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(il)
ABSTRACT
This thesis is concerned with the analysis of two-dimensional
cracked specimens at load levels which induce significant plastic
yielding near the crack tip.

The differences between the solutions

discussed here and the well known linear elasto-static ones are confined
to the effects of this yielding.
Small load expansions of the elastic-plastic response are constructed
by the method of matched asymptotic expansions.

These give the small scale

yielding estimate of linear fracture mechanics as a first approximation,
and provide systematic refinements which take account of the nonlinear
interaction between the elastic and plastic regions.

Besides providing

an insight into the unknown elastic-plastic solutions, these expansions
can be used directly as useful approximations in the *medium scale yielding'
range.
The first half of the thesis is concerned with longitudinal shear
problems in which only the out of plane displacement is non-zero.

The

comparative simplicity of the governing equations allows a completely
analytic development.

The second half deals with the technically more

important problems in which both in-plane displacements are present.
Their general structure is first discussed and illustrated by analysis of
the simple Dugdale yielding model.

A more realistic model, which admits

incremental plastic flow, is then incorporated into the analysis by means
of a finite element computation.

Details of the elastic-plastic response

of any specimen are expressed in terms of a set of standard computations
that can, in principle, be performed once and for all.
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1.

INTRODUCTION
This thesis is concerned with the two-dimensional elastic-plastic
analysis of cracked specimens that are subjected to known, increasing
boundary tractions.

It is assumed that the specimen divides into a

linear elastic region and into a nonlinear plastic one around the crack
tip.

Following standard notation the deformation field in the elastic

region is described by an analytic function for which a boundary value
problem can be formulated, the effect of crack tip yielding appearing
as a nonlinear boundary condition or source term.

No attempt is made

to construct the full solution of this elastic-plastic problem directly;
instead the method of matched asymptotic expansions is used and two
complementary asymptotic expansions of it are sought.

These are both

power series expansions in a loading parameter, taken as the maximum
applied boundary stress divided by a yield stress, but they have different
regions of uniformity.

One, referred to as the outer expansion, is only

asymptotic to the exact solution a long way from the crack tip and the
other, the inner expansion, is only valid near the tip.

The coefficients

of both expansions contain undetermined constants introduced to model
the effect of suppressed boundary conditions.

These constants are found

by invoking the matching principle of Van Dyke (1964), which can be
written as the operator equation
0 1 = 1 0 .
m n
n m

(1 .1)

In (1.1) 0^ is the operator that, when applied to the full elastic-plastic
solution, produces the m-term asymptotic expansion valid in the outer region
and, similarly, I^ produces the n-term expansion valid in the inner region.
The conditions under which (1.1) is valid are discussed in Fraenkel
(1969).

No theorems are directly applicable to the problem presently
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being considered, but the general pattern is similar to other cases
in which the asymptotic matching principle has been successfully applied.
So far as the present work is concerned, the justification for using (1.1)
rests on physical reasonableness and the agreement of the results with
exact solutions when these are known.
The above nomenclature of matched asymptotic expansions can be
applied to the small scale yielding approximation, on which linear elastic
fracture mechanics depends.

In this approximation the small plastic zone

is described by considering a semi-infinite crack in an infinite body,
subjected to the asymptotic boundary condition

K(27Tr) ^ f^j(6)

as

r ->- «>

,

relative to polar coordinates (r,6) based at the crack tip.
f

(0) that define the stress

(1.2)

The functions

at large r are known, and the stress

intensity factor K is obtained by performing a linear elastic stress
analysis.

It can be seen that this procedure is an application of (1.1)

with m = n = 1 ;

the one term outer expansion being the linear solution

and the one term inner expansion the elastic-plastic solution of the semi
infinite crack subjected to (1.2).

This approximation will be valid as

long as the above "boundary layer" formulation for the crack tip region
is applicable.

A prescription prescribed in ASTM(1970), for instance,

is that K should not exceed Y(2a/5)^, where Y denotes the tensile yield
stress and the crack length is a .
Larsson and Carlsson (1973) investigated the validity of the restriction
proposed in ASTM (1970), by performing a full finite element analysis of
cracks in four commonly employed test specimens, and found significant
variations in the dimensions of the plastic zones, at the same K values
in the different specimens.

They explained their results by recognising

- 3 that the expression on the right hand side of (1 .2) is just the first
term in the expansion of the linear elastic solution near the crack
tip;

the next term is a constant tension T parallel to the crack,

and succeeding terms

tend to zero as the crack tip is approached.

Although the tension

T is not singular, it influences the stresses in

the plastic region, in effect by modifying the yield stress, and so
needs to be allowed for.

Larsson and Carlsson demonstrated the validity

of this explanation by performing finite element calculations for a crack
tip region subject to the boundary conditions
K(2wr) ^ f\j(G) +

where

as

r ->■ «»,

(1.3)

has just a tensile component T parallel to the crack, chosen

to take the values found in each of their test specimens.

They showed

that this "modified boundary layer" formulation was valid at load levels
considerably beyond those at which the small scale yielding approximation
breaks down.

This approximation can also be seen to be an application

of (1 .1) with m = 1 , n = 2 ;

the operator O^Ig, or IgO^, applied to the

elastic-plastic stress field simply produces the right hand side of (1.3).
Formalising the above two approximations in this way shows that
are special cases of the solutions considered in this thesis.

they

The

additional feature that will emerge is that if n ^ 2 in (1 .1) the outer
expansion is no longer known a priori and the formalism of matched asymptotic
expansions becomes essential.

These higher order terms of the outer

expansion represent the interaction of crack tip yielding and specimen
geometry and are of fundamental interest in nonlinear fracture mechanics.
One particular result in this direction is a definition of a "plastic
zone correction" that allows a second order estimate of the J energy
integral to be made from linear elastic solutions of the specimen.
The first half of the thesis. Chapters 2 to 4, is concerned with
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longitudinal shear problems in which only the out of plane displacement
is non-zero.

For a work-hardening "deformation" description of plasticity

an analytic development is possible;

in particular expressions are

developed for parameters such as crack opening, extent of yielding and
the J-integral that appear as power series in the loading parameter.

The

coefficients in the various series are explicitly given, up to sixth order,
in terms of parameters calculated from linear elastic solutions of the
specimen.

Three simple geometries are considered as examples.

One of

these, the edge cracked strip, affords a comparison with the previous
results of Rice (1966 and 1967);

this suggests that the expansions give

useful results with loads up to 75% of the perfectly plastic limit load.
The other two examples, a crack at a notch and an inclined crack, are new
and the solutions described here could not be approached by any other
method proposed to date.
The second half of the thesis Chapters 5 to 7, applies the method
to symmetric problems in which both in-plane displacements are present.
A general development is given in Chapter 5 that leaves the yielding
model unspecified, characterising it by dimensionless numbers.

In Chapter

6 these numbers are found for the Dugdale model, in which yielding is
confined to a slit ahead of the crack.

The embedded crack in a uniform

tensile field is considered as an example, it being shown that the sixth
order expansions of the J-integral, etc., are, once again, useful approxima
tions up to 75% of the perfectly plastic limit load.

Chapter 7 considers

the more realistic situation of a material obeying an incremental Mises
flow rule.

It is shown how the elastic-plastic response of any specimen

can be expressed, up to a certain order in the loading parameter, in terms
of a set of standard computations.

Some of these computations are performed

by the finite element method using constant strain triangular elements.

- 5 -

Chapter 8 sunrniarises the thesis and suggests some possible
extensions of the work.
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2.

LONGITUDINAL SHEAR OF AN ELASTIC PERFECTLY PLASTIC SYMMETRIC SPECItlEN
2.1 Introduction
The general problem to be discussed in this chapter is shown in
Fig. 2.1.

A homogeneous, isotropic, prismatic specimen contains a

crack of length a.

Coordinates (x^, x^, x^) are chosen so that the

x^ axis is parallel to the generators of the specimen, while the crack
occupies the region x^ = 0, -a < x^ < 0,

< x^ <

The surface of

the specimen is subjected to longitudinal shearing stresses that at
any instant
T(t).

t

are proportional to a monotonically increasing parameter

These shears induce a state of antiplane deformation, which involves

only the displacement U^(x^, x^) and corresponding shears
other components of displacement and stress being zero.
is taken as elastic perfectly plastic with shear modulus
yield stress in shear

k.

Cgg» & H
The specimen
G.

and constant

The yield condition

0^3 + 023

=

-

(2 .1 .1)

is assumed together with the associated flow rule
aû3
0^
i
where

X

“

i3 *

i — 1 ,2 ,

(2 .1.2)

is a scalar and the superposed dot denotes rate of change

with time, or equally well, with the parameter T.

The geometry and

loading are assumed to be symmetric with respect to the plane of the
crack and smooth enough to restrict yielding to a zone emanating
from the crack tip.
In the region of elastic deformation the equilibrium equation

0^2 ^ = 0,

t

i = 1,2

Throughout this thesis the suffix notation is used.
A repeated suffix is to be summed over, and a suffix following
a comma denotes partial differentiation with respect to the
relevant cartesian coordinate.

(2.1.3)

t
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and the stress-strain law
a^3 = GUj ^ ,
together imply that

i = 1,2

(2.1.4)

is a harmonic function of (x^jX^);

this

is conveniently expressed in the form
=a ^

where

z

Im{g(z)}

,

(2.1.5)

X +ix
= — ---

and g(z) is analytic.

(2 .1 .6)

A complex stress variable C may now be

defined as

^23 ^^13
—

,

(2.1.7)

and the stress-strain relations (2.1.4) used to obtain

Ç = g ’(z).

(2.1.8)

Boundary conditions on g(z) are found by noting that the applied
shear on the boundary of the specimen is expressible as

-akRe|ç-||,|

where

9

= - ak ~

(Re{g(z)})

,

(2.1.9)

denotes differentiation with respect to arc length around

the boundary of the specimen cross-section.

Thus, on the boundary,

Re{g(z)} follows by integration of the applied shear.
g(z) is also required on the elastic-plastic boundary;

A condition on
this depends

on the stresses in the plastic region.
The solution appropriate to the plastic region is as given by
Huit and McClintock (1957).

Relative to the polar coordinates (r,6)

shown in Fig. 2.1, equations (2.1.1) and (2.1.3) admit the solution

^r3

^63 ^

(2 .1 .10)

— 8 —

The flow rule (2,1.2) now implies that

9U

SO that

depends upon 0 only.

1 3%3

k

r 90

G

Hence,

R(6)

(2 .1 .12)

R(3) d3 .

(2.1.13)

for some function R ( 0 ) a n d
k 1*
U3 = I /

The equation

r = R(0) in fact defines the elastic-plastic boundary

since the stresses (2 .1 .10) and strains (2 .1 .11), (2 .1 .12) must be
compatible with (2.1.4) there.

The plastic zone stresses (2.1.10)

imply that, at the elastic-plastic boundary, Ç

g'(z) = C = e

on

so that

r = R(0).

(2.1.14)

The problem thus reduces to solving the elastic "free boundary
value problem" for g(z), depicted in Fig. 2.1,

Exact solutions are

limited to the edge crack in a semi-infinite plane considered by
Huit and McClintock (1957), the edge crack in a strip of finite width,
solved by Rice (1966), and a recent solution of Edmunds and Willis
(1976) for a crack sited at a V-notch in a strip of finite width.
For other geometries approximate methods are required;
is described in the remainder of this chapter.

one of which

The results presented

give the first three terms of a small loading expansion of the solution.
They are applicable to any body for which a linear analysis is feasible;
the edge cracked strip and the crack sited at a notch are discussed
in detail, as examples.

- 9 -

2.2

The Outer Expansion
It will be convenient, to be definite, to identify the

monotonically increasing parameter T(t) with the maximum value of
the applied stress at time t.

An asymptotic solution will be sought

for small loads and so a parameter

e = 1

(2 .2 .1 )

is defined and, formally, the limit e

0 is considered, although it

will emerge later that the asymptotic solution provides a good
approximation even when

e

is relatively large.

When e «

1, it is

known from the small scale yielding approximation that the maximum
dimension of the plastic zone is of order ae^.

The outer expansion

is obtained, therefore, by transferring the boundary conditions on
the elastic-plastic boundary to the crack tip, where they appear as a
singularity in g(z).

The form of the singularity is obtained by noting

that the symmetry of the geometry and loading requires that

S ^ ^ l ’^2^ = -U^(x^,-X2) ,

(2 .2 .2)

and that the lack of a Bauschinger effect in the yielding model
requires
U^(x^,X2 ;e) = -U2 (x^,X2 ;-c).

A

(2.2.3)

sufficientlygeneral form satisfying (2.2.2)and (2.2.3)

g(z)f^(A^G^+A2C^+0 (E^))z 2+ (A2E^+0 (E^))z ^^+0(E^)z

is

as z+ 0,

where the real constants A^,A2 »A^ are so far undetermined.

In addition

to the field created by the singularity (2.2.4) there is the linear
elastic solution.

This is proportional to

E

(2.2.4)

and is of order

- 10 -

z

as z + 0, giving the well known square root singularity in

the stresses.
When the yielded zone of Fig. 2.1 is replaced by the singularity
(2.2.4), the boundary value problem for g(z) can be solved in the
form
g(z) = g^(z) e+g^{z)

+ g^(z)a2e^+0(e^)

,

(2.2.5)

where g^(z)e is the linear elastic solution, bounded as z

0 and

having the prescribed real part on the boundary, 8^ ( 2) has zero real
part on the boundary and behaves as

_i
-2z ^

as

z -»■ 0

has zero real part on the boundary and behaves as
z

0.

The constants

set to the

and

g^(z)

2 ""^2
- — z
as

comprise a convenient alternative undetermined

of (2.2.4).

The small argument expansions of g|(z)

will be required in the sequel, these will have the forms
g[(z) ^

+ ......

g ’(z) ~ 2"'^ + Yzzz"! + Y23^^ + .....

gg(z)

'^z

+

+ Y 33Z ^.. ....

as z -»■ 0 ,

where the real constants Y . . are determined once the boundary
1]

(2 .2 .6)
value

problems for g^(z) are solved.
2.3

The Inner Expansion
The asymptotic expansion (2.2.5) fails near the crack tip.

Physically, it can only be valid at points remote from the plastic
zone, and mathematically the series (2.2.5) is not asymptotic when
z = O(e^).

The details of the solution near the plastic zone can be

found by the method introduced by Huit and McClintock (1957), in which

- l i 

the stress variable Ç is taken as the independent variable.

Inverting

the relation Ç = g ’(z) in the elastic region gives

z = f (;)

(2.3.1)

and a boundary value problem for f(Ç) is developed by noting that
equation (2.3.1) defines a conformai mapping of the elastic region
onto the region of the

= 0 and

faces,

plane depicted in Fig. 2.2.

On the crack

= 0 , so that they map onto a part of the

imaginary axis in the Ç-plane.

The elastic-plastic boundary maps

onto |ç[ = 1 while at the boundary of the specimen, Ç = 0 (e), so
that this maps onto some possibly complicated shape within a distance
of order

e

of the origin.

Boundary conditions on f(ç) follow by

noting that, on the elastic-plastic boundary, z = a-^R(6)e^^ and
r

Ç = e

i8

.

, so that

f'(e^®) = a ^R(6)e

or

implying that

^

f(e^®) = ia ^R(0)

,

Re{f(ç)} = 0.

(2.3.2)

This condition also applies on the imaginary axis in the Ç-plane,
since x^ = 0 implies f ’(Ç) is real and hence f(ç) is imaginary.

The

values on the complex part of the boundary adjacent to the origin are
not developed in detail because they will be modelled by a singularity
at Ç = 0 of appropriate form.

The solution z = f'(C) will then be valid

asymptotically when z = O(e^) but not, of course, when z = 0(1).

A

sufficiently general form for the singularity is

f (Ç) ~

(B^e^+B2e^+B^e^)ç"^+(B^e^+B3e^)c” bB-e® ç " ^ + 0 (e®)

as ç -*■ 0,

(2.3.3)
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where the B. are undetermined coefficients.
1

The solution of the

boundary value problem for f(C)» with the asymptotic boundary
condition (2.3.3), follows immediately as
3

f(0 =

§(B22E*+623E^)(G-c"^)

+ 3 6332^(5-5

where the

+ O(e^) ,

(2.3.4)

comprise an alternative set of undetermined constants

to the B . .

It follows now that

1

2
i = f'(C) = (l+ç“ ^)

+ e33e®(ç-ç” b

]+ 0(e®) ,

'

(2.3.5)

which may be inverted iteratively to give

“2
(4)

'“hfej]

f«K4)] hk)] '^kWi

e“+0(e'),

(2.3.6)

where the "inner" variable

= z/e^

is of order 1 when z = O(e^), and

(2.3.7)

— 13 —

H^(x)

=

x-1,

.2

I"12 "22

^22=
®12-^®22

à

)]

[(À )^

~^]

Kl

■

f

[®13^®23f"2^ 3 E ^ ) +G33 ( x^-6x+ll -

2.4

- (3 ^ )z )] •

(2.3.8)

Matching the Expansions
The unknown constants

in the outerexpansion

g(z), and 3^jin the inner expansion

(2.3.6)

(2.2.5)

of

of Ç =g ’(z), will

now be found by applying the asymptotic matching principle (1 .1).
The derivative of equation (2.2.5) is the three term outer expansion
of g'(z), and equation (2.3.6) is the three term inner expansion.

To

apply the matching principle, the derivative of (2.2.5) is written in
terms of z^ = z/e^ and expanded to three terms as e ->■ 0 , with z^ fixed.
This produces

+ V i'"

~

+ [Yi2= f

+ V

"V i " ]

22^I''' +«2=1 '^] s'

[ ^ 1 3 ^ r * “p 2 3 ^ i ^ + ("2Y 22+«3Y 33)z:'^] e “ + 0(e®)

,

(2.4.1)

- 14

where the constants

are as in equation (2.2,6),

The suffix

"o" is attached to Ç to emphasise that (2.4.1) represents the inner
expansion of the outer expansion of Ç;
approximation to Ç itself.

it does not provide an

Dually, the outer expansion of the

inner expansion (2.3.6) is obtained by putting
E

5

0 with z fixed.

~

The result is

* ( j B11G33 ■ I ^22)

* 7

* Ï6

+ [I B l f

= z/e^ and letting

* ^^®22 " ’’^^12^22 )

+ Î 6 (12312-13622) 6,

+ O(e^).

(2.4.2)

It follows now that (2.4.1) and (2.4.2) agree, with z = e^z^, so long
as

^11 " ^11
^12 " ^ 22^11 ^ ^^12^11

^13 " 4" ^22^11+ “4 ^12^22^11 4 4/33^11

”4 ^13^11 ^ ~T '^11^11

I ^23^U

^22 " 2^12^11

^23 " ^23^11

^^13^11

^^^12^11

3^12^22^11

’

(2.4.3)
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2 ^11

^2

4 ^22^11

8 ^12^11

“3 = | y L -

(2-4.4)

All of the constants in both the inner and outer expansions are thus
determined,

A composite expansion, valid uniformly for all z, could

be formed as the sum of the outer expansion (derived from (2.2.5)) and
the inner expansion (2.3.6), minus the outer (or inner) expansion of
the inner (or outer) expansion,

(2.4.1) or (2.4.2), but the information

of most interest for present purposes follows from the inner expansion
(2.3.6)
2.5

alone.

Fracture Criteria
It is of particular ^interest to characterise the solution by

fracture criteria, that is, by parameters for which attainment of a
critical value may imply that the crack will extend.

Three such

parameters, each of which reflects in some way the intensity of the
strain just ahead of the crack, will be considered.

These are the

crack tip displacement discontinuity,

° "3(5) " "3 (

R(e)d6 .

(2.5.1)

the extent of yielding ahead of the crack, R(0), and the path
independent J-integral (Rice 1968),
11/2
[wdx^

- c.j

l^i] ds = I y *

R(6)cose de .

(2.5.2)

/
The representation of 6^ by the integral (2.5.1) follows directly
from equation (2.1.13), and equation (2.1.12) shows that R(0) measures
the intensity of the strain directly ahead of the crack.

The J-integral

— 16 —

in (2.5.2) involves the stored energy function W, and is fully
path independent only because the system of loading generates
deformations that are compatible with a "deformation theory"
description of plastic flow, obtained by integrating (2 .1 .2) to
give
aug

W :

■

^®i3’

^ " 2,2

(2.5.3)

1

in the plastic region.

In the absence of unloading this description

is identical to a nonlinear elastic one with an energy function
W=Ge..e..
ij

,

e..e..^
1] ij

= k ((2e%jC^j)2 -

^

.2
k'

2q 2.

} otherwise.

(2.5.4)

The second integral for J in (2.5.2) follows by taking the contour .
of integration to be a circle r = 2pcos0 lying wholly within the
yielded zone;

details are given in Edmunds and Willis (1976).

Since

J is path independent its contour of integration can also be taken
in the elastic region, where
use of

J

W

takes its linear elastic form.

The

as a fracture criterion has been advocated by Broberg (1971)

and Begley and Landes (1972), even for problems for which a deformation
theory description is not exact.
The three fracture parameters 6t, R(0) and

J

thus follow once

the elastic-plastic boundary r = R(0) has been determined.

This can be

found from the inner expansion (2.3.5) by setting Ç = e^^ and substituting
for

from (2.4.3);

performing the algebra yields

R(0) = a|f'(e^®)| = 2a cos0

+ (6^+Ô2sin^0)e

+ (6 +Ô sin=0+5 sin*0)E*+O(E*)]

,

(2.5.5)
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where

*^3

4 ^11^22

^4 ^ "4(^11^23

4^11^12^22

9^11^13

4^11^33

^3^11^12

63 = 16(2Y^iYi3 + SY^iY^z)

4^11^13

4^11^12

2^11^23

3^ i i 'Yx 2'^22^

•

(2.5.6)

Thus, in terms of these parameters,

<St = "^0^ [711^^ ^ (&X+ 3^2^^** ^ (Gg+
R(0) = Zal'yZ^e: +

+ •^3)e®+0(e®)J ,

(2.5.7)

+ (ye* + 0(e®)J

(2.5.8)

and

[ y h ^ " + («1 + i «2>=' + («3+

J =

The terms of order

in (2.5.7),

¥ 5 ^ ^' + 0 (c°)]

•

(2-5-9)

(2.5.8) and (2.5.9) represent the

small scale yielding approximation associated with the stress intensity
factor

= (2na)^ kY^^G.

It appears in the present scheme from

matching just the leading terms of the inner and outer expansions, so
that m = n = 1 in the terminology of equation (1.1).
terms in (2.5.7),

The higher order

(2.5.8) and (2.5.9) represent systematic refinements

to the small scale yielding approximation.
2.6

Comparison with Plastic Zone Corrected Results
Before applying the equations of the previous section to specific

examples, they will be compared with the plastic zone corrected results
discussed by Irwin and Paris (1971).

In this refinement of the linear
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elastic result the crack of length a is replaced by one of length
a + r , where r

y

y

is the "plastic zone size correction" and is given

by

r

=
^

^111

.

(2 .6 .1)

2ïïk^

Irwin and Paris justify the use of (2.6.1) by noting that, in the
small scale yielding approximation, the elastic stresses just outside
the plastic region are described by the complex potential
g ’(z) ~ (2tt) ^ K(z- % )

^

(2.6.2)

as though the body were elastic and the crack extended to z =
It is not clear immediately that the value of K in (2.6.2) is the
same as would be obtained by solving the linear elastic problem for
the extended crack but this is, in fact, true as will be shown below.
Modified fracture criteria now follow by noting, from the terms of
order

in (2.5.7), (2.5.8) and (2.5.9), that the corresponding small

scale yielding approximations are

«
R (o ) ~
ïïk^

2G

.

(2.6.3)

"Plastic zone corrected" estimates of 6t, R(0) and J are obtained
by replacing the linear elastic

in (2.6.3) by the revised value

K, obtained from the linear elastic solution for the longer crack.
The validity of these estimates will now be studied by comparing
them with (2.5.7), (2.5.8) and (2.5.9).

First, it is shown in
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Appendix A that, if

(2.6.4)

then the solution of the linear elastic problem for the longer crack
yields

K

(2ïïa) kE j

+ 2

^^12*^^11^22^

**" 8 ^l(^Yi3+3YiiY33+Yi2Y22*^YiiY23*^YiiY22)

This gives, to order E^, the "plastic zone corrected" estimates

\

{ ^ 1 1 + ^l(YiiYi2+ Y h Y 22) " ° ( ^ P }

R(0) = 2aE%

J =

+ Gi(YiiYi2+Yii^22)

^^.6 .6)

}

(2.6.7)

TTak^E^
+ ^ l ( h l ^ l 2S p 22) +

•

(2 .6 .8)

Now in the expression (2.5.9) for J,

(2.6.9)
* 4 ^2 ^ ^11(^11^12*^11^22) *

and so the expressions (2.5.9) and (2.6.8) agree to order E**, if
E^ = y^^E^, which is precisely equivalent to (2.6.1).

It may be

noted, too, that J could be evaluated from (2.6.2) by taking a contour
just outside the plastic region, so that agreement of the estimates
for J implies that the K appearing in (2.6.3) really is the elastic
stress intensity factor associated with the longer crack.

It can be
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seen immediately that, with
(2.6.7)

the estimates (2 .6 .6) and

for 6t and R(0) cannot agree exactly with (2.5.7) and (2.5.8)

and so are ad hoc approximations at best.

The reason for the agreement

of J to second order is that, mathematically, the second order outer
solution can be obtained from knowledge of just the first order inner
solution, and J can be found from the outer solution alone.

The parameters

6t and R(0), on the other hand, require the inner solution to second order,
which the simplified procedure outlined above does not give correctly.
The term of order

in (2.6.5) is given for completeness, but it is clear

that it could not provide the next term in the asymptotic series even
for J, for which the inner solution would be needed to second order.
2.7

Application to a Cracked Strip
The preceding general formulation has shown that any problem can

be solved, for which the functions g*(z), g*(z) and gg(z) can be
constructed.

Clearly g^(z) and gg(z) can be expressed as sums of terms

with the desired singularities and linear elastic solutions which cancel
the unwanted tractions on the boundary, so that solutions can be found
for any configuration for which a linear elastic analysis is feasible.
The procedure is applied to a cracked strip in the present section, and
to a crack sited at a notch in the following one.
The cracked strip, shown inset in Fig, 2.3, is of width b and is
subjected to the uniform remote longitudinal shearing stress T,

An exact

solution was given by Rice (1966), so that this problem provides a test
of the present asymptotic method.

The ’outer* problems for the functions

g*(z), gg(z) and g^(z) are easily solved by the method of images, in which
the cracked strip is embedded in an infinite medium, containing a periodic
array of cracks of length 2a and period 2b.
(Rice 1968) to be

The function g|(z) is known
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-i
(2 .7 .1 )

and g*(z), g*(z)

g'2 (z)

follow similarly as

(Mm)
h(if)r[s-(T)]“

(2 .7 .2 )

and
1- 5/2

;<z) - . . . ( 4

# ^ )

[

.1." ( 4 M ' ) -

(s)l

"

[■“($)] [ï '“(t)] -S[“'(î|)-|'"'(t)]

g^(z)

(2 .7 .3 )

Performing small argument expansions to obtain the constants y^j
defined in equation (2 ,2 .6) now gives

"(s)((%
)
(w)|“'(S)-t“>(t)|
■^i(S)1
1 (v)-i"i (^)'=°'"(-r)|
=(]%:){-i I
-I

'^11

^12

Y 13

22

=

s

=

^11

Y 23

Y 33

=(If)jlc°t'(tr)+i+i

[•

(2 .7 .4 )
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This, in effect, completes the solution;

in particular the constants

6i follow by substitution of (2.7,4) into (2.5.6), and the series
expansions (2.5.7), (2.5.8) and (2.5.9) of the fracture parameters
6t, R(0) and J are then determined.
In the limiting case of a small crack in a wide strip, so that
b/a

00, the functions g|(z) simplify to the forms

g|(z)

=

g*(z)

= 2 ^(z+l) ^(z+l)2 - ij

g»(z)

=

(z+1) j^(z+l)^ - ij %

2^(z+l)

,

+ i

[(z+l)2 - l]

g^(zX

,

(2.7.5)

and the expressions (2.5.7), (2.5.8) and (2.5.9) reduce to

6t =

i e*" + -ie® + 0(e®)J ,

R(0) = a

+ |- £** + |- e® + 0(e®) j

irak^
2G

+ ~ e** + i

,

e® + 0 (e®)j

.

(2.7.6)

The exact solution to this limiting problem was given by Huit and
McClintock (1957), and Rice (1966) showed that

6t

=

^

[ I (l+e2)E^(e") - l]

. [I

where

and

1

,

].

<2.7.n

are the complete elliptic integrals of the first

and second kinds, respectively.

The first two equations of (2.7.6)

are precisely the small argument expansions of equations (2.7.7),
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providing a check on the analysis.
The series expansions of 6t, R(0) and J are readily determined
for finite values of the ratio b/a, and Fig. 2.3 shows plots of
the expansions, to one, two and three terms, of the quantity R(0),
when b/a = 5/3.

Rice (1966) expressed R(0) for this problem in

terms of incomplete elliptic integrals, whose arguments were related
to a parameter proportional to the maximum stress on the face opposite
to the crack.

For any chosen value of b/a, this stress satisfied an

implicit equation and could be found by interpolation.

This rather

involved sequence of operations has been followed for b/a = 5/3, and
Fig. 2.3 also plots the exact variation of R(0) with the loading
parameter e obtained thereby.

Good agreement between the three term

expansion and the exact solution is obtained for values of e up to
0.3, that is, for remote stresses up to 75% of those corresponding to
limit load (e = 0.4) at which unrestricted plactic flow will occur.
The three term expansion thus has a significantly wider range of
validity than the small scale yielding approximation, which is represented
by the leading term of the expansion.

Fig. 2.4 shows plots of J,

obtained from (2.5.9), against the ratio a/b, for a range of values
of e.

The curves, naturally, must stop when a/b = 1-e, since this

corresponds to the attainment of limit load, and they provide reliable
estimates of J only as far as a/b = 1 - 4 ^ say, so that the applied load
does not exceed 75% of limit load.

If the attainment of a critical

value of J is taken as a criterion for fracture, the curves provide the
critical value of crack length

a

for a range of values of applied stress.

The corresponding exact estimates of J could be extracted from the solution
of Rice (1966) only with some difficulty and have not been obtained.
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2.8

Application to a Crack Sited at a Notch
The possibility of a crack extending from a notch arises in

many situations.

There is available, at present, just one elastic-

plastic solution, found by Edmunds and Willis (1976), for a crack
sited at a V-notched strip of finite width.

This solution generalized

work of Rice (1966), who considered the stresses around a V-notch
without a crack, including as a limiting case the edge-cracked strip,
discussed in section 2.7.

The extra parameter defining the notch/crack

geometry introduced into the solution of Edmunds and Willis (1976) a
significant complication over that present in Rice's (1966) work, and
extension of the procedure to allow for other shapes of notch is hardly
feasible, even in the limit of a wide strip.
The present asymptotic method is well suited to this class of
problems and will now be used to study a crack sited at an arbitrary
notch in a uniformly loaded, semi-infinite plane.

The only requirement

is to find the outer solution, and this follows immediately if a
conformai mapping ^ = ^(z) of the specimen onto the upper half of the
complex fi-plane can be found.

The z-plane of the specimen, and the

^-plane, are shown in Fig. 2.5.

For large values of |z|, the mapping

becomes, asymptotically,

0 (z)

iz,

Iz I -♦■00

(2 .8 .1)

while close to the crack tip (z = 0), it will have the general form

fl(z) ~ i(X^z& +

the values of the constants
of the specimen.

+ X j Z ^ ...) ,

z + 0

,

(2 .8 .2)

depending, of course, on the geometry

It follows immediately from (2.8.1) and (2.8.2)
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that
g^(z) = - iJ^(z)

g^(z) = - 2iX^[f2(z)]
X

gj(z) = I iXj [n(z)]

+ IT 82 (2) •

(2.8.3)

The constants y . . in the small argument expansions of the derivatives
of these functions are now readily expressed, using (2 .8 ,2), in terms
of the Xi.

Thus

^12“I ^2 hs “I ^3

^11

Y 22 = ^ 2 ^ \

■^23 °

^33 =

•

The constants 6i that appear in the expressions (2.5.7),
and (2,5.9) for 6t, R(0) and J simplify correspondingly;

(2'G'4)

(2,5.8)
the results

are

R(0) - 2a [ i

[i

X^e" + | X^X^e" + ( |i XjX^ + ^

i

+ (gl ^1^2 + 3§

+ 0(e®) ] ,

+ 0(e») I .

A simple example of some practical interest, which is not

(2.8.5)
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obviously amenable, to any other treatment, is that of a crack
of length a, sited at the root of a semicircular notch of radius
ra.

