particular analytical branch for the problem, but they specify the whole family of
solitons analytically.
Typical profiles lAp^l for the fields of the two species
4.10(a,b), together with their coherence field \q\2 and
4.10(c,d)]. In Figs. 4.10(e,f) we also show examples of
phase space for two particular representative solutions,
given in the caption.

of soliton are shown in Figs.
the population field n [Figs.
homoclinic trajectories in the
for which the parameters are

The pulse areas of the two kinds of soliton are readily calculated by taking the integral
of the Rabi frequency over all the real axis. The reader can verify that, as announced
repeatedly before, the final result is ± 7r for the sech-solitons and ±27r for the lorentzsolitons.
It should be noted th at there is a fundamental difference of a practical order between
the 7r-soliton and the 27r-soliton. The former requires a non-vanishing coherence before
the arrival of the pulse, and therefore the coherence of the medium must be prepared
before launching the pulse into the fibre. Although this can be achieved using prepulses
as precursors of the solitons [158], it is not a simple experimental task. On the other
hand 27r-solitons require zero coherence at r = —00; the molecular system starts in
its ground state, has a transient total inversion, and than relaxes to the ground state
again, and this greatly increases the likelihood of observing on-resonance solitons in
HC-PCFs, as discussed in section 4.4.5.
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Figure 4.10: (a,b) Profiles of the optical fields Ap (blue lines) and A s (red lines) for the
sech-type 7r-soliton (a) and for the lorentz-type 27r-soliton (b) given by Eqs.(4.126-4.131), for
parameters k = 1, k = 0.08, v = —0.5. (c,d) Profiles of the coherence (solid lines) and
population (dashed lines) fields, for (c) sech-type soliton and (d) lorentz-type soliton, using
the same parameters as (a,b). (e,f) Homoclinic trajectory in the phase space for (e) sech-type
soliton and (f) lorentz-type soliton. Blue and red lines correspond to the evolution of Ap and
.As respectively, for the same parameters as (a).
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From Eqs.(4.104-4.107) in the dispersionless case ((3p,s — 0) we have managed to
deduce several relations between the fields Apts and n. It can be shown from a direct
calculation that the two quantities
9k

Ji = (l+ t;)|A P(T)|2 + 4?n(T),

(4.133)

K

9k

J 2 = (1 - v ) \A s ( t )\2 + — n (r),

(4.134)

K

do not depend on the time variable r , i.e. dTJ i t2 = 0. In addition, from a direct
substitution of the fields expressed in Eqs.(4.126-4.131), one has Ji = J2, and their
common value is equal to 0 for the sech-soliton, and to 2 k / k for the lorentz-soliton
respectively. They define a relation between the optical fields and the population field,
which is different for the two species of soliton. The equation dT(Ji —J2) = 0 becomes
dT [(1 + v)\A P \2 - (1 - „)|^s |2] = 0,

(4.135)

which establishes a precise fink (valid in all cases) between the amplitudes of the two
optical fields.In particular, if the fields are localised (A p}s (t —> ± 00) = 0), then it
follows from Eq.(4.135) that they must also be proportional, and therefore they must
have the same symmetry. This rules out the existence of 07r-solitons, provided that
Apfs are real, see also discussion on page 148.

Critical energy and pulse duration.
Apart from their unusual shape, one of the main features of Kaplan’s solutions is
that the adimensional total energy must be above a certain threshold value £min to
physically excite them. In addition to the threshold in energy there is a threshold in
pulse duration, in the sense that the common adimensional pulse width r of the two
components must be shorter than a certain value Tmax, which we shall calculate shortly.
In turn, Tmax has to be shorter than the typical dimensionless dephasing time T2/to
of the molecular ensemble of the particular gas under consideration, where to is the
time scale defined on page 144, in order to be consistent with the assumptions that
have been made to derive Eqs.(4.104-4.107). To avoid any confusion, here and in the
following the letters r, E and P refer to dimensionless quantities, while t, £ and P are
their ’physical’ counterparts.
The existence of threshold values can be verified if one calculates the total adimensional
energy £tot as a function of the only parameter of the system, v. For the sech soliton:
/ +°°

[\Ap\\T) + \As \ \ T) \ d T =
00
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O-r
™
«V 1 —V

(4.136)

and for the lorentz soliton:

/

A-

+O O

[\Ap\2(T) + \As \2(T)}dT=
oo

(4.137)
KV 1 — V

Correspondingly, one can introduce the dimensionless peak powers
9/>#c
PPis = m ax \A P ) S \2 =
,
t
k (1 ± v )

(4.138)

where a = 1 for the sech-soliton, and a — 2 for the lorentz-soliton. It should be noted
that, for identical ’material’ parameters (k, k), the 27r-solitons contain twice as much
energy as the 7r-solitons, or in other words the 27r-soliton needs the double of the total
energy of the 7r-soliton to be excited. The typical profile of function 8 to t{v ) for the
two species of soliton is shown in Fig. 4.11(a) for realistic parameters specified in the
caption.
As is evident from Fig. 4.11(a), there are no solutions possessing an adimensional total
energy less than £m*n, which is readily found as the solution of
dEtot{v)
dv

=

(4.139)

0.

V = V Cr

The minimum corresponds to the critical velocity v =
= 0, i.e. when the group
velocity of the soliton is equal to the average of the group velocities at the pump and
the Stokes frequencies.
At v = 0 one has for the sech solitons:
£min = £ tct(v = 0) = y ,

(4-140)

= £tot(v = 0) = ^ ,

(4.141)

and for the lorentz solitons:
£ m in

and correspondingly, for the sech-soliton (a = 1) and lorentz-soliton (a = 2):
P m in

O/yif
= Pp(v = 0) = PS(v = 0) = — ,

which is consistent with the conclusion that to excite a 27r-soliton
much energy (or peak power) as th at required to excite a 7r-soliton.

(4.142)
one needs twice as
On the other hand,

from Eq.(4.132) it follows that the critical pulse duration at v = vcr = 0 is the same
for the two kinds of soliton, and is given by [see Fig. 4.11(b)]:
Tmax = r(v = 0) =
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(4.143)
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Figure 4.11: (a) Total soliton energy as a function of soliton parameter v. Solid line is for the
sech-soliton, dashed line is for the lorentz-soliton. Curves are calculated for parameters k = 1,
k = 0.08. There are no soliton solutions with total energy less than £min, corresponding to
v = 0. Note that £m»n is different for the two species of soliton, according to Eqs. (4.140-4.141).
(b) Soliton width r(n) as a function of soliton parameter v, for the same parameters used in
(a), according to Eq.(4.132). There are no soliton solutions with pulse width greater than
Tmax — 1/2, corresponding to v = 0.

As a consequence, it is necessary to provide a pulse duration r < Tmax to excite
Kaplan’s solitons, which is possibly one of the reasons why they have not yet been
observed experimentally [172]. For instance, for Cesium vapor [176] in Raman cells
and in capillaries, tmax is generally of the order of 10 fs or less, with a critical power of
the order of 1 - 10 MW [172].
In summary, the conditions for the physical excitation of the soliton solutions are the
following three:
0 < T < Tmax,

(4.144)

£ m in < £ to t < oo5

(4.145)

tmax < ^2*

(4.146)

Let us now try to understand in more detail the importance and the physical meaning
of the threshold quantities described above. From a calculation of the physical energy

Em in corresponding to the adimensional energy £ m in one obtains, using formula (4.113),
£m in = ljh u N o c A eff to £ m in =

^

h w N 0c A e f fto a 2 7 r k

1 =

an^ f f

y

ta ;S ^ ° T 2 n P 1

(4.147)
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and for tlie minimal physical peak power:
Pmin = ^ . / - M
v2<o y

Zk2E,

(4.148)

where a is a number which is equal to 1 for the case of the sech-soliton and to 2 for
the case of the lorentz-soliton, and relations (4.109) and (4.43) have been used.
It is natural to choose to to be a multiple of tmoa:; this corresponds to a choice of
the adimensional parameter k of Eq. (4.108), which regulates the coupling between the
optical fields and the coherence field in Eqs.(4.104-4.105). Here we take to = 2<mox,
which corresponds to k = 1, a choice which turns out to be convenient for expressing the
critical quantities with the minimal number of symbols. With k = 1 the adimensional
critical pulse duration of Eq.(4.143) becomes Tmax = 1/2, see also Fig. 4.11(b). Using
(4.143) and (4.108) we have
tm a x - W < 0 - 2 |A / 3 1|W fiwp^ . ^ .

(4.149)

Substituting Eq.(4.149) back into Eq.(4.148) we also have
p . - ateJV ° A ' f f
mm
8 |A ft| '

(4

1

150)
'

Since expression (4.150) does not depend on the Raman gain gss, this formula seems
to be paradoxical. However, this happens because of the particular choice of to that
we have made above, which itself depends on gss. Note that a larger maximum pulse
duration [Eq.(4.149)] can be obtained in several ways: one can either increase the
dephasing time I 2, increase the group velocity mismatch |A/?i|, decrease the molecular
density iV0, or decrease the Raman gain gss. Similarly, to decrease the threshold in peak
power [Eq.(4.150)] a low molecular density and a high walk-off coefficient are needed,
together with a small modal area. In expression (4.149) it appears at a superficial
glance that one can increase arbitrarily the critical pulse duration just by decreasing
gss, with no consequences for Pmin. This is not true for the reason that an essential
condition for Eqs. (4.104-4.107) to work is that tmax ^ ^ 2, which using Eq.(4.149) turns
out to be
T2 »

(4.151)
tuMpiMoyss

and thus gsa cannot be decreased arbitrarily.
The previous considerations on the physical meanings of the threshold quantities allow
us to identify the main differences in practice between HC-PCFs and gas cells or cap-
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illaries in the specific context of Kaplan’s solitons. Prom equations (4.149) and (4.150)
it is clear that a large group velocity mismatch A/?i simultaneously increases tmax and
decreases Pmim which would be beneficial when attempting to obtain experimental
confirmation of these solitons, as we shall discuss quantitatively in section 4.4.5.