The conformai mapping is

+ (7^ )

n(z) = r

-

-(ttftt)

]

>

(2.8.6)

for which values of the coefficients X. are
1

X2 = X^

r

(r+l)^+ 3r**

1

L4(r+l)S-4r^(r+l) J

^3 ” ”

3

1.

8X ^
I
I 8X,
(r+i)'-r-(r+l) J
L
^'^l
(r+l)G-r4(r+l)2

•

(2,8.7)

Taking r = 0 in (2.8.7) yields values of X^ which, when substituted
into equations (2,8,5), reproduce the expressions (2.7.6) for 6t,
R(0) and J.

Also, the limiting values of X^ as r -♦■ “ yield expressions

for 6t, R(0) and J which agree with those found for an edge crack in
a half plane, subjected to the remote stress 2ke, the factor 2 corres
ponding to the stress concentration factor at the root of the notch.
The effect of the nonlinearity is displayed in Fig. 2,6, by
plotting J, as calculated from equation (2.8.5), against crack length
a, for a notch of radius r^, which is held fixed.
E is varied with
crack tip;

a

The loading parameter

so as to maintain the same nominal

the value chosen was, in fact,

at the

= 0 .8k (irr^)^, corresponding

to a linear elastic estimate .of J of 0.32 ïïr k^/G.
o

When the crack

is long, the plastic zone is small in comparison with

a

and J tends
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towards the linear elastic estimate, but for shorter cracks
(a

^

the linear result is a serious underestimate.
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R(0)

Elastic-Plastic

Boundary

Fig, 2.1

Specimen Geometry and Loading
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Fig. 2.2

The Stress Plane
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R(0)

a — *

0 *7
Exact

0 -5
R(0)
0 -4

n=3

0 *3
n= 1 (small scale yielding)
02

0 1
*

-

01

0-2

0*3

0*4
k

Fig, 2.3

The Extent of Yielding in an Edge-Cracked Strip.

The one, two and three term expansions of R(0) are shown.
The exact result is computed from Rice (1966).
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•0 4 -

0*2

0-4
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1*0
b

Fig, 2.4

The J-Integral in an Edge-Cracked Strip

The variation of J with crack length is shown for
a variety of loading levels.
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% » Remote Applied
a)

Longitudinal Shear

Arbitrary
Notch

b)

Singularity

Fig, 2,5

(a)

The General Notch/Crack Geometry

(b)

The fi-Plane onto which the Specimen Maps,
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Fig. 2.6

2-0

30

4 -0

5-0

6-0

7*0

The J-Integral for a Crack at a Semi-Circular Notch
The loading is adjusted so that the linear elastic
estimate of J is constant.
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3.

THE INCLUSION OF WORK-HARDENING IN THE ANALYSIS
.3,1

Introduction
The preceding chapter developed a method of analysis applicable

to the longitudinal shear loading of an elastic-perfectly plastic
specimen;

the present chapter extends this method to work-hardening

elastic-plastic specimens.

No exact solution is available, but Rice

(1967) found the first five terms of a power series solution, for a
uniformly loaded edge-cracked half-plane.

The method of matched

expansions reproduces Rice*s series, and shows how to generate such
series for specimens of any geometry.

As in Chapter 2, three terms

are given explicitly for arbitrary specimen geometry in terms of
parameters that are defined from elastic solutions alone.
As in the work of Rice (1967), a "deformation theory" of plasticity
is employed, which it is hoped will generate solutions which approximate
reasonably the corresponding "incremental theory" solutions.

Specifically,

for the longitudinal shear deformation envisaged, referring to the
geometry shown in Fig. 3.1, the only non-zero component of displacement
is ^^(x^/Xg) and the only non-zero components of stress are
The initial yield stress is

k

Cgg"

so that, in the elastic region,

C^3 + 0^3 £

and

°i3 °

(3.1.1)

^3 i *

^ “ 1,2.

(3.1.2)

To describe behaviour in the plastic region, it is convenient to
define
and

^

(3.1.3)

These are then related by
Y;
Ti = —

T(Y)

,

'

(3.1.4)
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2
2 s .
'C = (t^ + Tg)
is some given nonlinear function of

where
Y “

2

2 4

problem is to solve the equilibrium equation

^ = 0 , i = 1,2,

(3.1.5)

taken with the constitutive relations (3.1.2) and (3.1.4), with
tractions prescribed on the boundary of the specimen.
It was shown in Chapter 2, that the displacement in the elastic
region was expressible as the imaginary part of an analytic function
whose real part took prescribed values on the boundary of the specimen.
The same result holds in this case, except that the conditions that
apply on the elastic-plastic boundary are different, because a different
model of plasticity is assumed.

However, in the "outer" region away

from the crack tip, the plasticity is modelled by a singularity of the
analytic function at the crack tip, just as in equation (2.2.4), so

.

that the form of the outer expansion is unchanged.

The inner expansion

is found by studying the crack tip region in detail and this, of course,
depends upon the plastic constitutive law.
3.2.

This is studied in section

The method of Rice (1967) is employed, but its application is

simplified because the inner problem is for a semi-infinite crack in an
infinite body.
The inner and outer expansions are matched in section 3.3, to complete
the solution.

Fracture parameters, such as the maximum extent of the

plastic zone, R(0), the crack tip displacement, 6^, and the path independent
J-integral are given in section 3.4.

It is noted that a two-term asymptotic

expansion for J can be obtained by solving a linear elastic problem for
a crack of length a+r^, where the definition of the "plastic zone correction"
r^ depends upon the form of the hardening law t(y);

it reduces to the

form given by equation (2 .6 .1) in the non-hardening limit.
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An analysis of a strip of finite width containing an edge crack
is given as an example in section 3.5.

Graphs are. plotted for the

maximum extent R(0) of the plastic zone against applied stress for a
crack traversing 3/5 of the specimen width, for a lightly hardening
and a rapidly hardening material.

The variation of the J-integral with

crack depth is also found, for a range of applied loads and for the
same two types of hardening behaviour.

Both of these features were

studied in section 2.7 in the non-hardening limit.

As expected, the

greatest deviations from small scale yielding behaviour are found for
the non-hardening material.

The small scale yielding approximation

always underestimates R(0) and J.

The asymptotic expansion of the

elastic-plastic solution is compared with a fully plastic analysis,
the dependence of various estimates of J on the applied shear being
displayed.
3.2

The Inner Expansion
A loading parameter e is defined, as in equation (2.2.1), as the

ratio of the maximum applied boundary stress to the initial yield stress
k.

Then it is known from the small scale yielding approximation that,

if c «

1 , the dimension of the plastic zone is of order ae^, where a

is the length of the crack.

This motivates a local study of the crack

tip region for values of the co-ordinates of order

Formally, the

"inner" variable
X +ix
z. = z/e^ = -----^
ae"

(3.2.1)

may be introduced, so that |z\| = 0 (1) in the region of current
interest.

On the scale of z^, the plastic zone appears finite and

the crack appears semi-infinite, as shown in Fig. 3.2a. . To make contact
with the work of Rice (1967), the magnitude of the shear strain at the
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onset of yielding is denoted by

so that

= k/G,

(3.2.2)

and C is defined as

Y

o

•

(3.2.3)

The complex variable C is identical to (T2-iT^)/k in the elastic
region, and hence to the variable defined by equation (2.1.7), but
not in the plastic region.

The region of the z-plane occupied by

the specimen may now be mapped onto the right half of the Ç-plane, as
shown in Fig. 3.2b.

Assuming that the material hardens, so that t(y)

is an increasing function, the strain singularity at the crack tip will
ensure that the plastic region maps onto the whole of the half-plane
outside IC| = 1.

The boundary of the specimen maps onto some shape

within a distance of order e of the origin, but an inner expansion
will be obtained by modelling its effect by a singularity at the origin.
In the elastic region, the stress-strain relations (3.1.2) imply
that
C = g*(z)
so that

(3.2.4)

the elastic region of the z-planemaps conformally

onto the

unit semi-circle in the Ç-plane.
As in section (2.3), the mapping inverse to (3.2.4) is introduced
as
z=f*(C)
and the

effect of the specimen boundary ismodelled

to have

a singularity at Ç = 0 , so that

(3.2.5)
by allowing

f ’(C)

z = f'(ç) = - (B^eZ+Bge'+Bje*...);-% - SKB^e^+B^E*...);-*
-5(B^e®...)C® + F'(ç) ,

(3.2.6)
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where F*(Ç) is regular in the unit semi-circle.

Plainly,

(3.2.6)

cannot describe the state of stress in the "outer" region, where
Ç=0 (e), but it gives an adequate representation in the "inner" region,
where Ç=0 (1) and z=0 (e^).
The function f'(C) is determined from conditions at the elasticplastic interface [ç| = 1, and so depends on the solution in the plastic
region,

|ç|>l.

This has been analysed by Rice (1967), who showed that

the co-ordinates and displacement in the plastic region could be described
in terms of a potential function

X.

and

.

the relations

i = 1.2,

U^(x^,X2) =

(3.2,7)

- ij; + const.

Relative to polar coordinates (y,^) in(y^,Y2)

(3.2,8)
space, defined so

that
Ï2 Rice showed that ijj(Y,(f))

9 % )

= Ye^^ ,

(3,2.9)

satisfied the equation

if: + 9

+ Y' 3 »%

=

(3.2.10)

Since, on the crack faces, X 2 = 0 and T2 = 0, the constitutive law
(3.1.4)

implies y^ = 0, so that (J> = i Tr/2.

5

=

Therefore, when c|) = i *n’/2,

0.

(3.2.11)

Solutions of (3.2.10), with (3.2.11), can now be developed by the
method of separation of variables.

Thus,

00

t = >,

D.f.(y) sin(2k-l)()> ,

(3.2.12)
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where f (y) satisfies the equation
k

+ i f^(Y) -

f^(Y) = 0 .

(3.2.13)

with the conditions
f^(y^) = 1 ,

f^(” ) = 0 .

(3.2.14)

The first of (3.2.14) is a normalization and the second is to ensure
that y is singular at the crack tip.
It follows from (3.2.7) and (3.2.12) that, on the elastic-plastic
boundary, y = y^e^^

; = _ e
2y a
°

^

and

TY

\i_i(2k-l)m

k=l
+ [2k-l-Y^f^(y^)]e"i(2k-l)0

while from (3 .2 .6), with Ç =

(3.2.15)

,

z = -(B^E:+B2E^+B2e*...)e"2i* _ 3 (B^e"+Bje®...)
-5 (B^E*...)e"Gi4 + F'(e^'*’).

(3.2.16)

The coefficients D, and the function F ’(Ç) are now determined by
expressing F*(Ç) as a -power series in Ç and equating coefficients in
(3.2,15) and (3.2.16).
2y a
D, = ----- -----

This gives, to order e®,

p

-1
B E^+B

e

"+b e®

+ 0 (e ®),

6y a
D, = ---------3-Y_f:(Y )
o 2 o

Fb E-+B E®1 + 0(e®)
L 4
5 J

,
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10y.a

03 = v v f i ÿ ; )

= 0(E K) ,

V

^

k > 4

.

(3.2.17)

To allow comparison with the inner expansion derived in Chapter 2
it is convenient to introduce parameters

which are related to the

B. by
1

^1 ^ " ^11*

®2 " ” ^^12~^22^ *

^3

" ^^13~^23’^^^33^ *

B, = - i 3,0 ,
'4
3 "^22 ’

B = - f i 3,0-3., I ,
"5
^3 ^23"^33^ *

B = - i 3,0 .
"6
5 ^33 *

(3.2.18)

The solution (3.2.6) for the elastic part of the inner region then
becomes

s =

+ [$23;-' + (632- 622)

+ [633C ® + (623-3633)?

+

62302?®] s'

+ (633- 623+2B23) (?

+C3)

+ (823-3933)02?® + 833C3C'] e* + 0(e®),

where the constants C

(3.2.19)

are as introduced by Rice (1967)

, .2k-l+Y.f,'(Y )

0 =

.

(3 .2.20)

2k-l-Y„f^(Y„)

Equation (3.2.19) constitutes a generalization of equation (2.3.5).
It can be inverted iteratively to give
z.

x-i-J

%)]

-

' ■ [ “>

--®'®

h

"2

11>

i WeYi)]

[^)]

-

' 5/2

W

4

)]

' i

["1

3/2

/z. \ ]

4

3 67^^"'*

” (

m/^6'
^ °(c»). (3.2.21)

- 41 —

where

is defined by equation (3,2.1).

Equation (3.2.21) is

identical to equation (2.3.6), except that now
H^(x) = X -

H 2 (x) = -3^1

+ (^i2”'^22^^

^2^2 2 ^^"^1^

»

|

= -3^^H2(x) |2322(x-C^) +

“ ^11 {^33^^”^1^

}

^^23~^^33^ ^^“^1^

'*' (^13~^23*^^33)*

(3.2.22)

+ (323-33,3)C23ii(x-Cirl + C,3,3(x-Ci)2 }.

3.3

Matching the Expansions
As indicated in section (3.1), the outer expansion is unaffected

by work-hardening end so has the form given in section (2.2).

In

particular equation (2.4.1) is still the three term inner expansion
of the three term outer expansion.

The three term outer expansion

of the three term inner expansion is formed by setting z^ = z/e^
in equation (3.2.21) and expanding in e.

The algebra is lengthy and

eventually yields

^^12“^^22"^1^22
43
11

"(tiK

12922

)

- 1 2 6 ^2 9 2 2 + 1 5 0 ^ 6 2 2 + 8 9 ^ ^ 6 2 3 - 2 4 6 1 1 6 3 3 - 1 2 0 ^ 6 ^ ^ 6 2 2

166®1

■)]
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L 8

UJ \8lJ

\

IG811

/

12
83'

3.,
Ï# 1 1

+

(3c1H2Ci^6) -

^1q
(Cp2) + ^

11

e" + 0 (0 ®).

(3.3.1)

The asymptotic matching principle (1.1) now asserts that (3.3.1) agrees
with equation (2.4.1), with z = z^E^.

Equating powers of E and z in

these two equations gives

^11

*^11

^13

4 ^1^22^11

(t

c ;+ 3 C i) ^12^22^11 + 4 ^1 ^33^11

(1

c;+3Ci+2) Yi3T®i

^22

^^12^11

23

^1^23^11

and

^1 " 2 ^1 ^11

C1+3Ç1+5) Y ® 2 Y h

+

cj

'^23^11

'

^^13^11

^

2 )^ ^ 12^11 (3C^+15) + 36^7^2^22^11 '

(3.3.2)
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“2 =I C^Y22Yfl +I

^12<h

a. =

(3.3.3)

All of the coefficients appearing in the inner and outer solutions are
now determined, in terms of the constants Y . . which are defined from
ij
linear elastic solutions for the specimen.

It may be remarked that

Rice (1967) found the solution of equation (3.2.13), with the conditions
(3.2.14), for any function T(y) when k = 1.

r .00
y I r

^
du

r

He gave

00
du

(3.3.4)

=

Y

Y

u

^t (u )

so that

-1
y k
'o

/
y

(3.3.5)

du
UTT(u)

o

and hence, from equation (3.2.20),

-

1

(3.3.6)

(u)

For the limiting case of a non-hardening material, x(u) = k,

= 1

and equations (3.3.2) and (3.3.3) become identical to equations (2.4.3)
and (2.4.4).
3.4

Properties of the Solution
Completion of the solution only requires evaluation of the functions

fj^(y) defined by equations (3.2.13), (3.2.14), and corresponding evaluation
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of the constants C^, for k = 1,2,3.

Equation (3.3.4) gives a

solution f^(y) for general x(y), but similar general solutions are
not available for other values of k.

There is, however, a case of

some practical importance for which equations (3.2.13) and (3.2.14)
are soluble, namely when the material hardens according to the power
law

-iij

T(y) = k(dL I

,

y % y^

.

(3.4.1)

The differential equation (3.2.13) is then homogeneous and the
solution compatible with (3.2.14) is
-h
.

(3.4.2)

where
=

Ri.ce (1967).

+ (2k-l):

n ]"

-

,

(3.4.3)

Then, from (3.4.2) and (3.2.20),

2k-l-p
"k = 3 k = n r

•

(3-4.4)

Some particular aspects of the solution will now be considered.
Expressions will be given for a general hardening law x(y) but, so
that they will apply directly to a power-law hardening material, the
constants u, are defined by
k

\

= -

(3.4.5)

’

which agrees with (3.4.3) when f^(y) has the form (3.4.2).

The
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constants

are then always given by (3,4.4),

First, the coordinates of the elastic-plastic boundary are
obtained from (3,2,19), with Ç = e^^ and the constants
by (3,3,2),

given

The angle (j) in the Ç-plane is not simply related to

the polar angle 0 measured from the crack tip, but, as Figs, 3,2a
and 3,2b show, 0 = 0 when (f) = 0 and 0 = ir when (P = 7t/2 ,

The small

scale yielding limit is found by retaining only the terms of order
e^.

In this case, the elastic-plastic boundary is described by

z =

(e

+ C^)e^

which represents a circle, of radius
ahead of the crack tip.

(3,4,6)
with centre aC^Y^^^^

The corresponding three term expansion is

not given since it follows immediately from (3,2,19) and (3,3,2),
As equation (3,4,6) already shows, the plastic zone extends a small
distance behind the crack tip.
Except in the case of perfect plasticity, the strain singularity
-1
is less severe than r
and there is no displacement discontinuity
at the crack tip.

It is still possible, however, to define a crack

tip displacement 6^ as the relative separation of points where the
elastic-plastic boundary meets the crack faces.

Using this definition,

with equation (3,2,8), gives
00
«t =

f ) - U,(Y,,

= 2 Z

(-1)

D^(l-V

Substituting for the constants D^, using (3,2,17),
gives

.

(3.4.7)

(3,2,18) and (3,3,2),
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[^1 ^4 ^22^11

”

4 ^12^22^11

(^23^11

+( ^ )

4 ^33^11

^^13^11 '*' ^^12^11

(^^13^11^^^12^ïl) ]

+ 0 (c*) }

T ^13^11* 7 ^12*^11

2 "^23^11^

3^ 12^ 22^ 1 1 )

'

(3'4'8)

which reduces, in the perfectly plastic limit (y^ = 0 ,C^ = 1)

,

to equation (2,5,7).
In Chapter 2, the J-integral was calculated from the solution in

J

the plastic region, in terms of the function R(0) that defined the
elastic-plastic boundary.

In the present case, however, it is simpler

to evaluate J from the solution in the elastic region.

The expression

used is. Rice and Budiansky (1973),

J = Im<— ^

6

dz>

(3,4,9)

where the contour F is chosen to be a circle, centred at the crack
tip, with radius p such that it lies in the outer region where equation
(2,2,5)

is valid.

the z ^ term of

Performing the substitutions it is found that only
contributes to (3.4,9), and hence J can be evaluated

in terms of the y . . defined in (2.2.6),

J = —

^1

The result is

^1 (^22^ 11+712^ 11)^

^4" ^ 22^11

+ 0 (e®)J

T ^ 12^ 22*^11

,

In the non-hardening limit

'4^33^11

"4^13^11

'4^12^ïl'^ 7^23*^11^

(3,4,10)

= 1 and (3.4,10) agrees with (2,5,9),
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The term of order

in (3.4,10) is the usual linear fracture

mechanics estimate, associated with a stress intensity factor
= (27Ta)

the succeeding terms provide corrections

which account for the plastic behaviour near the crack tip,

A "plastic

zone correction" r^ will now be developed, as in section 2 ,6 , by
considering the linear elastic solution for the specimen, with the
prescribed loads unchanged, but with the crack replaced by one of
length a+r^.

Then, if
= ty/a

the crack extends to z =

(3,4,11)

in the z-plane and it is shown in

Appendix A the elastic stress intensity factor for the longer crack
is given by
K -

(2wa): kc

(Yi2+ Y h Y 22^ + 0 (6%) |

,

(3,4,12)

This yields the "plastic zone corrected" estimate

.

(3.*.13)

The approximation (3,4,13) agrees with (3,4,10), to order e**, if
that

C
r

= aC y2
y
^

,

(3,4,14)

2TTk^

When r^ is given by (3,4,14), the crack of length a+r^ extends precisely
to the centre of the "small scale yielding" estimate of the plastic zone,
given by (3,4,6),

It was observed by Rice (1967) that the field just

outside the plastic zone had the asymptotic form
g*(z)'~

(27t)

^ K(z-r^/a) ^

,

(3.4,15)
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but the value of K in (3,4,15) is now identified with the stress
intensity factor from a linear elastic analysis of the longer crack.
For a power-law hardening material,

= N and the parameter

takes

the simple form

Cl = ^

•

(3-4.16)

In addition to the expressions (3,4,8) and (3,4,10) for 6^ and J, the
strain singularity at the crack tip is of interest.

In order to analyse

this feature it is convenient to restrict attention to materials of the
power law hardening type.

For these materials the plastic region

solution comes from substituting (3,4,2) and (3,2,12) into (3,2,7),
This leads to the equation
-i(f)
-X,+ix„ = ^

1

2

Y

(2k-l)

j

X

cos(2k-l)4-i Z

\ U/

U,^D^0^'^sin(2k-l)(|)j

R.— X

\ u/
(3,4,17)

which defines the plastic zone coordinates as functions of the strains.
If the material is not perfectly plastic, i,e, N^O, then y^ < y^^^ and
so, for Y »
terms.

Y^, the right hand side of (3,4,17) is dominated by the

This means that the coordinates very near the crack tip are

-x^+ixg = e

~

^

[cos^-iNsin^],

(3,4,18)

which imply a dominant strain singularity of the form

^1

-sin(j)
= (-D^)^*l

Y^^*^

r^*l

[cos^(j)+N^sin^(l)] ^(N+l)

^2
where r = (x^+xp^

,

(3,4,19)

COS(|)

is the distance from the crack tip.

The coefficient
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is given by (3.2.17) with

determined from (3.2,18) and (3,3,2),

It is of interest to note that the J integral can be calculated from
the singular field (3,4,18);

as expected the result is the same as

(3,4,8) which was found from the outer solution.

In particular it

may be noted that

=
1

(3,4,20)

TTkd+N)

to the order retained and, by implication, to all orders.
If the material is elastic-perfectly plastic the above results
do not apply since each term of (3,4,17) then contributes to the
dominant strain singularity.

In this case the plastic region solution

can be written as

Z
k=l

(2k-l)D cos(2k-l)(j)

(3.4.21)

which implies strains

Yl

00

= — Z
^

^2

-sincf)
(3,4,22)

(2k-l)D cos(2k-l)4i

IPl

cos#

It can be seen from (3,4,21) that the polar angle in the strain plane,
<f), can be equated to the polar angle at the crack tip in the physical
plane, 0,

Yl

Hence (3,4,22) can be written as

T^R(6)

-sin0
>

r
?2

(3.4.23)

COS0

where
R(0)

= - Y

(2k-l)D^cos(2k-l)0
k=l

(3,4,24)

-so

is the distance from the crack tip to the elastic-plastic boundary
at an angle 0.

The coordinates of the elastic-plastic boundary

obtained in this way agree, to order e®, with those obtained from
equation (3,2,19).
3,5

The Cracked Strip
A strip of width b, weakened by an edge crack of depth a, and

loaded by the uniform remote shear stress

= Gk was considered in

section 2.7 as an example which could be compared with the exact
solution of Rice (1966),

A corresponding solution for a hardening

material is now developed.
case b

It is new, except that in the limiting

00 it should agree with the solution of Rice (1967) ,

The

solution follows from the results of sections 3,3 and 3,4, once the
constants

have been determined from the functions g*(z), g 2 ^z)

and gg(z).

These were given in section 2,7 and will not be repeated

here, except to note that, in the limit b/a ->■ °o, equation (2,7,4)
reduces to

= Æ/2,

y ^2 = 3Æ/8,

Yi3 = -5/2/64

Y 22 “ 1/4,

Y 23 = -9/32
Y 33 = -3/32

With these values of the

.

(3.5.1)

, the maximum extent R(0) of the plastic

zone is found to be

R(0) ' ® f l (1+63 )6 = + ^1 (l+Cg) +

+

(I+C3) + ^

J 63 (1+0^)^

e-

€3(1+62) + I C=(l+C3)^ e® + 0(e*)l ;

(3.5.2)
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this can also be recovered

from the solution

so provides a check on the

present analysis.

of Rice (1967) and

Analytical expressions for a finite strip are lengthy and will
not be given.
values of

It is, however, straightforward to substitute the
given in equation (2,7.4) into the general expressions

of sections 3.3 and 3,4,

Fig. 3,3 shows the extent of

yielding

R(0) plotted against remote stress, for the case b/a = 5/3,

Results

for two power-law hardening materials are given, the exponents chosen
being N = 0.1 and N = 0,3, which correspond to a lightly hardening and
a rapidly hardening material respectively.

In addition to the three

term expansion of R(0), the small scale yielding estimate is also
shown.

The curves are continued up to e = 0,4, which corresponds to

limit load for a perfectly plastic specimen.

Comparison with an exact

solution in section 2,7 showed that they may

be unreliable for values

of G beyond 0.3, however.

Fig, 3.4 shows plots

of J against the

ratio

a/b, for a set of values of e and hardening exponents N = 0,1 and 0,3,
The curves are expected to be reliable for values of a/b up to
a/b = l-4e/3, corresponding to 75% of the perfectly plastic limit load.
The more strongly hardening material displays values of J which are
lower than those for the lightly hardening material by up to 12%, but
remain higher than the corresponding small scale yielding estimates
(which are independent of N ) , by about 11% when a/b = 1-4&/3,
The results for a power law hardening, cracked strip can be compared
with those of Amazigo (1974 and 1975) who gave a fully plastic solution
to this problem.

In the current notation Amazigo showed that, for the

constitutive law
/

T(y) = k

\N
j

for all y,

(3.5,3)
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the physical coordinates very near the crack tip could be written
as

=1 ■ '=2 = e''* TTak(l+N)

J
with --- —

si"*]

.
a
a known function of — and N,
b

(3.5.4)

The equivalent result in

the elastic-plastic case can be found by substituting (3.4.20) in
(3.4.18) to give an expression identical to (3.5.4).

This means that

the only difference in crack tip conditions arises frota the coefficient
of the singularity, J.

The two expressions available for J are approxi

mations to an exact elastic-plastic result with different ranges of
validity.

Amazigo*s fully plastic result is a good approximation when

the yielding is fully developed, and the asymptotic result,

(3.4.10),

is a good approximation when yielding is confined to a small area near
the crack tip.

The two results are displayed in Figs, 3,5 to 3,7 for

various values of

b

and

N,

For a crack sited in a non-hardening plane, shown in Fig. 3,5,
the fully plastic solution of Amazigo degenerates into the vertical
asymptote at e = 1,0,

In this case it has also been possible to include

the exact elastic-plastic result obtained from two-dimensional numerical
integration of results in Rice (1966),

The three figures, 3,5 to 3,7,

show that the small scale yielding approximation begins to break down
at

40% of the perfectly plastic limit load, the plastic zone corrected

result at *^60% and, in the case of Fig, 3,5, the three term result at
75%,

It may also be noted that any reasonable interpolation scheme

between the asymptotic result and the fully plastic result would lead to
small errors occurring over a restricted load range.
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Applied
Shears

Elastic-Plastic
Boundary

Fig. 3,1

Specimen Geometry and Loading

Longitudinal
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a)

D

r.
\s)

r.

i
Fig. 3.2

(a)

The Crack Tip Region

(b)

The Ç-Plane onto which it Maps

Corresponding points in Figs. 3.2a and 3.2b
are given the same label.
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5a

R(0)

03

Three Term
Expansion

R(0)
Small Scale
Yielding

0-2
N= 0 3

01

0-1

Fig, 3,3

0-2

0*3

0-4

The Extent of Yielding in an Edge-Cracked Strip,
The variation of R(0) with loading is shown for
two levels of hardening. The small scale yielding
estimate is shown for comparison,
\
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10-

'0 8 J

Trk’

6= 0-2
0 4-

•

02

-

0-2

0-4

0-8

1*0

a

Fig, 3.4

The J-Integral in an Edge-Cracked Strip
The variation of J with crack length is shown
for various loads.
The continuous curves are
for N = 0,1 and the broken curves for N = 0,3,
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Ek

fully
plastic

2'(Di

n»3

n-2
plastic zone
corrected

exact
n*=1
small scole
yielding

0-5

O'O

Fig. 3.5,

0 -5

1-0

1-5

The J-Integral in an Edge-Cracked Plane,
Plots of the one, two and three term expansions
of J for a non-hardening material.
The exact
result is computed from Rice (1966).
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fully
plastic

G

n=2
plastic zone
corrected

Trk*’a

n=1
Email scale
yielding

O 'O

Fig, 3,6

0*5

1-0

V5

The J-Integral in an Edge-Cracked Plane,
Plots of the one, two and three term expansions
of J for a highly hardening material (N = 0,333),
The fully plastic result is computed from Amazigo (1974),
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Ek

fully
plastic

14-

n=1

•0 8 -

•06

04

•02

OO

0-1

Fig, 3.7

02

03

0-6

The J-Integral in an Edge-Cracked Strip,
Plots of the one, two and three term expansions
of J for a highly hardening material (N = 0,333)
and a particular crack length (a = 0,5b), The
fully plastic result is computed from Amazigo (1975),
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4.

THE INCLUSION OF ASYMMETRY IN THE ANALYSIS
4.1

Introduction
The

in which

results of the first two chapters have been restricted to problems
symmetry imposed the condition

U^Cx^jX^)

= -U^Cx^j-x^).

(4.1,1)

The present chapter removes this restriction and thus extends the
analysis to specimens of arbitrary geometry and loading.

The previous

results are special cases of those presented here, though the extra
complexity of the expressions might obscure some of the structure of
the solution that was apparent in the earlier work.

General asymptotic

expansions of the J integral and of the plastic zone coordinates are
given in terms of parameters that can be found from an elastic solution
alone.

In particular it is shown that the "plastic zone corrected"

estimate of J, obtained by elastically solving a problem for a crack
longer than the actual one, remains a valid two term asymptotic expansion
in the presence of asymmetry.

The general expansions are applied in

section (4,6) to the particular problem of a crack at an angle to a
uniform stress field in a power law hardening material.

The growth

of the plastic zone with the loading parameter is displayed graphically
for various crack orientations and levels of hardening.
The formulation of the governing equations is identical to that
given in Chapters 2 and 3 and so will only be summarised here.

For the

longitudinal shear deformation of the specimen shown in Fig, 4,1 the only
non-zero component of displacement is
zero stresses are

and <^23 *

and hence the only non

this case the general constitutive

relation is

C.n ~ ■'
"'13 ' ~Y~

. J
“3,i
’

i — lj2

(4,1,2)
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where T(y) is a given function relating the principal shear
stress T = (Qi3 + crla)^ to the principal shear strain y = (yi3 + yls)^.
If the material is elastic-plastic the function T(y) satisfies

T(y) = ^ y
o
where

k

and

for

(4.1.3)

Y ^ Yq

y^ are the initial yield stress and strain respectively.

Apart from the constitutive law (4.1.2), the solution must satisfy the
equilibrium equation

= 0

(4,1.4)

and be compatible with the prescribed boundary tractions.
In the elastic region (4,1,3) and (4,1,4) can be satisfied by
requiring

to be a harmonic function of

This can be conveniently

expressed as

(4,1,5)

Ug(x^,X2) = ay^ Im{g(z)}

where

a

is the crack length, as in Fig, 4,1, and g(z) is an

analytic function of

z —

=1+1=2
■
a

.

"

(4.1.6)

In addition to this complex position variable it is convenient to
define a complex strain variable by
•Y^-iYi
Ç = — -To

as in section 3,2,

where y. = U
^

.

,

(4,1,7)

Application of the Cauchy-Riemann equations then

shows that

Ç = g'(z) ,

(4,1,8)

which can be inverted to
z = f '(Ç) ,

say,

(4,1,9)

—

62

—

In the strain plane, Fig. 4.2, the traction free crack faces map
onto the

= 0 axis, the elastic-plastic boundary onto a semi-circle

of radius y^ and the outer boundary of the specimen onto a, possibly
complex, curve surrounding the origin.
4.2

The Outer Expansion
As before, the outer expansion is found by formulating and solving

a boundary value problem for g(z).

The real part of g(z) on the

specimen boundary follows from the prescribed tractions and the yielded
zone is modelled by a crack tip singularity.

The form of the singularity

is taken as

g(z) ~ -2 (o^E^+a2C^+0 (e^))z ^ - i(a2e^+0 (e^))z ^

-

where the

2/

5

7\
+0(e )jz

7
+ 0(e )z

as

z

0 ,

(4,2,1)

are, as yet, undetermined and the loading parameter e

is defined as the ratio of the maximum applied boundary stress to the
yield stress, k.

It may be noted that a term in i log(-z) is not

included in (4,2,1),

If it were, the boundary conditions on the crack

faces would be satisfied and the stresses would behave as z ^ for small
z and so this term
of the plastic zone.

cannot, a priori, be excluded from a general modelling
However, a term that behaves in this way implies

that, far away from the crack tip, the plastic zone will have the
appearance of a point force - this is physically unreasonable and hence
it is justifiable to exclude this term from equation (4.2,1),
Modelling the yielded zone by (4,2,1) leads to a boundary value
problem for g(z) which can be solved and differentiated to give the
three term outer expansion.

This has the form

Ç = g'(z) = gj(z)G+gf(z)(a^E^+a2C^) + ig^(z)a3e^+g’(z)a^e^+0(e^)

(4,2,2)
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where:

g|(z)e

is the linear elastic solution of the problem,

g^(z)

has a unit z

gg(z)

has a unit z“ ^ stress singularity,

g^(z)

has a unit z“ ®^ stress singularity,

-

3/2

stress singularity,

and ggCz), iggCz) and g^(z) are solutions giving zero boundary
tractions.
As the inner limit of (4.2,2) will be used in the subsequent
matching the small argument expansions of g|(z) are introduced as
I
g{(z) =

+ YggZ ^ + ÎY23 * Yg^z^ .•••

g^(z) = z

_1
g ] ( z )

=

g^(z) =

4,3

+

I Y 3 3 Z

+ Y^^z

’

+

Y 3 4

....

-------

for z -* 0.

(4.2.3)

The Inner Expansion
The inner expansion is found by formulating and solving a boundary

value problem for the function f*(Ç), defined by (4,1,9),

The elastic

region is represented by the area within the dashed semi-circle in
Fig, 4,2, and the curve representing the specimen boundary lies within
a distance of order y^e of the origin, since the boundary conditions imply
Ç = 0(e) there.

The function f*(Ç) is consequently taken as analytic

within the semi-circle, except at the origin where a singularity is
admitted to model the specimen boundary strains.

The functional form

— 64 -

of this singularity is found by noting that it cannot contain terms
such as

or

-1

terms in C
below.

since Ç is an odd function of e, and that

.

are incompatible with the plastic region solution given

These considerations, together with the boundary condition

Im{f’(Ç)} = 0 when Re{ç} = 0, lead to the elastic region solution
z = f'(ç) = (g^EZ+gzE^+gge*);-: + ifg^eS+g^eS);-:

+ (ggE“+g^e®)ç-^ + iBge'ç-® + Bge'ç-® + F'(ç) + O(e’)

where the 3^ are, as yet, undetermined.

(4.3.1)

As in chapter 3 the function

f*(Ç) is analytic in the unit semi-circle and is determined from
conditions on the elastic-plastic boundary.
The determination of F*(Ç) follows chapter 3, and hence Rice (1967),
in that a potential function ^( Y^f Y 2 ^ is introduced such that the plastic
region coordinates and displacements are

,

X. =

and

^

3

~

respectively.

i = 1.2

(4.3.2)

- \|) + const,

(4,3,3)

This formulation automatically satisfies compatibility

and the equilibrium condition becomes. Rice (1967),

_t<lL
Y T ’(Y)

+ i
8y ^

8Ê + 1,

^

=

0

(4.3.4)

3*2

where (y,^) are polar coordinates given by

Y, -

lY , - Y . «

and T(y) is the constitutive relation defined in (4,1,2),
surfaces, where
from (4,3,2),

= 0 and y^ = 0, correspond to (f) = 1

TT

The crack
hence,
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=

0

when

(j) = 1

'

(4.3.6)

Solutions of (4.3.4), subject to (4.3.6), are now developed
by separation of variables to give

D^f^(y) sin(2k-l)(J) + ^
k^l

D*f*(y) cos2k* .

(4.3.7)

k=l

It will be noted that, unlike the solution given in Chapter 3 and
Rice (1967), cosine terms are included in (4.3.7).
(4.3.7) into (4,3,4) shows that f^^Y)

Substituting

f*XY) satisfy

f" (Y) + i f ’(Y) - (2k-l): ^2 f.(Y) = 0
YT'(Y)

and

^

(4.3.8)

'

fj"(Y) + if*(Y) - 4k' - 2f*(Y> = 0

respectively.

(4.3.9)

The conditions

f^(Y^) =

= 1

and

f^(°°) = fg (°°) = 0

(4.3,10)

are imposed on (4,3,8) and (4,3,9) to normalise the functions and
ensure that the strain singularity lies at the crack tip.
The co-ordinates of the elastic-plastic boundary are found by
substituting (4,3,7) into (4,3,2) and setting y = y^e^^.

This

gives

=2-1=1 =

Dk |[2k-l+Yof;(Yo)]eK2k-l)++[2k-l-Y,f^(Yo)]e-i(:k-l)*|
o

'k=l

+i V
k=l

'

D* Ic2k+Y f*' (Y
k j

o k

o

_ [2k-Y f*’ (Y
o k

o

(

A second expression for these co-ordinates is obtained from (4,3,1)

) (4.3.11)

1/
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by performing a power series expansion of F'(Ç) and setting
Ç = e

id)
,

.
. .
ikd)
The two expressions have coefficients of e
equated

and, as in Rice (1967), the D ’s and F*(C) are determined to a certain
order in E.

Substituting the result into (4.3.1) gives

+ i(@gC-:+Bg;-S-g2C*;-BgC*c:)eS

+ (6g;-'+B2;-"+Bg;-*+ggC^+B2C2 ;'+6gC2;')e* + o(e')

with

and

(4.3.12)

= (2k-l+Y^f^(Y^))2/(2k-l-Y^q(Y^))

C* = (2k+Y f*'(y ) )/(2k-Y f*' (Y ))•
K
O i C O /
O i C O

(4.3.13)

Equation (4.3,12) is iteratively inverted to give the required
asymptotic expansion of X ( z )

that is valid in the inner region.

The

resulting expression is lengthy and will not be given explicitly,
4,4

Matching
So far two expansions that are asymptotic to the unknown solution

have been obtained.

The outer expansion (4,2,2), gives the first three

terms of Ç(z) and is valid when z ~ 1 and the inner expansion (4,3,12),
gives the first five terms of z(Ç) when z rw e^.

These are matched by

first iteratively inverting (4,3,12) to give five terms of Ç(z) and then,
as in equation (1,1), equating the m-term outer expansion of the n-term
inner expansion to the n-term inner expansion of the m-term outer
expansion.

In this case m=3 and n=5 and the inner expansion of the

outer expansion is

= [ y i i z T^

+

+ V i ^ ^ ]
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+

+ 0

iy
[^'12

l “3 = f ]

®

[Y .,4

+ V22=I^

[ ‘■'li'i

+ ' V23

+ 0 e
°]

+ “ lY24=i

+ ( V 2 2 “V 3 3 + V 4 4 ^ = i ^ ]

where

C =

“2=r

]

(4-4.1)

= z/e , and the outer expansion of the inner expansion is

hr

+ 6

4

f ]
-J

c*e|

C
+ 0 + («3 - —

sc^e,

c^gg

3c;g|

4Bi

14^1

64$;

3C
«2 +

(4.4.2)

8

with
-1053;

1283:

-3^2

. ^^8^4
16$:

4g;

. 5-9
26.

%
86^
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-1 5 6 ,$ :

U

6„
^

5

t -

16g:

=
^

!

W

B$ $
2_6

36 g
+ _ A _ ^

6'^

6
+

7

46^

,f3

a

8g:

326%

46^

16$:

4gZ

8$^

^^1

Re-writing (4.4.1) in terms of z and equating coefficients of e and
z gives

^1

=

^1

^4

=

- 2Y 12YÎ1

.

^6

^^13^11 ” ^^12^11

^8

^^12^11 *" ^^12^13^11 " ^^14^11

^9

=

“1

^2

2^15^n + ^^Î2^n - 2 % 3 ^ U ^ 1 1

■ ^ % 2 ^ 1 4 ^ 1 1 ^ ^^Î3^îl

2 V l l

*■

^1 ^*^22^11

^ 13^ 11)

^5

“ ^1 ^^^12^22^11

^7

^1 ^^24^11

^^12^13^11 ■*■ ^”^14^11

^^15^11 ” ^^12^22^11

■*■ 3^13^11 ” ^‘^

12'^14’^ïl

”^23^11^

^^12’^13^11

" ^'^12^23*^11^

^^13^22*^11
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%

^3

"

8 ^1^11

^1^^^12^22’^ïl ^ 2^12^33^11

2Y12Y13Y11 + 2Y12T14YÏ1)

^1

+ IT (?Y22Tll+llTÏ3Y22Yfl+5YÎ3YÎl+3Y44YÎl+2Y24Tll+3Yl5Tll) '

Equation (4.4.3) gives the previously undetermined singularity
coefficients, the a. and 3-» in terms
*

1

1

of y . ., C, and C * .
'ij
1
1

The y . .
'ij

are defined from linear elastic solutions for the specimen and
and C* are given, in principle, by solving (4.3.8) and (4.3.9) with
the appropriate constitutive relations.

The values of

and 3^ thus

found can be substituted into (4.2.2) and (4.3.12) to give asymptotic
solutions valid in the outer and inner regions.

If the intermediate •

region is of interest a uniformly valid composite expansion can be
constructed by the methods discussed in Van Dyke (1964).
4.5

Applications to Fracture Mechanics
As noted in the introduction the

completed in section 4.4 concentrates
mechanics.

discussion

of the solution

on applications to

fracture

In particular the solution may be characterised by the

size and shape of the yielded zone and the path independent energy
integral J.

The first of these is included because the yielded zones

display an interesting asymmetry and the second because of recent
interest, e.g. Begley and Landes (1972), in J as a general yielding

70 -

fracture criterion,
/

General expressions for these are developed and

the case of a power law hardening material is considered in detail,
it being shown how the crack tip strain singularity is essentially
unaltered by the presence of asymmetry.
The co-ordinates of the elastic-plastic boundary are found from
equation (4,3,12) with 3^ given by (4,4,3) and Ç = e^^.

The resulting

five term expansion is lengthy and so only the first three terms are
given here.

Thus, to three terms.

E,P,

e“

+

0(e®)

.

(4.5.1)

The maximum extent cf. this zone is found by equating the derivative
of Iz I with respect to (j) to zero.

'MAX

= Y 2h d - c p '
e ^2 + I

The resulting value is

(3C*+l+CiC*»3Ci): +

(C*-l)^

+ (2Yi3Yii-3Y^2YÎi)(l+C2) + C^(l+C^)(Y22YÏi+Yi3Yii^e' + O(e')

(4.5.2)

which occurs when
Yi
* = -

(3C*+l+C^C*+3C^)e. + 0(E=).

(4.5.3)

The first terms of (4,5.1) and (4,5,2) are the well known small scale
yielding solutions associated with a stress intensity factor of
Kill

(2na)*Yiikc .
As in Chapter 3 the path independent energy integral J
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is calculated from equation (3.4.9).

Performing the substitutions

it is found that

J = TTakY^ [YliEZ+CifYzzY^i+YigY^ik'

( c**
It

^^^22*^11'^^^^13^22^11‘^^^13^11'^^^44^1Î^^24^11'^^^15^11^

+ C*(2Yi2Y22Yil*2^12Y33Yll*^Yi2Yi3Yii+2Yi2Yi4Y^ijt^+0(eG)|.

(4.5.4)

As before the first term of (4.5.4)

J = TTakY^Yii^^

»

(4.5.5)

is the small scale yielding result and the second and third are
systematic refinements that take account of the yielding.
The above expressions can be used to investigate the effect of
asymmetry on fracture criteria.

It can be seen immediately that

the small scale yielding approximations depend only on Y^i» and
hence are unaffected by asymmetry which involves the coefficients
Yi2 »Yi4 » etc.

Equation (4.5.1) shows that these asymmetric coefficients

affect the elastic-plastic boundary co-ordinates by a term of order
e^, but (4.5.2) shows that the effect on the maximum extent of yielding
is of order e**.

These comparatively strong effects are in contrast

with those for the J integral,

(4.5.4), where asymmetry has no influence

until the term of order of e®.

It was shown in Chapter 3 that a

"plastic zone correction" obtained by solving a linear elastic problem
for a crack of length a + r , r

y

y

being given by

= aC^Y^s^

.

(4.5.6)
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provides a two term asymptotic expansion for J.

This result can

be seen to remain valid in the presence of asymmetry since neither
r

y

nor the first two terms of (4.5.4) are affected.

may be noted from (4.5.1) that the values of z p
on the two crack faces, i.e. when # = t ^ »

Finally, it
are not equal

This means that the

analogue of crack opening displacement used in (3.4.8), where the
relative displacement of the plastic zone ends was considered, ceases
to be meaningful.
It is also of interest to compare the general expressions (4.5.1)
and (4.5.4) with those obtained from a modified boundary layer approach,
In this the problem is first solved elastically to find

and

,

and then a semi-infinite crack in an infinite body is considered.
This is subjected to the remote boundary condition

Ç

Y^^z

-i

+ iy^gC

as

z

^

and an elastic-plastic calculation is performed.

(4.5.7)

The resulting plastic

zone and J-integral are taken as approximations to those that would
be found in an elastic-plastic solution of the original problem.

For

general hardening behaviour the boundary layer problem can be solved,
up to a certain order in e, by a method similar to that of section 4.3.
As expected the results are given by (4.5.1) and (4.5.6), except that
now Y-- and y_ _ are the only non-zero y...
ii
iz
ij
boundary layer approach gives the correct
boundary co-ordinates, but the incorrect
and in the J-integral.

This means that the modified
term in the elastic-plastic
term in the co-ordinates

It can also be seen that including the y^^ berm

in (4.5.7) would not give the

terms correctly, since this would not

include the non-linear interaction between the elastic and plastic
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regions represented by the

term.

As in the symmetric solution, discussed in Chapter 3, the
behaviour near the crack tip in a power law hardening material is
of interest.

In these materials the constitutive relation, given

by equation (3.4.1), is substituted into (4.3.8) and (4,3.9).

These

are theh\ solved to give

' (^,)

with

’

^

and

y* =

^

+ (2k-l)

+

-

(4.5.8)

(1^)

4k^N ^

(4.5.9)

where N is the power law hardening exponent.

Substituting (4.5.8)

into (4.3.13) gives
2k-l-y,

2k-y*

" k = 2 ™ ^

= 2k;ÿ*

•

(4.5.10)

The above formulae for a power law hardening material incorporate
two interesting limits.

If N = 0 then

= y* = 0,

an elastic-perfectly plastic material is described.

= C* = 1 and
If N = 1 then

y. = 2k-l, y* = 2k, C, = C* = 0 and the linear elastic solution is
k
k
k
k
recovered.
The plastic region solution in a power law hardening material
can be found by substituting (4.5.8) and (4.3.7) into (4.3.2).
results
00

-x^+iXg = e

[

è (Z
^ k=l

—p

(2k-l)D

(1 )
L

^

cos(2k-l)#

There
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-y *

sin(2k-l)(j)

sin(2k-l)(|)

)]

a)

-y*

k=l

cos(2k-l)(f)

(4.5.11)

For a hardening material, i.e. N > 0, the right hand side of (4.5.11)
is dominated by the D, terms when y »
1

y ,
o

This feature was also

present in the symmetric case and so equations (3.4.19) and (3.4.20)
still describe the dominant strain singularity, even in the presence
of asymmetry.

For an elastic-perfectly plastic material the above

considerations do not apply since now each term of (4.5.11) contributes
to the crack tip strain singularity.

In this case the plastic region

solution is

X 1+1X2 =

i(f>r
Z/ (2k-l)D

^

Lk=l

«>
-|
cos(2k-l)4> - T 2kD* sin2k(J)

^

k=l

(4.5.12)

J

with strains given by

Y

Y

1j
I=

7I

r ~
— I^

(2k-l)D

~
cos(2k-l)^ - T

Lk=l

k=l

1
2kD* sin 2k^l

k

j

-sin^
(4.5.13)
COS(|)

As in the symmetric case, the polar angle in the strain plane, (j),
can be equated to the polar angle at the crack tip in the physical
plane, 0.

Equation (4.5.13) can then be written
Y^R(6)
r

^2

-sinG
COS0

(4.5.14)
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which can only be compatible with the yield condition if R(0) is the
distance from the crack tip to the elastic-plastic boundary at an angle
0,

The function R(0) obtained from (4.5.13) agrees with (4.5.1), to

the order retained, and thus provides a partial check on the analysis.
The maximum value of R(0) is given by (4.5.2), with

= C* = 1, as

^

(4.5.15)

occurring when

0 =

+ 0(E)

,

(4.5.16)

and hence the strain singularity implied by (4.5.14) is not symmetric
about the crack plane.

It may be noted that the expression Yj^2^

appearing in (4.5.16) can be found from the linear elastic solution
of the problem.

It is simply the normalised stress parallel to the

crack acting at the tip.
4.6

A Crack at an Angle to a Uniform Field
The preceding results are now applied to a crack of length 2a

perturbing a uniform

stress field in a

as in Fig. 4.3.

functions

The

power lawhardening material,

gj(z) defined insection

4.2

can be

found by inspection to be

gj(z) = (z+1)(z^+2z)

g*(z) = 2 vT

^ cos X + i sin X

(z +1)( z ^+2 z )

gg(z) = 4(z+l)(z%+2z) ^

gî (z) = 4/2 (z+l)(z^+2z)

^

+ /~Y

(z+l)(z^+2z)

(4.6.1)
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where X is the angle between the crack and the plane on which the
remote shearing stresses are maximum.

The functions in (4.6.1) are

expanded and compared with (4.2.3) to give

cosX

Yi2

=

cosX

Y 13

Yi4

Y 15

sinX

4/2"

=

0

-5

Y 22

^23

cosX

32/2

=

0

?33

9
32

Y 24

=

0

_3
32

Y 34
(4.6.2)

Assembling the various results it can be seen that once the hardening
exponent, N, the crack orientation X and the remote stress ke are known
the solution is determined.

I

The shape of the plastic zone for various values of N, X and £ is
shown in Figures 4.4 and 4.5.
with the lengthy terms in

These are obtained from equation (4.5.1)
and e® included.

It is anticipated that,

as in chapters 2 and 3, the asymptotic expressions provide reasonable
approximations when load levels are less than 75% of those needed for
general yielding, which in this case occurs when c=l along a slip band
at an angle of -X to the x^ axis.

The onset of breakdown of the

approximation can be seen by the irregular behaviour of the elasticplastic boundary just above the crack tip.

This effect is further

illustrated in Fig. 4.6 where a sequence of approximations for the N=0,
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case is shown.

The small scale yielding approximation (n=l)

displays no asymmetry and is noticeably in error beyond e^^O.S.

The

modified boundary layer estimate (n=2) is obtained from the first two
terms of equation (4.5.1).
kinks beyond e^O.5.

It displays asymmetry, but develops unrealistic

The higher order approximations (n = 3,4,5) defer

this unlikely feature to higher values of c, the approximation n=5
showing evidence of breakdown at e ~ 0 . 7 .

(The smooth behaviour of

the approximation for n=4 is fortuitous and does not occur for other angles
X . )
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Applied
Shears

Longitudinal

Elastic.Plastic
Boundary

Fig. 4.1

The Specimen Geometry and Loading.

- 79 -

-T

Fig, 4.2

The Strain Plane,

— 80 —

Ek

Fig, 4.3

A Crack at an Angle to a Uniform
Stress Field,
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N=00

N=01

N =03

Fig. 4.4

Plastic Zone Shapes.
The plastic zone is shown for various load
levels and hardening exponents when X = ïï/8,
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Fig, 4.5

Plastic Zone Shapes,
The plastic zone is shown for various load
levels and hardening exponents when X = tt/4.
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n^i

small scale yielding
approximation

n=2
mo difed boundary
layer approximation

n»3

n=4

Fig. 4.6

Plastic Zone Shapes.
The plastic zone is shown, for N = 0 and
X = Tf/4, when different numbers of terras
are included in the sum.
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5.

THE IN-PLANE LOADING OF A SYMMETRIC ELASTIC-PLASTIC SPECIMEN
5.1

Introduction
The preceding three chapters have discussed the application of

matched asymptotic expansions to elastic-plastic longitudinal shear
(Modelll) problems.

The remaining chapters of this thesis extend

this work to the technically more important problems of symmetric
specimens subjected to in-plane loads (Mode I).

As in the Mode III

problems a parameter e is defined as the ratio of the maximum applied
boundary stress

to a material yield stress and the limit e

formally considered.

0 is

As before, the solution appears as an asymptotic

series in powers of e, the first term of which is the well known small
scale yielding approximation and the succeeding terms are systematic
refinements that take account of the nonlinear interaction between
elastic and plastic regions.
The general problem considered, shown in Fig. 5.1, concerns a
homogeneous, isotropic "plane stress" or "plane strain" specimen
that contains a

crack occupying the region - a < x^ < 0, Xg

= 0.The

boundary of the

specimen is subjected to in-plane tractions that,

at

any instant t, are proportional to a monotonically increasing parameter
T(t).

It is assumed that the loading and geometry are symmetric about

the crack plane and smooth enough to restrict yielding to a zone
emanating from the crack tip.
Section 5.2 introduces the complex potential notation to describe
the stress fields in the linear elastic region of the specimen.

It is

shown how the potentials can be expanded in power series that automatically
ensure zero tractions on the crack faces.

The form of the coefficients

in these power series is discussed, with particular reference to the
effect of crack tip yielding.

Using these results, section 5.3 constructs

an asymptotic expansion of the potential that would be appropriate to

- 85 to the full elastic-plastic problem.

This expansion is only valid

in an "outer" region away from the crack tip.

To complement it an

"inner", expansion is constructed, section 5.4, that is valid near
the crack tip.
left general;

In forming the inner expansion the yielding model is
it is characterised by dimensionless numbers which can

be evaluated once the yield condition and flow rule are specified.
The two expansions are matched in section 5.5 by invoking Van Dyke's
matching principle,

(1.1).

All the constants introduced while forming

the outer and inner expansions are determined in terms of linear elastic
solutions of the specimen and just eight of the numbers characterising
the yielding model.

These results can be used to give an asymptotic

expansion of the elastic-plastic solution valid in the outer region,
but they cannot be used to construct one valid in the inner region.
However, the eight numbers that appear in the outer expansion define
a boundary value problem for the inner region, the solution of which
is the required inner expansion.
Section 5.6 is concerned with the energy integral J when the
contour of integration lies in unyielded elastic material.

It is shown

how it is possible to define a "plastic zone correction" r^ such that
the linear elastic J for the crack of length a + r^ equals, to second
order, the elastic-plastic J for the crack of length a.
5.2

The Expansion of Stress Fields in Cracked Bodies
This section is concerned with the two-dimensional "plane stress"

or "plane strain" deformations of a linear, homogeneous and isotropic
elastic material.

Following standard notation the displacements and

stresses can be written as
Ui + iU^ =

and

CK(j)(z) - z(J)*(z) - ^(z)]

+ a^2 = 2Cc|)'(z) + (|)'(z)]

(5.2.1)

^22 “ ^11
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2iOi2 " 2CzcJ)"(z) + ^'(z)]

(5.2.2)

where K = 3 - 4v for plane strain and (3-v)/(l+v) for plane stress.
In (5.2.1) and (5.2.2) G is the shear modulus, V is Poisson's ratio
and (j) and ip are analytic functions of z =

+ ix^.

When dealing with

crack problems it is convenient to define a third analytic function by
fi(z) = 2(f)'(z) + \p(z)

(5.2.3)

and to take the conjugate of the sum of the two parts of (5.2.2)

0^2 - i cr^2 ^ 4^(z) + fî'(z) + (z“z)(j)"(z)

.

(5.2.4)

The analysis is now specialised to specimens in which a crack
occupies the region - a < x^ < 0 and x^ = 0, as in Fig. 5.1.

Attention

is focussed on an annulus of material. A, around the crack tip that
does not include any singularity of the problem.

Points on the crack

faces are denoted by z = z = t and a plus or minus sign is used to
distinguish between the upper and lower faces.
are not loaded then O^gCt) = ^22^^^ ~

0'(t)

+ fi'(t)

= 0

and

If these crack faces

~ ^22^^^ ~ ^

(j)'(t) + 0^(t)* = 0.

so

(5.2.5)

Subtraction and addition of these two equationsgives

(4'(t) -In'Ct))* - (*'(t)

-ÏÏ'(t))" = 0

(5.2.6)

(*'(t) + »'(t))+ + (4'(t)

+ Ô^(t))" = 0.

(5.2.7)

and

Equation (5.2.6) implies that the difference of (j)'(z) and

(z) only

contains integral powers of z, and (5.2.7) implies that the sum only
contains half integral powers.

This means that, in the region A, the
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functions have expansions

(îj‘ •».*». (f)*

■■■■h
n=-oo

and

^

............... " ^ - 1 ( a )

-

(5.2-8)

o
respectively where
constants.

is a normalising stress and the

are dimensionless

It may be noted that the real part of each X^ corresponds to

fields that are symmetric about the crack and the imaginary part to
fields that are anti-symmetric and hence, since Mode I problems are
of interest, the X

n

can be taken as real.

In linear elastic fracture mechanics the expansions (5.2.8) are
valid up to the crack tip and so,
condition, the coefficients X

n

invoking a bounded displacement

can be set to zero when n < - 2.

In this

case the first non-zero coefficient in (5.2*8), X_^, can be equated to

(5.2.9)
2a

where

Æra

o

is the Mode I stress intensity factor.
It is also of interest to consider the coefficients X when there
n

is some yielding around the crack tip.

Treating the plasticity as a

given initial strain, described by e^^ say, the solution to the problem
can be written as the sum of the linear elastic result and the solution,
of

Cljkf("k.& - Ckl)' j - 0

D.

(5.2.10)
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In (5.2.10) C..,p is the linear elasticity tensor and D is the
IJ K36
specimen with boundary 3D and outward normal n ^ .
(5.2.10)

The solution to

is

f

U, (z) =
k
J

C..
ijpq

e^^ (z ) G . . (z,z ) dz
pq
o
ki,j
o
o

(5.2.11)

D
where G . is the Green's function for the problem.
ki

It is convenient,

for present purposes, to re-phrase (5.2.11) in terms of the complex
potential (J)' (z) and write

*'(z) = /

J

c..

ijpq

ef* (z )
pq
o

. (z,z )dz
o
o

(5.2.12)

1,3

D
where $^(z,z^) is the complex potential #'(z) associated with the
displacements ^^^(2 ,2^).
In the annulus of linear elastic material A the functions
$^(z,Zg) will have expansions of the form (5.2.8).

It may also be

noted that they can be expressed as the sum of the equivalent function
for an infinite body, with a semi-infinite crack, and a linear elastic
solution that cancels the unwanted tractions that have been introduced
on 3D.

The latter solution will not contribute to terms with n

^

-2

in (5.2.8) and hence one can write

ijpq e^^
pq

(z ) $.
O

.

in,3

(2 ) dz , n ^ -2.
o

o’

(5.2.13)

D

where #\^(z^) is the coefficient of a (— ]
$.(z,z ) for an infinite body.
1 ' o

in the expansion of

The functions 0. (z ) are derived and
in o

listed, for -5 ^ n ^ -2, in appendix B but it may be noted here that
0. (z ) is constant when n = -2 and so X „ = 0 .
in o
-2

This corresponds to

the condition that the specimen experiences no net force due to plastic
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yielding.

C
It is not possible to write out an expression like (5.2.13)

for X when n ^ - 1.
n

In fact, each such X is composed of a term
n

like (5.2.13), together with a term from the original linear elastic
solution and a further linear elastic "image" term, arising from
cancellation of the tractions produced by the infinite body Green's
function.
5.3

The Outer Expansion
As mentioned in the introduction, a parameter e is defined as the

ratio of the maximum applied boundary stress to a material yield stress
and the limit e ->■ 0 is formally considered.

The outer expansion is

then an expansion of (f)'(z), in ascending powers of e, that is asymptotic
to the elastic-plastic result in the region z ~ 0(1).

When e «

1 it is

known from the small scale yielding approximation that, regardless of
the yielding model, the extent of the plastic zone is O(e^).

This means

that the yielded zona appears small from the outer region and, in the
limit G ^ 0, can be modelled by a singularity in #'(z).

The form of

this singularity is suggested by the small scale yielding approximation
and (5.2.13) to be
-3^
-

~

(a^e^ +

/ \“ 2

+ 0 (g ®))

o

+ (a.G^ + 0(e®)) f— )

as

z

0

(5.3.1)

where the a. are dimensionless constants that will be determined in
1
the matching.
Modelling the yielded zone by (5.3.1), the outer expansion can
be written as

(ji'(z) = <(>i'(z)e + (a. e^+a„e‘‘+a,e®)(()'(z) +

+ age:*^(z) + 0(e®)

(z)

(5.3.2)
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where

(})j(z)£

is the linear elastic solution
-

^g(z)

3/2

'o
(
f
)

behaves as cr^ { — )

as z

—2

0 and gives zero boundary tractions

It

II

II

II

II

II

II

II

II

II

*4(z)
-512

Just as in the Mode III problems, the small argument expansions of
4>|(z) will be needed in the subsequent development.

—

= Yll

(f)

*

^12

*

‘^13

These are

(f) *^u(f) * (f)
''is

45

- 4)
5.4

The Inner Expansion
The inner expansion is an expansion that is asymptotic to the

elastic-plastic result in the region z

O( g ^),

Being guided by the

Mode III results and (5.3.2) this inner expansion is constructed as
the solution of a semi-infinite crack in an infinite body subject to
the remote boundary condition

(5.3.3)
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*'(z) ~

(g__G+g__E3+g..E^+grrES+0(EG))f._l
VMII^ ^33^
//taj

+ (3 e+3o/G^+3/c^‘*+0(E®))
^^12 "34
"45

W

+ (B^jE+gj^e^+OCe'')) ( j )

li

+ (Bj^4e+0 (e’))(|-) + (B^je+0(e®)) ( j )

, z + »
(5.4.1)

where the 3.. are undetermined constants,
ij
Little can be said about the full solution of this problem without
describing the crack tip yielding in detail.

However, it is only the

'outer' expansion of the inner expansion that is of immediate interest
and, guided by the Mode III analysis, this is postulated to have the form

^

-

[® ii(f)

^12

■" ^ 13( 1 )

-3/2

+

[8 4 8 h (f)" ''

834

+

]

8 3 3 (f)

B s s lf)

]

—^2.

—2

+

* 815 ( f )

^

_i

[8 1 8 1 1 (f)

[S ^ ii(l)

814( f )

S ^ i2 ^ n (l)

" S 8l 28ï l ( f ) " "

E^

_
^44( 1 )

J

^45

E"

(86813814878338(4 8 3 3 ^ 4 3

“ 5 -I

■"855(f)

where the
model.

Je' + 0(e')

(5.4.2)

are dimensionless constants characteristic of the yielding

The terms in (5.4.2) involving C

the form shown on dimensional arguments.

can be deduced to have
The coefficient of

j

E^

could, on these arguments, contain terms such as Cg($^3&33)^ ^11’
example, but the evidence of all subsequent calculations supports the
validity of (5.4.2).

This assumption will be discussed in later chapters

when particular yielding models are being considered.
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5.5

Matching
The inner expansion of the outer expansion is first obtained by

substituting (5.3.3) into (5.3.2) and expanding with z

I

-1

-i

[

n i(f )

-^2

+ [“6(!)

-1

• Y.: • V „ (f) * Y „ (|) . ,,3 (f)

[ “i ( f )

[ “4(1 )

O(e^), thus

]

e

+V a s d ) ' + “434 + V 3 5 ( f )' ]

+ “2(f)

+ (“4^44"“2^33)(f )
_2

+ “5 ( l )

" “4^45"“2^34 J

-3/2

+ “3 (f)

+ (“6^55"“5^44"“3^33) ( f ) ' ]

+ O(e') .

(5.5.1)

Using the matching principle (1.1), this is equated to the outer
expansion of the inner expansion,
811

=

^11

812

“

"^12

813

“

^13

814

“

"^14

815

=

^15

“ 1
833
834
835

=

=

C^Y

=

C^Y

=

8 4 .

(5.4.2), to give

E.5
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04

=

^44

^^^11^44*^3^11^12^33

^45

^2^11^45*^3^11^12^34

O5

^5^11^12

O3

^6^11^13*^7^1^11^33*^8^11^12

^55

^4^ 11^ 55*^5^ 11^ 12^ 44*^3 3 (^6^ 11^ 13*^7^1^ 11^ 33*^8^ 11^ 12) •

(5.5.2)

As can be seen all the undetermined constants, the a. and $.., are
1

determined in terms cf the Y . . and C..
ij
1

ij

The Y . . are known from linear
ij

elastic solutions of the specimen and the

from the solution of the

elastic-plastic problem for a semi-infinite crack.
As mentioned in Chapter 1, the matching process above can be
compared to the small scale yielding and modified boundary layer approaches.
In the first of these the linear elastic stress intensity factor, K, is
first found and then an elastic-plastic calculation is performed on a
semi-infinite crack subjected to the remote boundary condition

(()'(z)

~
2/27T

z ^

as

|z| *>00

.