Stability. Numerical excitation of Kaplan’s solitons in the absence of GVD.
The next important issue is the internal stability of the soliton families given by (4.1264.131), an issue that is not analysed in Ref. [172]. We have propagated these solutions
by integrating numerically Eqs. (4.104^4.107) with (3pts — 0. Eqs. (4.104-4.107) form a
coupled system between two PDEs and two ODEs. The PDEs were solved using the
split-step Fourier method [8], consisting in the FFT method for the linear part and 4th
order Runge-Kutta for the nonlinear part [185]. The ODEs were solved using an implicit
variation of 4th order Runge-Kutta, or alternatively with the implicit Adams-Moulton
method [186], to avoid certain dangerous numerical instabilities in the simulations.
By examining a large number of points in the plot of Fig. 4.11, we have found that
the propagation of Kaplan’s soliton is unconditionally stable for all permitted values
of v for both species of soliton, even at the edges of the existence region (v —►—1 or
t; —►+1) where one of the amplitudes of the two components is large.
Numerical excitation of the previous dispersionless solutions has also been investigated
for the first time, and the following scenario was found. An input pulse consisting of
two components of hyperbolic-secant shape at the pump and the Stokes frequencies,
was launched numerically into the fibre. Its form is the following:
Apjnputir) = d/isech (1.76 x r ) ,

As,input(r) = d /i-1sech (1.76 x r ) ,

(4.152)

with
~

1

/1-76

X S tot

fA

! f.q'y

The ratio between the pump and the Stokes input peak amplitudes is denoted by
fJL. When n = 1, the two initial components are launched with identical strengths.
The slightly complicated normalisation coefficient d expressed in Eq.(4.153) has the
advantage that it always gives Stot as the total energy for the two components expressed
in Eq.(4.152), irrespective of the value of /j, so that we can use Stot and fi as two
independent control parameters to explore the dynamics of the propagation. The factor
1.76 inside expressions Eqs. (4.152-4.153) has been introduced to match the common
experimental practice of specifying the FWHM of the pulse [8], in full analogy with
the input pulse we have used for simulating Supercontinuum Generation in solid-core
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PCFs, see Chapter 3, Eq.(3.111).
In all the simulations shown in this subsection, the parameters of the medium have
been assumed to be k = 1, k = 0.08, which correspond to the values found for SFg gas
and to the choice to = 2tmox, as we shall discuss in detail in section 4.4.5.
Let us start with the case when q{r = —oo) = q~oo = T i and n (r = —oo) = n-oo = 0.
This means that the two levels must be prepared so that they are equally populated
before the arrival of the pulse, and at the same time the coherence must have a non
vanishing value at r —►—oo, which can be achieved by sending a ’prepulse’ into the
fibre to prepare the medium as desired [166]. This choice of initial conditions for q and
n is made in order to select the boundary conditions adequate for creating 7r-solitons,
see Eqs.(4.126-4.128).
Fig. 4.12(a,b) shows a contour plot of the propagation of the pump wave [Fig. 4.12(a)]
and Stokes wave [Fig. 4.12(b)] when the two components are launched with equal
amplitudes (p = 1), and their total power is Stot = 2.5£mfn. In our adimensional units,
£min — 33.96. The sign of the initial coherence has been chosen to be q-oo = + i, which
corresponds to the sign —1 in Eqs.(4.126-4.127). It can be seen that a substantial
portion of the total dimensionless energy forms a moving soliton after a length £ = 18,
while the remaining energy propagates without locking on the opposite side of the
temporal window (Fig. 4.13). The formed soliton is a sech-type (—7r)-soliton because
of the chosen initial conditions on n and q. It propagates with a non-vanishing velocity
Vf (in the reference frame where the initial pulse is at rest), due to the fact that its
components have unequal amplitudes [see Fig. 4.13 and Eq.(4.126)]. Starting from
its arbitrary initial value, the pulse area eventually stabilizes around the value —7r,
which is another clear indication that the Kaplan soliton has been formed, as dictated
by the theorem expressed in Eq.(4.121-4.122); the typical ’damped’ oscillations which
relax onto the soliton pulse area are shown in Fig. 4.12(e). The temporal evolutions
of the coherence field q and the population field n at £ = 0 and £ = 18 are shown in
Fig. 4.12(c,d); it should be noted that the medium is coherent before the arrival of the
soliton, and undergoes a transient total loss of coherence (q = 0) in the proximity of
the amplitude maximum of the soliton [see Fig. 4.12(c)]. Similarly, in Fig. 4.12(d) it is
possible to observe the transient total inversion of population (n = —1) which occurs
in correspondence with the amplitude maximum of the soliton. Finally, the energy
transfer between pump and Stokes components, together with the conservation of the
total number of photons (proportional to the total energy) are shown in Fig. 4.12(f).
After the initial complicated dynamics the partial energies £p}s tend to stabilize to their
asymptotic values, and the soliton velocity tends to the final value Vf ~ —0.12, which
agrees well with the theoretical velocity calculated from knowledge of the amplitudes
using Eq.(4.126).
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Figure 4.12: (a,b) Contour plots of the spatial evolution of the input pulse given by Eq.(4.152),
for the pump wave (a) and the Stokes wave (b) in the absence of GVD. Parameters are Stot =
2-SSmin, n = Ij with £min = 33.96. Initial conditions for the coherence field and the population
field are q- ^ = + i and n_oo = 0. The locked soliton components are indicated with arrows.
(c,d): Coherence field (c) and population field (d) at the beginning (f = 0 , dotted line) and
at the end (£ = 18, solid line) of the spatial propagation, (e) Spatial evolution of pulse area
showing the relaxation of 0 (£) around the value —7r, starting from the arbitrary value of 0
determined by the input pulse at f = 0. (f) Spatial evolution of partial energies of the two
components (pump energy £p, solid line, and Stokes energy £5 , dotted line). Total energy is
conserved and it is indicated by the dashed line. After complicated initial dynamics, the energy
transfer between the two components tends to zero through damped oscillations.
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Figure 4.13: Amplitude of Stokes (red solid line) and pump (blue solid line) components after
a spatial propagation of f = 18 in the fibre without GVD. Dotted lines indicates the input
pulse for f = 0. Material and input parameters are the same as in Fig. 4.12. The final soliton
velocity Vf ~ —0 . 1 2 is indicated with an arrow.

For energies Etot < 2.5, the group velocity mismatch between pump and Stokes domi
nates the dynamics, and the two waves do not manage to lock up and form a soliton
for \l < 1 , because the two components quickly separate and travel with opposite ve
locities. However, the situation is very different if /i
1, i.e. when the input pump
amplitude is much larger than the input Stokes amplitude. For instance, when /i = 50,
one needs Em{n > 1.5£m*n to excite physically the 7r-soliton, which is less than in the
previous case, and almost all the total input energy is transferred into the soliton itself.
In Fig. 4.14(a,b) we show a contour plot of the two optical fields as a function of spatial
propagation in £, when the total input energy is E = 1.5£mjn. It can be seen that the
strong pump component captures from the very beginning the weak Stokes component,
which is initially amplified and propagates without any distortion from £ ~ 0.7. This
behaviour is confirmed in Fig. 4.14(e) where the pulse area is shown and this relaxes
very quickly towards its value —n, and from Fig. 4.14(f) where it is clearly shown that
the energy transfer between the two components is perfectly stabilized already from
£ ~ 0.7. The soliton velocity tends to the final value Vf ~ —0.73 (see Fig. 4.15), which
agrees well with that calculated by means of Eq.(4.126). As before, Figs. 4.14(c) and
(d) show respectively the coherence field and the population field at the end of the
spatial propagation at £ = 18. We have therefore identified an efficient way to produce
one strong ±7r-soliton with a minimal amount of energy, that consists in injecting into
the fibre a strong beam at the pump frequency and only a small Stokes wave, which
can in principle also be provided by spontaneous noise fluctuations. This consideration
might be of importance from an experimental point of view. For a discussion of this
point see also section 4.4.5.
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Figure 4.14: (a,b) Contour plots of the spatial evolution of the input pulse given by Eq. (4.152),
for the pump wave (a) and the Stokes wave (b) in the absence of GVD. Parameters are £tot =
l-5£mmi H — 50, with Emin = 33.96. Initial conditions for the coherence field and the population
field are q-oo = +i and n-oo = 0. The locked soliton components are indicated with arrows.
(c,d): Coherence field (c) and population field (d) at the beginning (£ = 0, dotted line) and
at the end (£ = 18, solid line) of the spatial propagation, (e) Spatial evolution of pulse area
showing the relaxation of 0 (£) around the value —7r, starting from the arbitrary value of 0
determined by the input pulse at f = 0. (f) Spatial evolution of partial energies of the two
components (pump energy Ep, solid line, and Stokes energy £5 , dotted line). Total energy
is conserved and it is indicated by the dashed line. The energy transfer between the two
components ceases quickly at about f ~ 0.7.
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Figure 4.15: Amplitude of Stokes (red solid line) and pump (blue solid line) components after
a spatial propagation of £ = 18 in the fibre without GVD. Dotted lines indicates the input
pulse for £ = 0. Material and input parameters are the same as in Fig. 4.14. Note that almost
all the input energy has been transferred efficiently to the soliton. Soliton velocity tends to the
final value Vf ~ —0.73, and it is indicated with an arrow.

The situation is radically different when ^ j « 1 . In this case the input Stokes wave is
much larger than the input pump wave, and multiple solitons can be generated under
these conditions. Launching a powerful pulse with p = 0.1 and Etot — 10£mjn will result
in the generation of a train of rfc-solitons, see Fig. 4.16(a,b) for contour plots of the two
components during propagation. An interesting feature is that energy is continuously
extracted from the Stokes component in a way that leads to the generation of a sequence
of solitons with pulse areas of alternate sign: -7 r, + 7T, —7t, + 7T, etc. Fig. 4.16(c,d) shows
respectively the coherence field and the population field taken at the end of the spatial
propagation at £ = 18.
The generation of a lorentz-soliton is very similar but somewhat more delicate. In this
case we must have q-qq = 0 and n_oo = 1 as initial conditions for the medium, in
order to select the boundary conditions adequate for creating 27r-solitons, as shown in
Eqs.(4.129-4.131). These initial conditions for the molecules are more natural than in
the previous case for sech-solitons, because the medium does not need to be coherently
excited before the arrival of the input pulse, and the molecules are required to be
initially in their ground state.
We have found through our numerical simulations that an input pulse with p > 1
(input pump amplitude greater than input Stokes amplitude) is necessary to generate
a 27r-soliton in the fibre for reasonable total input pump powers. However, for the
initial conditions of Eq. (4.152) it is never possible to transfer all the input energy into
the soliton, and one always has ’remnant’ Stokes and pump waves which do not manage
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Figure 4.17: Amplitude of Stokes (red solid line) and pump (blue solid line) components after
a spatial propagation of £ = 18 in the fibre without GVD. Dotted lines indicate the input pulse
for £ = 0. Material and input parameters are the same as in Fig. 4.16. The strong Stokes wave
on the right provides continuously energy to the pump wave to generate multiple solitons.