(5.5.3)

The resultant plastic zone is taken as a suitable "small scale yielding"
approximation to the plastic zone that would be found in an elasticplastic solution of the original problem.

Using the terminology of

matched asymptotic expansions only one term is kept in the outer and
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inner expansions.

In the modified boundary layer approach, Larsson

and Carlsson (1973), the approximation is improved by taking the remote
boundary condition on the semi-infinite crack as

4>*(z) ">

■z ^
2/2TT

T

as

|z| -> 00

(5.5.4)

4

where T is the constant, tensile stress parallel to the crack that
appears as the second term in a small |zj expansion of the linear
solution.

This can be phrased as matching the two term inner expansion

of the one term outer expansion to the one term outer expansion of the
two term inner expansion,
5.6

The J-Integral and Plastic Zone Size Correction
The well known energy integral J is defined by

au.

■/
r

Wdx_ - a. .n.

2

ij J

-jr— i- ds

dx

(5.6.1)

1

where P is a contour from the lower crack face to the upper and W
is the strain energy density.

This integral is known to be path

independent in an elastic solution, and hence in a "deformation"
plasticity one in the absence of unloading, but there is no such result
in "incremental" plasticity.

However, if the contour F is restricted

to the elastic region of an elastic-plastic specimen the integral will
be path independent but there is no reason to suppose, a priori, that
its value so calculated will characterise crack tip conditions.

The

justification for using this definition of J as a fracture criteria must
rest, at present, upon experiment, either numerical or physical.
The expansions (5.2.8) can be used to obtain a value of J.

The

most convenient starting point is the expression, Budiansky and Rice
(1973),
J = I Im I

*'(20'-4'-2z*")dz + Cz*'2]8|

(5.6.2)
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where A and B are the end points of V and E is Young’s modulus in plane
stress problems and Young’s modulus divided by (1-V^) in plane strain
problems.

Choosing F to be a circle that has its centre at the origin

and lies entirely within the region where (5,2,8) is valid and substituting
(5,2.8) into (5,6,2) eventually leads to
00

J = I 2iraa^ V
E
jL ^

- (2(-l)" + 1 + n)X

n

X

.
-n-2

.

-

(5.6.3)

n=-oo

In the linear elastic case the only contribution to (5,6,3) comes
from the n = -1 term, and so
J = g 4ïïa
L

O

(5,6,4)

—1

which, using (5,2,9), can be seen to agree with the known result
J = K^/E.
The expression (5,6,3) applies to any elastic-plastic Mode I solution
in which the contour F can be drawn.

In particular, the asymptotic

solution completed in section 5,5 can be used to yield an asymptotic
expansion of J in powers of e, the coefficients of which depend on
and C^,

Performing the algebra yields

J = I- 4iTaa^
E
o I '11

+ 2C, Y i% (Y, o+YooYi i
I'll"'13 '33'11'

2 ^^2^44^1l'^^3^12^33^1l'^^3^12^13^1l”^2^14^11^^
C

+ 2 (C^Y55Yx i '*'^5^12^44^11‘^^^6'^^1^7^^13^33^11’*'^1^^7'^ "T^

^33^11

^8^ 12*^33^ 11*^6^ 13^11*^8^ 12^ 13^ 11*^ 1^ 35^ 11

-

^

•

(5.6.5)
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A second small load approximation to J arises from the well
known "plastic zone correction".

In this a linear elastic problem

is solved for a crack of length a + r^, r^ being the plastic zone
size correction, and the result is taken as an approximation to the
full elastic-plastic result.

It is shown in Appendix B that the linear

problem for the longer crack has a stress intensity factor of
r
Kj

2(2ïïa)2

+ 2 ^^11^33*^13^

a
r^

* ("4 ^11^33* 8 ^13^33 * 8 ^11^55 * ÏÏ ^15 * 4 ^11^3s)

'

a
(5,6,7)

and hence it has a J integral of

J = I 4ua a l

f
r"

* ( 4 ^11^33* 4 ^11^13^33* 4 *^11^55* 4^11^55* 2 ^11^35* 4^13) ^2
(5.6.8)

This can be seen to agree with (5.6.5), to second order, if the choice

Ty = 2C^aY^^e^

is made.

(5,6,9)

Equation (5,6,9) can be written in terms of the stress intensity

factor as
r = n
y
1

—
4wo:

,

(5,6,10)
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6.

THE DUGDALE YIELDING MODEL
6.1

Introduction
The results of the previous chapter are now applied to one of

the simplest yielding models.

This model, first proposed by Dugdale

(1960), is most realistic when applied to symmetric problems in thin
sheets and hence the following analysis is in terms of Mode I "plane
stress" deformation fields.

In the model yielding is assumed to be

confined to a narrow zone directly ahead of the crack tip, as in Fig.
6.1, and the effect of this yielding is viewed as making the crack
longer by an amount equal to the plastic zone size R.

In the plastic

zone cohesive stresses act on the extended crack faces so as to restrain
the opening.

Both the applied load and the restraining stress create

inverse square root singularities at the outer tip of the plastic zone,
but these singularities are of opposite sign and R may be chosen so that
they cancel and hence give bounded stresses everywhere.

If it is assumed

that the cohesive stress is constant, say a yield stress a^, the analysis
is particularly straight forward and closed form solutions are obtained.
6.2

Solution of the Inner Problem
The inner problem is that of a semi-infinite crack in an infinite

body subject to the remote boundary condition

The solution is found by noting that the cohesive stresses acting on
the extended crack faces create a potential
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to which any potential of the form

O

n

can be added without introducing unwanted surface tractions.

Choosing

the

in (6,2,3) so as to satisfy (6.2,1) leads to the solution

^

=

[6i5e+0(e»)] ( ^ )

+

+ I

+ [6i4C+0(e:)]

I + o(e\e®R)J^-5^^

+

| + 0(E = .e’R)]

-J
I

I (BigE+BssE* + I g^jE | ^ + 0 (e S

e-

R,E^R=^)]

The extent of the yielded slit, R, is determined from the fact that
the stresses must be bounded at z = R, and hence the coefficient of
(z-R)

in (6.2.4) can be equated to zero.

r3iie+3s3e^+3^^e‘'+B55e^-- -g
L

+ 0 ( e '‘, e "r , e ’ r ^)1

-

I

a

= 0

This gives

- ^^13^”^ ^35^^* 2 ^15 ^ a ^
( 6 .2 . 5 )

-
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which can be iteratively solved to give R as

R = aTT^

^^11^44^

+ ^37T^3^3 8 3 3 3 + 4 ,^ 3^ 33^1 + 23^33^^ ■*■ 4 ^ ^15^11

+

+ 333^

+ 0 (e?)j

.

(6 .2 .6)

Substituting (6.2.6) into (6.2.4) gives the inner expansion.

The

full expression for this is of limited interest and is not written
out here.

However, as described in section (5.4), the outer expansion

of the inner expansion is used in the matching and hence (6.2.4) is
expanded for z ~ 0(1), with R given by (6.2.6).

=

[h l( a )

h 2 + 613( 1 )

614( 1 ) + 615( 1 )

, [

+

The result is

*4)'*

O(e')

• =,3 ]

]

e

e

(6.2.7)

It may be noted that (6.2.7) is compatible with (5.4.2) and that the
for the.Dugdale yielding model are

h

TT^
= -*

h

= S

=

h

=

3tT**
4Ô-
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^5 = 0,

,

C, = 1*,

Substituting the above value of

Cg = 0

.

(6.2.8)

into (5.6.10) gives the plastic

zone correction appropriate to the Dugdale yielding model as
TT

(6.2.9)

^

'

This is one third of the small scale yielding estimate of the extent
of yielding.
6.3

Applications
Perfectly plastic Dugdale type solutions can now be constructed

for any geometry and loading for which a linear analysis is feasible.
If a far field parameter, such as J, is.of interest it is only necessary
to substitute

from (5.5.2) into (5.3.2) to give an asymptotic expansion

of the complex potential ^*(z).

Any characterisation of this potential,

such as J, also appears as an asymptotic expansion in powers of the
loading parameter the coefficients of which depend on the linear elastic
solutions of the specimen and the

given by (6.2.8).

If a near field

parameter, such as R or crack opening, is of interest it is necessary to
use (6.2.4) with R given by (6.2.6) and 3.. by (5.5.2).
ij

Once again the

solution appears as an asymptotic expansion in powers of G with coefficients
depending on

and C^.

The intermediate region, z ~ 0 ( e ) ,

is unlikely

to be of interest but if it is appropriate uniform approximations can be
constructed by the methods discussed in Van Dyke (1964).
As a simple example a crack of length 2a in a uniform tensile field
is considered.

In this case the parameter e is the remote tension divided

by the yield stress, a^, and the functions #l(z) defined in section (5.3)
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are

Coi(i+!)(2!+ÿ)

-I

-

( 2I

*;<:) =

2.^ ^

*4 (2) = %

‘('*•)('•*5)

♦J(Z) -

4Æ^Î t 0

3)2

+

{23 * 3 )

+ CT^ *1

These functions are expanded for small

^

.

(6.3.1)

and compared with (5,3.3)

to give

^12 " ®

"^13

^

^14

^

^15

^33 °

I

T 34 - 0

Y 35 - - 3I

\4 “ °

^45 = “ 4

Y55 = - § 2 The solution is now complete.

^6.3.2)

In particular the extent of the

yielded zone follows from (6 .2 .6) as

R = aiT^ [ i

+ 2%- Y 6 s' + 755

%4 e* + 0(E?)j

(6.3.3)

which agrees with a small loading expansion of the known exact result.
Rice (1968),
R = a j^sec

- 1

J

.

(6.3.4)

The one, two and three term expansions are plotted in Fig. 6.2 together
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with the exact result.

As can be seen the one term expansion begins

to break down at 30% of limit load, the two term expansion at 50% and
the three term one at 75%,
A similar plot is shown for J, Fig. 6.3.
are given by (5.6.5) with

from (6.3.2) and

The asymptotic expansions
from (6.2.8).

Performing

the substitutions yields
naa* r

J = -Ê-2-

u

+ 14

+ 3SÔ c* +

It may be noted that the

n

•

(G'3'5)

term in (6.3.5) is zero and so the one,

two and three term expansions plotted include terms of order e^, e**
and e® respectively.

The exact result is given by Rice (1968) as

8o^a
J =

log |sec[^
[sec(l E||
e)]

which agrees with (6.3.5) &hen expanded for small e.

(6.3.6)

It can be seen

from Fig. 6.3 that the various asymptotic expansions of J begin to break
down at about the same load levels as the equivalent expansions of R.
For'this particular yielding model the crack opening displacement is.
Rice (1968),
6^ = J/0^

(6.3.7)

and hence a plot of the various estimates of 6^ would be identical to
Fig. 6.3.
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7.

AN INCREMENTAL YIELDING MODEL
7.1 Introduction
This chapter incorporates into the preceding analysis a model of
material behaviour that is a reasonable approximation to real elasticplastic, ductile metals,

(Hill (1953)).

The Mises yield criterion and

its associated flow rule is used and the resulting equations are incre
mentally solved by the finite element method.

The results presented here

are restricted to the plane strain response of an elastic-perfectly plastic
material, but there is no prima facie reason why plane stress or work
hardening specimens could not be analysed by this method.
The governing equations are described in section 7.2 and the associated
"inner" problem in section 7.3.

A particular form of the solution of the

inner problem is postulated and, although not rigorously justified, is shown
to be consistent with the governing equations and boundary conditions.

This

solution, and any fracture criterion derived from it, involves a series of
functions that are independent of specimen geometry and loading and can, in
principle, be determined once and for all by a standard set of computations.
Numerical estimates of some of these functions are made in section 7.4 by the
finite element method.
Section 7.5 discusses the analysis within the frame-work of nonlinear
fracture mechanics.

In particular, it is shown that the "plastic zone

correction" that gives the J integral to second order in the loading parameter
is considerably smaller than the one conventionally used.

No exact elastic-

plastic solution is available for comparison, but the results are shown to
be compatible with those generated by previous finite element computations,
7.2

The Governing Equations
The material behaviour is described by the incremental stress-strain

law
^^ij " ^ijk&^^kü

(7.2.1)

- 108 -

where L . „ depends in some known way on the current stress state
ijkX/
a.,.

The operator used was obtained by Yamada et al.

(1968) by an

inversion of the compliance relations due to Prandtl and Reuss.

Follow

ing Larsson and Harkegard (1974), this operator is given by

2G| 6_., 6. n + 1— ?r-

■ 2GlS.

where

G

and

6. .6, „ -

—

---

^

V

I

is a

e

=

f

and d a

e

) 0

otherwise

are the usual elastic constants.

(7.2.2)

In (7.2.2) the

deviatoric stresses

®ij " ^ij ” 3 \ k

^ij’

(7.2.3)

the von Mises equivalent stress

'’ e

= ( l

'i j

(7.2.4)

= ij)

and the scalar quantity

f

have been introduced.

H'

(eP*l 1

The strain hardening function H(e^ ) describes

the dependence of the instantaneous flow stress
plastic strain, e^ .

upon the equivalent

Thus,

Oj = H(eP^)
where

„
eP*^ = /

=

/

(7.2.6)

(i

(7.2.7)

and the plastic part of the strain rate is obtained from

de?^
ij

.

.^'^7 .
s

de

k&

.

(7.2.8)
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In addition to the constitutive law, (7.2.1), the incremental
solution must satisfy the equilibrium equations
(do\j),j

=

and the boundary conditions.

0

(7.2.9)

The present analysis is restricted to

problems in which the boundary of the specimen is subjected to known
tractions that depend on a monotonically increasing function of time
In this case the boundary conditions on the incremental problem

T(t).

are
dT^ = T? dT

(7.2.10)

where T? describes the spatial variation of the applied tractions.
T? can vary during the course of the loading.
The above description of material behaviour is now specialised to
plane strain specimens.

In these the stresses, strains, etc. do not

vary in one coordinate direction, taken here to be the

axis, and they

satisfy
6^3

=

0

(7.2.11)

or, incrementally.
de^2

=

0.

(7.2.12)

A further simplification arises from considering elastic-perfectly
plastic materials.

These have a constant flow stress, cr^, and hence,

from (7.2.5) and (7.2.6),

s = —
3
where
7.3

e

3

o

(7.2.13)

is the uniaxial tensile yield stress.
The Inner Problem
The inner problem, defined in section 5.4, is for a semi-infinite

crack in an infinite body in which the far field stresses, etc. are

-
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related to the complex potential
3/2

(()*(z)
~

a

' h % h i ç )

*[

E

«
3
3
(
f
)

[

+

]

^ 4 4 0

0(z

as

z

CO ,

(7.3.1)

It was postulated in section 5.4 that, for some class of yielding
models, the solution to this problem had an outer expansion that was
a linear perturbation of the small scale yielding result.

For an

incremental Mises material this postulate is now extended to all features
of the inner solution.
In detail, the plastic strains are taken as

®ij = ®ij

0(c:)

(7.3.2)

occurring over the region
g
—

ag^iE'

where

( R° + 6i_e R'+B,,g„e^R2 + ^

12

eVT

= eVT

-13-11

I

«2 _2 * ^

g,,

J

and

e^R’+ S , % E V + 0 ( e ’)

-12

= R^(0)

(7.3.3)

have arguments

expressed in polar coordinates (r,G) centred at the crack tip and do
not depend on the specimen geometry and loading.

Noting that e?j = 0

- Ill

on the elastic-plastic boundary allows R

to be determined from

R

■-€/(€)'

R^

= -e?^'
IJ

(<)'

R‘

(7.3.4)

where

e?j

are evaluated at (R°,8) and the derivatives of (e?j

) are

taken with respect to its first argument from within the plastic zone.
Equation (7.3.4) must hold for any choice of i and j, no summation is
implied by the repeated suffices.
The full inner solution will consist of a field corresponding to
the remote boundary conditions,
strains,

(7.3.2).

^i2kil(\jl’"^k£ /

where

(7.3.1), and one caused by the plastic

This latter field is the solution of

^

the crack faces

are the linear elastic constants.

(7.3.5)

The problem described

in (7.3.5) is linear in e^^ and hence the solution must have the functional

-
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form
3
e_

=

with

■*’

e^. = e^.f — --- , 0\.
( a e f . E ^ ' ®)
"ir

G^Gij+BigC^Gij+OCeS)

(7.3.6)

The stresses will have a similar

form, as will the complex potential describing the solution in the
elastic region.

Denoting this complex potential by

B.

4'^ f — ~— r J +

+

\

+ O(e^)

(7.3.7)

^11

it can be seen that, in order for (7.3.7) to be compatible with
k
(5.4.2), the large argument expansions of (f) must be

(f)°(x)

+ C^x'^+C^x

= V

(f)\x) = C,X

+ C^x-2

4>^(x) = C,x
D

...

(f)^(x) = CyX

...

...

-3/1
4^(x) = CgX

where

are as introduced in (5.4,2).

(7.3.8)
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The component of the solution corresponding to the remote
boundary condition can be written as

jW

(z) =
a

2

3/2

(a6? ,e - )

which has the same functional form as the fields described above.

This

means that the full solution of the inner problem will have this
functional form.

In particular, the operator

(7.2.2), will have

the expansion
g

^ijkS , “ ^ ijk ü ,

*

* ^13® ll^ ^ ^ ijk J . *

^ ijk &

+ 0(e®)

^

(7.3.10)

and the strain rate, found by differentiating the total strain with
respect to E, will be

^

^12^

*

^13^11^^ ^^k^

^

®12^^‘*®k£

*

0( e^)J.
°(c')|.

(7.3.11)
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with L . .

Substituting (7.3,10) and (7.3.11) into the constitutive law,

(7.2.1),

and then integrating the stress rate, it is found that the resulting
stresses have the assumed functional form, (7.3.2).
To summarise, it has been shown that a solution of the inner problem
that is a second order linear perturbation of the small scale yielding
result is consistent with itself, with the boundary conditions and with
the constitutive law.

The functions with superscript 0 in equations

(7.3.2) to (7.3.11) are the small scale yielding results, those with
superscript 1 are the linear perturbation of these caused by the
term in (7.3.1)

and those labelled 2, 3 and 4 are the second

order effects.

Further support

for the postulated form of the solution is provided in

the next section, where numerical estimates of some of the functions are
given.
7.4

The Finite

Element Model

* Appendix C describes a finite element program that uses
strain triangular elements to solve the inner problem.

constant

The constants

in equation (7.3.1) are defined as input and the program then follows
the history of the yielding as c is incremented.

The plastic strains,

stresses, etc. are calculated at each value of e and a special routine
is entered to find the coefficients of the complex potential appropriate
to the far field stresses.

This routine is described at the end of

Appendix C.
The first run of the program involves the small scale yielding
approximation in which the only non-zero

is 3^^.

The solution will

involve the functions in equations (7.3.2) to (7.3.11) with the superscript
0 which, it may be noted, all have the expected *self-similar * form in
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---

is the only characteristic length.

IS the expansion of the complex potential,

Of particular interest

(7.3,7), for large arguments.

This is given by the first of (7.3.8), which can be compared with the
computed coefficients to allow values of C^,
at each value of e.
the estimates

and

to be calculated

These values are plotted in Fig. 7.1, from which

= 0.16,

= 0.35 and

tively slow convergence of

= 0.12 are made.

The compara

was caused by its involving an integral

weighted towards the plastic strains near the crack tip, which are not
accurately modelled until a large number of elements have yielded.
integrals involved in calculating

and

The

are successively weighted

towards the outer regions of the plastic zone and thus are adequately
determined at an earlier stage in the deformation.
In addition to the values of C^,
run gives estimates of

etc.

and

the small scale yielding

Rather than attempt to display

all this information, the equivalent plastic strain will be considered as
a representative example.

A smoothed polar plot of (e^^)° is shown in

Fig. 7.2, from which it is also possible to read R°(0).

The results

shown in Figs. 7.1 and 7.2, and all subsequent figures, were obtained
with a Poisson*s ratio of 0.3 and a ratio of Young's modulus to uniaxial
yield stress of 400.
Having established the small scale yielding approximation, this is
next perturbed by including a 3^^ term in the remote boundary conditions.
The change caused by this will involve the functions labelled 1 and 4 in
equations (7.3.2) to (7.3.11).

The plastic strains, for example, will

be changed by

f

,a i +

|__±—

-,

8 1+

O(s')

(7.4.1)
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z
and the coefficient of (— )

in the far field complex potential

by
CaBiaBjie" +

+

0 (E*).

(7 .4. 2)

The numerical results are fitted to expressions like (7.4,1)
and (7.4.2) by neglecting the higher order terms and grouping the
results in pairs that have equal and opposite values of

For

each such pair, it is possible to calculate C^, Cg, e!j, etc. at
each value of e.

The resulting values of C^, Cg and

are shown in

Fig. 7.3, from which the estimates Cg = 0.57, Cg = 3,3 and C^ = 5.1
are made.

The function e^^

i—

I

the first order variation of
estimate of it is shown in Fig. 7.4.
range of values of r, e and 3^2
a universal line.

; is taken as representative of
plastic strains, and an

The points plotted correspond to a
they all lie reasonably close to

As can be seen from the figure, the chief source of

error arises from the common pattern in this type of finite element
result where the element values oscillate with the element orientation.
An 'example of the second order effect of a 3j^£ t:erm is shown in Fig. 7.5,

where

e^g I

^2 ’ 2

j is plotted.

As with the second order constant

Cg, the underlying pattern is heavily contaminated by the errors in the
numerical results.
The next runs of the computer program include a 3^g term in the
remote boundary conditions and, as above, the results are analysed in
pairs with equal and opposite values of 3-, o
C

are shown in Fig. 7.6 and the function

D

in Fig. 7.7.

The calculated yalues of

e^

I

r
7t \ .
— 2 ’T I

Z
Z I clpi -,S.

Z I

plotted

The estimate Cg = 0.14 is made from Fig. 7.6.

To determine the perturbation to the small scale yielding result
caused by a 3^3 term there is no need to re-run the computer program.
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In this case, the remote boundary condition is

~ r

+ Bj^e:] (|) ^ + OCz':*)

as z + - ,

(7.4.3)

and this implies that the inner solution will be identical to the
small scale yielding result discussed above, except that now the
characteristic length is

(7.4.4)

Pursuing this argument, it can be deduced that Cy = 3C^ and that.
for example.

e??'Y--

where e.?
ij

8^ = 2e?^

denotes the derivative of e?.
ij

(--

.6^

(7.4.5)

with respect to its

first argument taken from within the plastic zone.
7.5

Applications
Having determined the constants

and the functions e^j , etc.,

it is possible to construct asymptotic expansions of the elastic-plastic
solution appropriate to any specimen geometry and loading.

If the region

away from the crack tip is of interest, the solution is described by
(5.3.1) with

given by (5.5.2) or, alternatively, the near tip region

is described by (7.3.2), etc., with

from (5.5.2).

In both cases

it is necessary to perform linear elastic computations to obtain the
constants y . . defined in (5.3.3).
The J integral, evaluated along a contour that lies in unyielded
material, is given by (5.6.5) with the constants

taken from the
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previous section as

C, = 0.16
1
2

C. = 0.35

C_ = 0.57
3

C, = 0.12
4

Cg = 0.51

Cg = 0.14

Cy = 0.48

Cg = 3.3

.

(7.5.1)

It may be noted that the "plastic zone correction", r^, that gives
J correct to second order when an elastic calculation is performed
on a crack of length a + r^, is, (5.6*10)

fy =

=

.013

1 - 1

.

(7.5.2)

This is considerably smaller than the conventional value, e.g.
Knott (1973),

r
^

— —
6wa'
O

=

.053

IT

I

•

(7.5.3)

This conclusion is supported by the finite element computations of
Sumpter and Turner (1976) who show the use of (7.5.3) over-estimates
J at small loads.
In the near tip region the stresses will have the form

a..(r,6) = a. .+3
1J

k /
..,
kk
with a . . = a. .I

'3

Go!.+3

-L2

IJ

r

' A • aBfi
- 1 1e'

U

3

il

I
»0 I .

IJ

—

E^a? . + 3 , ^ .+0(e ^)
^J

12

IJ

(7.5.3)

A similar expression will apply to the

/

strains, both plastic and total, but the displacements will be

U . ( r , e )

=

r U ?

+

3ii
+ ^
e^rU? + B^ ^^rU? + O(e’)

2

.

(7.5.4)
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with

^ = U^l —

--- , sV

Clearly an exhaustive display of all the

I

'

k
k
functions o^j, U^, etc, would involve a large amount of information, and
would be out of place here since the numerical model used in section 7.4
does not adequately model the crack tip strain singularity.
It can be seen from the general expressions like (7.5.3) that
any proposed fracture characterising parameter, such as plastic strain
at some metallurgical distance in front of the crack tip, will have the
form

f (e) = f° +

+ 0(e=)

(7.5.5)

Ic
Ic
«
where f = f (3^^ e ) only depend on the specimen geometry and loading
through their arguments.

Noting that

is related to the linear

elastic stress intensity factor by

B,,e

=

-------2a

ÆI
o

,

(7.5.6)

allows (7.5.5) to be viewed as an extension of the small scale yielding
justification of linear elastic fracture mechanics.

In basing fracture

prediction on linear elastic calculations it is argued that, for small
enough crack tip yielded zones, any fracture criterion will be in one to
one correspondence with K.

This is extended by (7.5.5) to include perturba

tions caused by the interaction of the plastic and elastic stress fields.
The lowest order effect is linear in 3j^2^> which is just the normalised
elastic stress parallel to the crack acting at the tip.

This effect is,

of course, the T effect discussed by Larsson and Carlsson (1973), whose
finite element results showed that the deviation from the small scale
yielding solution is linear in T, and hence in

The second order

-
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effects include two terms that can be calculated from a linear
solution of the specimen but one,

^33
-r— £
^11

f , which involves the

plastic constitutive law and hence can only be calculated with the
formalism of matched asymptotic expansions.

The relative importance

of the three terms clearly depends on the fracture criteria being
used.
the

It may be noted that the plastic strains corresponding to
term appear to be non-singular at the crack tip and hence that

this term is likely to have less influence on fracture than the other
terms of order

-

121 -

0 *4

14

0*3

08 02

0 6

first clement
yields

0 2

0-0

•02

Fig. 7.1

-0 4

•0 6

*08

The Constants C^,

•12

and C^.

•14

•16

•18

- 122 -

•001

•0025

• 005

•01

O

1

2
oP,,E

Fig, 7.2

The Equivalent Plastic Strain in the Small
Scale Yielding Approximation,

3

- 123 -

5*

4-

0

Ce

o

+
+ '
■

°o

•

q

“

4-

— 0'6
< ----- :------

t

—0 5

-0 -4

—0 3

-

0*2

•

P,j= ± 0 * 5

+

Pa = ± 0 2

o

p,2 “ i

0
1

-0 1

Oo

.0 4

06

Fig. 7,3

'0 6

*10 ^

'12

'14

The Constants C^, Cg and C^.

-16

- 124 -

025-

Element orientation

020

-

015

•010

'005

Fig, 7,4

The Function e^^

Above the Crack Tip,

- 125 -

e

06-

04*

1

O

2

r
o&E'

Fig, 7.5

The Function

Above the Crack Tip.

3

- 126 -

•14

10

•08

•06

•04

•02

O

•0 6

Fig, 7,6

-0 8

•10

The Constant C^,

•12

•14

•16

- 127 -

•

002

-

001

*

Fig, 7,7

The Function

Above the Crack Tip,

— 128 -

8.

CONCLUSIONS
This thesis provides a method of constructing asymptotic

expansions of the unknown solutions to elastic-plastic, cracked
body problems.

The expansions are formally valid at vanishingly

small loads and, typically, the first five terms can be extracted
without an inordinate amount of work.

The results have two areas of

potential application.
Firstly, the analytic structure of the asymptotic expansions
provides an insight into elastic-plastic solutions.

The expansions

are either analytic. Mode III, or partly analytic. Mode I, and they
display the nonlinear interaction between the crack tip yielded zone
and the elastic stress field.

They show how the effects of specimen

geometry and material behaviour can be separated;

the first being

characterised by constant’s Y. . found from linear elastic solutions of
ij
the specimen and the second by constants
material*s constitutive law,

that depend only on the

A typical example of the type of result

that can be deduced is given in section 4,5, where the structure of the
strain singularity in any power law hardening specimen subjected to
asymmetric, longitudinal shear is considered.
Secondly, the truncated asymptotic expansions provide useful
approximations to elastic-plastic results in a "medium scale yielding"
range.

Typically, the terms given explicitly are valid up to 75% of

the perfectly plastic limit load but, presumably, this could be improved
by applying one of the techniques for estimating sums of asymptotic
expansions from the first few terms. Van Dyke (1964),

This is clearly

an area that would warrant further study before using the asymptotic
expansions in practical calculations.
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The work is capable of extension in many directions.

One

immediate need is for a more comprehensive description of the functions
that describe the crack tip fields in an incremental material, chapter
7, and a comparison of these fields with a finite element computation
for a complete specimen.

Another is for replacement of the elastic-

perfectly plastic model by one that allows strain hardening.

In the

longer term, the analysis could be extended to include mixed mode loading
and a more realistic numerical model of crack tip conditions.

Both of

these features have been previously studied in a boundary layer formulation,
Shih (1974) and Rice and Tracey (1973), but the present scheme would allow
extension of the results beyond the small scale yielding range.
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Solution of a Linear Elastic Problem for a Crack of Length a +
This appendix constructs the linear elastic solution for a crack
of length a + r^ in terms of the solution for one of length a.

In the

text the result is required for both antiplane and inplane deformations
but, since the method of solution is so similar, only the inplane case
is considered in detail, the antiplane result being quoted.
Section 5.2 showed how the solution of a "plane stress" or "plane
strain" problem for a cracked body could be expressed in terms of a
single analytic function (f)’(z).

An expansion of this function when

the crack is of length a+r^ is constructed by the method of matched
asymptotic expansions,

= r^/a being used as the small parameter.

By the reasoning of section 5.3, when z is a finite distance from the
crack tip, the small additional length of crack can be modelled by a
singularity in ({)'(.').

Thus, when z = 0(1),

(J)'(z) = e [(|)|(z) + (o^E^+a2E2)^^(z) + a2e^<f>^(z)

+ a^ej(f)^(z) + 0(e^)]

(A.l)

where the $^(z) are as defined in section (5.3) and the
undetermined constants.

are

It should be noted that the present solution

is a linear elastic one and so is proportional to the loading parameter e.
The small parameter that may vary is. e^, which defines the location of
the crack tip.
The expansion (A.l) breaks down near the point z = a E^.

The

solution appropriate to this region can be written in terms of the
inner variable,
"i =

^

'

(A.z)
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O
+ ZiGgG^+z^GggE^G+OCeZ)

.

(A.3)

The constants a^ and 3^ are now found by matching.

The inner

limit of (A.l) is found by substituting the small argument expansions
of 4^(z) into (A.l) and deleting all terms that are O(e^).

The result

is

0'(z)
ea
o

_

= [ h i ( f ) ' + Tl2 + Y i3 ( f J +

+ Y i5 ( f

-1
+

j

. 1_

+ ° + “1^33(1 ) ' + « 1Y 34 + “ iY35^fJ
-

5/2

+

-2

+ “ 3( 7)

-

+ “ 2( 1)

E

1

3/2

+ ° + ( V 5 5 ^ V 4 4 ^ “ 2Y33> ( f )

]

(A.4)
The outer limit of (A.3) is found by substituting (A.2) into
(A.3) and expanding with z = 0(1).

^

(!)

[ i

^1 ( 1 )

The result is

^ ^ e, ^ B , ( f J + es(;)+

" ° " (Bz"

J

" (G5-8g)+(By- |eg)(f

•
(A.5)

Equations (A.4) and (A.5) are now matched to give
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°

hi

“l

^4

=

h2

2hl

=

^2

h3

^8

“

h4

2 ^hlh3'^h3^'h

^9

“

hs

2^11^34^^14

^7 “ 2 (^11^ 35*^^15)

=8hl

“4

“3

“

°

“2 = 4 h l h 3 * 8 h 3

^3 ^ "4 h l h 3 * 8 ^13^33* ? ^llhs* 8 h s * 4^11^35
(A. 6)
The singular field near the crack tip is

=

(e^zph

(8, + 62E1 + Bge^)

(A.7)

o
which corresponds to a stress intensity factor of

Kj

2(2Tra)^a^e

+ 2 (^11^33 ^ ^ 13^] ^

r^

■*■ (4 ^11^33

8 Y13Y33 +

8

*^11^55

8 ^15* T ^11^35 ) ^

The equivalent antiplane expression is, in the notation of
Chapter 2,

K = (2wa)l ke [vii + f

* T

^12*^llh2)

(3Yi3 + 2Y 11Y 23 + YizYzz + ZYiiY^z + 3Y 11Y 33) + 0(e^)] .

(A.9)
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Green’s Function for a Semi-Infinite Crack
This appendix derives the Green’s function for an infinite body
containing a semi-infinite crack.

The body is linearly elastic and

the complex potential notation defined in section 5.2 is used.
The required potentials are written as

(})’(z) = 4/(z) +

fi’(z) = Ô ’(z) + Ô;(z)
o
i

(B.l)

where 4>’(z) and 0 ’(z) describe the response of an uncracked body and
o
o
_»
c{)|(z) and
correct them to ensure zero crack face tractions.
Displacements can be found from the potentials with the aid of (5.2.3)
and (5.2.1).

Denoting the applied point force by F = X + iY and its

point of application by z , the functions # ’(z) and fi’(z) can be written
o
o
o
as, Muskhelishvili (1953),

•w
^o

\

^o(^)

--F
1^
2tt(1+K) (z - z ^)

2ir(l+K)

(z-z ) + 2n(l+k)

(z-z )=

.

Using (5.2.4), the crack face tractions are calculated from (B.2) and
then negated to give the boundary conditions on #j(z) and fi|(z).
are

*>4.0'
h+
1-

1
2tt(1+K)

r

F

KF
(x-E )
o

1
(X-;
o

These
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where the subscripts +,- denote evaluation at the crack face points
z=x+Oi,

z = X - Oi.
(<|.’ -

Subtracting the two parts of (B.3) gives

- (<).J -

= 0

(B.4)

from which it follows that
(|)|(z) - ^j(z) = 0,

(B.5)

while adding them gives

< •; • “ P , •

< •: • » : > - ■ « f e ,

»■«

]

from which follows
— I
FZ^

Solving (B.5) and (B.7) and adding (B.2) leads to

FZ^
*

2f (1+K)

[zz^Czhz^)

2z^(zhz^)
o

4?(z^)^
o

[ p O T , -

+
(z-z )

1%.
1
(z-z )^ J

.

( b .8)

Of particular interest is the expansion of the ^ ’(z) in (B.8)
when F is a unit force in a coordinate direction.
, z .n/2
^o \% /

The coefficient of

,

this expansion is denoted 0in

the relevant coordinate direction.

in the text,

i

being

Performing the expansion leads
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to

*1 -2

■

- È

*2 -2

°

i
-1 -1
“ 47 '"o =

h

"

470^)

1

-3

1

—^

1

—1

((K* 2^ "o - "o ) h

^

-

h

-3

“

-1

1 -4

- =! ) C

#7 i + K )

47r(l+K)

-

\

^2 - 4

“

4 7 7 ^ 7 ) ((*^-^) "o * h )

h

-5

'

4 7 (Î7 k )

h

-5

=

47(^7)

“1

((K+1) z + z ) a“
r
o" o
\"
o
o

¥

\

-

((K- I

C

-

( O '*

3/2

^
-2

a’

o

a " '*

etc.

(B.9)

It may be noted that a similar expansion can be performed on f2’(z);
as expected from (5.2.8) the expansion is identical to the above
apart from a negating of the even n terms.
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APPENDIX C
The numerical solution of a semi-infinite crack in an infinite body
subjected to known far field conditions
This appendix describes the numerical procedure used in Chapter 7
where the elastic-plastic response of an infinite cracked body is required.
The finite element method is used with constant strain triangular elements
and a material that yields incrementally according to the Mises yield
criterion and associated flow rule.

The algorithm

is based on

the

described in Larsson and Harkegard (1974) with the

addition of

two features

designed to aid the solution of this particular problem.

one

These features

allow the fields due to the crack tip yielding to be found directly.
The problem is to find the plane strain elastic-plastic response of
an infinite cracked body when the far field complex potentials have the
form

~

(-1)"^!

(aj ^

+ 0(z-%%)

as

z ^ ~ .

(C.l)

In (C.l) z is a complex position variable with origin at the crack tip,
a and

are a normalising length and stress and the

are known continuous

functions of some time like loading parameter T such that X^ = 0 at T = 0.
oo

The required displacement field is split into two parts,

00

and U^.

is the field corresponding to (C.l) and is given by

'h

=\2T
(i) [(
B
r*

^

e
c
o
s
(
1i)e
j
(C.2)
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is the perturbation to this caused by the yielding at the

crack tip.

In (C.2) r,0 are polar coordinates centred at the crack

tip and rigid body displacements of the specimen have been discounted.
The governing equations for the type of deformation envisaged are
described in section 7.2.

In implementing these equations it is

necessary to assume that relationships between infinitesimal increments
can be replaced by ones between small, but finite, increments and hence
equations (7.2.1) to (7.2.14) can be carried over to the computer algorithm
with the symbol *d’ replaced by 'A*.

The resulting problem for the

increment in U, can be written
k

-I
AU^ = 0(r ^)

as

r

h 2 k S , ( * V K ^ ’)l “ °

= 0

(C.3)

,

(C.4)

=2 = O' *1 < °

where the linear operator

(C'S)

depends in some known way on the

stress state at the start of the increment and AU^
with AX

n

written for X .
n

is given by (C.2)

The final solution, U, , is obtained by summing
' k

the incremental solutions, AU^, of (C.3).
Following standard procedure the solution of (C.3) is sought as
the minimum of the functional

J

dv + 2 / a u . C L . . ^ ^ au” p . .

dv

where the integrations extend over the whole of the body.
unyielded material (L.. .Au. .), . = 0
lc^36
J
in (C.6) is zero outside the plastic zone.

(C.6)

In the

and hence the second integrand
Using this and (C.4), re

arranging (C.6) and applying Gauss' theorem leads to
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fa"o

zone

/

oo

AU.L.., .An

elasticplastic
boundary

1 ijk&

/•

-n.ds + 2

k,£ J

0Ü

/

AU.L,.,.AU,

y
yielded
crack
faces

'

1 ijk36

.n.ds.

'

(C.7)

k,& j

00

Since ^£2k£^^k & " ^ on the unyielded crack faces the final integral in
(C.7) can be extended to one over the entire crack faces.

It can then

be deduced - by applying a variational principle to (C.5) - that the
first and last integrals in (C.7) can be deleted.

This leaves the

functional to be minimised as

AU. .L.._ .AU, .dv - 2 f
i,j ijk& k,&
J

/

AU. .L.
.Au~ dv + 2
i,j ijk& k|l
J

plastic
zone

AU.L.
^Au“ .n.ds.
J. ijk% k,& j
'

elasticplastic
boundary

(c.8)

An approximation to the minimum of (C.8) is sought by expressing AU^
as a linear combination of some chosen displacement fields, i.e.

AU. = AU. p ,
1
im m

m = 1...M.

(C.9)

The functional (C.8) has (C.9) substituted into it and its derivative
with respect to

is equated to zero.

Lfjkj^ results in the system of

^ ^ km ,& *^ ip ,j^ ^ ^m

M

Using the symmetric property of

linear equations

^ijkilAU^^AU^^n^ds -

elasticplastic
boundary

^ ijk & ^ ^ k ,& ^ ^ ip ,j^ ^ '

plastic
zone
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Applying Gauss' theorem to the linear elastic component of the right
hand side of (C.IO) reduces this to

/

h j k A m . z “ ip,j

Pm = - /
plastic
zone

where L . . is the difference between L . „ and the elastic result.
ijk&
ijkx,

It is now convenient to introduce the terminology of the finite
element method to describe (C.ll).

In this the unknowns

are taken

as the displacements of "nodal" points and the corresponding

are

only non-zero over the "elements" of the specimen that include that
node.

The elements used here are constant strain triangular ones in

which the AU. vary linearly within the elements.
im

The left hand side

of (C.ll) can be seen to be the assembled stiffness matrix of the specimen
multiplied by the displacement vector, and the right hand side is the
force vector that arises from the interaction of the applied field
increment, AU^, and the crack tip plasticity.

With the particular type

of element and constitutive law being used this force vector can be
written as

L

2G

— hi

AU.
.
ip,j

r

/

Au“ n. ds

k

Z

(C.12)

all yielded
elements

where the line integral extends anti-clockwise around the boundary of
each triangular element and can be accurately and simply evaluated by
an adaptive form of Simpson's rule.
Since only symmetric problems are of immediate interest it is only
necessary to idealise the upper half of the specimen, as in Fig. C.l,
The modelling of an infinite body by a finite one is justified by the
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insensitivity of the final results to the position of the semi-circular
boundary and to the boundary conditions applied on it.

It may be noted

in this respect that the present scheme has far field stresses that
decline as

compared with the r ^ variation found in previous boundary

layer formulations of crack tip problems;

this implies the present results

will be less sensitive to errors caused by the finite boundary.
idealisation shown in Fig. C.l. has 880 degrees of freedom.

The

In order to

limit the computing time, all elements outside the area shown in Fig. C.lb
are assumed to remain linear and their reduced stiffness matrix is
calculated.

The problem that has to be incrementally solved then has

286 degrees of freedom and consists of 248 elastic-plastic triangular
elements and one reduced element that contributes a 26 % 26 stiffness
matrix.
The algorithm used to follow the history of the yielding can be
summarised as:
1.

Find the value of T at which the applied field, equation (C.l),
just causes one element to yield.

2.

Form and assemble the incremental stiffness matrix of each element,
using equation (7.7.2).

3.

Calculate the global force vector from (C.12).

The size of the

increment Ax is taken as any convenient value.
4.

Solve the resulting equations by Causs elimination.

5.

Add the applied displacement increments, AU^, to the calculated
increments, AU, .
k

6.

Calculate.the total strain increments from the nodal displacements
using standard finite element relationships.

7.

Check that no plastic element has unloaded by ensuring that all
increments of distortion energy, s^^ A&^j, are positive.

No unloading

was found, but if it had been it would have been necessary to transfer

- 144 to step 2 and iterate until a consistent solution was found,
8.

Calculate the plastic strain increments, equation (7.2,8), and the
stress increments, equation (7.2.1), from

9.

the total strain increments.

Scale this increment so that one more element just yields, subject
to a maximum value of A t .

Details are given in Larsson and Harkegdrd

(1974).
10.

Add the scaled increments of displacements, strains and stresses to
the running totals of these quantities.

Similarly the loading parameter

is incremented.
11.

Transfer control to step 2, unless the loading parameter has attained
some prescribed value when the program stops.
It will be seen that computer storage has been saved at the expense

of time by re-calculating the element stiffness matrices, etc. each time
they are needed.

The arithmetic is performed in single precision throughout,

but as the computer used has a 14 digit word length it was felt that rounding
errors, etc. would be within acceptable limits.
The above algorithm allows an estimate of
etc.

the stresses, displacements,

to be made at any point in the history of the deformation.

However,

the coefficients X_, - 3 ^ n ^ -5, in the expansion of the elastic complex
potential are of particular interest in the matching process, section 5.5,
and it was found to be unsatisfactory to obtain these by, for example, a
least squares fit of nodal displacements to a theoretical expansion.

This

was overcome by taking the piece-wise constant plastic strains calculated
at any particular point in the deformation history and viewing them as given
initial strains in an infinite cracked body.

The far field coefficients are

then given directly by (5.2.13), which simplifies to

(C.13)
all yielded
elements
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where the line integral extends anti-clockwise around the boundary of each
triangular element and, as in the case of (C.12), is evaluated by Simpson’s
rule.

The calculation represented by (C.13) is performed after step 10

in the algorithm for - 3 ^ n

^ - 5.
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(X )

Fig. C.l

(a)

The Finite Element Mesh.

- '05

Fig. C.l

(b)

The Crack Tip Region in Detail.
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Su m m a r y

A METHOD of analysis based upon matched asymptotic expansions is proposed for a cracked specimen
which is subjected to longitudinal shear (mode III) loading. This gives the small-scale yielding
estimate of linear fracture mechanics as a first approximation, and provides systematic refinements
which take account of the nonlinear interaction between the elastic and the plastic regions. Explicit
solutions can be generated for any specimen which is amenable to a linear elastic analj^is. Fracture
parameters, such as crack opening displacement and the /-integral, are expressed as power series in
the ratio of applied stress to yield stress, and three terms arc given explicitly. These are defined
from linear elastic solutions alone. The edge-cracked strip and cracking from a semi-circular notch
are studied as examples. Comparison with an exact solution for the former geometry suggests
that the three-term expansions give useful results up to 75 % of limit load. The latter example is
new and shows the effect of a notch on a crack at loads beyond the normal range of validity of linear
elastic fracture mechanics.

1.
I

t has been

I

n t r o d u c t io n

r e c o g n i z e d f o r s e v e r a l y e a r s t h a t t h e ‘ s m a l l - s c a le y i e l d i n g ’ a p p r o x i m a t i o n ,

o n w h i c h l i n e a r e l a s t i c f r a c t u r e m e c h a n ic s d e p e n d s , is a n a p p r o x i m a t i o n o f ‘ b o u n d a r y
l a y e r ’ t y p e , i n w h i c h t h e s m a l l p la s t i c z o n e c a n , i n p r i n c i p l e , b e d e s c r ib e d b y c o n 
s id e r in g

a

s e m i-in fin ite

c ra c k

in

an

in fin ite

body,

s u b je c t e d

to

th e

a s y m p t o t ic

b o u n d a r y c o n d itio n s

(Ty -►K{2nr) " % (0 )

as r

o o

,

(1.1)

relative to polar coordinates (r, 6 ) based on the crack tip. The functions fij{ 6 ) that
define the stress <7 ^ at large r are known, and the stress intensity factor K is obtained
by performing a linear elastic stress analysis. The detailed solution for the plastic
region is not required because the above formulation shows that whatever takes
place in the plastic region is governed by K alone and hence that any local criterion
for the initiation of crack extension is bound to be associated with the attainment
of a critical value of K. Linear elastic fracture mechanics will therefore succeed so
long as the ‘boundary layer’ formulation for the crack tip region is applicable.
A restriction prescribed in ASTM (1970), for instance, is that K should not exceed
y(2a/5)^, where Y denotes tensile yield strength and the crack length is a,
L a r s s o n and C a r l s s o n (1973) investigated the validity of the restriction proposed
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in ASTM (1970), by performing a full finite element analysis of cracks in four com
monly employed test specimens, and found significant variations in the dimensions
of the plastic zones, at the same ^-values in the different specimens. They explained
their results by recognizing that the expression on the right side of ( 1. 1) is just the
first term in the expansion of the linear elastic solution near the crack tip; the next
term is a constant tension T parallel to the crack, and succeeding terms tend to zero
as the crack tip is approached. Although the tension T is not singular, it influences
the stresses in the plastic region, in effect by modifying the yield stress, and so needs
to be allowed for. Larsson and Carlsson demonstrated the validity of this explanation
by performing finite element calculations for a crack tip region subject to boundary
conditions
(Tij -+ K{lnr)~^fifB) -I- Ty
w h e re

7]^ h a s j u s t a t e n s ile c o m p o n e n t

v a lu e s f o u n d
fu rth e r a n d

in

T

( 1.2)

p a r a lle l to th e c r a c k , c h o s e n to ta k e th e

e a c h o f t h e i r t e s t s p e c im e n s .

s h o w e d , in

as r -> oo,

R

ic e

( 1 9 7 4 ) d is c u s s e d t h e

p a r t i c u l a r , t h a t t h e / - i n t e g r a l is in s e n s i t iv e t o

T -e ffe c t

it, b u t w as

c a r e f u l t o p o i n t o u t t h a t s o m e m o d e s o f f r a c t u r e m ig h t b e in flu e n c e d s ig n ific a n tly

T,
O f course, even the characterization (1.2) of the plastic region will break down
when higher loads are applied, because the plastic region itself will perturb the elastic
region, and K and 7]y will then not be known a priorL The problem can, however,
be discussed within the framework of matched asymptotic expansions (V a n D y k e ,
1964, and F r a e n k e l , 1969). The object of the present work is to formalize the ‘smallscale yielding’ approximation in this way, and so to extend its range of validity.
Strictly, the method of matched expansions yields a solution more accurate than
would be obtained using (1.1), in the limit of vanishingly small applied loads. In
practice, however, as the work of Larsson and Carlsson has already demonstrated, it
should yield useful solutions at higher values of the applied loads than could be
treated by (1.1) alone. Extensive numerical work is avoided by discussing the case
of anti-plane (mode III) loading. This precludes for the moment a discussion of the
T-effect, but has the advantage of allowing a complete analytical development whose
logical structure can be clearly seen. Parameters such as crack opening displacement
0 ^, maximum dimension of plastic zone R(0) and the /-integral are expressed as
power series in the ratio e of applied stress to yield stress, and the first three terms
in the series are given explicitly. It is demonstrated generally that the ‘plastic-zone
correction’ of replacing the crack length a by a+ry, where
is suitably related to
the linear elastic stress intensity factor, and then estimating 3^, JR(0 ) and / from the
‘corrected’ value of the stress intensity by the usual formulae of linear fracture
mechanics, gives an estimate of / which is a two-term asymptotic expansion of its
true value. The corresponding estimates 3^ and R(0), however, are not asymptotic
and so are merely ad hoc approximations.
Closed solutions, expressed in terms of elementary functions, can be found for
a variety of problems, some of which could not he approached by any other method
proposed to date. Comparison of the results of the three-term expansion with a
known exact solution for an edge crack in a strip demonstrates the relative simplicity
of the present approach and suggests that the three-term expansion gives useful
results for applied loads up to 75 % of limit load. A crack sited at an arbitrary notch
b y th e v a lu e o f
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is discussed as an example for which other methods are not available and some
detailed results are presented for the case of cracking from a semi-circular notch.

2.

F

o r m u l a t io n

The general problem to be discussed is depicted in Fig. 1. A homogeneous,
isotropic, prismatic specimen contains a crack of length a. Coordinates (x^, X2 , X3)

Applied Longitudinal
Shears

R(0)

Elastic-Plastic
Boundary

Fig. 1. Specimen geometry and loading.

are chosen so that the x^-axis is parallel to the generators of the specimen, while the
crack occupies the region ^2 = 0, —a <
< 0, —00 < X3 < 00. The surface of
the specimen is subjected to longitudinal shearing stresses that at any instant / are
proportional to a monotonically increasing parameter r(t). These shears induce a
state of anti-plane deformation, which involves only the displacement
X2) and
corresponding stresses 0-13, 0-23» ah other components of displacement and stress
being zero. The specimen is taken as elastic perfectly-plastic with shear modulus G
and constant yield stress in shear k. The yield condition
(2 .1 )
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is assumed, together with the associated flow rule

Vi3 = Sû^ldXi = X<7i2» i = 1, 2,

(2.2)

where i is a scalar and the superposed dot denotes rate of change with time or,
equally well,with theparameter t. The geometry and loading areassumed to be
symmetric with respect to the plane of the crack and smoothenough torestrict
yielding to a zone emanating from the crack tip.
In the region of elastic deformation, the equilibrium equation
dcTia/dxi +d(T23/dx2 = 0

(2.3)

and the stress-strain law
<7f3 = G(du3/dXf),
together imply that
expressed in the form

i = 1,2,

(2.4)

is a harmonic function of (%i, %2), which is conveniently

«3 =

cik

{s(z)}.

(2.5)

where
z = (xi + ix2)la

(2.6)

and g(z) is analytic. A complex stress variable Cmay now be defined as
( = ((T23-i<Ti3)/k,

(2.7)

and the stress-strain relations (2.4) imply
C = ^'(z).

(2.8)

Boundary conditions on g{z) are found by noting that the applied shear on the
boundary of the specimen is expressible as
- afe Re

^ 1 = - flfe ^ (Re {g(z)}),

(2.9)

where d/ds denotes differentiation with respect to arc length around the boundary
of the specimen cross-section. Thus, on the boundary. Re {g(z)} follows by integra
tion of the applied shear. A condition on g(z) is also required on the elastic-plastic
boundary; this depends on the stresses in the plastic region.
The solution appropriate to the plastic region is as given by H u lt and McCuNTOCK
(1957). Relative to the polar coordinates (r , 6 ) shown in Fig. 1, equations (2.1)
and (2.3) admit the solution
0"r3 ~ 0)

^03 ~ k.

(2,10)

The flow rule (2.2) now implies that

Jr3 ~ du^ldr = 0,

(2.11)

so that 1/3 depends upon 6 only. Hence,
y,3 = - (du,l0B) =
r
U

r

(2.12)
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for some function R(9)t and
«3

(2 .1 3 )

u 0

The equation r = R(j9) in fact defines the elastic-plastic boundary since the stresses
(2.10) and strains (2.11), (2.12) must be compatible with (2.4) there. The plastic-zone
stresses (2. 10) imply that, at the elastic-plastic boundary, f = e*®, so that
^'(z) = f = e-^® o n r = R(0).

(2.14)

The problem thus reduces to solving the elastic ‘free boundary-value problem*
for g{z), depicted in Fig. 1. Exact solutions are limited to the edge crack in a semi
infinite plane considered by H u l t and M c C l i n t c k j k (1957), the edge crack in a
strip of finite width solved by R i c e (1966), and a recent solution by E d m u n d s and
W i l l i s (1976) for a crack sited at a notch in a strip of finite width.
For other
geometries, approximate methods are required; as indicated in the Introduction,
the remainder of this paper provides such a method by systematically extending the
‘small-scale yielding* approjdmation within the framework of matched asymptotic
expansions.
^ ,
3.

T

he

O

uter

E

x p a n s io n

It will be convenient, to be definite, to identify the parameter %(f) with the maxi
mum value of the applied stress at time t. An asymptotic solution will be sought
for small loads, and so we define
e = xjk

(3 .1 )

and will formally consider the limit e 0, though it will emerge later that the
asymptotic solution provides a good approximation even when e is relatively large.
When s 4 1, it is known from the small-scale yielding approximation that the
maximum dimension of the plastic zone is of order ae^. The outer expansion is
obtained, therefore, by transferring the boundary conditions on the elastic-plastic
boundary to the crack tip, where they appear as a singularity in g{z). Its form is
obtained by noting that the solution must have the usual linear elastic solution as
its leading term and must leave the crack faces free of traction, A sufficiently general
form is
g(z)

(v4 4- ^4^8^ + 0(g^))z" ^4- (yi^s^ 4-0(8'^))z"‘^4-0(8'^)z"* as z -» 0, (3.2)

where the real constants A i , À 2 i A 3 are so far undetermined; the linear elastic solution
is proportional to b and is of order z^ as z -> 0, giving the well-known square-root
singularity in the stresses. When the yielded zone of Fig. 1 is replaced by the singu
larity (3.2), the boundary-value problem for g(z) can be solved in the form
9

(z) = ^i(z)B4-^2(z)(aifi^+a2fiO+^3(z)a3e^+0(fi'^),

(3.3)

where gi(z)e is the linear elastic solution, bounded asz -* 0 and having the prescribed
real part on the boundary, g 2 (2 ) has zero real part on the boundary and behaves as
—2z"^ as z -* 0 and ^g(z) has zero real part on the boundary and behaves as —iz~^
as z 0. The constants comprise a convenient alternative undetermined set to
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the Ai in (3.2). The inner limit (z = 0(e^)) of the outer expansion of f — g'(^) will
be required in the sequel; this will involve the small argument expansions of gfj(z)
which will have the form
0t(2)~7ltZ * + 7llZ*+ri3Z*...,'

►as z -» 0.

gz(z) ~ Z~* + yz2Z~* + 723Z*3 3 (2 ) ~

Z~*+732Z~*+Y33Z~*-

(3.4)

•

The constants
are known once the boundary-value problems for g^z) are solved.
The functions gl(z), g^Cz) are unique; g'3 (z) is not unique, although it could be made
so by defining 732 to be zero, but it is useful to preserve the flexibility in its definition
for the subsequent applications.
4.

T

he

I

nner

E

x p a n s io n

The asymptotic expansion (3.3) fails near the crack tip. Physically, it can only
be valid at points remote from the plastic zone, and, mathematically, the series (3.3)
is not asymptotic when z = 0(s^). The details of the solution near the plastic zone
can be found by the method introduced by H u l t and M c C l i n t o c k (1957), in which
the stress variable C is taken as the independent variable. Invertion of the relation
-

5

Fio. 2. The stress plane.
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J — g'(z)in the elastic region gives
z = r (o ,

(4.1)

and a boundary-value problem for /(O is developed by noting that (4.1) defines a
conformai mapping of the elastic region onto the region in the (-plane depicted
in Fig. 2. On the crack faces, X2 — 0 and 0*23 — 0, so that they map onto a part of
the imaginary axis in the (-plane. The elastic-plastic boundary maps onto |(| = 1
while at the boundary of the specimen, ( = 0(g), so that this maps onto some possibly
complicated shape within a distance of order e of the origin. Boundary conditions
on /( ( ) follow by noting that, on the elastic-plastic boundary, z=
and
( = e'®, so that
/ (g'®) =

or
fg(f(e<^) = ia-^R(e),

implying that
Re { /(()} = 0.

(4.2)

This condition also applies on the imaginary axis in the (-plane, since JC2 = 0 implies
fX O is real and hence /( ( ) is imaginary. The values on the complex part of the
boundary adjacent to the origin are not developed in detail because they will be
modelled by a singularity at ( — 0 of appropriate form. The solution z —/'(O
will then be valid asymptotically when z = 0(fi^) but not, of course, when z = 0( 1).
A sufficiently general form for the singularity is
/(0 ~ (B i« "+ B 2 8 *+ B 3 *® )f-‘ +(B4«*+B5e®)C-»+Bse«f-5+0(£*) a s f^ O , (4.3)
where the Bj are undetermined coefficients. The solution of the boundary-value
problem for /(O , with the asymptotic boundary condition (4.3), follows immediately
as
m

=(^1

f 128*

-

r '

)

+

f

- r ')'+

+T)S33«*(f-f‘)’+0(e'). (4.4)
where the ft; comprise an alternative set of undetermined constants to the ft.
follows now that

It

z = / ' ( 0 = ( l + C - % , y + f l 2 Z * + A3«' +

+jSj3Z®XC-C*)'+^33E*(C-(■ *)“]+0(8“), (4.5)
which may be inverted iteratively to give
Î = [Hi(Zi//5.,)]-*-i[Hi(z,/^u)]'*H2(z#ny +
+ {i[^i(z#.,)] 2(z,/Ai.)]" -

-i[H ,(z ,/y J „ )]'*iÎ3 (z ,//îi,)}8 ''+ 0 (8 “). (4.6)
where the ‘inner’ variable
Zi = z/e^

(4.7)
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is o f order 1 when z = 0(e^), and

= W ^ ll)[^ 1 2 + fe (^ ~ 3 + (x —1)"^]^ —

(4.8)

“ (i?22^/Pll)[^12+^22(^“ 3 + (x — 1) ^][(% — !)

" W fll)[fl3 + f2 3 (^ —3+(% —!) ^+
+ ^33(^^~6 x + 11--4(X“ 1)

5.

M

a t c h in g

of

the

(x — 1)”^)].^

E x p a n s io n s

The unknown constants a, in the outer expansion (3.3) of g
(z),and ft; in the
inner expansion (4.6) of J = g'(z)y will now be found by applying the asymptotic
matchingprinciple of V a n D y k e (1964). The outer expansion of ( = g\z\ that
follows by differentiating (3.3), could be obtained from the exact solution, if this
were known, by applying to it the outer expansion operator that produces its
asymptotic expansion to m terms, in the limit a -* 0 with zfixed. Dually, the inner
expansion (4.6) could be obtained by application of the inner expansion operator
that produces the asymptotic expansion to n terms, in the limit e 0 with = z/e^
fixed. Van Dyke’sprinciple follows from the assumption that the operators commute,
so that the n-term inner expansion of the m-term outer expansion is equal to the
n-term inner expansion of the /«-term outer expansion. In the present example,
m~n~ 3. To apply the principle, the outer expansion of ( = g'(z)that is obtained
from (3.3) is written in terms of z* = z/e^ and expanded to three terms as e 0
with Z| fixed. This produces

«îo~ [riizr*+«izr*+“3zr*]+[yi2zf+“iT22zr*+«2zr*+«3T32zr*]e*+
+ [yi32f+“i723Z*+«2Ï22zr*+®3y33zr*]s*+0(e®) aS6-^0, (5.1)
where the constants y,; are as in (3.4). The subscript ‘o’ is attached to ( to emphasize
that (5.1) represents the inner expansion of the outer expansion of (; it does not
provide an approximation to ( itself. Dually, the outer expansion of the inner
expansion (4.6) is obtained by putting z^ = z/e^ and letting G-+ 0 with z fixed. The
result is
fi

[^llZ~* + y^22^r^2^+ (T^11^33 “ 1^22)2^] +
+
+i<2)Si2-3ft 2)^ ri^ z -H
1P 23 — 36^1i f t 3 +2IP22 — 1 2 ^ 1 2 ^ 2 2 ) ^ 1 }
+
+ [|i5 îiZ -*+ -A (1 2 ft2 -1 3 ft2 )j8 îiZ '^ +
+ A(32^i 1^13 —48ft if t 3 +124^1 if t 3—8PÎ2+
+24j8i2ft2-31ft"2))?i7z"^fiV0(6®). (5.2)

It follows now that (5.1) and (5.2) agree (with z = G^zJ so long as
f il l — yîi»

P 12 = 722711 +3yi27ii,
ft 3 = Î 7227n + - ¥ 7 i27227Î i - Î 7227327Î i + i 7337ii +
+ ^ 7

P 22 — 27i27ii»
P 23 = 723711 +97i37Îi + 18yÎ27Îi +3yi27227u,
ft3 ” 2yiiyi3-k5yi27ii,

i37Îi +-^7Î27ii +Î7237Îi.}

(5 .3 )
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«2

= iy 2 2 V ll + l r i 2 V l l - # 3 2 ^ 1 2 , y

«3

= iyîi-

(5 .4 )

J

All the constants in both the inner and outer expansions are thus determined.
A composite expansion, valid uniformly for all z could be formed as the sum of the
outer expansion (derived from (3.3)) and the inner expansion (4.6), minus the outer
(or inner) expansion of the inner (or outer) expansion, (5.1)or (5.2), but the infor
mation of most interest for present purposes follows fromthe inner expansion (4.6)
alone.
6.

F

racture

C

r it e r ia

It is of particular interest to characterize the solutions by fracture criteria, that
is, by parameters for which attainment of a critical value may imply that the crack
will extend. Three such parameters, which each reflect in some sense the intensity
of the strain just ahead of the crack, are the crack tip discontinuity,

ft = «3(W-W3(-W = ^ J R(0)dft

(6.1)

the extent of yielding ahead of the crack, i?(0), and the path-independent /-integral
(R

ic e

, 1 9 6 8 ),

jl2

J = I [W dxi —njUij{duJdx^'\ d s = -— J R{6) cos 6 dO.

(6 .2 )

G - in

The representation of ft by the integral in ( 6 . 1 ) follows directly from ( 2 . 1 3 ) , and
(2. 12) shows that 7^(0) measures the intensity of the strain y0 2 directly ahead of the
crack. The /-integral in ( 6 . 2 ) involves the stored energy function W, and is fully
path-independent only because the system of loading generates deformations that
are compatible with a ‘deformation theory’ description of the plastic flow, obtained
by integrating (2.2) to give
7(3 —

I ~ 1)2,

(6.3)

in the plastic region, with the corresponding energy function
\k{(2eije,j)*-kl2G },

e ,je ,j^ k^jlG^ j '

(6.4)

The second integral for / in (6.2) follows by taking the contour of integration to be
a circle r = 2pcos 0, lying wholly within the plastic region; details are given in
E d m u n d s and W i l l i s (1976). Since / is path independent, the contour of integration
can also be taken in the elastic region, where W takes its linear elastic form. The
use of / as a fracture criterion has been advocated by B r o b e r g (1971) and B e g l e y
and L a n d e s (1972), even for problems for which a deformation-theory description
is not exact.
The three fracture parameters ft, R(0) and / thus follow once the elastic-plastic
boundary r = R(6) has been determined. This can be found from the inner expansion
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(4.5) by setting ( = e'® and substituting for ft; from (5.3); after some algebra,
R(9) = fl|/V^®)| = 2a cos 6

sin^ 6 )e^ +
sin^

sin^ 0)e®+O(fi®)], (6.5)

where
—7ii722 + 3yiiyi2»
Ô2 = ""8yiiyi2J
ft = Î7ll722+'^yîl7l2722“ iyîiy22y32+Î7ll733 +

+-^^7ii7i3+-^yii7i2+1711723»

(6.6)

ft = -4(7ii723+97ii7i3 + 18ytiy?2+37ii7i2722).