to lock to each other, and in general longer propagation distances are needed to observe
the solitary wave clearly. In Fig. 4.18 we present a panel showing the generation of a
lorentz-soliton starting from a pulse with /x = 2 and Ztot =
In the present case
£min = 67.92, which is the double of that in the previous simulations, according to
formulae Eqs.(4.140-4.141). In Fig. 4.18(a,b) contour plots for the spatial propagation
of the two components are given, and the locked 27r-soliton is indicated with arrows.
The temporal evolution of the coherence field q and the population field n at £ = 0 and
£ = 48 are shown in Fig. 4.18(c,d); it should be noted that the medium has vanishing
coherence before the arrival of the soliton, and undergoes a rapid variation of coherence
in the proximity of the amplitude maximum of the soliton [see Fig. 4.18(c)]. After this
transient variation q tends again to zero. Similarly, in Fig. 4.18(d) it is possible to
observe the transient total inversion of population which occurs in correspondence with
the amplitude maximum of the soliton; the molecules are in their ground state before
and after the soliton propagation. The optical fields corresponding to £ = 0 and £ = 48
are also shown in Fig. 4.19, where the 27r-soliton and the ’remnant’ pump and Stokes
waves are also clearly visible. Isolating the solitonic feature of Fig. 4.19, one can
produce the trajectory in the phase space flAp^l, dT|Ap,s|)? shown in Fig. 4.20, which
has the unmistakable ’drop’ shape of the lorentzian homoclinic trajectory, see also Fig.
4.10(f). Fig. 4.18(e) shows the relaxation of the pulse area around the value 2n as a
function of propagation distance, while Fig. 4.18(f) shows the energy transfer between
the two components, which is always nonvanishing due to the continuous exchange of
energy between the consistent Stokes and pump remnant waves of Fig. 4.19, see also
captions for further explanations.
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Figure 4.18: (a,b) Contour plots of the spatial evolution of the input pulse given by Eq. (4.152),
for the pump wave (a) and the Stokes wave (b) in the absence of GVD. Parameters are £tot =
5Emin, fJ- = 2, with £min = 67.92. Initial conditions for the coherence field and the population
field are q- «> = 0 and n - ^ = 1. The locked soliton components are indicated with arrows.
(c,d): Coherence field (c) and population field (d) at the beginning (f = 0, dotted line) and
at the end (f = 48, solid line) of the spatial propagation, (e) Spatial evolution of pulse area
showing the relaxation of 0 (f) around the value 27r, starting from the arbitrary value of 0
determined by the input pulse at f = 0 . (f) Spatial evolution of partial energies of the two
components (pump energy Ep, solid line, and Stokes energy Es, dotted line). Total energy is
conserved and it is indicated by the dashed line. Soliton is formed quite early, but because of
the presence of consistent non-locked remnant waves, energy is transferred continuously from
the pump to the Stokes components of these remnant waves.
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Let us now investigate briefly the propagation in the presence of a slight detuning from
resonance, i.e. when Eq.(4.106) is modified to
idTq + Sq + h A p A sn = 0 ,

(4.154)

with S = A u • to 5 where Au; = u p — u s —u p is the physical detuning from the exact
resonance. The study of this detuning is necessary because in realistic experimental
conditions it is impossible to match exactly the resonant frequency. As a consequence,
the generation of solitons and their stability around the exact resonance point must be
explored.
The effect of <5 is to modulate the field q by the introduction of a complex oscillation
term exp(i<5r). Let us analyze first the case of the sech-type soliton, launching an
input pulse of the form of Eq.(4.152) with y, = 1 and St0t = 2.5£min, with the same
parameters and initial conditions as those used to produce Figs. 4.12 and 4.13, but with
5 = 0.1. Fig. 4.21(a) shows a contour plot of the imaginary part of field q as a function
of propagation distance £. The position of the soliton maximum has been marked with
a yellow line. Fig. 4.21(b) shows the field amplitudes for the two components at £ = 0
and £ = 18, see caption for further explanations, and the generated sech-soliton is
indicated. One can note that there is little difference between Fig. 4.21(b) and Fig.
4.13, where the latter figure was calculated for (5 = 0. In Fig. 4.21(c) the real part (blue
line) and the imaginary part (red line) of the coherence q at the end of propagation
(£ = 18) are shown as functions of r . The black solid line corresponds to the absolute
value |g| at £ = 18, while the dashed line is the same quantity at £ = 0 .
Next we launch an input pulse of the form of Eq.(4.152) with (x = 1.5 and € to t = 5£min,
with the same parameters and initial conditions as those used to produce Figs. 4.18
and 4.19, but with S = 0.1. Fig. 4.22(a) shows the contour plot of the imaginary
part of field q as a function of propagation distance £. The position of the soliton
has been marked with a yellow line. Fig. 4.22(b) shows the field amplitudes for the
two components at £ = 0 and £ = 48, see caption for further explanations, and the
generated lorentz-soliton is indicated. The differences between Fig. 4.22(b) and Fig.
4.19, where the latter figure was calculated for S = 0, are more consistent with respect
to the previous case. In Fig. 4.22(c) the real part (blue line) and the imaginary part
(red line) of the coherence q at the end of propagation (£ = 48) are shown as a function
of r. The black solid line corresponds to the absolute value |g| at £ = 48, while the
dashed fine is the same quantity at £ = 0. The oscillations in this case are always more
pronounced, during the propagation, on the right-hand side of the soliton (positive
delays) rather than on its left-hand side (negative delays).
In both cases, remarkably, no signs of instabilities are shown by numerical propagation,
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Figure 4.21: (a) Contour plot of the evolution of Im (q(r )) as a function of propagation distance
f. Material parameters, input parameters and initial conditions are the same as in Figs. 4.12
and 4.13, but with a nonvanishing detuning 5 = 0.1 in Eq.(4.154). The amplitude maximum
of the sech-soliton is indicated with a yellow dashed line, (b) Field intensities at £ = 0 (dotted
lines) and f = 18 (solid lines). Red line indicates Stokes component, blue line indicates pump
component, (c) Real part (blue solid line), imaginary part (red solid line) and absolute value
(black solid line) of coherence field q at f = 18. Dashed line is the absolute value of q for £ = 0.

and after their formation the solitons propagate indefinitely, independently of their final
velocity.

4.4.3

On-resonance solitons w ith Group V elocity D ispersion.

The previous considerations on Kaplan’s solitons without group-velocity dispersion
were relevant mainly for systems such as Raman cells and capillaries, that do not
show waveguide dispersion. The group-velocity mismatch necessary to sustain Kaplan’s
solitons was provided by other resonances of the gas far from the effective two-level
Raman transition [172]. If light propagates along a HC-PCF, however, the effect of the
strong waveguide GVD cannot be neglected [179]. We now complete our discussion by
introducing a nonvanishing GVD into the governing equations Eqs.(4.104-4.107).
The solitons studied in the absence of GVD (/3p,s = 0) were real solutions of Eqs.(4.1044.107). The introduction of GVD makes the profile complex, but analytical solutions
cannot be found explicitly, and therefore the problem must be analysed numerically
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(black solid line) of coherence field q at £ = 48. Dashed line is the absolute value of q for f = 0.
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by solving the BVP given by (4.104-4.107) with suitable boundary conditions on q(r)
and n(r). Before doing that, however, we have found extremely useful to study the
perturbation theory around the real Kaplan’s solitons when the GVD coefficients (3pts
are small compared to the walk-off coefficient, which in Eqs.(4.104-4.107) has been
renormalised to 1. Tail analysis of the complex case is also provided on page 172,
showing the existence of bifurcations which affect the oscillatory structure of the tails,
allowing us to predict the existence of a localization region in the parameter space of
the solitons.

Perturbation theory in the presence of GVD.

Let us now assume that the fibre has small GVD compared with the walk-off coefficient,
i.e. (3p}s
1, which is true in the majority of cases for HC-PCFs [179]. From general
considerations [9] we can assume that the correction will appear in the phase of the fields
only; inaddition, because the population field n must be real, we suppose that there
will be no correction to n at the first order of perturbation theory, i.e. n =
+ 0 (e2),
where e is a small parameter (e -C 1). Talcing /?p}s of order of e, we use the ansatz
A P,s(r) = A {£ s (t ) exp[i/Pt5 (r)],

(4.155)

q{r) = -iq (0) (r) exp[ifQ(r)],

(4.156)

where [-Ap£,<7^ ] is one of the real solutions described by Eqs.(4.126-4.131), and fp,s,Q
are functions to be found. By substituting Eqs. (4.155-4.156) back into Eqs.(4.1044.107), it can be shown that the following three ordinary differentialequations for
fp,s,Q hold at the firstorder of perturbation theory (the prime indicates a derivative
with respect to r):

(v + l ) [ 4 0)/p ]' - 0 p A f + «<jr<°>40)[/s + }q] = 0 ,

(4.157)

(w - l ) [ 4 0)/s ] ' - P s A f " + Kq M A f [ f Q - f P] = 0,

(4.158)

[«(0)/q ]' +

~ /s i = 0.

(4.159)

Note that
= n and Eq. (4.107) is automatically satisfied at the first order of per
turbation theory.
For the boundary conditions associated with sech-solitons, Eqs. (4.157-4.159) have the
following general analytical solution:
fp,s(r) = - f t p ,s t + bP)S tanh(/?r),
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/ q (t )

= bQ tanh(/3r)

(4.160)

u
5(v - l)/3p + (1 + v)0s „
L
( v - l ) 0 p + h(l + v ) 0 s _
bp = -------4(1 - ti2)3/2------- bs = ---------------- 4(1 —v2)3/2------- “

-

,
bp —bs
bQ = — ,

0
0P =

0
=

( v - l ) 0 p + {l + v)0s
2(1 —-v2)1---------

(4-161)
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In the case of lorentz-soliton we have found only a particular solution of Eqs.(4.1574.159) when Clpts = 0; this condition corresponds to the specific velocity v — (0p —
0s ) / { 0P + 0s), and it is given by

fr,s,Q(r) =

bQ = (bP - bs )/2,

bP = - b s =

(4-163)

(4.164)

It is easy to see that the effect of GVD is to introduce a frequency shift flp}s on the
optical fields, and a phase change along the pulses (chirp) regulated by the functions
fp,s,Q• In a sense, the role of walk-off and GVD axe reversed in Kaplan’s solitons, with
respect to, for example, NLS-solitons [8 , 9].
Typical real and imaginary parts of the soliton profiles calculated using the above
method are shown in Fig. 4.23(a-f). Parameters are given in the caption.
With the help of the full equations (4.104-4.107) in the dispersive case we can define
the following two quantities:
Ji, 2 = J i ,2 + P p ^ M ^ ,

(4.165)

where Jip are given by Eqs. (4.133-4.134) and M pts are the ’spectral momenta’ (induced
by the group velocity dispersion) defined by
M p ,s {t ) = i (Ap^drAp^s — c.c.).

(4.166)

As before, when calculated on the soliton solutions,
are equal and independent of
r, i.e. Ji = J 2 and dTJ\p = 0. Equation dT{J\ — J 2 ) = 0 provides the new relations
which the amplitudes of the optical fields must satisfy, see also the discussion regarding
Eq.(4.135).
The above calculations clearly show that the effect of small GVD is to change the
spectral momentum across the pulse, and this change will affect the phase only. For
this reason, the signs of the GVD coefficients do not affect the existence of on-resonance
solitons.

170

s e c h - s o lit o n

?