^5 = 16(2yfiyi3+5yiiyi2)*
Thus, in terms of these parameters,
2 a1c

ft —

p7llG^ + (^^l + lft)6 ^ + (2^3 +3^4 + T^5)G^ + 0(^^)]»

jR(0)- 2u[yiie^+5ifi*+53S®+0(e®)],

(6.7)

(6.8)

^ ~ ~ q ‘ [7ii®^+(^i+lft)^^+(^3+ift+ï^5)^^+0(fi*)].

(6.9)

The terms of order
in (6.7), (6.8) and (6.9) represent the small-scale
yielding approximation, which is associated with the stress concentration factor
— (27r«)*Tyii. It appears in the present scheme from matching just the leading
terms in the inner and outer expansions, so that m = « == 1, in the terminology of
Section 5. The full expressions (6.7), (6.8) and (6.9) represent systematic refinements.
Before proceeding to specific examples, a simpler refinement, obtained by replacing
the crack length *«’ by «+/*,, where r, is a ‘plastic-zone size correction’, will be briefly
considered. A discussion of this correction has been given by I r w in and P a r is
(1971). They justify use of the formula
r, = Kjnl2nk'^

(6.10)

by noting that, in the small-scale yielding approximation, the elastic stresses just
outside the plastic region are described by the complex potential

(6.11)

g X z )^ { 2 n r * K ( z -r J a r K

as though the body were elastic and the crack extended to z = rja . It is not clear
immediately that the value of K in (6.11) is the same as would be obtained by solving
the linear elastic problem for the extended crack but this is, in fact, true, as will
be shown below. Modified fracture criteria now follow by noting, from the terms
of order
in (6.7), (6.8) and (6.9), that the corresponding small-scale yielding
approximations are
ft - 2KhilnGk,

R{Q) - K jn ln k \

J - Xf/j/2G.

( 6.12)

‘Plastic-zone corrected’ estimates of ft, R(0) and J are obtained by replacing the
linear elastic value Kju in (6.12) by the revised value Æ, obtained from the linear
elastic solution for the longer crack. Their validity will not be studied by comparing
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and ( 6 . 9 ) . First, it is shown in the Appendix that, if

(6 .7 ), (6 .8 )

Gi = r ja ,

(6.13)

then the solution of the elastic problem for the longer crack yields
X ~

+i«,(yi2+yiiy22) +

+ieî(3yi3+3yiiï33+yi2y22+2yiiy23+2yiivi2)+0(8Î)}.

(6.14)

This gives, to order e^, the ‘plastic-zone corrected’ estimates
ft %

{2yîi+2ei(yiiyi2-|-ynyi2)+0(eî)},

R(0) % 2ae2{yîi4-ei(yiiyi2+7Îiy22)+0(eî)},
J~

Q

{y îi+ « i(y iiy i 2+ ïîiT 22)+ o ( 8Î)}-

(6.15)
(6.16)
(6.17)

Now, in the expression ( 6 . 9 ) for /,
^1 + 4^2 = y îi(y iiy i 2+yîi7i2)>

(6.18)

and so the expressions ( 6 . 9 ) and ( 6 . 1 7 ) agree to order e^, if Sj = yfiG^, which is
precisely equivalent to ( 6 . 1 0 ) . It may be noted, too, that J could be evaluated from
(6. 11) by taking a contour just outside the plastic region, so that agreement of the
estimates for / implies that the K appearing in ( 6 . 1 1 ) really is the elastic stress concen
tration factor associated with the longer crack. It can be seen immediately that,
with fij = yîifi^, the estimates ( 6 . 1 5 ) and ( 6 . 1 6 ) of ft and i? ( 0 ) cannot agree exactly
with ( 6 . 7 ) and ( 6 . 8 ) , and so are ad hoc approximations at best. The reason for the
agreement of / to second order is that, mathematically, the second-order outer
solution canbe obtained from knowledge of just the first-order innersolution, and
/ can be found from the outer solution alone. The parameters ftand R(P), on the
other hand, require the inner solution to second-order, which the simplified procedure
outlined above does not give correctly. The term of order
in ( 6 . 1 4 ) is given for
completeness, but it is clear that it could not provide the next term in the asymptotic
series even for / , for which the inner solution would be needed to second-order.
7.

E xam ples

The preceding general formulation has shown that any problem can be solved,
for which the functions g \(z \ ^i(z) and ^s(z) can be constructed. Clearly, ^i(z)
and ^g(z) can be expressed as sums of terms with the desired singularities and linear
elastic solutions which cancel the unwanted tractions on the boundary, so that
solutions can be found for any configuration for which a linear elastic analysis is
feasible. Some particular geometries which present no difiiculty are discussed below.
7 .1

The cracked strip

As a first example, we consider an infinite strip of width 6, weakened by an edge
crack of depth û, and subjected to the uniform remote longitudinal shearing stress t ,
as shown inset in Fig. 3 . An exact solution was given by R i c e ( 1 9 6 6 ) , so that this
problem provides a test of the present asymptotic method. The ‘outer’ problems
IS
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Exact
06

0 5

0 -3 -

n«1 (small scale yielding)

0 2
-

-

0 *1.

Fio. 3, Plots of the one-, two-, and three-term expansions for the extent R(0) of the plastic zone,
obtained from equation (6.8) for the edge-cracked strip. The exact variation of R(0), computed
from R ic e ’s (1966) solution, is also shown.

for the functions
^3( 2) are easily solved by the method of images, in
which the cracked strip is embedded in an infinite medium, containing a periodic
array of cracks of length 2a and period 26. The function g\(z) is known (R ice,
1968) to be
'7ifl(z+
- Mn

—

(■

l)\

, 2

j - sin

—

(7.1)

and ^i(z), ^s(z) follow similarly as

-

[“(s)] [s““(?)]

•

217

Nonlinear fracture mechanics—T
-t

Performing small argument expansions to obtain the constants y^j defined in (3.4)
now gives
. /n a \ \na . fn a \'\~ ^

(7.4)

This, in effect, completes the solution; in particular, the constants St follow by sub
stitution of (7.4) into (6.6), and the series expansions (6.7), ( 6.8) and (6.9) of the
fracture parameters 6^, R(0) and J are then determined.
In the limiting case of a small crack in a wide strip, so that bja -* g o ,the functions
g \z) simplify to the form
g'liz) = (z + l)[(z + 1)^ - 1] ■
'I
g’^(z) = 2*(z + l)[(z + l ) ^ - l ] - i y
(7.5)
s;,(z) = 2*(z + l)[(z + l ) ^ - l ] - *
and the expressions (6.7), (6.8) and (6.9) reduce to
Sf

[e^+ie'*’+ie^+0(e®)],

R{0) = a[e^+|8'^+|e®+0(e®)],
J —

nak^

2G

(7.6)

[8"+is^ + is^ + 0(8«)].

The exact solution to this limiting problem was given by H ult and M cC lintock
(1957), and R ice (1966) showed that
St = - ^ |^-(l+e^)£i(e^)— ij,
(7 .7 )
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where
and E 2 are the complete elliptic integrals of the first and second kinds,
respectively. Equations (7.6j^ 2) are precisely the small argument expansions of (7.7),
providing a check on the analysis.
The series expansions of
i?(0) and J are readily determined for finite values
of the ratio b[a, and Fig. 3 shows plots of the expansions, to one, two and three terms,
of the quantity i?(0), when bja = 5/3. R ic e (1966) expressed R(0) for this problem
in terms of incomplete elliptic integrals, whose arguments were related to a parameter
proportional to the maximum stress on the face opposite to the crack. For any
chosen value of bja, this stress satisfied an implicit equation and could be found by
interpolation. This rather involved sequence of operations has been followed for
bja = 5/3, and in Fig. 3 are also plotted the exact variation of R(0) with the loading
parameter 8 obtained thereby. Good agreement between the three-term expansion
and the exact solution is obtained for values of e up to 0*3, that is, for stresses t up
to 75 % of that corresponding to limit load (e = 0*4) at which unrestricted plastic
flow will occur. The three-term expansion thus has a significantly wider range of
validity than the small-scale yielding approximation, which is represented by the
leading term in our expansion. Figure 4 shows plots of /, obtained from (6.9), versus
the ratio a/6, for a range of values of e. The curves, naturally, must stop when

6—Q —>

-b-

£- 0-6
£-05

•20-

E-OB
£ -0 4

£0*9

05

0 *2

0 -4

ÇL

0 6

06

10

b
Fig. 4. Plots of the path-independent integral J versuscrack length, for a variety of loads applied
to the edge-cracked strip.
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ajb = 1—6, since this corresponds to the attainment of the limit load, and they provide
reliable estimates of J only as far as ajb = 1—4e/3, say, so that the applied load
does not exceed 75 % of limit load. If the attainment of à critical value of J is taken
as a criterion for fracture, the curves provide the critical values of crack length a
for a range of values of applied stress. The corresponding exact estimates of J could
be extracted from the solution of R ic e (1966) only with some difficulty and have not
been obtained.

7.2 Cracking from a notch
The possibility of a crack extending from a notch arises in many situations.
There is available at present just one elastic-plastic solution, found by E d m u n d s
and W il l is (1976), for a crack sited at a V-notch in a strip of finite width. This
solution generalized R ic e ’ s (1966) work, who considered the stresses around a
V-notch without a crack, including as a limiting case the edge-cracked strip, discussed
in Section 7.1. The extra parameter defining the notch/crack geometry introduced
into E d m u n d s and W il l is ’ s (1976) solution o, significant complication over that
present in R ic e ’ s (1966) work, and extension of the procedure to allow for other
shapes of notch is hardly feasible, even in the limit of a wide strip.
X » Remot« Applied
Longitudinal Shear

y

/ / / /
a

A rbitrary
Notch

(b)

Singularity

Fio. 5. (a) The general notch/crack geometry, (b) The O-plane onto which the specimen is mapped.
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The present asymptotic method is well suited to this class of problems and will
now be used to study a crack sited at an arbitrary notch in a uniformly loaded, semi
infinite plane. The only requirement is to find the outer solution, and this follows
immediately if a conformai mapping = fi(z) of the specimen onto the upper half
of the complex Q-plane can be found. The z-plane of the specimen and the Q-plane
are shown in Fig. 5. For large values of |z|, the mapping becomes, asymptotically,
Q(z)

iz,

|z|

00,

(7.8)

while close to the crack tip (z = 0) it will have the general form
fi(z) ~ i(ÀiZ^ + À2 Z^ + X3 Z^. ..),

z -►0,

(7.9)

the values of the constants depending, of course, on the geometry of the specimen.
It follows immediately from (7.8) and (7.9) that
gi(z) = -iCi(z),

02

(2 ) = -2 i2 i[n (z )]"S

gz{z) - jU ^ [n (z )]-\

(7.10)

The constants in the small argument expansions of these functions are now readily
expressed, using (7.9), in terms of the Aji
711=1^1»
723 “

7i2 =

3A3/A 1—3 2 |/2 i,

7 i3 —

Ï2 2 - •I2M 1.

732 ” —Â2/A 1,

733 =

X ,IX ,-

2X

V

llX l!

The constants Si that appear in the expressions (6.7), (6.8) and (6.9) for
and J simplify correspondingly; the results are
St =

22^^+(yyAiA^+

+

■'

R(0)

0(fi®)],

R(0) = u[yAîe^+^AiA2e^+(yJAiA2+xJAîA3)e®-l-0(fi®)],

J=

•

(7.12)

nak
[yAfe^ +-jAjA2fi^ f (iyAiAg + - A ‘AjA3)e®+0(8®)].
2G

A simple example of some practical interest, which is not obviously amenable
to any other treatment, is that of a crack of length a, sited at the root of a semi
circular notch of radius ra. The conformai mapping is

- (iTTn) ] '
for which the values of the coefficients Aj are
A,. [ 2 ( r + D - ^ ]

^

,

r
(r+l)*+3r*
1
‘ L 4 (r+ l)’ - 4 r * ( r + l) J ’
- _ [it!
ISA.

(7.14)

A.r“
( r + l) * —r * (r + l)

Taking r = 0 in (7.14) yields values of A^ which, when substituted into (7.12), repro
duce the expressions (7.6) for Sf, R(0) and J, Also, the limiting values of the A^ as
r -► 00 yield expressions for Sf, R(fi) and J which agree with those found for an edge
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crack in a half-plane, subjected to the remote stress 2t, corresponding to the stress
concentration at the root of the notch.
The effect of the nonlinearity is displayed in Fig, 6,* by plotting / , as calculated
from (7.12), versus crack length a, for a notch of radius r©, which is held fixed. The
loading parameter e is varied with a so as to maintain the same nominal valiie of
K iij at the crack tip; the value chosen was, in fact, K jn — 0*8Æ(7rro)^, corresponding

to
06"

06

02-

10

20

30

4 -0

50

60

70

to

Fig.6. Plot of the path-independent integral J versuscrack length 6, when the crack is sited at the
root of a semi-circular notch of radius ro. The loading is adjusted so that J would remain constant
in the small-scale yielding approximation. The dashed curve gives the corresponding /-value for
an “equivalent” edge crack.

to a small-scale yielding estimate for J of 0'32nrok^lG. When the crack is long, the
plastic zone is small in comparison with a and J tends towards its small-scale yielding
estimate, but for shorter cracks (a ^ Tq), linear fracture mechanics seriously under
estimates /. An alternative approximate method of finding/is to study an ‘equivalent’
edge crack, of depth a* in a half-plane, where a* is chosen so that the linear elastic
Km value is the same for the equivalent crack as for the actual crack. The solution
for the edge crack is then taken from Section 7.1, and / , in particular, follows from
(7.63). There is no guarantee a priori that this procedure provides a good estimate
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of J at load levels beyond the range of validity of linear elastic fracture mechanics,
but calculations of Edmunds and W illis (1976) showed that it provided reasonable
estimates of i?(0) for V-notches. The dashed curve in Fig. 6 shows the ‘equivalent
crack’ estimate of J for the semi-circular notch. It follows the continuous curve
quite closely, though there is a clear discrepancy for a/rg ^ i ; the value n/ro = i
is, in fact, an approximate limit for the validity of our expansions, since the corres
ponding value of s represents 72-9 % of limit load.
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A ppendix

Solution of a Linear Elastic Problem for a Crack of Length a+Ty

The discussion of the ‘plastic-zone correction’ in Section 6 requires the solution
of a linear elastic problem for a crack of length n+r-. There is some advantage,
J
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for the present purpose, in expressing the solution in terms of the functions gi{z),
^ 3(z) defined in Section 3, and this is readily achieved by applying the method
of matched expansions to a crack which extends in the z-plane to the point z —
where
= ry/a, rather than to z = 0. By the reasoning of Section 3, when z is a
finite distance from the crack tip, the small additional length of crack can be modelled
by a singularity of the form (3.2). Thus, when z = 0(1),
e[ôri(z)+(ai£i + a 2eî)flfi(z)+a 3£Îâf3(z)],

g'(z)

(A .l)

for some values of the constants a^, ocj, 0C3. It should be noted that the present
solution is a linear elastic one and so is proportional to the loading parameter £.
The small parameter that may vary is
which defines the location of the crack.
The expansion (A.1) breaks down near the point z =
but, for z = £i(l-fZ(),
where the ‘inner’ variable z^ is of order unity,
g'{z) ~ eeï^{zr^(Pi-\-eip2+elp3) + zt(eip4.-\-elPs)+zMP6}>

(A.2)

which has the desired singular behaviour at Zj = 0, or z = £i.
The constants and
are now found by matching. First, to obtain the inner
limit of the outer expansion, z is re-written in terms of z^ in (A.1), which is then
expanded up to terms of order gf. The result, when re-written in terms of z, is
^^0(2)

[y 11 + (fîiai + £?a2)v22 + £1733]z “ ^ +

+ [ElO(l4-E^(%2+£Î«3y32]z"^ + Gl«3Z"^ + yi3Z^+[yi2+£l«iy23]^'

(A.3)

Dually, the outer limit of the inner expansion is obtained by writing Z| in terms of
z in (A.2) and expanding; this gives
£ ^^i(z) ^ [^i+£i^ 2+ £i^ 3~ i(£iP 4+ £iW + -|fii^ 6]z ^+
+ [i(£if1 + £if2)— i£ifJ z

^+t£i^iZ ^ +

+^6Z^ + (^4.+£i ^5~ t £i W z^- (A.4)
It follows now, by identifying (A.3) and (A.4), that
Pi = yiu
^2 = -Kyi2+yn y 22)»
1
J^3 =-K3yi3+2yny23+yi2y22+2yiiy22+3yiiy33)> >
^4 = y i 2 »
^5 = = y y i 3+ T y i i y 23>
—
J

(A.5)

«1 = iy ii,

(A.6)

«2 = Kyi2+2yiiy22),

« 3 = iy ii.

The stress concentration factor K for this problem is proportional to the actual
singularity in g'{z) at z = g^. It follows from the inner expansion (A.2) that
K - (27ra)M)?i + gij52+£Î^3+0(fiî)),

which appears explicitly in the text as (6.14).

(A.7)
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FRACTURE MECHANICS—II. LO N G ITU D IN A L SHEAR
OF A N ELASTIC W O RK-HARDENING PLASTIC SPECIMEN
By T. M .

E

d m unds

and J. R. W illis

School of Mathematics, University of Bath,
Claverton Down, Bath BA2 7AY, England

{Received18/A December 1975)
Su m m a r y
Earlier analysis given by T. M. Edmunds and J. R. Willis (1976) is extended to deal with cracks
in elastic work-hardening plastic specimens subjected to longitudinal shear loads. Solutions are
expressed in terms of a set of parameters that are determined from linear elastic solutions alone.
It is proved, for any specimen geometry and any loading symmetric about the plane of the crack,
that a *plastic-zone correction*, obtained by solving a linear elastic problem for a crack which is a
length rylonger than the actual crack, provides a two-term asymptotic expansion for the /-integral,
if ryis defined suitably in terms of the linear elastic stress concentration factor and the initial slope
of the work-hardening curve. The general method is applied in detail to a strip of finite width
containing an edge crack, for which the effect of the work-hardening on the maximum extent of the
plastic zone and on the /-integral is summarized graphically.

1.

I

n t r o d u c t io n

and W i l l i s (1976)f have developed a method of analysis of elastic-plastic
crack problems, based upon matched asymptotic expansions. The method was
presented in the context of longitudinal shear loading of an elastic perfectly-plastic
specimen, for which explicit solutions were easy to generate, and quantities such as
maximum dimension of plastic zone, crack tip displacement and the /-integral were
expressed as power series in a loading parameter, whose coefficients were obtained
from linear elastic solutions alone. Comparison with an exact solution suggested
that three terms in the series gave satisfactory results for loads up to 75 % of limit
load. In the present paper, the method is extended to deal with longitudinal shear
of an elastic work-hardening plastic specimen. No exact solution is available, but
R i c e (1967) found the first five terms of a power series solution, for a uniformly loaded
edge-cracked half-plane. The method of matched expansions reproduces his series,
and shows how to generate such series for specimens of any geometry. As in (I),
three terms are given explicitly for arbitrary specimen geometry in terms of parameters
that are defined from elastic solutions alone.
As in R i c e ’ s (1967) work, a ‘deformation theory’ of plasticity is employed, which
it is hoped will generate solutions which approximate reasonably the corresponding
‘incremental theory’ solutions. Specifically, for the longitudinal shear deformation
E

dm un d s

t In the sequel, this reference is designated (I).
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F ig . 1. The specimen geometry and loading.

envisaged, referring to the geometry shown in Fig. 1, the only non-zero component
of displacement is «3(^1, X2 ) and the only non-zero components of stress are Cis, 0^23.
The initial yield stress is k so that, in the elastic region,

(1.1)
and
O’/s — Gr(5M3/dX|),

i — 1, 2.

( 1.2)

To describe behaviour in the plastic region, it is convenient to define
T, = (7(3 and

—du^jdXi.

(1.3)

These are then related by
Ti = (Vi/vWv),

(1.4)

where t = (tÎ-I- tI)^ is some given nonlinear function of y = (yj+yi)^* The problem
is to solve the equilibrium equation
dffi^ldxi +da2ildx2 = 0,

(1.5)

taken with the constitutive relations (1.2) and (1.4), with tractions prescribed on the
boundary of the specimen.
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It was shown in (I) that, in the elastic region, the displacement u^ixi, %%) could
be expressed in the form
ak
«3 = -Q
(g(z)}.
(1.6)
where a is the length of the crack (see Fig. 1),
z = (xi + ix2)/a

(1.7)

and g{z) is an analytic function whose real part takes prescribed values on the
boundary of the specimen. The conditions on g(z) that apply at the elastic-plastic
boundary are different from those given in (I), because a different model of plasticity
is assumed. However, in the ‘outer’ region away from the crack tip, the plasticity
is modelled by a singularity in g(z) at the crack tip, just as in (I), so that the form of
the outer expansion is unchanged. The inner expansion is found by studying the
crack tip region in detail and this, of course, depends upon the plastic constitutive
law. This is studied in Section 2 . R i c e ’ s ( 1 9 6 7 ) method is employed, but its appli
cation is simplified because the inner problem is for a semi-infinite crack in an
infinite body.
The inner and outer expansions are matched in Section 3, to complete the solution.
Fracture parameters, such as the maximum extent of the plastic zone, R(0), the crack
tip displacement ôj and the path independent /-integral are given in Section 4, to
parallel the development in (I). It is noted that a two-term asymptotic expansion
for J can be obtained by solving a linear elastic problem for a crack of length a + r,,
where the definition of the ‘plastic-zone correction’ r, depends upon the form of the
work-hardening law z(y); it reduces to the form given by I rw in and P aris (1971),
and justified in (I), in the perfectly-plastic limit.
An analysis of a strip of finite width containing an edge crack is given as an
example in Section 5. This was previously studied in (I) in the perfectly-plastic limit,
when it could be compared with R i c e ’ s ( 1 9 6 6 ) exact solution. The solution for a
work-hardening material is new. Graphs are plotted for the maximum extent R ( 0 )
of the plastic zone versus applied stress for a crack traversing 3/5ths of the specimen
width, for two power-law work-hardening materials, with exponents iV' = 0 - 1 and 0 3.
The variation of the /-integral with crack depth is also found, for a set of applied
loads and for N — 0 1 , 0 3. Both of these features were studied in the perfectlyplastic limit in (I). As expected, the greatest deviations from small-scale yielding
behaviour are found for the perfectly-plastic material. The small-scale yielding
approximation always underestimates R(j)) and /.
2.

T he Inner E xpansion

A loading parameter e is defined, as in (I), as the ratio of the maximum applied
boundary stress to the initial yield stress, k. It is known from the small-scale yielding
approximation that, if 6 1, then the dimension of the plastic zone is of order
where a is the length of the crack. This motivates a local study of the crack tip region
for values of the variable r, defined by (1.7), of order e^. Formally, the ‘inner’
variable
Zi = z/e^

(2.1)
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r.

(b)
Fio. 2. (a) The crack tip region, and (b) the C-plane into which it is mapped. (Corresponding points
in (a) and (b) are given the same label.)

may be introduced, so that |zj| = 0(1). On the scale of Zj, the plastic zone appears
finite and the crack appears semi-infinite, as shown in Fig. 2(a). To make contact
with both (I) and Rice ’s (1967) work, we define yo to be the magnitude of the shear
strain at the onset of plastic behaviour, so that
Vo “

(2.2)

and then set
C = (ï2->Vl)/j’0-

(2.3)

The complex variable C defined by (2.3) is identical with (x2 —h i)lk in the elastic
region, as in (I), but not in the plastic region. The region of the z-plane occupied
by the specimen may now be mapped onto the right half of the (-plane, as shown
in Fig. 2(b). Assuming that the material work-hardens, so that z(y) is an increasing
function, the strain singularity at the crack tip will ensure that the plastic region
maps onto the whole of the half-plane outside |(| = 1. The boundary of the specimen
maps onto some shape within a distance of order e of the origin, but an inner expansion
will be obtained by modelling its effect by a singularity at the origin. In the elastic
region, the stress-strain relations (1.2) imply that
C — #'(z),

(2.4)
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SO that the elastic region of the z-plane maps conformally onto the unit semi-circle

in the C-plane.
Following the procedure of (I) in the elastic region, the mapping inverse to (2,4)
is introduced as
2 = /'( 0 ,
(2.5)
and the effect of the specimen boundary is modelled by allowing /'(O to have a
singularity at C — 0, so that
Z =/'(0 =
. .X '® + n O .

(2.6)

where F '(0 is regular in the unit semi-circle. Plainly, (2.6) cannot describe the state
of stress in the ‘outer’ region, where C = 0(s), but it gives an adequate representation
in the ‘inner’ region, where C = 0(1) and z =* 0(e^).
The function F '(0 is determined from conditions at the elastic-plastic interface
ICI = 1, and so depends upon the solution in the plastic region, |CI > 1. This has
been analysed by Rice (1967), who showed that the co-ordinates and displacement
in the plastic region could be described in terms of a potential function ^(vi, Jz)
by the relations
Xi =
Ï = 1,2,
(2,7)
« 3(^ 1»^2) =

const

(2.8)

Relative to polar coordinates (y, ÿ) in (y^, y2)-space, defined so that
7 2 -iy i

(2.9)

he showed that ^(y, ÿ) satisfied

tW

yt'(y) dy^

y ôy

y d<j>"

(2.10)

Since, on the crack faces, Xz = 0 and
= 0, the constitutive law (1.4) implies
y2 = 0, so that = ± i7 z . Therefore, when (j) = ± i n ,
^

= 0.

(2.11)

Solutions of (2.10), with (2.11), can now be developed by themethodof separation
of variables ; thus,
^ = E ^kfkiy) sin [(2k - l)ÿ ],

(2.12)

jt=i

where yj^(y) satisfies
^ / ; ( y ) + ^ A ' ( 7 ) - ^ y ^ A ( y ) = o.

(2.13)

w ith the conditions

fk(yo) — 1)

f k i ^ ^ — 0.

(2.14)
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Equation (2.14J is a normalization and (2.14J is to ensure that y is singular at the
crack tip. It follows from (2.7) and (2.12) that, on the elastic-plastic boundary,
y = yo
and
00
Z - —

.

- E M 2 fc -i+ y o /*'(y o )]« ‘'“ - ‘ >*+[2fe-i-yoA '()’o)]

(2.15)

fc=i

while from (2,6), with { =
z = - (B y + B y + B a s ^ ..) e“^‘>-3(B4e^+B5£^ ,.)
-5(B 6e^..)e'® ^^+ fV ^).

(2.16)

The coefficients
and the functions F ’(0 are now determined by expressing F '(0
as a power series in C and equating coefficients in (2,15) and (2.16). This gives, to
order e®.
2yoa

Di =

(Bie2+B28^+B3e")+0(8®),

l-7 o /i(7o )
(B48‘^+ B 58®) + 0(fi®),

(2.17)

3 - 70/2(70)

5 - 70/3(70)
Dt = 0(8^‘), fcs4.

To allow comparison of the elastic part of the inner expansion with results in (I),
it is convenient to introduce parameters
which are related to the by
^ i = —P i u

= — (f12- ^ 22),

B4 = -ifo,

B 3 = - ( P 13— ^23+ 2^ 33)»!

B g = - ( i f 23-^33),

= - jf33.

oiR'k

/

The solution (2.6) for the elastic part of the inner region then becomes
^ = fll(C

^ + Ci)e^ + [^22C

^ + ( ^ 1 2 “ ^ 2 2 ) ( C ^ + (^1) + f 2 2 Q C ^ ] 6 ^ +

+ [^33^ ^+(^23“ 3^33)C ^+(P i 3—^23+2^33)(C ^+ Q ) +
+ (f23-3f33)Q C ' + f33C 3ry+0(8«), (2.19)
where the constants C* as introduced by R ice (1967)) are
Cft = [2k— 1 + 7o/*(7o)]/[2k - 1 — 7o/* (7o)3*

(2.20)

Equation (2.19) constitutes a generalization of (I, equation (4.5)). It can be inverted
iteratively to give
+ {i[^ l(^ i/^ u )] ^[^2(^i/All)P “
-i[/fi(z# n )]-^ ff3 (z,# ii)}8 ^ + 0 (G "),

(2.21)

where z^ is defined by (2.1). Equation (2.21) is just (I, equation (4.6)), except that
now
H i(x) = x -C i,
H six)

= —P l l { p 2 2 ( ^ ~ ^ l Ÿ + ( P l 2 ~ p 2 2 ) x + ^ 2 p 2 2 i ^ ~ ^ i )
= -P h^H 2 (x){2 P 2 2 (x-C ^)-\-P iz-P 2 2 -C 2 P 2 2 {x-C ,y^}~ P l l {Pz3 ( - ^ ~ + (^23 ~3/?33)(x — Ci)^ + (^13 — ^23 + 2^33)^ +
+(^23 “ 3^ 33)02^1 i(x — Cl) ‘+ C^Pz^ix— Ci)^}.^

} (2 .
22)
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As indicated in the Introduction, the outer solution has the same form as in (I)
so that, from (I, equation (3.3)),
C =

g '(z )

=

^ i ( z ) e +^i(2)(aifi^+a2fi^)+B3(z)a3fi ®+0(e^)»

( 31 )

where g i (z) b solves the linear elastic crack problem, while gz(z) has zero real part on
the boundary and behaves like —2z“^ as z
0 and gz(z) has zero real part on the
boundary and behaves like —
as z -►0. The inner limit (z = 0(e^)) of the
outer solution will be required in the matching process; this will be determined by
the constants yu appearing in the small argument expansions of the functions g[(z):
g'i(z) ^ yiiz"^+yi2Z^+yi32^, ..,1
g z {z )^ Z * + y 2 2 2 ^ + 7 2 3 2 ^ - ?

g'ziz^'^z

* + 7322

(3.2)

* + 7 3 3 2 " * . . . .J

Thus, repeating (I, equation (5.1)), when z = e^z^, the three-term inner expansion
of (3.1) becomes
? o ~ (7 iiz r* + “iz r* + « 3 z r *)+
_
+ (7l2Z? + “l722Zi * + “ 2Z r* + “3732Z| *)«^+
+ (y13zf + “17232? + «2722Zr* + “3733Zr*>'* +0(e*).

(33)

where the subscript ‘o’ has been attached to C to emphasize that (3.3) is the inner
expansion of the outer expansion and is nowhere asymptotic to J itself. Dually,
the three-term outer expansion of the three-term inner expansion (2.21) is formed
by setting Zg = z/e^ and expanding in e; after lengthy algebra,
C

i

[ ( 2 / ^ 11)

* + ( 2/^1 i ) * ( f 22 / ^ f 11) + ( 2/^1 i ) * ( f 33/ ^ f 11 " 5 ^ 22 / 8 ^ 11) ] +

+ [ iC i( z /f ii) - * + (z /fii)^ * (2 fi2 -2 f2 2 -W 2 2 )/4 A l+ (2 /fll)* X
X (1 2 ^ 2 2 “ 1 2 ^ 1 2P 22 + 1 5 C i^ 2 2 + 8 ^ 1 ip23 ~~ 2 4 ^ 1 1P 33 ~ * 2 C i ^ i 1^ 33) / !

+

+ L i C K z I p , 1 ) - * + ( z i p , J - * ( 12C i f i 2- 12C i j ? 2 2 - c \ p z z ) m i 1 +
+ ( 2 / ^ 1 1 ) * { — (P 2 2 IP 1
+ i ) + 1 2 ^ 2 2 / 8 ^ 1 i ) ( C i + 2 ) — P lz l^ P i 1 +
+0»33/16j?u)(3C? + 12Ci + 16)-(i523/4i?n)(Ci+2)+j?i3/2^iJK+O (e® ).(3.4)

The asymptotic matching principle of V a n D y k e ( 1 9 6 4 ) now asserts that ( 3 . 3 ) and
( 3 . 4 ) agree (with z = ZfS^). Equating powers of e and z in ( 3 . 3 ) and ( 3 . 4 ) gives
P ii — 7ii>
^12 =y 2 2 V ii^ i+ 7 i2 7ii(2 + Ci),
Pl3 = T ^ îy 2 2 7 Îl+ (^ ^ î + 3Ci)yi27227Îl “ 4^1722732711 +
+ Î^ Î7 3 3 7 Î i + ( f ^ î + 3 C i + 2 )y i3 7 Îi+ (|^ C f+ 3 C i + 5 )y i2 7 ii +
(3.5)
+
(
C 1)7237i 1»
^22=2yi27ii>

P23
P33

=

Ciy237Îi + 6 7 i 3 7 Î i ( l + T ^ i ) + 7 Î 2 7 i i ( 3 C i + 15)+3Ci7i27227Îi.

—

2y i 37i i + 5yi27ii,
—

t

^ i7 ii »

^2 — 4 ^ i 7 2 2 7 i 1 + ' | ' ^ i 7 1 2 7 i 1 “" ■ 8 ^ i7 3 2 7 i1 » y

^3 — I'^ i7 ii*
16

(3 .6 )
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Ail the coefficients appearing in the inner and outer solutions are now determined,
in terms of the constants
which are defined from linear elastic solutions for the
specimen. It may be remarked that R ice (1967) found the solution of equation (2.13),
with the conditions (2.14) for any function r(y), when k —
He gave

so that

and the constant
is thereby determined. For the limiting case of a perfectlyplastic material, t(m) = k, and/i(yo) = 0. Thus, in this case,
= 1 and (3.5) and
(3.6) become identical with (I, equations (5.3) and (5.4)).
4.

P r o p e r tie s o f t h e So l u t io n

Completion of the solution only requires evaluation of the functions ^(y) defined
by (2.13) and (2.14), and corresponding evaluation of the constants
(k = 1, 2, 3).
Equation (3.7) gives a solution for/i(y) for general x(y), but similar general solutions
are not available forother values of k. There is, however, a case of some practical
importancefor which(2.13) and (2.14) are soluble, namelywhen thematerial workhardens according to the power-law
i:(y) = Ky/yo)^ y^ro-

(4.1)

The differential equation (2,13) is then homogeneous and the solution compatible
with (2.14) is
AW = (y/vo)'^
(4.2)
where
(4.3)
(Rice, 1967). Then, from (4.2) and (2.20),

Q = ( 2 k - l- f i,) l { 2 k - l+ f i, ) .

(4.4)

Some particular aspects of the solution will now be considered. Expressions will
be given for a general work-hardening law x(y) but, so that they will apply directly
to a power-law work-hardening material, we define
fik = -yo /fc(yo X

(4 .5 )

which agrees with (4.3) when /^(y) has the form (4.2). The constants Q are then
always given by (4.4).
First, the coordinates of the elastic-plastic boundary are obtained from (2.19),
with C =
and the constants Pu given by (3.5). The angle ÿ in the (-plane is not
simply related to the polar angle 9 measured from the crack tip, but, as Figs. 2(a), (b)
show, 0 = 0 when <j> = 0 and 9 = n when ÿ = ^n. The small-scale yielding limit
is found by retaining only the terms of order
In this case, the elastic-plastic
boundary is described by
z = y ii(e " " '^ + C i)e " ,

(4.6)
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which represents a circle, of radius ayhe^, with centre aC,y\,E^ ahead of the crack
tip. The corresponding three-term expansion is not given, but it agrees with (I,
equation (6.5)) in the perfectly-plastic limit. As (4.6) already shows, the plastic
zone actually extends a small distance behind the crack tip if the material workhardens.
Except in the case of perfect plasticity, the strain singularity at the crack tip is
less severe than r~^ and there is no displacement discontinuity at thecrack tip.
It is stillpossible, however, to define a crack tip displacement ôt asthe relative
separation of points where the elastic-plastic boundary meets the crack faces. Using
this definition, with (2.8), we obtain
= W3(yo, W-W3(yo, - W

= 2 E (-1)^B&(1 +//&).
jfc=i

(4.7)

Substituting for the constants Z)*, using (2.17), (2.18) and (3.5), gives
S, = Z y o a ^ y h ^ +

+ y i2 y !i)-4 yi2 y ii

+ [zCi(^y§2y®,+AM'l2722yîl — 4722732711+iy33yil+i?13yil +
+ 47i27ii + 27237ii)— 2Ci y

(7237ii+37i37ii+37i27ii +

( 2 7 1 3 7 Î 1 + 5y Î 27Î i ) ] « ® + 0 ( 8 « ) | ,

+ 37i 27227u ) + 2

( 4. 8)

which reduces, in the perfectly-plastic limit (;z* = 0, Q = 1) to the result (I, equation
(6.7)).
In (I), the /-integral was calculated from the solution in the plastic region, in
terms of the function R(d) that defined the elastic-plastic boundary. In the present
work, however, it is simpler to evaluate / from the solution in the elastic region,
by taking the contour of integration F to be a circle of radius p centred on the crack
tip. It follows from elementary manipulation that

f

e"}pd e .

( 4. 9)

In .the outer region, ( is given by (3.1), and it may be noted that the right side of (3.1)
gives a solution of the elastic equations even when z is small. Therefore, even though
(3.1) is then not applicable, / can nevertheless be evaluated, using (4.9) and the
asymptotic form (3.3) of ( ,by allowing p to tend to zero. It follows that only the
term of order
in
will contribute to /. This is easily calculated, and the result
‘jrnJc^
J =

[yîie^+Ci(y227Îi+yi2yîi)fi'^+

+cî(4y22yîi+'V'yi2y22yîi” 4y22y32yîi+ïy33yîi+iyi3yîi+
+ T y i 2 y i i + T y 23y i i ) f i ^ + o ( f i ® ) ]

(4.io)

follows, upon substituting for the constants from (3.6). Again, in the perfectlyplastic limit, Cl = 1 and (4.10) agrees with (I, equation (6.9)).
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The term of order ^ in (4.10) is the usual linear fracture mechanics estimate,
associated with the stress intensity factor Km = (27ra)*yuke, and the succeeding
terms provide corrections which account for the plastic behaviour near the crack tip.
A ‘plastic-zone correction’ r, will now be developed, as in (I), by considering the
linear solution for the specimen, with the prescribed loads unchanged, but with the
crack replaced by one of length a + fy Then, if
(4.11)

e, = r ja ,

the crack extends to z = Ci in the z-plane and it was shown in (I, Appendix) that
the elastic stress intensity factor K for the longer crack is given by

K~

(2 )ra X (fc 8 ){y „ + ^ 6 i(v ,2 + y iiy 2 2 )+ 0 (8 Î)}.

(4.12)

This yields the estimate
{yu«^+8^eiyii(7i2+722)+0(eM)}The approximation (4.13) agrees with (4.10), to order

if

r, = aCiyhe^ = C,Kml2nk^,

(4.13)
so that
(4.14)

When fy is given by (4 .1 0 ), the crack of length a+Vy extends precisely to the centre
of the ‘small-scale yielding’ estimate of the plastic zone, given by (4 .6 ). It was
observed by R ic e (1967) that the field just outside the plastic zone had the asymptotic
9\z)r^ i2n )~ ^ K (z-ryla )~ \

(4.15)

but the value of K in (4.15) is now identified with the stress intensity factor found
from a linear elastic analysis of the longer crack. For a power-law work-hardening
material, p, = Wand the parameter C, takes the simple form
C i= (l-W )/(1 + W ).
5.

(4.16)

E x a m p l e : T h e C r a c k e d St r ip

A strip of width b, weakened by an edge crack of depth a, and loaded by the
uniform remote longitudinal shear stress T2 = ek was considered in (I) as an example
which could be compared with R ic e ’s (1966) exact solution. A corresponding solution
for a work-hardening material is now developed. It is new, except in the limiting
case 6 00, when it should agree with R ic e ’s (1967) solution. The solution follows
from the results of Sections 3 and 4, once the constants
have been determined
from the functions g \{z\ ^i(z), g'z{z). These were found in (I) by the method of
images; the functions g\{z) are given in (I, equations (7.1) to p.3)), and the con
stants yij by (I, equation (7.4)). They will not be repeated here, but it will be noted
that, in the limit b ja-* oo, the constants
reduce to
711 =

y22“ 1/4,

7i 2 = 3>/2/8,
y i 3 = -5.y2/64,
1
y23 = -9/32,
y^2= -1/4,
ys3 = “ 5/32.J

With these values of the y^, the maximum extent R(0) of the plastic zone is found
to be
R(0) =

u {-K1 +

^ i)®^ + [K1 + C i) + ^ C i(1 + C i)]8^+

+ [ 1^1 + C3) + -^ C i(l + C2) + iC l( l + C i)] 8®+ 0(8®)}. (5.2)
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This can also be recovered from R ice’s (1967) solution and so provides a check
on the present analysis.
Analytical expressions for a finite strip are lengthy and will not be given. It is,
however, straightforward to substitute the values of
given by (I, equations (7.4))

Rfp)

0 -3

Three Term
Expansion
N -0 3

0 2

Small Scale
Yielding

R(0)
a

0*1

0*1

02

0 -3

0 -4

r
Fio. 3. The variation of R(0) with applied load, for the specimen shown inset and two values of
the work-hardening exponent N.

into our general expressions given in Sections 3 and 4. Figure 3 shows plots of the
extent of yielding R(0) versus the remote stress, for the case bfa = 5/3, which was
considered in the perfectly-plastic limit in (I). Results for two power-law workhardening materials are given, for which 7/ = 01 and N — 0*3. The small-scale
yielding estimates are shown by dashed curves, for comparison with the continuous
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curves, found from the three-term expansion. Results for the lightly work-hardening
material {N = 0*1) are similar to those shown in Fig. 3 of (I) for a perfectly-plastic
material. The curves are continued up to e = 0*4, which corresponds to limit load
for a perfectly-plastic specimen. Comparison with an exact solution in (I) showed
that they may be unreliable for values of s beyond 0 3, however. Finally, Fig. 4
shows plots of J versus the ratio ajb, for a set of values of e and work-hardening

•20

E-02

02

04

06

08

b
Fig. 4. The variation of J with crack depth a,for the specimen shown inset, subjected to remotely
applied stresses ke. The continuous curves are for N = 01 and the broken curves are for N = 0 3.

exponents = 0*1,0*3. As in (I), the curves are expected to be reliable for values of
afb up to l-4 e /3 , corresponding to 75% of the perfectly-plastic limit load. The
more strongly work-hardening material displays values of J which are lower than
those for*the
work-hardening material by up to about 12%, but remain higher
than the corresponding small-scale yielding estimates (which are independent of
N )i by about 11 % when ajb = 1-4e/3.
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A BSTR AC T
An exact linear elastic-perfectly plastic solution is given for a problem of a strip of finite width, which contains
a crack sited at the apex o f a sharp notch. The strip is subjected to uniform anti-plane loading far from the
notch. The solution is obtained by an extension of a conformai mapping procedure employed by J. R. Rice
and is expressed in terms of definite integrals. Particular quantities that are of interest in relation to fracture
criteria, namely the J-integral and the maximum length o f the plastic zone, are presented graphically for a 45°
notch, for a variety of crack lengths and all possible applied loads. The results indicate that the stress ahead
of the crack is approximated well by the stress ahead o f an appropriately chosen “equivalent” crack in an
un-notched strip, even when the crack is much smaller than the notch depth and the loads are high enough
to induce extensive yielding.

1. Introduction
In the design of a complex structure that may be subjected to high stresses, it is
necessary to provide a margin of safety that will guarantee its integrity, even when
certain flaws are present. For this, the existence of cracks in critical locations is postulated
and an analysis of the stresses around them is required. Such stress analyses are
difficult and time-consuming to perform and a common expedient is to estimate the stresses
near a crack tip by reference to standard solutions, modified by “correction factors”. Well
known examples include the relation
K = U 3 (T (n d y

(1.1)

for the stress intensity factor of an edge crack of depth d, in a plate subjected to a
tension a, which exceeds by the factor 1.13 the corresponding result for a crack of length
2d in the interior of a plate, and the plastic zone size correction of replacing the crack length
d by df-Vy, where
r, = ( l K ) - \ K l a , y

(1.2)

and Gy denotes tensile yield stress (Irwin and Paris [1]). The use of “correction factors”
is imposed, naturally, by the lack of an exact solution for the crack geometry of interest.
This probably implies that several “correction factors” will be applied in combination
and the question of the accuracy of the resulting expression then presents itself.
These considerations motivate the search for exact solutions to crack problems with
several interacting geometrical features, and the present work is devoted to the study of one
such problem. We consider an infinite strip containing a V-notch, at whose apex is sited a
crack, as shown in Fig. 1. Mode III (antiplane) loading is applied and the material is
taken as elastic-perfectly plastic. The problem is thus a generalization of the one considered
by Rice [2], who discussed the V-notched strip without a crack. Its solution displays the
effects of the notch, the free back face of the specimen and, because the solution is exact
Int. Journ. o f Fracture, 12 (1976)419-434
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within the context of an elastic-perfectly plastic material also admits large scale yielding
behaviour. The drawback is, of course, that mode III loading is very much less common
than loading in mode I or mode II (plane strain). While its relative simplicity allows the
development of a complete solution, it also ensures, for instance, that the free surface effect
embodied in the factor 1.13 in (1.1) disappears. Thus, it cannot be used to guarantee the
validity of approximate procedures for modes I and II, though it does provide a complete
solution whosemain features shouldbe reproducible by any proposed approximate method.
Results are presented for a specimen containing a 45° notch whose depth is one fifth of
the specimen width. A variety of crack depths are considered, at all levels of loading up
to limit load. The path independent J-integral and the maximum extent of the plastic
zone are plotted against load, for various lengths of crack. As in the solution of Rice
[2], significant deviations from small-scale yielding behaviour are observed at high levels
of stress, so that estimates of critical crack length based on linear elastic fracture mechanics
need not always be conservative. The new feature of the present solution is the possible
influence of the notch. An “equivalent” crack, of depth d* in an un-notched strip, is defined
so that the stress field around its tip agrees with the actual field in the limit of small scale
yielding, and the maximum extent of the plastic zone size ahead of the “equivalent”
crack is compared with that ahead of the actual crack, for a range of applied loads.
Agreement is good for long cracks, for which the notch acts as little more than an
addition to the crack length but, somewhat surprisingly, quite good agreement is also
obtained, even at high stress, when the length of the actual crack is only ^ of the notch
depth. Thus, it would appear that the “equivalent crack” concept provides auseful method of
allowance for the notch, though the solution of the “equivalent crack” problem that remains
would probably, in a practical context, require further “correction factors” whose use might
still require justification by comparison with known solutions.
2. Formulation
The geometry of the specimen to be considered is shown in Fig. 1. A strip of width w
and infinite height is weakened by a V-notch of depth h and angle 2a, at whose apex is
sited a crack of depth d. The specimen is subjected to the longitudinal shearing stress t at
infinity. Cartesian coordinates (x^, X2) are chosen so that the origin is at the crack tip.
The boundaries of the strip are then Xi= - d —h, Xi = w - d - h and the apex of the notch
has coordinates ( —J, 0). The longitudinal shear stress t induces a displacement u^=
«3(xi, X2 ) in a direction perpendicular to the(x^,X2) plane andall stress components
except (Ti3, g22 are zero. The specimen is assumed to beisotropic andelastic-perfectly
plastic, with shear modulus G and satisfying either the Tresca or Mises yield condition
erf34-0-23= with the associated flow rule. In the elastic region, the equilibrium equation
and stress-strain relations imply that is a harmonic function of (x^, X2) and so can be
expressed in the form
u^ = d(k/G)lm{g(z)},

(2.1)

where
z = {xi+iX2)/d

(2.2)

and g{z) is an analytic function. If a complex stress variable ( is now defined as
c = ^+ i 1/ = ((723- i

3)A

(2.3)

the stress-strain relations can be expressed in the form
C= 9'{z).
Int. Journ. o f Fracture, 12 (1976)419-434
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Applied Longitudinal Shear

Elastic Plastic
Boundary

Figure 1. The specimen geometry.

A plastic region will radiate from the crack tip and, as shown by Huit and McClintock
[3], in this region,
(2.5)

^30 ~ k, (^3r — 0 »

V3S= r'\SUildS) = fcG" ‘

(e)/r], yj, = Suj/Sr = 0 ,

(2.6)

relative to polar coordinates (r, 0), where r=R{9) defines the elastic-plastic boundary.
Following Huit and McClintock [3], McClintock [4], and Rice [2], the stresses in the
elastic region will be found by noting that (2.4) defines a conformai mapping of the
elastic region onto a region in the stress plane, shown in Fig. 2. Corresponding points
in the physical plane and the stress plane are given the same label in Figs. 1 and 2. The
Int. Journ. o f Fracture, 12 (1976)419-434
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n-- ^

AL

Figure 2. The stress plane. Corresponding points in Figs. 1 and 2 are given the same label.

yield stress is not exceeded in the elastic region and |(| = 1 on the elastic-plastic boundary.
On the sides AB, HI, LKJ of the specimen, (7i3=0 and so these map onto the slit
BALKJIH in the (-plane. Its extremity K is not known at the moment; it corresponds
to the stress at the point K in the physical plane. The points A, L, I, J all have
coordinates (= i/k , >/=0, corresponding to the given stress at infinity. The notch sides BC,
GH map similarly onto the slits BYC, GY H, inclined at angles (tc—a), a to the i/-axis.
The stresses at B, C, G and H are known to be zero but the extremities Y, Y' of the slits
correspond to the maximum stresses on the notch faces and are not known at the
moment.
Boundary conditions are readily developed for the inverse of the mapping (2.4), which is
most conveniently expressed in the form
z=/'(0-

(2.7)

If

(2.8)
Int. Journ. o f Fracture, 1 2 (1976)419-434
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it follows from (2.7), as detailed by Rice [2], that
(j)(^,r}) = 0
on the crack faces CD, FG andthe elastic plastic boundary DBF,
= —( on the notch faces BC, GH,
=
on the left-hand specimen faceAB, HI,
= 0C—(f-\-0)x/k on the right-hand specimen face LKJ,
(2.9)
where
I3= {d+h)/d,

(2.10)

d = (w -d -h )ld

are dimensionless geometric parameters.
3. Solution by conformai mapping
The boundary value problem for ÿ((, rj), defined by (2.9), will now be solved by con
formally mapping the slit semi-circle in the (-plane onto a semi-circle without slits. This
is effected by noting first that a Schwartz-Christoffel transformation (=i/^((2), defined by
dil//dn=

,

(3.1)

with b, c and x real and b ^ < x ^ < c ^ < 1, would map the right half of the slit (-plane onto
the upper half of the fî-plane, so long sls \l/{±b)=il/{±c)=0. The elastic-plastic boundary
would map onto some complicated curve, but the above now motivates defining

where i/r(£3) is given by (3.1) and
(3.3.)

=

Clearly, from the definition of ÿ (l/0), |(| = 1 when |fJ| = 1. Also, from (3.1), il/{Q) tends to
-iO as O tends to infinity and when Q is real and |0| > 1, ((0 ) is imaginary. Hence,
Oÿ(l/fJ) tends to i as Q tends to zero and, when Q is real and |0| < 1, ((Ü) has the same
argument as ij/{Q) and so maps the slit semi-circle in the (-plane onto the unslit semi
circle in the 0-plane, shown in Fig. 3 so long as x is chosen appropriately. The origin,
0 = 0 maps onto the point K in the (-plane and so
((C) = i/r(0) = o k /k ,

(3.4)

where
is the stress at the point K in the physical plane.
It may be noted that
d( _ ir{Q) _
do 0 if(l/ 0 )

i^(o)
Q^[il/{1/ Q ) f

I ' /

which is singular when Q = ± b and 0 = ± c , with the same behaviour as ij/fQ), since
ij/(b)=\l/{c)=0. d(/dO is zero at 0=0, corresponding to the point K in the (-plane, and
also at points Q = ± y , corresponding to the points Y, Y' in the (-plane. It should be
noted that y is distinct from x, so that 0 = x is not a branch point of the mapping (3.2)
even though it is a branch point of the original Schwartz-Christoffel transformation.
The condition il/(±b)=0, together with (3.4), leads to the relation
Int. Journ. o f Fracture, 12 (1976) 419-434
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(TKibk =

.

(3.6)

The condition il/(±c)=0, together with ^(±h)=0, implies that the integral of dijz/dQ
from h to c is zero. This involves integrals which reduce by elementary manipulation to
beta functions and it then follows that
(3.7)

{x/by = [(7r-2a)/7r](c/h)^ + 2a/7i.

Equations (3.6) and (3.7) thus determine b and x in terms of (c/b) and 0%.

la

J

V
Figure 3. The i2-plane, into which the stress plane is mapped.

The point Q =/ which maps onto the point L in the (-plane or the point ioo in the
z-plane will be required later; it is determined by the relation
(3.8)

C (/) = t/ / c

since t is the stress at z=ioo.
The boundary value problem now reduces to finding a function
(3.9)

f(fi)=/(C(Q))

which has real part zero when |^2| = 1, and which has real part (f>i{Q) on the real axis,
where (j)i_{Q) has the same value as 0((, rj) when Q and ( are related by the mapping and
trace out FGHIJKLABC. The function F(Q) is given immediately as
1
CO— Q

+

1
CO— 1/Q

dco ;

(3.10)

it has real part
when Q is real and |f2|<c, F{Ü) is imaginary when |i2f=l,
since then Q=l!Q, and F(Q) is imaginary also when Q is real and c< |0| < 1.
Formally, now, the solution is complete, except that the value
of the stress at K
and the points 7, 7', which define the maximum stress on the notch faces are unknown.
However, from (2.7)
Int. Journ. o f Fracture, 12 (1976) 4 1 9 ^ 3 4
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(3.11)

z = f'{0 = F'(Ü )/^

and d(/d(2 is zero when 0 = 0 and Q = ± y . Therefore, since 0 = 0 corresponds to the
point K, and Q = ± y to the points Y, Y', which are finite, the additional conditions
that fix
Y and Y' are
F(0) = 0, F{y) = 0,

(3.12)

the condition F{ —y)=0 then being satisfied automatically.
The remaining task now is to evaluate z, from (3.11) with 0i(m) generated from (2.9).
It may be noted first that </>i(co) is an even function of co, and that, on the interval
(0, c) it takes values as follows:
(/>i(m) = (5( —(j5+5)i/k,
0<(o<l
= —j8(,
l<co<b
= —( = —isinae“’“( b<co<c

' (3.13)

where (=((m ) is evaluated from the mapping (3.2). It is convenient first to integrate
(3.10) by parts to give, upon using the even property of (j)i{co),

Now
d(
dm

(3.15)

where d/ds denotes differentiation with respect to arc length along the straight line
segments in the (-plane. It is easy to show that
(m) = ^(d(/dm),
0 < m< /
= -j8(d(/dm),
l<œ <b
= —i sin ae“’“(d(/dco), h< m < c .

(3.16)

Differentiating (3.14) and substituting into (3.11), using the form (3.16) of ÿi(m) gives

isinae-‘“| ‘ H(12,(u)dco|

(3.17)

where

and (= ((0 ). The requirements (3.12), that ensure that the points K, Y and Y' in the
(-plane are finite, reduce to
^J'o^(0, œ)dœ-MtH{0, m)dm-i sin ae-‘“K ^(0, co)dco = 0

(3.19)

(5JoH(y, co)dco-P^i H{y, m)dm-i sin ae“‘“Jbiî(y, œ)dœ = 0.

(3.20)

and

Equations (3.19) and (3.20) are, in fact, real equations for ô and jS, since the H(0, m) and
Int. Journ. o f Fracture, 12 (1976) 419-434
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H {y, œ) are real for 0 < m< 6 and have arguments (x-nj! foi b< œ < y and a+n/l for
y <co<c.
Solutions may now be generated by first choosing c/b and
and using (3.6) and
(3.7) to determine b and x, whence y follows as the zero of d(/df2. Then, if I is
chosen, (3.8) gives the corresponding value of z and finally, Eqns. (3.19) and (3.20) give the
geometric parameters Ô and p. In practice, the values of t, Ô and jS will be prescribed
and c/b, and I will then be deduced by interpolation. Equation (3.17) defines the point
z in the physical plane at which the stress is (= ((0 ).
The elastic-plastic boundary is particularly easy to generate since it is known
immediately that |(| = 1 implies |0| = 1. A detailed example will be given later, but first
attention will be directed towards some limiting cases which involve fewer parameters.

4. Limiting forms
4.1. Small scale yielding

Small scale yielding applies when z/k^l and the plasticity is confined to a small
neighbourhood of the crack tip. Stresses are correspon&ngly small, both at K and on the
notch faces, so that the slits with extremities K, Y and Y' in Fig. 2 are small and
0 < b < x < c 4 l . Away from the origin in the 0-plane, therefore d\j//dQ ~ - i and ^ - iO,
while 0 ÿ (l/0 )~ i. Hence, the mapping (3.2) reduces to
(4.1)

C (0 )= -i0 ,
except near 0=0, and the solution (3.10) reduces to

(4.2)
so that
1

(4.3)

This has the form of the small scale yielding solution derived originally by Huit and
McClintock [3], for a semi-infinite crack in an infinite body, subject to the loading
C^KJ(2ndzy

(4.4)

as z-^oo. Equation (4.3) is not, of course, strictly valid as ( (or 0) tends to zero but
comparison of (4.3) and (4.4) for small ( shows that the stress concentration factor
is given by
(4.5)
Close to the origin in the 0-plane, the relation 0 ÿ (l/0 )~ i still applies so that the
mapping(3.2) reduces to the Schwartz-Christoffel transformation ( = il/(Q), no modification
being required to deal with the elastic-plastic boundary. This simplifies the solution
near 0 = 0 to the extent that d(/dO becomes di^/dO, and y=x. The constants in the
mapping have still to be fixed but the representation of the solution away from the
elastic plastic boundary is reduced to that for a perfectly elastic body, so that iCj, as given
by (4.5), is indeed the elastic stress concentration factor.
Int. Journ. o f Fracture, 12 (1976)419-434
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4.2. Wide specimen

If the strip is wide in comparison to the crack length and notch depth, the stress
(jfr at K is close to t and the point K coincides with A, L, I, J in the (-plane.
The solution of Sect. 3 simplifies somewhat because now is known a priori and w, and
hence ô, tends to infinity.
The stress at is t and so, from (3.4) and (3.8), /=0 and (3.13) simplifies to
</>i(m)=-jS(,
0<o)<b
= —( = —i sin ae“‘*(, h < o )< c .

(4.6)

The first of (3.12), and correspondingly (3.19), is discarded, since K is at infinity in the
z-plane, and (3.20) reduces to
pjoH{y, m)dm-|-i sin ae"'“ ilH{y, ofjdœ = 0,

(4.7)

which, together with (3.6) and (3.7) with (Tg=T, define the parameters in the mapping,
4.3. A small crack

In the limit d^O, so that there is no crack, the problem reduces to the one discussed by
Rice [2] and so, if d/h 1, the general features of the stress field are as derived by Rice,
except for the fine detail near the crack tip. There is, however, a special case which may
be of some interest in the discussion of fatigue crack growth from a notch, in which the
applied stress is low, so that z/k<^ 1, as well as d/h^l. This is a kind of “small scale
yielding” situation in which, plainly, the crack would appear to be sited at the apex of an
infinite notch, the stress for large |z| being given by the formula
(4.8)
where A is the linear elastic stress concentration factor associated with the notch. This
problem can be analyzed directly by the method of sects. 2, 3 or alternatively by taking
the appropriate limit of the solution of Sect. 3. First, since z/k is small,
is small and the
point K in the (-plane is close to the origin. Correspondingly, b and / are small, though
X, y and c remain finite. As in the case of small scale yielding, thesolution is best
extracted from the representation (3.10) which gives, when Ü is not close to the origin.

■Q

oj —

d£0.

(4 .9 )

Also, when Q is not close to the origin,
dijz/dQ'^

(4.10)

this relation defining the Schwartz-Christoffel transformation of the slit semi-circle in
(-space in the case when the slit with extremity K is absent.
Now suppose Q is small, but not so small as to invalidate (4.9) and (4.10). Then,
from (4.10),
- [in { -c ^ f^ '^ ~ ^ { - x ^ ) Q ^ ~ ^ ^ '']/{ n - 2 ( x )

(4.11)
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and, since j/r ~ i(2 when Q is large, Q\j/{1/Q)~ i when Q is small, so that ( ~
\I/{Q) is given by (4.11). Consequently, when Q is small.

where

(4.12)
and, since
(4.13)
1 rb
f'iO - 0i(û))dQ>X~2’'/(»'-2«) (n-2a) cC
'Tt J -b

-(27c-2a)/(ir-2a)

(4.14)

Hence, inverting the relation z = /'((),
^=nc~^/(n —2a)

”“^(f -1^ i (m) dm)^"”

“ ^*^(tuz) “

(4.15)

which has the form of (4.8), as expected. The parameters b,c,x in the mapping are
determined as in sect. 3.
It may be noted that the parameters I and b are absent from (4.10), and appear in (4.9)
only through the integral of ÿi(co) over { —b, b). If the stress concentration factor A were
known, therefore, the values of I, b and </>i(m) on {-b, b) would not be needed and;
since b is small, (4.9) would become, asymptotically
1

F{Q) = iB

(Û— Q

+

-vJ dco

CO—

(4.16)

where
B = Ac

71— 2a

(27t-2a)/(7t-2a)

^2nl(,n-2a)

(4.17)

71

and now
(^i((u)=- ( = -isin ae ‘®(,

—c<co<c,

(4.18)

from the last of (3.13). The parameters c and x are determined from Eqns. (3.7) and
(3.20), which can be shown to reduce to
{x/cY = {n-2(x)/7i

and
2co{ \ A co^)

d(

'o(ü)^-}'^)((ü^/-l)dm

+ nB = 0.

(4.19)

4.4. Solution at limit load

At the limit load, the plastic zone traverses the whole specimen and unlimited plastic flow
can occur. Thus, as the limit load is approached, the point £ towards the point K
in the z-plane and, dually, the point K tends towards the point E in the plane. Now at K,
the boundary conditions (2.9) show that cj) =
—{P + b)z]/k, which tends to 0 - [ p + à)z/k
as the limit load is approached, when
tends to the yield stress k. But, at the point
E, cf)—0 and so, to avoid a singularity in the boundary value problem for cj), the
limiting stress t is given by
Tlk = ô/{p+ô)

(4.20)

The condition (4.20) is, reassuringly, also the condition for overall equilibrium of the
specimen.
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(a)

(b)

La
Figure 4. (a) The quadrant of the stress plane relevant to the solution at limit load; (b) The corresponding
Semi-circle in the 0-plane.

The limiting form of our solution as t approaches the value given by (4.20) could, with
some effort, be deduced from the general solution of sect. 3 but it is simpler to proceed
directly. When the points K and E coincide in the (-plane, symmetry permits study of the
boundary value problem for the quadrant in the (-plane, shown in Fig. 4(a). Applying
the same method as in sect. 3, this quadrant is now mapped onto the unslit semi-circle
shown in Fig. 4(b), by defining ÿ(0) by
diA/dQ=

\l/{c) = ilj{-b) = 0

(4.21)

and then taking
(4.22)
This maps the points B, C in the (-plane onto the points Q = —b, Q=c respectively,
and |0| = 1 implies |(| = 1. Also
is purely imaginary when Q is real and
|0| < 1, so that the boundary KABYCD maps onto the real axis with |(2| < 1 in the
(2-plane. The conditions ÿ(c)=i^(—h)=0 imply that
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(4.23)

j ‘= .j,Q{Q-cf'^-\Q + b)-^/^-^dQ = 0

which can be expressed in terms of beta functions to yield
b = [ ( n - 2a)/2a] c .

(4.24) .

The point Q = - I , corresponding to (=T/k or z->ioo, is determined from the relation
C{-l) = zlk = ô/(p+ (5),

(4.25)

and the point 0=y, which corresponds to the point Y in the (-plane, defines the zero
of d(/d(2:
m ) = 0.

(4.26)

Solution of the boundary value problemfor F (fi)= /(((0 )) follows as in sect. 3 and
produces, finally,
z = l/7ri[(d(/d(3)-i]{^j:} H(Q, w)dœ-fi Jl? H{Q, œ)dœ-i sin «e"^ Ji,
where

>

(4.27)
(4-28)

=

analogously to (3.17) and (3.18). The remaining unknown parameter c is now fixed by
requiring that the point Y is finite in either the (- or the z-plane, so that, since
(d(/d(2) vanishes when 0=y,
H{y,co)d(o~P^

if(y, m)d(u-isinae"*“j

H(y, œ)dœ = 0.

(4.29)

5. Results and discussion
Numerical results have been obtained for a specimen containing a 45° notch (a=7c/S),
whose depth h is 0.2 of the width w of the specimen. In fact, the width w was taken as
10 units, so that h was 2 units, and then a variety of crack depths d, from 0.1 unit up to
4 units, have been studied, using the general solution developed in sect. 3. Particular
attention has been paid to finding the elastic-plastic boundary r=R(6) for the two
reasons that it is relatively easy to generate and because it is particularly relevant to the
discussion of fracture criteria. In the limit of small scale yielding, all of the properties of
the plastic zone are determined from the elastic stress concentration factor
introduced
in (4.4) and fracture is bound therefore to be determined by the attainment of a critical
value for
For large scale yielding, however, a variety of fracture criteria may be
postulated. Three quantities which have received particular attention are R{0), the maxi
mum extent of the elastic-plastic boundary, the crack opening displacement Wq, which can
be expressed in the form
yvo= {k/G)i’'lli2R{9)de,

(5.1)

by integrating the first of (2.6) around the elastic-plastic boundary, and Rice’s pathindependent integral J, which the Appendix shows can he given in the forrn
J = (P/G)J’L'î,jR(0)cos0de.
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Figure 5. Plots of the path independent integral J against applied stress x for various depths d of crack sited
at the root of a 45° V-notch. The dashed lines give the corresponding “small scale yielding” estimates.