-10

a■
E

t

10) °
(C )
cc .1
-10

-5

0

5

10

dim ensionless time x

lorentz-soliton

dim ensionless time x

Figure 4.23: (a,b,c) Real and imaginary parts of the sech-soliton profiles calculated using
perturbation theory, see Eqs. (4.160-4.162). Pump component is shown in (a), blue line is the
real part and black line is the imaginary part of Ap. Stokes component is shown in (b), red
line is the real part and black line is the imaginary part of As. Coherence field is shown in
(c), green line is the real part and black line is the imaginary part. Parameters are 0p = 0.2,
0S = -0.1, v = 0.8, k = 1 and k = 0.08. (d,e,f) Real and imaginary parts of the lorentz-soliton
profiles calculated using perturbation theory, see Eqs.(4.163-4.164). Pump component is shown
in (d), blue line is the real part and black line is the imaginary part of Ap. Stokes component
is shown in (e), red line is the real part and black line is the imaginary part of A s . Coherence
field is shown in (f), green line is the real part and black line is the imaginary part. Parameters
are 0p = 0.2, 0s = 0.1, v = 0.33, k = 1 and k = 0.08. Note that population fields n are not
shown because at the first order of perturbation theory n —
.
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Tail Analysis and Tail Oscillations.

As we have repeatedly seen in this Chapter, tail analysis provides a powerful tool for
a first understanding of the possible bifurcations and the general regions of existence
for solitary waves. Our task now is to perform tail analysis of the complex dispersive
sech-type solitons, unraveling certain general features which cannot be extracted from
the perturbation theory (which is only valid for
-C 1), in particular the typical tail
oscillations exhibited by solitons in the presence of GVD. Because of the ’algebraic’
nature of the lorentz-soliton tail decay, conventional eigenvalue analysis cannot be
performed for db2?r-solitons, and we rely for this case on a numerical study performed
by solving the associated BVP, see also page 181.
Let us notice first of all that Eqs.(4.104-4.105) are symmetric with respect to time
inversion r —>• —r combined with complex conjugation, due to the fact that a factor
i multiplies the GVD term which contains a second derivative with respect to r (and
therefore is not changed by temporal inversion). Due to this symmetry, the real parts
of the envelopes will be even functions of r, while the imaginary parts will be odd
functions, as one can see from Fig. 4.23. In turn this implies a mirror symmetry with
respect to the axis Re (A^) = 0 in the arrangement of the eigenvalues on the complex
plane [Re (Aj ) , Im (Aj)], as we shall see shortly.
In the stationary case of interest, we can assume in Eqs. (4.104-4.107) that id^ = 0,
which corresponds to taking kpts = 0, see also discussion on page 149. In order to
study the tail of the sech-soliton (which decays exponentially), we simply pose, with
the help of Eqs. (4.126-4.128),
Ap,s ~ ap,stp,Si

Q ~ -*?o(l - e9),

n ~ noen,

(4.167)

where cp,s,q,n are exponentially small functions which depend on r only. It can be seen
that after substitution of Eqs. (4.167) into Eqs.(4.104^4.107), Eqs. (4.104-4.105) decouple
from the other two equations to give an equation for the vector e[r) = [ep, es]T, which
we write in the form
A(idT)e[T) = 0,
(4.168)
where A{idT) is the following matrix operator:

A(idr ) = ( - ap0pdt - iap(1 + v)dT’
: ,Kas9»
)
V
inapqo,
- a s fe d * + ias ( l - v ) d T J
172

(4 .169)

Using a standard procedure [181], let us now assume that
c

(t )

= e0 exp

>

(4.170)

where eb is a constant vector and A is a complex eigenvalue. The coefficient —1/2 has
been introduced for convenience to allow us to compare directly A with the inverse of
the soliton width, (3. Inserting ansatz (4.170) into Eq.(4.168) we have the new algebraic
problem
M(A)e0 = 0 ,

(4.171)

where

m

=

( - \ a P X W + v) + i 0 P X]
asqoK
\
I
apqoK
- 4 o 5A[2(1 - v ) -i(3 s \] I

}

The solvability condition for Eq.(4.171) is given by the equation det[M(A)] = 0. Using
the definitions of coefficients qo, apts from Eqs.(4.126-4.127), and the normalisation
k = 1, the solvability condition becomes the following fourth-order algebraic equation
in A:
16 + A2 [2(1 + v) + i/3pA] [2{v - 1) + iflsA] = 0.
(4.173)
We shall indicate the four complex solutions of Eq.(4.173) with the set {Aj}, j =
1,2,3,4. Note that because the coefficients of Eq.(4.173) are complex, in general it is
not true that the set {Aj} will be made of complex conjugate pairs of eigenvalues.
For vanishing GVD coefficients {/3p}s = 0), Eq.(4.173) reduces to a second order equa
tion with real solutions
A1>a = ±/3 = ± - ^ i p ,
(4.174)
where (3 is the inverse of the pulse duration previously defined in Eq.(4.127). For the
soliton tail with r > 0 (r < 0), the decay is determined by Ai = +(3 (A2 = —/?), as
can be seen from the exponent of Eq.(4.170). Therefore it follows that the soliton tails
have the same decay rate and there is no asymmetry with respect to temporal inversion
r —> —r . In Fig. 4.24 we present a panel showing the ’motion’ of A^2 when varying
the soliton parameter v in this simple dispersionless case, see the caption for a full
explanation. For v —> ±1, the two eigenvalues tend to be located at infinity (on the
real axis), which is an indication that the soliton width is becoming infinitely narrow,
according to formula Eq.(4.127). When v —>• Vcr = 0, the two real eigenvalues Ai and
A2 approach respectively the values ± r ^ x = ±2«, see Eq.(4.143) and Fig. 4.24(d).
The fact that these mirror eigenvalues never touch each other when spanning the entire
parameter space is a consequence of the existence of a maximum value Tmax in the pulse
duration, above which no soliton solution can exist.
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(0p,s = 0), when varying the soliton parameter v. Explicit expression for Ai)2 is given by
Eq.(4.174). From (a-g) the values of v are respectively: -0.8, -0.6, -0.2, 0, 0.2, 0.6, 0.8. When
v is close to —1 , roots tend to infinity because the soliton width tends to zero, according to
the dependence of (3(v) on v in Eq.(4.127). As v become progressively closer to zero (but still
negative), the position of the Ai)2 on the real axis approaches a limiting value of respectively
±2 k, which is the inverse of the dimensionless critical pulse duration Tm a x . v = 0 also represents
a turning point for the motion, and for positive values of v the motion is reversed and the roots
tend to ±oo as v -f +1. In all the figures shown in this panel we have used k = 1.

Let us now turn our attention to the case when the GVD coefficients axe different from
zero ({3p,s ^ 0 ). In this case the explicit analytical evaluation of the four roots of
Eq.(4.173) is cumbersome and the exact solution is exceedingly long, so the behaviour
of the eigenvalues will be analysed numerically. Two cases must be distinguished: (i)
the case when f3p}s have the same sign, and (ii) when they have opposite sign. In both
cases two new complex eigenvalues (which we call A3^) appear in the spectrum. At the
same time Ai}2 acquire a small imaginary part and shift their positions slightly on the
complex plane of the same amount. Let us now analyse the two cases separately.
(i) For dispersion coefficients with the same sign, i.e. for sgn(/3p) = sgn(/?s), the two
new eigenvalues A3 and A4 are always located on different half-planes [Im(Aj) > 0 or
Im (Aj) < 0] of the complex plane, depending on their common sign. For example, if
sgn(/?p}s) = +1, then A3 will be located on the upper half-plane [Im(A3) > 0], while
A4 will be located on the lower half-plane [Im(A4) < 0], see Figs. 4.25 and 4.26(c,d).
In Appendix B we give an approximate analytical expression for the position of these
eigenvalues [See Eq.(B.5)]. In addition, it is seen numerically that these eigenvalues,
being purely imaginary, will always ’move’ along the imaginary axis when varying
the solitons parameter v; in the general case they are not located specularly with
respect to the real axis, unless one has (3p = fis- We have summarised the ’motion’ of
the eigenvalues described above when varying the soliton parameter v in the panel of
Fig. 4.25, see also the caption for the parameters used and further explanations. Fig.
4.26 shows the real and imaginary parts of all eigenvalues as a function of the soliton
parameter v. Note in addition that the real parts of roots Ai}2 do not escape to infinity
for v —►±1, in contrast with the dispersionless case. We will discuss this important
feature later.
(ii) The previous scenario changes completely when the dispersion coefficients have
opposite signs, i.e. when sgn(/?p) + sgn(/%) = 0. In this case A3f4 axe located on the
same half-plane of the complex plane. It is observed numerically that, when varying v,
A3 and A4 move along the imaginary axis, and stay purely imaginary until at a certain
v = v 1 they collide, acquire real parts of equal absolute value but opposite sign, and
split progressively moving parallel to the real axis [see Figs. 4.27 and 4.28(c,d)]. The
point v — vr corresponds to the first bifurcation point of the system, the meaning of
which we shall discuss shortly. After the splitting, the real parts of the two eigenvalues
A3?4 tend to match the real parts of the other two eigenvalues Ai^, still moving parallel
to the real axis. Once this matching is achieved, at exactly v = Vo (turning point),
the motion is reversed and A3(4 move towards the imaginary axis, where they collide
again at the second bifurcation point v = vn. Immediately after this second bifurcation,
the two eigenvalues will stay purely imaginary. We have summarised the ’motion’ of
the eigenvalues described above when varying the soliton parameter v in the panel of
Fig. 4.27, see also caption for the parameters used and for further explanations. Fig.
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Figure 4.25: (a-i) Panel showing the ’motion’ of eigenvalues Ai,2 ,3,4 when varying the soliton
parameter v for some representative values of v, when GVD coefficients for the two optical fields
have the same sign, sgn(/?p) = sgn(0s)- Parameters used are: f3p = 0.2, (3s = 0.1 and k = 1.
Roots Ai,2 are indicated with blue circles, while roots A3,4 are indicated with red circles. The
value of v is indicated on the top-left corner of each diagram. It should be noted that A3 and
A4 are always located on different half-planes of the complex plane [see also Fig. 4.26(c)], and
are purely imaginary for all values of v, and therefore no bifurcation can occur in the system
for GVD coefficients of the same sign. In addition, the real parts of roots Ai,2 do not diverge
to ± 0 0 for v ->• ± 1 , as can be seen from (a) and (i), contrary to the dispersionless case shown
in Fig. 4.24. This results in the existence of a minimum pulse duration rmjn, below which
no soliton solution in the presence of dispersion can exist (see also Fig. 4.29), which has no
analogue in the case of the dispersionless soliton described by Eqs.(4.129-4.131).
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Figure 4.26: (a-d) Panel showing real and imaginary parts of all eigenvalues Ait2 ,3,4 as a
function of the soliton parameter v, when sgn(/3p) = sgn(/?s). Parameters used are: 0p = 0.2,
0S = 0.1 and k = 1. In (b) red curves refer to root A i , while blue curves refer to A 2 . In (c,d)
red curves refer to root A 3 , while blue curves refer to A 4 . This figure is complementary to Fig.
4.25. In (b) one can see that the real parts of roots Ai,2 (which decide the soliton width) do not
diverge to infinity for v —►± 1 , and the values of |Re (Ai(2 ) | are in general different for v = + 1
and v = —1 .

4.28 shows the real and imaginary parts of all eigenvalues as a function of the soliton
parameter v. In Figs. 4.28(c,d) the bifurcation points v' and v" and the turning point
vo are also indicated. Note also that in this case the real parts of roots Ai,2 do not
escape to infinity for v —> ±1, in contrast with the dispersionless case. The reader can
find approximate expressions for v v " and i>o in Appendix B, Eqs.(B.13-B.14) and
Eq.(B.12) respectively.
An interpretation of the previous scenarios given in (i) and (ii) on the motion of eigen
values from the secular problem Eq.(4.171) will now be given in terms of tail oscillations.
Once all the eigenvalues {Aj} are known for a specific value of u, the general solution
of Eq.(4.171) can be written as the superposition

where €oj are constant vectors. If more than one complex eigenvalue contribute to the
expansion given by Eq.(4.175), then the absolute value of expression (4.175) will exhibit
an oscillatory behaviour. However, far from the central body of the soliton, the only
oscillatory components that Eire not transient are those corresponding to eigenvalues
with a vanishing real part, which are therefore not suppressed exponentially for r —)>
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Figure 4.27: (a-i) Panel showing the ’motion’ of eigenvalues Ai^.s^ when varying the soliton
parameter v for some representative values of v, when the GVD coefficients for the two optical
fields have different sign, sgn(/3p)+sgn(/3s) = 0. Parameters used are: (3p = 0.2, fls = “ 0-1 and
k = 1 . Roots A1]2 are indicated with blue circles, while roots A3 )4 are indicated with red circles.
The value of v is indicated on the top-left corner of each diagram. It should be noted that A3
and A4 are always located on the same half-planes of the complex plane [see also Fig. 4.28(c)].
Roots A3 )4 move on the imaginary axis until they collide at a certain v = v \ giving rise to a
first bifurcation point, here shown in (d). In the case shown here we have v' ~ 0.195. After this
first collision, A3,4 acquire a real part and move parallel to the real axis, until at v = u0 the real
parts of A3,4 become equal to the real parts of Ai,2 , see (f). In the case shown here Vo —0.333.
This is the turning point described in the text, in correspondence with which the motion of
the eigenvalues is reversed. Increasing v further results in a second collision and therefore in
a second bifurcation point, at v = v", see (h). In the case shown here v" ~ 0.485. After that
the eigenvalues move on the imaginary axis again, and no other bifurcation is observed. In
addition, the real parts of roots Aii2 do not diverge to ± 0 0 for v
± 1 , as can be seen from
(a) and (i), contrary to the dispersionless case shown in Fig. 4.24. Note that the qualitative
and quantitative motion of Ai)2 is identical to that observed in Fig. 4.25.
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Figure 4.28: (a-d) Panel showing real and imaginary parts of all eigenvalues Ai,2 ,3,4 as a
function of the soliton parameter v, when sgn(f3p) + sgn(/?s) = 0. Parameters used are: 0p =
0.2, 0s = —0.1 and k = 1. In (b) red curves refer to root Ai, while blue curves refer to A2 . In
(c,d) red curves refer to root A3 , while blue curves refer to A4 . This figure is complementary to
Fig. 4.27. In (b) one can see that the real parts of roots Ai,2 (which decide the soliton width)
do not diverge for v -> ±1, and the values of |Re (Ai^) | are in general different for v = +1
and v = —1. In (c) and (d) the bifurcation points v = v' and v = v" described in the text are
indicated. The dotted vertical lines in (c,d) indicate v0, the turning point (also described in the
text) at which the motion of roots A3,4 is reversed. Grey-shaded region v‘ < v < v" determines
the portion of parameter space in which one has localised solitary waves, as explained in the
text. In the case shown here we have v' ~ 0.195, v" ~ 0.485 and vq ~ 0.333.

=fcoo. Since Re (Ai^) ^ 0 for all cases, it follows that the only eigenvalues which are
potentially able to provide a non-vanishing oscillatory tail at infinity are A3 and A4.
As we have seen, when sgn(/3p) = sgn(/3s) no bifurcations are possible; roots A3,4 five
on the imaginary axis, with their imaginary parts having always opposite signs, but in
general different magnitudes. This means that one must observe stationary solutions
with oscillating tails, that axe not suppressed exponentially because Re (Xz,4) = 0, see
also Fig. 4.25. The frequency of this oscillation is common for both components and
will be proportional to the difference |Im (A3) | —|Im (A4) |.
On the other hand, when sgn(j3p) + sgn(fis) = 0, we have seen that there is a region of
the parameter space (1/ < v < v") in which the two eigenvalues A3,4 acquire real parts
of identical magnitude but opposite sign. Inside this window the stationary solution
will be exponentially localised, and it will not exhibit any nonvanishing oscillating tail.
In principle the concept of soliton power is well-defined only in this localisation region,
where it is a finite quantity. These scenarios will be confirmed in every detail when
solving the problem numerically on page 4.4.3.
The eigenvalues Ai}2 in the two cases (i) and (ii) explained above, do not determine
any bifurcation point in the system, but nevertheless their dynamics has an important
physical consequence. We have stressed repeatedly that, in the presence of dispersion,
^ ( A i ^ ) | do not diverge to infinity for v —f ± 1, contrary to the dispersionless case
where divergence occurs. This implies the existence of a minimum soliton width Tmin for
the soliton solution to exist, as we shall see shortly. In Fig. 4.29(a) the dimensionless
pulse duration r as a function of the soliton parameter v is shown as a solid fine, for pa
rameters \/3p\ = 0.2 and \(3s\ = 0.1. The signs of the GVD coefficients are unimportant,
and the picture is valid for both cases sgn((3p) = sgn ((3s) and sgn (ftp) ± sgn(/3s) = 0 .
The soliton width is given by r{v) = l/|R e(A ij2) |, as follows from Eq.(4.175). The
dotted fine shown in Fig. 4.29(a) indicates r(v) in the absence of dispersion. Note that
the solid line in Fig. 4.29(a) is in general asymmetric for |/3p| 7^ |/?s|; the value of Tmax
is shifted to slightly larger values with respect to the dispersionless situation, for which
Tmax = 1/2. The new feature in the presence of dispersion is that there cannot be any
solution for widths shorter than r mjn. The grey-shaded area shown in Fig. 4.29(a)
therefore represents the allowed range of pulse durations for the dispersive sech-soliton
to exist. In Appendix B an analytical expression for r mjn is given, see Eqs.(B.15-B.I7).
In conclusion, we have proved th at in the dispersive case, the conditions of existence
Eq.(4.144) must be replaced by the following one:
Tmin < T < Tmax-
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Figure 4.29: Soliton width r(t>) = l/|Re(Ai)2) | in the presence of GVD (solid line). Parame
ters are \/3p\ = 0.2, |/?5 | = 0.1, k = 1, and the signs of the GVD coefficients are unimportant.
Dotted line indicates the soliton width calculated without dispersion, using formula (4.174), see
also Fig. 4.11(b). The GVD slightly shifts the maximum pulse width allowed (rmax), but more
importantly it introduces a minimal pulse duration Tmtn, below which no soliton can exist.
The grey-shaded area indicates the region of allowed pulse durations for the ± 7r-soliton to exist
("TVmn < t < Tm a x ) . In the case shown here Tm a x ~ 0.521, and r m in ~ 0.3564.

N um erical solution to B o u n d ary Value P roblem .

The combined application of perturbation theory and tail analysis has given us an
excellent insight into the behaviour of the stationary solutions when GVD is intro
duced. The final step of the study is to solve numerically the BVP problem given
by Eqs.(4.104-4.107), for appropriate boundary conditions on the coherence field and
on the population field, in order to confirm the results obtained above with our ana
lytical methods. In addition, the numerical approach is essentially the only possible
approach for the lorentz-soliton, for which no information could be extracted from the
tail analysis of page 172, and it also becomes necessary in the general case in which
the dispersion coefficients (3p:s become Tion-perturbative’, i.e. of the order of 1.
In the panel of Fig. 4.30 the different regimes found by numerically solving the BVP
and detected by tail analysis are shown for the two kinds of soliton. In Fig. 4.30(a)
profiles of the absolute values of the field components A p s for the sech-soliton are
shown in the case when the two GVD coefficients have the same sign. Parameters used
axe k = 1, k = 0.08, (3p = 0.2, /3s = 0.1, and v = 0.33. Relatively large values of the
GVD coefficients have been chosen to make the oscillations evident in this figure. Fig.
4.30(b) shows a zoom of the tail of Fig. 4.30(a), in which the synchronised oscillatory
behaviour of the nonvanishing tails of the two components is clear. Fig. 4.30(c) shows
the real and imaginary parts of the coherence field q associated with the non-localised
soliton profile of Fig. 4.30(a). In the present case no bifurcation is expected, and this
is fully confirmed numerically; therefore one always has nonvanishing oscillating tails
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when the signs of the two GVD coefficients axe the same.
When the GVD coefficients have opposite signs, there will be a region in the parameter
space in which the soliton is localised (v1 < v < v"). This regime is shown in Fig.
4.30(d), where the profiles of \Ap^\ for the sech-soliton axe given. The only difference
in the parameters used between Fig. 4.30(a-c) and 4.30(d-f) is that in the latter case
jdp = 0.2 and (3s = —0.1. For these values of the GVD coefficients we expect the two
bifurcation points v 1 and v" to be located respectively at v' ~ 0.195 and v" ~ 0.385,
see also Figs. 4.27 and 4.28. Therefore the value v = 0.33 is well inside the localisation
region, and the oscillations of the tails decay exponentially to zero, as is shown in the
zoom of Fig. 4.30(e). Fig. 4.30(f) shows the real and imaginary parts of the coherence
field q associated with the localised soliton profile of Fig. 4.30(d).
Exactly the same behaviour of tail oscillations is observed numerically for the lorentzsoliton. In Fig. 4.30(g) profiles of |.4p,s| in the case when the GVD coefficients have
opposite sign is shown. Parameters are k = 1, k — 0.08, (3p = 0.2 and (3s — 0.1, with
v = 0.33. The zoom of Fig. 4.30(h) shows the oscillatory behaviour of the nonvanishing
tails of the two synchronised components. Fig. 4.30(i) shows the real and imaginary
parts of the coherence field q associated with the non-localised soliton profile of Fig.
4.30(g).
Again, when (3p and (3s have opposite signs, there is a range of v in which the soliton
is temporally localised. In Fig. 4.30(j) profiles of |Ap#s| in the case when the GVD
coefficients have opposite sign are shown. The GVD coefficients for this figure are
(3p = 0.2 and (3s = —0.1. We have found numerically that the localisation region
for the lorentz-soliton coincides with the region found previously for the sech-soliton
(v1 < v < vn). In this region the oscillations on the tails are suppressed very quickly,
as can be seen by the zoom of the tail shown in Fig. 4.30(k). Fig. 4.30(1) shows the
real and imaginary parts of the coherence field q associated with the localised soliton
profile of Fig. 4.30(j).

4.4.4

Numerical excitation and propagation of On-Resonance solitons
w ith dispersion.

Our numerical study of the excitation of the new dispersive solitons follows closely
the study carried out on page 156. To avoid repetitions here we show only the most
significant results of the numerical simulations.
Fig. 4.31(a) shows the field amplitudes after a propagation distance £ = 18 of the
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Figure 4.30: Panel showing some typical numerical solutions of the BVP problem given by
Eqs.(4.104-4.107). (a) Soliton profiles |Aps| for the sech-soliton, for parameters k = 1, k =
0.08, (3p = 0.2, (3s = 0.1 and v = 0.33. Blue line: pump wave; red line: Stokes wave, (b)
Zoom of a portion of the tail for the profile (a), showing the oscillating behaviour of the tail
and the non-localised nature of the solution when sgn(/3p) = sgn(0s)- (c) Real part (blue line)
and imaginary part (red line) of the coherence field q associated to the profile (a), (d) Same
as (a) but with (3p = 0.2 and (3s = —0.1. (e) Zoom of a portion of the tail for the profile (d),
showing the exponentially decaying oscillating behaviour of the tail and the localised nature
of the solution when sgn(/3p) -I- sgn(0s) = 0. (f) Real part (blue line) and imaginary part
(red line) of the coherence field q associated to the profile (d). (g) Soliton profiles |-Ap,s| for
the lorentz-soliton, for parameters k = 1, « = 0.08, (3p = 0.2, 0s = 0-1 and v = 0.33. Blue
line: pump wave; red line: Stokes wave, (h) Zoom of a portion of the tail for the profile (g),
showing the oscillating behaviour of the tail and the non-localised nature of the solution when
sgn(/?p) = sgn{(3s)- (i) Real part (blue line) and imaginary part (red line) of the coherence
field q associated to the profile (g). (j) Same as (g) but with (3p = 0 . 2 and (3s = —0.1. (k)
Zoom of a portion of the tail for the profile (j), showing the decaying behaviour of the tail and
the localised nature of the solution when sgn((3p) + sgn((3s) = 0. (1) Real part (blue line) and
imaginary part (red line) of the coherence field q associated to the profile (j).
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input pulse given by Eq.(4.152) with n = 1 and £ to t = 2.5£ m in , with £min = 33.96. The
material parameters are k = 1 and h = 0.08, and the initial conditions for the coherence
and the population are q- o o = +i and n _ o o = 0 , ideal for generating a sech-soliton.
These parameters are exactly the same as those used in Figs. 4.12 and 4.13, but with
nonvanishing GVD coefficients (3p = —0.01 and fis — +0.1, which correspond to the
dimensionless values found by studying the calculated dispersion curve of a realistic
HC-PCF of Fig. 4.9, together with suitably chosen u>pts (for further information see
section 4.4.5). One can observe that the (—7r)-soliton formation follows dynamics that
are very similar to that of the dispersionless case. Note also that the presence of
dispersion leads to extra oscillations on the soliton tails, see Fig. 4.31(a) inset, as
predicted by tail analysis performed on page 172.
Fig. 4.31(b) shows the field amplitudes after a propagation distance £ = 48 of the
input pulse given by Eq.(4.152) with (a = 1.5 and £tot — 5£mjn, with £ m in = 67.92.
The material parameters are k = 1 and k = 0.08, and the initial conditions for the
coherence and the population are q-oo = 0 and n _ = 1, ideal for generating a lorentzsoliton. These parameters are exactly the same as those used in Figs. 4.18 and 4.19,
but with nonvanishing GVD coefficients (3p = —0.01 and @s = +0.1. Again the 2irsoliton formation follows dynamics similar to that in the dispersionless case, but with
extra tail oscillations predicted by the tail analysis [see Fig. 4.31(b) inset].
Although we have generated 7r- and 27r-solitons with the most diverse final velocities
and GVD conditions, we have not witnessed any internal instability, although it is
obvious that an analytical criterion analogous to the Vakhitov-Kolokolov criterion (see
[188] and also Appendix A) is needed to fully understand the stability issue of our
solitons, a work that we leave to future investigations.

4.4.5

Comments on possible experim ental
resonance Raman solitons.

observation

of on-

One of the major advantages of HC-fibres over Raman cells or capillaries in the pro
duction of Raman solitons is that the highly dispersive properties of HC-PCFs (in
particular the larger values of the group velocity mismatch coefficient A/?i) allow one
to lower drastically the threshold in power Pmin described on page 153 [see Eq.(4.142)],
and at the same time to increase the allowed maximum allowed pulse duration tmax,
given by Eq.(4.149).
Once again our illustrative example will be the HC-PCF, for which the calculated group
velocity is depicted in Fig. 4.9(a), filled with the Raman-active gas SFg, the nonlinear
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Figure 4.31: (a) Pump (blue lines) and Stokes (red lines) fields after a propagation of f = 18
first-order dispersion lengths (solid lines), with initial conditions given by (4.152) (dotted lines),
and using the same parameters and initial conditions as in Figs. 4.12 and 4.13. A zoom of the
oscillating part of the soliton is also shown inset, (b) Pump (blue lines) and Stokes (red lines)
fields after a propagation of £ = 48 (solid lines), with initial conditions given by (4.152) (dotted
lines), and using the same parameters and initial conditions as in Figs. 4.18 and 4.19. A zoom
of the oscillating part of the soliton is also shown inset.
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properties of which axe well-known from the literature, see for example [187]. Fig.
4.9(a) shows the calculated adimensional inverse group velocity c(3i versus normalised
frequency kA for the two branches of dispersion, which are separated by surface modes
[180].
For a pitch A = 3 jum the frequency detuning between Stokes and pump (which for
the gas SF6 must be equal to or very close to u r
photonic bandgap if one chooses for example Ap =
From Fig. 4.9(a) one immediately finds that cAfii
psec/m2. The Raman gain coefficient for this gas

~ 2 tt x 23 THz) fits easily into the
1.14 microns and As = 1-25 microns.
~ 0.01, which means that A Pi ~ 33
is gss = 14 x 10-14 m /W [152], and

the dephasing time T% for SFg at room temperature has been estimated to be T2 ~ 5 ps
[187]. We must require the condition tmax -C T2 for applying consistently Eqs.(4.1044.107), and in our case we have tmax/'12 —0.08. The gas pressure inside the fibre has
been taken to be p = 0.5 atm, which at room temperature leads to N q ~ 1.23 x 1025
molecules/m3. The core diameter is d ~ 10 /zm, corresponding to a core area A ~ 80
/im 2. The estimated effective modal area in the core A ef f is found by multiplying A
by an approximate factor 3/4. For the modes considered here less than 1 percent of
the modal power overlaps with the glass, so that we can assume that intrinsic Kerr
nonlinearity will play a negligible role with respect to resonant Raman nonlinearity.
The adimensional parameters « and k derived from the above dimensional parameters
axe found to be, using Eq. (4.109-4.110), given by k = 1, k ~ 0.08. For the chosen
wavelengths we have that the adimensional GVD coefficients used in Eqs. (4.104-4.107)
assume the values (3p — —0.01 and fis — +0.1. Maximum pulse duration derived from
Eq.(4.149) is approximately t ^ x — 400 fs, from which it follows that the walk-off length
is equal to zo ~ 2.4 cm; note that for our choice of time scale 10 = 2imoi, the nonlinear
length L n l described on page 146 is equal to zq. The minimum pulse duration derived
from applying Eqs.(B.15-B.17) to our dispersive case is calculated to be tmin = 130 fs.
Making use of condition Eq.(4.176), we conclude that for the material and dispersive
parameters proposed in this section, only solitons with pulse durations in between 130
£3 and 400 fs can be generated in the fibre.
Once the threshold in pulse duration is known, we are able to estimate the threshold
power given by using Eq.(4.147). We obtain Pmin ~ * 415 kW, where a is a constant
which is equal to 1 for the sech-solitons and 2 for the lorentz-solitons. We have already
discussed on page 159 that the optimal configuration for observing single solitons is
when the input pulse satisfies the condition n
1, so that it is likely that random
noise at the Stokes frequency can provide the seed necessary to activate the generation
of one soliton.
The most uncertain parameter is the dephasing time T2, which is sensitive to the precise
186

experimental conditions, quality of gas, temperature, pressure, and so on, and may
strongly vary by one or even two orders of magnitude [187,152]. A precise measurement
of T2 is therefore crucial for a correct assessment of the experimental feasibility of the
soliton generation.
The dispersion length zq is normally of the order of centimetres; in our numerical
simulations soliton formation and in general all phenomena described from section
4.4 onwards 1ms been observed for £ < 50 first-order dispersion lengths. We predict
that a fibre length of less than 1.5 meters is sufficient for observing all phenomena
associated with Kaplan’s solitons in the HC-PCF under consideration, for the chosen
gas parameters.

Sum m ary of O riginal R esu lts o f th is C hapter.
This Chapter contains the following original contributions to the theory of Raman
solitons in hollow-core Microstructured Fibres filled with Raman-active gases:
(1) Off-resonance Raman solitons due to an effective Kerr nonlinearity induced by the
Raman resonance have been predicted and studied for the first time, both theoretically
and numerically, and precise conditions for their experimental excitation in HC-PCFs
have been given. Both bright-bright solitons and ’inverted’ dark-bright solitons (with
the dark component living in the anomalous dispersion and the bright component living
in the normal dispersion) have been found. These solitons are likely to be observed
experimentally in the immediate future.
(2) On-resonance 7r- and 27r-Raman solitons due to coherent excitation of a Raman
resonance in the presence of GVD have been extensively analysed numerically and an
alytically for the first time. Although these solitons were first discovered by A.E.Kaplan
in 1994 [172] in the absence of GVD, their experimental excitation proved to be pro
hibitive for conventional systems such as Raman cells or capillaries. The advent of
HC-fibre makes the group velocity mismatch considerably larger than in the above sys
tems, and we have shown that this makes possible to overcome the thresholds necessary
to observe the solitons. Extensive realistic simulations of experimental excitation have
also been performed.
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Chapter 5

Sum m ary and Future work.
In summary, in this Thesis we have analysed in detail several nonlinear effects related to
the existence of Solitons and Solitary waves in Microstmctured Fibres such as solid-core
PCFs, TFs and HC-PCFs. We have found that parametric processes possess unusual
and potentially useful FWM instability peaks in solid-core PCFs and TFs with core
diameter comparable with the wavelength of light, due to the strong contribution of the
waveguide dispersion in these fibres. The physics of the new peak of instability has been
analysed in the rigorous framework of the scalar Maxwell Wave Equation, avoiding in
such a way the conventional use of SVEA, followed by a comparative study with the
results given by the GNLSE. Vector instabilities were also discovered to possess similar
far-detuned instability peaks. After that, the amplitude of the Resonant Radiation
emitted by solitons in solid-core PCFs near one ZD point, when perturbed with HOD
terms, has been calculated using two different but complementary methods, which we
have called the ’adiabatic method’ and the ’Green function method’, finding excellent
agreement with all our numerical simulations. The results on Resonant Radiation have
been used to determine the precise dynamics of the SCG process in highly nonlinear
solid-core PCFs and TFs, when pumping at the 2ZD point of the fibre, by using XFROG
spectrograms to visualise the behaviour of the system ’soliton + radiation’. Finally,
the resonant nonlinear interaction between light and molecules of m atter in a HCPCF filled with Raman-active gases has been analysed in the framework of the full
Maxwell-Bloch equations. We have discovered the existence of two different species of
multi-frequency soliton, depending on whether the frequency difference of the driving
fields is far from the centre of the Raman resonance or almost exactly at resonance.
The use of HC-PCFs rather than more conventional waveguides such as Raman cells
or capillaries allows for a drastic reduction of the threshold energies necessary to excite
the solitons, making their observation feasible.
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The work presented in this Thesis could be extended in several different directions,
which include:
• An interesting open question is the formulation of an analytical criterion (analogous
to the Vakhitov-Kolokolov criterion) which is valid for ’hybrid’ multicomponent soli
tons, such as, for instance, gray-bright solitons (see section 4.3.4). The complication
consists in the infinite contribution of the background wave of the dark components to
the conserved integrals, which therefore must be properly ’renormalised’. Such renor
malisation must be unique and well-defined. To the Author’s knowledge, the literature
treats only particular low-dimensional cases of the parameter space, for which the sta
bility is decided by the use of the conserved renormalised momentum, but this is not
general, and a deeper study is needed.
• Supercontinuum Generation in solid-core PCFs is a subject that is continuously evolv
ing. It could be interesting to analyse the SCG in PCFs with three ZD points, which
can give rise to multiple instability bands that can increase the spectral bandwidth of
the continuum. The continuum generation and the soliton dynamics in multicore PCFs
would be also of interest for a future study.
• The subject of Raman solitons in HC-PCFs is rather new and rapidly evolving. Of
particular importance is the subject of Self-Induced Transparency solitons existing in
fibres with substantial GVD, which can possibly lead to some new kinds of solitary
wave analogous to those examined in Chapter 4.
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Appendix A
VAKHITOV-KOLOKOLOV CRITERION FOR BRIGHT MULTICOMPONENT
SOLITONS: ACTION FUNCTIONAL APPROACH

Once the existence and the profiles of optical solitons in a given system have been
established, it is not true in general that the soliton can physically persist. The reason
is that solitary waves in general can be unstable under small excitations of their profiles,
leading to destructive phenomena and totally preventing experimental observation. It
is therefore of crucial importance to know the stability and instability regions in the
parameter space of solitary waves. An excellent tool for this purpose is provided by
the famous Vakhitov-Kolokolov (VK) criterion [188], which gives a sufficient condition
for instability, though in general not a necessary one. See also [9] for an introduction
to the subject.
In this Appendix we give a brief exposition of the method when applied to multicom
ponent bright solitary waves. The interpretation that we adopt is based on an action
functional S, which has the meaning of the Lyapunov functional for the dynamical
system, that will provide a mechanical analogy and an excellent way to visualize geo
metrically the meaning of the criterion. The symmetries of the action will turn out to
determine everything about the stability, and in particular the criterion will be written
in terms of the conserved quantities (integrals of motion) of the system.

Action integral method for multicomponent Bright Solitons.
Let us start our discussion supposing that we are given a certain set of nonlinear coupled
equations, that can be written in the following manner:
l—

dz

h J —qr — 0 ,

Sipt

’

(A .l)

where z is the propagation coordinate, ^ is a 2n-dimensional vector representing the
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complex dynamical fields (for example all the components of the optical fields) and
their complex conjugates, i.e. i f = [^ 1, ^ 1,...,
V'n]7\ ^ is the hamiltonian density,
J = diag(l, —1,..., 1, —1) is the (2n x 2n) symplectic matrix which distinguishes between
the fields and their complex conjugates, and the variational derivative of a functional
F with respect to a generic variable u is defined as [184]

SF
Su ~ { o u

d td (d tu) + di>d(d?u)

( l)m d™ d (d ? u )} F- (A2)

| s

Note that in Eq.(A.l) the variational derivative is performed with respect to the com
plex conjugated vector
The hamiltonian density H is in general a function of the
fields t/j and their derivatives dttft-, as dictated by the hamiltonian formulation of field
theory [183]. Hamiltonian H is an integral of motion:
+00

Udt,

dzH = 0.

(A.3)

—00

It is assumed here that % does not depend on time explicitly, therefore Eqs.(A.l) are
invariant with respect to arbitrary time translations, il)n(t,z) —t ijjn(t — to,z). As a
consequence (due to Noether’s theorem) the total momentum Mt0t is conserved,

/

+o°

■00

•

y : ~ (ipjdttpj - ipjdtipj) dt,
j z

dzM tot = 0.

(A.4)

We assume that H is also invariant with respect to a certain number of phase trans
formations (phase symmetries) on the fields, ifjj —> %pj exp(i<f>j), and this implies the
conservation of a corresponding number of energy integrals
Pj =

/

+00

\'Pj\2 dt 1

dzPj = 0.

(A.5)

■OO

In the following we denote the integrals of motion (different from the hamiltonian H)
with the symbol /j, and j = 1 , . . . , N . Each I j is associated with some symmetry that
is operating on the system, by means of Noether’s theorem. The number of integrals
of motion of the dynamical system (with the exclusion of the hamiltonian H) is closely
related to the number of internal parameters of the corresponding soliton families [193].
We denote the internal parameters of the solitons with the symbol Oj.
With this notation, let us suppose now that the system can be described by an appro
priate action functional, which will have the meaning of a Lyapunov functional, defined
as:
S [$ =

H [ x f} ]

+ ^

a j l j [ tf

j
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].

(A .6 )

From now on we omit the sum symbol and use Einstein’s summation convention on
the repeated indices. The action functional is an extremum on the soliton solution ifio,
which means that
m ]

=0.

(A.7)

The variational equation (A.7) derived from the action functional S is not sufficient
to write consistent equations for the soliton. The reason is that stationary solutions
have well-defined conserved integrals, and therefore we must supplement Eq.(A.7) with
additional constraints, the meaning of which is to impose the conservation of each of
I j . In doing this, it should be clear that the a j play the role of Lagrange multipliers,
and the N constraint equations are
SS
5a3 J

=h

(A.8)

Substituting expression (A.6) for the action S into Eq.(A.8), and assuming implicitly
that all the quantities axe calculated on the soliton solution, it is easy to prove the
following N relations between the derivatives of conserved quantities with respect to
the soliton parameters [189]:
^

C fd j

+

(A.9)

UCLj

From Eqs.(A.9) one can also derive another set of N ( N —l)/2 relations by taking the
derivative of (A.9) once again with respect to d /d a m and subtracting the same expres
sion but with the indices j and m interchanged in order to eliminate the symmetrical
matrices, obtaining
d Ll 3
d lk
(A.10)
= 0,
dak dan
which provides important extra relations between the integrals of motion, relations that
are widely used in the literature [9] but often given without proof.
The second variational derivative of the action integral with respect to the parameters
aj gives a hessian matrix, the behaviour of which around the soliton solution determines
the soliton linear stability under small perturbations. The fundamental equation for
the stability threshold is given by the determinant

<*(«!,...,«») =

= d e t ( g ) = 0.

(A.ll)

Example: bright soliton of the NLSE.
As an illustration of the application of the above criterion we first study the stability
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of the bright soliton solution of the NLS equation with focusing nonlinearity, namely
idzu — ivdtu +

+ \u\2u = 0,

1*0(2 , t) = y / 2 k — v2sech ^ \ / 2k —v2t j exp[ikz + ivt] = <f>o(t) exp[ikz + ivt\,

(A.12)
(A.13)

where v is the velocity of the soliton, and k its wavevector. Note that the frequency of
the NLS-soliton is proportional to its velocity, and that the relation k > \v\Js/2 must
hold. This solution is a 2-parameter soliton, parameterised by (&, v). The conserved
hamiltonian is given by
H

=J

(^~ \\d tu |2 +

dt =

~ 2u2)V 2k - v2.

(A.14)

The invariance of H given by Eq.(A.14) under phase transformation u —>• ue1^ is asso
ciated with the conservation of the energy integral (number of photons):

/

+00

|u|2dt,

(A.15)

-00

while the translational symmetry (with respect to t) of H is associated with the con
servation of total momentum:

1 r+00
M = —I
(udtu — udtu)dt.

(A. 16)

2 7 -0 0

For the bright solution given by Eq.(A.13) these two integrals of motion are explicitly
P = 2y/2k - v2,
The mechanical analogy is
momentum.

M = 2 v\/2 k - v 2 = vP.

(A.17)

evident if we interpret P as a massand M a s a mechanical

Using the notation introduced before we have 01 = — 02 = v, I\ = P and I 2 = M ,
and therefore Eqs.(A.9) become
dH
dP
dM
-d k ~ k d k + v^ k = 0'
dH
,d P
DM n
- A; — + v — = 0.
ov
ov
ov

—

(A18)
(A .19)

An important extra relation is obtained from Eq.(A.lO) (where in the present case
N = 1):
dP
dM
n
d v + ~dk=
(A20)
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The action functional S is given by
S[u, w] = i?[n, u] —fcP[u, u] + vM[u, it],

(A.21)

which in the case of the bright soliton of Eq.(A.13) is given explicitly by
S W = - | ( 2 f c - t ; 2)3/2-

(A.22)

The solvability condition of Eq.(A .ll) provides the stability threshold, and after a
simple evaluation we obtain
d{k,v) = det

=^

= —4 < 0 ,

(A.23)

and therefore we conclude that the bright soliton solution of the NLSE is always sta
ble. This analytical answer to the problem is possible only because expression (A. 13)
provides an analytical expression for all members of the soliton family, but in general
(for example for more complicated nonlinearities) such an answer can be obtained only
numerically, by calculating the determinant d for each point in the parameter space,
which is often approximated with a multidimensional grid.
Finally, it must be noted that the formulation given here based on the action-integral
approach gives the same final result for the stability threshold [Eq.(A.23)] as more so
phisticated (and more rigorous) theories based on the so-called associated eigenvectors,
such as, for example, that of Ref. [191].
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A p pendix B
EVALUATION OF ROOTS of Eq.(4.173) USING SINGULAR
PERTURBATION THEORY. BIFURCATION POINTS.

The task of this Appendix is to solve in an approximate way the following fourth-order
algebraic equation [see also Eq.(4.173)]:
16 + A2 [2(1 + 1>) + t/3pA] [2(v - 1) + i/9s A] = 0,

(B.l)

through the use of singular perturbation theory [182]. This equation comes from the
linear tail analysis of the ±7r-soliton, and governs the arrangement of the eigenvalues
on the complex plane [Re (A j) , Im (Aj)], the knowledge of which is necessary to identify
the bifurcations and the regions of localization in the parameter space of the solitary
waves described in section 4.4.3.
In order to obtain approximate expressions for the roots {Aj} of Eq.(B.l), we assume
that the dispersion coefficients (3p^s are of the order of e, with e -C 1. Expanding
Eq.(B.l) and collecting powers of A we have
- e 2/3P/?s A4 + 2ie [(» - l)/3P + (v + 1)|3S] A3 - 4(1 - t>2)A2 + 16 = 0,

(B.2)

which shows that the term in A4 is of order Ofe2), and that the term in A3 is of order
0 (e), while the remaining terms are of order 0 ( 1).

Suppose now that we want to find those eigenvalues Aj that appear exclusively thanks
to the GVD coefficients /3p,s- As we have seen on page 173, those eigenvalues come from
±ioo when the dispersion is taken to be very small, and conforming to the notation
used in section 4.4.3 we shall call them A3 }4 . Assuming th at A is of order 0 (1 /e) through
the substitution A = ju/e, the reader can verify that the new equation for /* will be
\j? { -fip p s ii 2 + 2i [(w - 1)/3p + (u + 1)ps] A* —4(1 —v2)} + 16e2 = 0.
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(B.3)

Neglecting temporarily the term in e2 to get a first approximation of the roots, we have
the new approximate equation
-P p P s !*2 + 2i [(v - 1)/?p + (v + l)/?s] A* —4(1 —v2) ~ 0.

(B.4)

Note that Eq.(B.4) is now of second order, because our scaling transformation selected
only those solutions A3,4 = A*3,4/ e that have large absolute value.
The roots of Eq.(B.4) are:
^

= 2*1+^

^

= _ W _ -v )

(B 5)

In order to get the next order corrections to a4% let us assume the following expansions
for /u3,4:
£*3 =
A*4 =

a4°^ + o i e + 02e2 + •••,

(B.6)

+ foe + foe2 + • • •,

(B.7)

where aj and bj are coefficients to be found. Let us now substitute Eqs.(B.6-B.7) into
Eq.(B.3). Arranging the terms with the same power of e we finally find the explicit
expressions for the coefficients aj, bj. The first ones are:
—2i(3p
01

.

.
}

’

02 _ (1 + V ) 2 [ ( » - 1 ) / ? P - ( 1 + * > ) & ] ’

(

6‘ = °’

h = ( l - v ) 2 [ ( v- l ) pP - ( l + v ) 0 s Y

(B'9)

The approximations to the roots A3,4 can be therefore written for small dispersion as

A3 ~ 2i { ~ W

~ (1 + 1-)2 [(« - l)Pp - (1

A' ~ 2 i { ^ r + a - «)2 [ ( » - 1w

+ «>)/%]} ’

- ( i +»)&]} ■

(B10)

( B

' n

)

The bifurcation points v 1 and v" in the parameter space described on page 172 are
found by imposing that the two complex roots A3 and A4 meet along the imaginary
axis. Solving equation A3 —A4 = 0 for v with the ansatz v ~ vo ± evi, and expanding
in Taylor series around vo, we obtain the two coefficients
t>0 = Q
Pp +
Jg s ’

”1 = ± \ \ J l + V 3 y /= fr fo ,
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(B.12)

which generate the two solutions, valid up to order 0(e):
v' ~ f r - f a ~

v" =s

+

(B.13)

P
pp+
_P
ps + i \ / 1 + v/3v/= f r f e -

(B.14)

Note that and v" are real only if sgn(ftp) + sgn(fis) = 0, which is the condition ex
plained on page 175 and in the caption of Fig. 4.28. Moreover vo represents the turning
point explained graphically in Fig. 4.27 [see (f)] and indicated in Figs. 4.28(c,d). The
’size’ of the localisation window is given by (1 + \/3 ) 1/ 2(—Ppfis)1/2] note that if one
of the dispersion coefficients vanishes, the localisation window shrinks to zero, and the
turning point becomes either +1 or —1, depending on which GVD coefficient is zero.
On page 180 it has been deduced that the presence of group velocity dispersion intro
duces a minimum value for the soliton pulse durations, below which no soliton solution
can exist. We have called this value rmjn, see also Eq.(4.176) and the caption of Fig.
4.29 for full explanations. In the following we provide a usable exact expression for
'/’mmFor our purposes it will be sufficient to consider only one of the two specular roots Ai(2Root A2 found by solving Eq.(B.l) in the limit as v —» ±1 gives the two expressions:
A2+^ = lim A2(t) =
1

«—
►+!

v '

(3P

2i

+

I

ftp

1

2 4 /3

34 /3

A ) = V-¥~l
1™ .

= 4PS- +

+

24/3 1 2^/3

+

19p0lJ 3

(B.15)

+

2 2 /3

+

24/3

22/3

3/3p/3

Ps0p/3

+

3/3p/3

24/ 3

+V 01

22/3

0P0 1J 3 '

2 4 /3

ft

24/3

2 2/ 3

2i
ft

+

22/ 3

+
3/3p3 ' 0s 0 lJ 3'
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(B.16)

Tmin is then given by
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A p p en d ix C
TRUNCATED FOURIER TRANSFORM. 77-FUNCTION. PROOF OF Eq.(3.75).

Truncated Fourier Transform.

Throughout all this thesis we have used the following conventions and definitions for
the Fourier Transform:

/

+oo

m e -^ d t,

(C.l)

■OO

and for the inverse Fourier Transform:
1

f+°0

f(o,)e+^ d w .

(C.2)

We also define a truncated Fourier transform as
rt2
F (/(t),w )g s /
Jtl

(C.3)

which arise from the theory of Resonant Radiation, see Chapter 2.

P roperties o f function r/z(?;5, f —£').

The 77-function (introduced on page 72) is defined as
Vz(c~l , t - t') = i [sgn(f - t r) - sgn (t - t' + cz)] ,

(C.4)

where c is a real nonvanishing constant. When an arbitrary function f ( t ) is convoluted
with the 77-function throughout all the real axis, the 77-function selects a window of
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integration as follows:
-+oo
+oo

/

r+oo
r - Y OO i

1i

- [sgn(£ - t') - sgn(t - t 1 + cz)\ f(t')d t' =

*7z(c_\ t - t ' ) / (*')<&' = - J
i

= 5
^

r ft

/

— oo

r+oo

~

r + o o -l

p t+ c z

~

• / — OO

+ /

./t + c z J

ft

/(*' )<*<' =/

J t+ c z

/(« ')* '•

(C.5)

In particular, if f( t) = e~tu}tg(t), the last integral in Eq.(C.5) will be equal to the
truncated Fourier transform of function g(t), calculated from t + cz to t. Moreover,
note that
lim

r

t->+oo, z —^+oo Jt+cz

J(t')dt' = Q ( - c W ( f( t) M = ( ° J t C> °; ,f
{ F (f(t),u ) i f c < 0 .

(C.6)

Derivation of Eq.(3.75).

Here we outline the derivation of Eq.(3.75) from Eq.(3.60). The proof is a straightfor
ward consequence of a series of manipulations which we explain below through a simple
example.
Suppose we have the following simple first-order Cauchy problem
y'{t) = a(t)y{t) + b{t),

y{A) = 0,

(C.7)

where the prime indicates a derivative with respect to the variable t, a(t) and b(t) are
two smooth functions, and A is a real number. The well-known solution of this equation
can be found by using the variation of constant method, which yields the result

»(«) = J ‘ e ^ ^ s)d‘b(q)dg.

(C.8)

Eq.(C.7) can also be expressed as the equivalent integral equation
( [a(q)y(q) + % )] dq.
A

(C.9)

Note that the function y appears in both members of this equation, and that the condi
tion y(A) = 0 is automatically satisfied as a consequence of the choice for the integration
limits. W ith a proper generalisation, Eq.(C.9) will be identified with Eq.(3.60) in due
course.
We now show how it is possible to obtain the solution Eq.(C.8) by means of a resum
mation of the perturbative solution of Eq.(C.9). The perturbative approach applied to
200

Eq.(C.9) leads to the following successive approximations:
!/(0)W

[ b(gi)dqu
JA

t/(1)W

/ b{qi)dqi +
dqi
dq2 a{qi)b{q2),
JA
JA
JA

(C.10)

ft

ft

fqi

(C .ll)
(C.12)

f t

y w (t)

fQ l

fQ n-1

ZLJa ^ J a ^

"jA

a (91 ) ' " a(Qn-l)b(qn)-

(C.13)

We now make two elementary but subtle manipulations on the generic term given by
Eq.(C.13). The first manipulation consists of changing the upper limits of integration
to a common value t: it is possible to prove that Eq.(C.13) can also be written as
"I-1
y(N\ t ) = ^ 2

/• j
/*t
dqi I dq2• • • /
dqn a{qn) • • • a{q2 )b(qi).

n_ l J A

Jqi

Jqn

-

(C.14)

1

Note that in expression (C.14) the order of the arguments inside the integrand func
tions is reversed compared to Eq.(C.13), and the lower limits are all different. The
reader can easily realise the correctness of formula (C. 14) by calculating explicitly the
simplest terms, for example j / 1), and rearranging the integration limits. The second
manipulation consists of changing the lower limits of n —1 integrals to a common value
Qift

1

Sm (t) = ^ 2 , _

J , ,

J

rt

ft

dqi J dq2 ■• • J dqn a(qn) ■■■0 (9 2 ) 6 (9 1 ) =

ft

t

“{‘)d’b(q)dq,

(C-15)
and this last member gives of course the same result given by Eq.(C.8). The factorial
(n —1)! appears due to the fact th at the integration region has changed from a (n —1)dimensional ’triangle’ to a (n — l)-dimensional ’rectangle’ [94, 96], so that the factorial
eliminates properly the ’redundancy’ in the integration.
This procedure can now be directly applied to our case of Eq.(3.60), which is slightly
more delicate because one must take into account the non-cominutative nature of the
operators involved in the integration, while in the example shown above a, y and b
were scalar functions. As a consequence, we axe allowed to exchange operators in all
our expressions only if they commute, and we must maintain their ordering if they do
not. Let us first define a new operator G(£ — £') as
f a , ( - ( ' ) = U ( - ? )& (( - «'),
where Q is defined by Eq.(3.59). By making the identifications t -*• f, y —>
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(C.16)
A —»•

£+

b _► G(Z - Z')3(F(Z')), a -> - G ( f -

obtains immediately Eq.(3.75).
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and

Eq.(C.15), one
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