Rice [2] considered particularly the values attained by R(0) and Wq but, in view of the
present prominence of J, promoted by the work of Begley and Landes [5], for instance,
attention here is devoted to J. Values of R(0) are also given because they are so easy to
obtain. Figures 5 and 6 show respectively plots of J and R(0), for a variety of crack
depths d, against the applied stress t. These were obtained, as detailed in sect. 3, by first
choosing Oj^, the stress at the point K, and then adjusting the ratio cjh by an iterative
procedure to give the desired value of f, or crack depth d. The applied stress t then
followed from (3.8), and was varied by varying Values of R(0) and J were then obtained
from the elastic-plastic boundary r=R(0), which was generated from the mapping
(3.17), with |(3| = 1.
In the limit of small scale yielding, all of R(0), Wq and J become proportional to
{x/ky and the corresponding estimates of J and R(0) can be obtained as the parabolic
curves, shown dashed in Figs. 5 and 6, to which the actual curves asymptote as x / k tends
to zero. The figures show clearly that both J and R{0) are seriously underestimated by
Int. Journ. o f Fracture, 12 (1976) 419-434
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Figure 6. Plots of the maximum plastic zone dimension R{0) against applied stress t. The dashed lines give
the corresponding “small scale yielding” estimates of R{0). The crosses give a set of values of R*{0), the
maximum dimension of the plastic zone ahead of the “equivalent” cracks in un-notched specimens.

the small scale yielding approximation at higher values of the applied stress and hence
that if, in fact, fracture extends when a critical value of J or R{0) is attained, then this
would occur at a lower level of applied stress than linear elastic fracture mechanics would
predict. Rice [2] showed similarly that the application of linear elastic fracture mechanics
to tough materials may not be conservative in such situations, when judged against
critical plastic zone size and crack opening displacement as possible fracture criteria.
All of the above remarks could, of course, have been made on the basis of Rice’s [2]
solution alone. The new feature of the present work is that the importance or otherwise
Int. Journ. o f Fracture, 12 (1976) 419-434
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of a notch can be assessed. The remarks that follow apply strictly only to the solution
for monotonically increasing loading that has been obtained but it is hoped that they may
also demonstrate trends that may be significant when a small crack extends from a notch by
fatigue. It is clear first that, when a crack is extremely small, it essentially experiences the
field that would be present at the tip of the notch, as discussed in sect. 4.3. If, however,
the crack length d is much greater than the notch depth h, the shape of the notch is
irrelevant, the effective length of the crack is d A h and the solution of Rice [2] correctly
describes the situation at the crack tip. We have performed some calculations to test the
applicability of the notion of an effective crack length. First, for sufficiently small
values of r/k, a situation of small scale yielding prevails at the crack tip, which is
characterized by a single parameter. This may be taken as the length d* of an
“equivalent” crack in an un-notched bar that would have the same crack tip field. The
“equivalent” crack of length d* corresponding to the actual crack of length d is depicted
in an insert on Fig. 6, and values of d* are tabulated for a range of values of d, for the
45° notch of depth 2, in Table 1. At higher levels of stress, however, there is no
TABLE 1
Values o f equivalent crack length d* fo r the crack lengths d employed in Fig. 6.
d
d*

0.1
1.69

1.0
2.90

2.0
3.97

4.0
5.98

guarantee that the field around the actual crack tip will resemble that around its notional
equivalent. Comparisons have been made, for a range of crack lengths d and all possible
levels of applied stress, of the quantity R(0), the maximum extent of the plastic zone, by
calculating the corresponding R*(0), the maximum extent of the plastic zone ahead of the
“equivalent” crack of length d*, from the solution of Rice [2]. The crosses in Fig. 6
denote the values of R*(0) that were calculated at the indicated levels of stress, ahead of
equivalent cracks of length d*, corresponding to the actual cracks for which R(0) has been
plotted. The calculations show that R*(0) agrees well with R(0) for cracks of length 1 or
greater, and that agreement is tolerable (much better than the estimate obtained by
extrapolating the small scale yielding curve), even for the very small crack of length 0.1,
which is dominated by the notch. It may be concluded, therefore, that the “equivalent
crack” concept should provide quite realistic estimates of the stress field around a crack
emanating from a notch, even when high stresses are envisaged. It is not implied that the
“equivalent crack” problems are easy to solve but that, in problems involving cracking
from a notch, the complexity may at least be reduced by considering the “equivalent”
crack, for which either an exact or (more probably) an approximate method of solution
may be available.
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Appendix: an expression for J
For a non-linearly elastic material with energy density W, the J-integral is defined by
Rice [6] as
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(Al)

J = Sp{Wdx2-T'{du/dxi)ds),

where F is any path enclosing the crack tip and T is the traction vector on the element
ds of r. For plastic materials, there is no uniquely defined W but approximate definitions
of J, and their possible use in fracture criteria, have been discussed by Broberg [7] and
Begley and Landes [5], It is possible, however, to define a strictly path-independent
integral J for the anti-plane deformation considered in the present work because the stress
ijij is coaxial with the strain throughout the deformation and the elastic-plastic material
behaves precisely like a non-linearly elastic material with energy density
W=Ge,je,j,

(A2)

e,je,j ^P/ 2G\

W=k{{2e,je,j)i-k/2G},

eije>j^k^l2G\

Then, for the deformation given by (2.5) and (2.6) in the plastic region,
(A3)

W = {kyG){R{e)/r-^).

Also, if the normal to F makes an angle ÿ with the Xj-axis, elementary tensor trans
formations show that

I —

The expression for J that results from substituting (A3) and (A4) into (A l) can be simplified
readily if T is taken as the circle r=2a cos d. Then, ^=26, ds=2add and it follows that
J = {kyG)!^llj2R{9) cos Ode,

,

(A5)

independently of a.
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RÉSU M É
On fournit une solution exacte en système d’élasticité linéaire et de plasticité parfaite au problème d'un feuillard
de largeur finie comportant une fissure localisée à la racine d’une entaille aigüe. Le feuillard est soumis à une
sollicitation uniforme antiplanaire appliquée à grande distance de l'entaille. La solution résulte d’une extension
d’une procédure de représentation conforme utilisée par J. R. Rice et exprimée sous forme d’intégrales définies.
Les quantités intéressantes à faire intervenir dans les critères de rupture, à savoir l’intégrale J et la longueur
maximum de la zone plastique, sont présentées sous forme graphique dans le cas d’une entaille à 45°, d’un
échelonnement de longueurs de fissure, et de toutes les configurations de charges possibles.
Les résultats montrent que la contrainte en avant de la fissure peut être donnée avec une bonne approximation
par la contrainte qui se trouverait en avant d’une fissure “équivalente” dans un feuillard sans entaille, même
lorsque la fissure réelle est bien plus petite que la profondeur de l’entaille, et que les charges sont suffisamment
élevées pour entraîner un écoulement plastique significatif.
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AN ELASTIC-PLASTIC ANALYSIS OF AN
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TO l o n g i t u d i n a l s h e a r
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Abstract—Some recent elastic-plastic analyses of cracked specimens subjected to symmetric mode III
loading are extended to include asymmetric loading and geometry. Solutions are given for arbitrary work
hardening behaviour in any specimen that is amenable to a linear elastic analysis. It is shown that asymmetry
has a major influence on the shape of the plastic zone, but does not affect the /-integral unil the loading is well
into the large scale yielding range. In particular the “plastic zone corrected” estimate of /, obtained by
elastically solving a problem for a crack longer than the actual one, is shown to remain a valid two-term
asymptotic expansion in the presence of asymmetry. The general results are applied to a crack at an angle to a
uniform stress field in a power law hardening material. The growth of the plastic zone is displayed graphically
for various hardening exponents and crack orientations. No other asymmetric solution is available, but values
of J are compared with those obtained from a fully plastic analysis in the symmetric case.

1. IN T R O D U C T IO N

Two recent papers have applied the method of matched asymptotic expansions to elastic-plastic
crack problems. Edmunds and Willis [1] generated solutions applicable to the longitudinal shear
loading of an elastic-perfectly plastic symmetric specimen. This analysis was extended by
Edmunds and Willis [2] to allow arbitrary work-hardening behaviour. The current paper further
extends the analysis to include problems in which the loading and geometry are not symmetric
about the crack plane. The previous results are special cases of those given here.
The method involves finding two expansions that are asymptotic to the required solution.
Both are power series expansions in a monotonically increasing loading parameter but they have
different regions of validity. The first, developed in Section 2, is valid in an “outer” region away
from the crack tip and the second, developed in Section 3, in an “inner” region near the tip.
Unknown constants that appear in each expansion are determined in Section 4 by an application
of Van Dyke’s[3] “asymptotic matching principle”. The discussion of the solution. Section 5,
concentrates on its application to fracture mechanics; it being shown how asymptotic
expressions for parameters such as the extent of yielding or the /-integral can be found from
elastic solutions alone. To lowest order these expressions are the well known small scale yielding
results, the range of validity of which are extended by the higher order terms. These general
expressions are applied in Section 6 to the particular problem of a crack at an angle to a uniform
stress field in a power law hardening material. The growth of the plastic zone with the loading
parameter is displayed graphically for various crack orientations and levels of hardening. For the
particular orientation of the crack parallel to the plane of maximum applied shear the results are
compared with a fully plastic analysis. The dependence of various estimates of J on the applied
shear is displayed for two levels of hardening.
The formulation of the governing equations is identical to that given in [2], and also in Rice [4],
and so will only be summarised here. For the longitudinal shear deformation of the specimen
shown in Fig. 1 the only non-zero component of displacement is Ui(Xi,X2), and hence the only
non-zero stresses are (r,3 and 0-23. In this case the general constitutive relation is

-

(" )

where r(y) is a given function relating the principal shear stress t = (ah +
to the principal
shear strain y = (r ?3+ rL)'^^ If the material is elastic-plastic the function 7(7) satisfies

jç
T{y) = — y
839

for 7 ^ 70

(1.2)

840

T. M. Edmunds
A p p lie d

L o n g itu d in a l

S h e a rs

E l a s t ic

P la s t ic

B o u n d a ry

Fig. 1. The specimen geometry and loading.

where k and yoare the initial yield stress and strain respectively. It will be seen that (1.1) defines a
“deformation” theory of plasticity which, it is hoped, is a reasonable approximation to an
“incremental” theory when the loading is monotonie. Apart from the constitutive law ( 1.1), the
solution must satisfy the equilibrium condition
dcr 13 I d(r23 _ q

dXi

dX2

(1.3)

and be compatible with the prescribed boundary tractions.
In the elastic region, (1.2) and (1.3) can be satisfied by requiring C/, to be a harmonic function
of jci, JC2. This can be conveniently expressed as

Uj{x,,X2)= ayolm (g(z)}

(1.4)

where a is the crack length, as in Fig. 1, and g{z) is an analytic function of
Xi + ix2

(1.5)

In addition to this complex position variable it is convenient to define a complex strain variable
by
y i j- i y ij

(1.6)

Jo

Application of the Cauchy-Riemann equations then shows that
f = g'(z),

(1.7)

z = / ' ( 0 , say.

(1.8)

which can be inverted to

In the strain plane, Fig. 2, the traction free crack faces map onto the 723 = 0 axis, the
elastic-plastic boundary onto a semi-circle of radius 70 and the outer boundary of the specimen
onto a, possibly complex, curve surrounding the origin.

%
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Fig. 2. The map of the specimen onto the strain plane.

2.

THE O U TER E X P A N S IO N

As in [1] and [2] the outer expansion is found by formulating and solving a boundary value
problem for g(z). The real part of g(z) on the specimen boundary follows from the prescribed
tractions and, as before, the yielded zone is modelled by a crack tip singularity. The difference
between this solution and that given in [ 1] and [2] is that the symmetry condition
U j i X u X 2) = - ï / a U i , - X 2)

(2 .1)

is no longer applicable. This means that the singularity can include negative integral powers of z,
as well as the negative half integral powers previously used. A sufficiently general form is thus

g(z)~ -i(a]€^ + « 26^+ 0(6^))log (-z) - 2(a 3€^ + «46^+ 0(e^))z
- / ( a 5e’ + 0(e^))z“‘ - f ( a 6e^ + 0(e^))z“^'^+ 0(e^)z“^ as z ->0

(2 .2)

where the a,-are, as yet, undetermined and the loading parameter e is defined as the ratio of the
maximum applied boundary stress to the yield stress, k.
Modelling the yielded zone by (2.2) leads to a boundary value problem for g{z) which can be
solved and differentiated to give the three term outer asymptotic expansion. This has the form
Ï=

g'(z)=

gi(z)e + (g2 (z)(a,e^ + « 2 ^’)+ gKz)(a3f ^+ a^e^) 4- ig4 {z)as€^+ g5 {z)ae€^+ O(e^)

(2.3)
where:
g'i(z)e is the linear elastic solution of the problem
g 2(2 )

has a unit z “' stress singularity

g 3(2 )

has a unit z “^'^ stress singularity

gi(z)

has a unit z"^ stress singularity

gs(z)

has a unit z “^'^ stress singularity,
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and ig'iiz), g'siz), igÂiz) and gs(z) are solutions giving zero boundary tractions.
As the inner limit of (2.3) will be used in the subsequent matching the small argument
expansions of g'(z) are introduced as
g 'i ( z ) =

+ iy n +

+ i y u Z + y,sZ^^^....

gziz)= Z^'+ iy22 Z~^'^+ 723 + *7242
g3(z) =

2 ~^'H 7332 "’^''+ /734

g4(z) = Z“^+ «7442

+

7252........

7352 "^........

745...

gs(z) = z^^'^ + yssZ^''^

fo rz ^ O .

(2.4)

It may be noted that, unlike the equivalent functions in [1] these g'i(z) are given uniquely by the
solutions of elastic problems.
3.

THE IN N E R E X P A N S IO N

As in [2] the inner expansion is found by formulating and solving a boundary value problem
for the function f ( i ) , defined by (1.8). The elastic region is represented by the area within the
dashed semi-circle in Fig. 2, and the curve representing the specimen boundary lies within a
distance of order 70 e of the origin, since the boundary conditions imply ^ - 0 (c) there. The
function /'(^ ) is consequently taken as analytic within the semi-circle, except at the origin where
a singularity is admitted to model the specimen boundary strains. The functional form of this
singularity is found by noting that it cannot contain terms such as
or
since ^ is an odd
function of e, and that terms in
are incompatible with the plastic region solution given below.
These considerations, together with the boundary condition Im {/'(^)) = 0 when Re { i } = 0, lead to
the elastic region solution

z=f{0 = {^,€^+ P2€^+ l33e^)r"+ i(P4€^+ Pse^)r"+ il36€^+ P7€^)r"+iPB€T' + ^9€^r"
y

+ F ( ^ ) + 0(c^)

(3.1)

where the j8 , are, as yet, undetermined. As in [2] the function F'(^) is analytic in the unit
semi-circle and is determined from conditions on the elastic-plastic boundary.
The determination of F '( |) follows [2], and hence Rice [4], in that a potential function
1^( 713, 723) is introduced such that the plastic region co-ordinates and displacements are

x, =—

oyi3

/ = 1,2

(3.2)

and
UsiXi, X2) = yijXi - iff + const.

(3.3)

respectively. This formulation automatically satisfies compatibility and the equilibrium condition
becomes [4]
_ rh ^ a >

(34)

yT'(y)dy^ y By y^d4>^
where ( 7 , (f>) are polar co-ordinates given by
723- ( 7 1 3 =

7

^'*

(3.5)

and 7 ( 7 ) is the constitutive relation defined in (1.1). The crack surfaces, where JC2 = 0 and
correspond to
= ± ( 7r / 2 ) and hence, from (3.2),

^

oq)

= 0 when<f> = ± ^ .

L

723

= 0,

(3.6)
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Solutions of (3.4), subject to (3.6), are now developed by separation of variables to give

■A= É w . ( r ) sin(2A - I)'A + É D t f U y )cos 2A.Ak=I

k= l

(3.7)

It will be noted that, unlike the solution given in [2] and [4], cosine terms are included in (3.7).
Substituting (3.7) into (3.4) shows that fk{y) and f * ( y ) satisfy

- ^ f U y ) + - n ( y ) - ( 2 k - 1)^ J î A ( t ) = 0
yr (y)
y
y

(3,8)

and

- 4 A f t ' W + - /î'( r ) jT (y)
y

y

/Î(r ) = 0

(3.9)

respectively. The conditions
fkiyo) = ftiy o ) = I

and /l(o°) = / î ' ( “ ) =

0

(3.10)

are imposed on (3.8) and (3.9) to normalise the functions and ensure that the strain singularity lies
at the crack tip.
The co-ordinates of the elastic-plastic boundary are found by substituting (3.7) into (3.2) and
setting y = yoc'*. This gives

X, - ix, = ^
(2 A m
zyo \k=\

-1 + y,fA
’ y«)] e '® -“ + [2A - I - y./((y.)] e " '® -" * } ,

+ i 2 D Î{[2k + To/r(y«)]e'"‘* -[2 A - r o /î'( y o ) ] e - '“ '‘}).
k= ]

(3.11)

/

A second expression for these co-ordinates is obtained from (3.1) by performing a power series
expansion of F '{^ ) and setting ^ = e"^. The two expressions have coefficients of
equated and,
as in [2], the D ’s and F '( 0 are determined to a certain order in e. Substituting the result into (2.1)
gives
Z = (j 3 ir " +

C ,)6 " + i (/S 4 r ^ -

+ j8zC, + / 8 6 « ^ ) e "

+ u p s r ' + P s r ' - iSsCîi - HsC*2e)e^
+

+

183C,

+ PyC2e + ^9C3t)€^ + 0 (e l

(3.12)

with
,Ck = {2 k - 1 + yo/k(yo))/(2fc - 1 - yo/Uyo))

and
C t = (2k + yomyo))/(2k - yoffiyo)).

(3.13)

Equation (3.12) can be iteratively inverted to give the required expansion of i(z) that is valid in
the inner region. The resulting expression is lengthy and will not be given explicitly.
4.

M ATCHING

So far two expansions that are asymptotic to the unknown solution have been obtained. The
outer expansion (2.3), gives the first three terms of i(z) and is valid when z ~ 1 and the inner
expansion (3.12), gives the first five terms of z(^) when z ~ e ^ . These are matched by first
iteratively inverting (3.12) to give five terms of i(z) and then, as in [1] and [2], equating the
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AM-term outer expansion of the «-term inner expansion to the « -term inner expansion of the
m -term outer expansion. In this case m = 3 and n =5 and, after lengthy algebra, there results:
i8i = 7 m

jS4 = - 2 yi2r?i
iS6 = 2y,3yn-3y?2y?i

Ps= 4y i2y?i - 8yi2y 13711 “ 2y,4y n
^9= 2yi57 II + 5yÎ2711-

20y,37127^1 - 107 ,27i47 u + Sy^yîi

OC3= iCiJu
«1

=0

/32 = C i ( 7337 n + 71 3711 )
/8 s = - C i ( 2 7 i 2 7 3 3 7 n + 27 1271 371 1 +

2 y i 47 t i + 7 3 4 7 Î1 )

/8 ? = C i ( 7 3 5 7 n + 3 7 i 5 7 n - 37^2733711 - 3712713711 + 3713733711 + 3 y? 3 7 M -6 7 1 2 7 1 4 7 1 1

«6

-

3 7 ,2734711)

-t-iC/(77337Îi + Il7i37337n + 57n7n + 37557Î1+ 27357*1 + 37i57n).

(4.1)

= iCi^yii

ds- -C*ynyn
014= C*7 Î2 7 1 1 4- 8 ^ 1 ^ (6 7 3 3 7 1 1 + 5yi3711)
«2 = 0

183 = C t ( 2 7 ?27337ii + 2 7 ,27447n + 27Î2713711 + 27,2714711)

Equation (4.1) gives the previously undetermined singularity coefficients, the «, and /3„ in
terms of 7 ,,, C, and C f. The y,, are defined from linear elastic solutions for the specimen and C,
and CT are given, in principle, by solving (3.8) and (3.9) with the appropriate constitutive relation.
The values of «, and /3, thus found can be substituted into (2.3) and (3.12) to give asymptotic
solutions valid in the outer and inner regions. If the intermediate region were of interest a
uniformly valid composite expansion could be constructed by the methods discussed in [3 ].

5.

A PPL IC A T IO N S TO FRACTURE M ECHANICS

As noted in the introduction the discussion of the solution completed in Section 4 concentrates
on applications to fracture mechanics. In particular the solution may be characterised by the size
and shape of the yielded zone and the path independent energy integral /. The first of these is
included because the yielded zones display an interesting asymmetry and the second because of
recent interest, e.g. Begley and Landes [5], in / as a general yielding fracture criteria. General
expressions for these are developed and the case of a power law hardening material is considered
in detail, it being shown how the crack tip strain singularity is essentially unaltered by the
presence of asymmetry.
The co-ordinates of the elastic-plastic boundary are found from (3.12) with /S, given by (4.1)
and ^ = e"^. The resulting five term expansion is lengthy and so only the first three terms are given
here. Thus, to three terms,
z \e .p . =

711(e"^'*+ C,)€^+ 2/7127m(CT

- e""'*)6 ^

+ ((27,3711 - 37?27n) (e"'^“^+ C 2 6 ^'*) + C,(7337u + 7i37m) (e^^"^+ C,))E^ + 0(e^).

(5.1)

The maximum extent of this zone is found by equating the derivative of |z| with respect to ^ to
zero. The resulting value is
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(CT -1)=

+ ((2yi3')'Ti “ SyTiyiiXl + C2) +Ci(l + CiKyssyîi + Ti3yïi))l c^+0(e®)

(5.2)

which occurs when

<l>= - ^ Q C 1 + \ + C,C1 + 3C,)e + (Ke%

(5.3)

ZCi

The first terms of (5.1) and (5.2) are the well known small scale yielding solutions associated with
a stress intensity factor of ii^^iii = (27rfl)’'^7nke.
As in [2] the path independent energy integral / is calculated from the outer solution (2.3). The
expression used is

/ =

f'd zj,

(5.4)

given by Rice and Budiansky [6 ], and the contour F is taken as the circle

z=-^e".

(5.5)

a

'

Performing the substitutions is is found that only the z “‘ term of contributes to the integral and
hence J can be evaluated in terms of the % defined in (2.4). The result is
J = TTükyo y nc" + c , ( y 3 3 7 + ynyn)e*
+

(7yLyn + 1lyisTssyn + Sy^yti + 3 y 557 n + 2 y 357ti +

+ CT(27i27337ii +

27127447 u +

27?27i37n + 2y, 2734711)^

3 7 i5 7 n)

+ 0 (e®)j.

(5.6)

As before, the first term of (5.6),

J = ;ruk7 o7 i i f \

(5.7)

is the small yielding result and the second and third are systematic refinements that take account
of the yielding.
The above expressions can be used to investigate the effect of asymmetry on fracture criteria.
It can be seen immediately that the small scale yielding approximations depend only on y,,, and
hence are unaffected by asymmetry which involves the coefficients 712, 714, etc. (5.1) shows that
these asymmetric coefficients affect the elastic-plastic boundary co-ordinates by a term of order
but (5.2) shows that the effect on the maximum extent of yielding is of order
These
comparatively strong effects are in contrast with those for the J integral, (5.6), where asymmetry
has no influence until the term of order e*. It was shown in [2] that a “plastic zone correction”
obtained by solving a linear elastic problem for a crack of length + r,, r, being given by

a

fy = uCi7n6\

(5.8)

provides a two term asymptotic expansion for J. This result can be seen to remain valid in the
presence of asymmetry since neither r, nor the first two terms of (5.6) are affected. Finally, it may
be noted from (5.1) that the values of z \e .p . are not equal on the two crack faces, i.e. when
(f) = ±(ir/2). This means that the analogue of crack opening displacement used in [2], where the
relative displacement of the plastic zone ends was considered, ceases to be meaningful.
It is also of interest to compare the general expressions (5.1) and (5.6) with those obtained
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from a modified boundary layer approach. In this the problem is first solved elastically to find 7 ,,
and 7 ,2, and then a semi-infinite crack in an infinite body is considered. This is subjected to the
remote boundary condition
^ ^

7

,,z

'£ +

1 7 ,2 6

a s z -^ 0 0

(5.9)

and an elastic-plastic calculation is performed. The resulting plastic zone and /-integral are taken
as approximations to those that would be found in an elastic-plastic solution of the original
problem. For general hardening behaviour the boundary layer problem can be solved, up to a
certain order in £, by a method similar to that of Section 3. As expected the results are given by
(5.1) and (5.6), except that now 7 ,, and 7,2 are the only non-zero 7 ,,-. This means that the modified
boundary layer approach gives the correct
term in the elastic-plastic boundary co-ordinates,
but the incorrect e'* term in the co-ordinates and in the /-integral. It can also be seen that including
the 7,3 term in (5.9) would not give the e'* terms correctly, since this would not include the
non-linear interaction between the elastic and plastic regions represented by the 733 term.
Before discussing the behaviour near the crack tip it is convenient to restrict attention to
materials of the power law hardening type. In these 7 ( 7 ) is given by

r(r) = fc (-),
.r./

.

(5.10)

N being referred to as the hardening exponent. When (5.10) applies (3.8) and (3.9) are
homogeneous and can be solved. Rice [4], to give

A(r) = ( ^ ) "

and / î = ( ^ ) "*

(5.11)

with

(1 -N )
and
(5.12)

Substituting (5.11) into (3.13) gives

(5.13)

The stress-strain law (5.10) incorporates two interesting limits. If iV = 0 then fXk=iJL* = 0,
Ck = C t = I and an elastic-perfectly plastic material is described. If N = 1 then fik = 2 k - l ,
fjit = 2k, Ck = C î = 0 and the linear elastic solution is recovered.
The plastic region solution in a power law hardening material can be found by substituting
(5.10) and (3.7) into (3.2). There results

—X, + 1X2 =

f —i2 {2k — \)Dk

L7 \k=i

— ~ (^ ~ fX k D k (^ ^

7

\k = l

\ 7o/

\yo/

cos {2k —\)(f>— ^ 2kD*
k=]
\ 7 o/

sin {2k —\)<f> + ^
k= l

\ 7o/

sin 2k<^
/

cos2/:(^)l.
/J

(5.14)
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If the material is not perfectly plastic, i.e.
0, then fit < /ik+i,
and /x, < Î and so
for 7 > 7 o the right side of (5.14) is dominated by the Dt terms. This means that the physical
co-ordinates very near the crack tip are

- X 1 + /X2 =e"''^— (— )
7 \7o/

[cos (f) - iN sin <f>]

(5.15)

which imply a dominant strain singularity of the form

|2 '» | =

[cos" ^ +

sin"

f “ *‘" ^ 1 ,

where

(5.16)

I COS <p }

I7 2 3 J

ris the distance from the crack tip. The coefficient D,

was found in Section 3 to be

D . = j 7 f ^ ^ [ j 8 ,e" + P2€‘ +/3,e‘] + 0(e*)

(5.17)

with 70/ 1( 70) = - N as the material is power law hardening. Substituting for jS, from (4.1) it is seen
that the only effect of asymmetric loading on crack tip conditions is a third order change in the
magnitude of the strain singularity—the angular dependence being unaltered. It is of interest to
note that the J integral can be calculated from the singular field (5.15); as expected the result is
the same as (5.6) which was found from the outer solution. In particular it may be noted that

to the order retained and, by implication, to all orders.
If the material is elastic-perfectly plastic the above results do not apply since each term of
(5.14) then contributes to the dominant strain singularity. In this case the plastic region solution
can be written as

X, + ix2 =

1 2 ( 2 k - 1)A cos (2k

2kDt sin 2k<k]

Lk = l

k= l

(5.19)

J

which implies strains

L

4

I723J

—

r'

[ É

(2k

-

Lk=i

D A

cos

(2k - D < A

-

2

2 kDT

sin

2k^]

k=i

f

f 1.

J I COS

(5.20)

J

It can be seen from (5.19) that the polar angle in the strain plane <^, can be equated to the polar
angle at the crack tip in the physical plane, 6. Hence (5.20) can be written as

where

U («) = - +

[ 2

7oLk=i

(2 k - 1 ) A cos (2 k - D » - 2
k=i

2 kD (

sin 2ke]

(5.22)

J

is the distance from the crack tip to the elastic-plastic boundary at an angle 6. The maximum
value of R{d) is given by (5.2) as
F(0)max = u[27ne^ + (67i37n-47?27n + 27337n)e'‘ + O(e‘^)]
occurring when

(5.22)
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0 = - 4y,2e + 0(e^),

(5.23)

and hence the strain singularity implied by (5.21) is not symmetric about the crack plane. It may
be noted that the expression 712e appearing in (5.23) can be found from the linear elastic solution
of the problem. It is simply the normalised stress parallel to the crack acting at the tip.
6.

A C R A C K AT A N A N G L E TO A U N IF O R M F IE L D

The preceding results are now applied to a crack of length 2a perturbing a uniform stress field
in a power law hardening material, as in Fig. 3. The functions g
'i(z)defiiied in Section 2 can be

ek

Fig. 3. A crack at an angle to a uniform stress field.

found by inspection to be
g'i(z) =

(2

+ l)(z^+ 2z) ’'^cosA + i sin A

g^z) = 2 (z + l)(z ' + 2 z)-'
g^(z) = 2V2(z + l)(z'+ 2z)-'^
gi(z) = 4(z + l)(z^ + 2z)'^

(6 .1)

gKz) = 4V2(z + l)(z" + 22)-“ + : ^ (z + l)(z' + 2z)-“

where A is the angle between the crack and the plane on which the remote shearing stresses are
maximum. The functions (6.1) are expanded and compared with (2.4) to give
1
y ii = —t^ c o s A

V2

7 ,2

=

sin A

722 = 0

713

3
4V2

= 777^^008

1

A

7 ,4

=

0

7 ,5

-5
= ; %— cos A
32V2

723 =

7 2 4 -0

725 = - ^

733 =

734 = 0 7 3 5 = - ^

744 = 0 745 = -^

755 =

32'

(6.2)
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Assembling the various results it can be seen that once the hardening exponent N, the crack
orientation A and the remote stress ke are known the solution is determined.
The shape of the plastic zone for various values of JV, A and e is shown in Figs. 4 and 5. These
£ -0 7
£ -0 6

N-O-1

£ -0 7

Fig. 4. Plastic zone shapes for various loadings and hardening exponents when A = ir/8.

are obtained from eqn (5.1) with the lengthy terms in e’ and e® included. It is anticipated that, as
in [ 1] and [2 ], the asymptotic expressions provide reasonable approximations when load levels
are less than 75% of those needed for general yielding, which in this case occurs when e = 1 along
a slip band at an angle of - A to the Xi axis. The onset of breakdown of the approximation can be
seen in the irregular behaviour of the elastic-plastic boundary just above the crack tip.
This effect is further illustrated in Fig. 6 where a sequence of approximations for the N = 0,
A = 7t /4 case is shown. The small-scale yielding approximation (n = 1) displays no asymmetry
and is noticeably in error beyond e ~ 0.3. The modified boundary layer estimate (n = 2) is
obtained from the first two terms of eqn (5.1). It shows asymmetry, but develops unrealistic kinks
beyond e -0. 5. The higher order approximations (n =3, 4, 5) successively defer this unlikely
feature to higher values of e, the approximation n = 5 showing evidence of breakdown at e —0.7.
(The smooth behaviour of the approximation for n = 4 is fortuitous and does not occur for other
angles A).
If the crack is parallel to the plane of maximum shear, i.e. A = 0, the results may be compared
with those of Amazigo [7] who gave a fully plastic solution to the problem. In the current notation
Amazigo showed that, for the constitutive law

for all y,

riv)

(6.3)

the physical co-ordinates very near the crack tip could be written as

Xi~ix2=& '*■

(6.4)
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N-o-0

N-01

N»0-3

Fig. 5. Plastic zone shapes for various loadings and hardening exponents when A = 7t / 4.
•£=07

n#1
small scale yielding
approximation

£=07

n-2
E -0 6
\
modifed boundary
)
layer approximation

n»3

■£=07

n*4

Fig. 6. Plastic zone shapes, for no hardening and A = 7t/4, when different numbers of terms are included in
the sum.
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p la s tic
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n -3

N= 0 -3 3 3

n-2
p la s tic zone
c o rre c te d

n-1
small scale
yielding

0-0

1-5

1-0

0 -5

Fig. 7. The variation of J with applied load for an edge cracked plane of highly hardening material
(N = 0.333).
.
fully
p la s tic

n -3

n-2
p la s tic z o n e
c o r r e c te d

exact
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0 -5
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Fig. 8, The variation of J with applied load for an edge cracked plane of a non-hardening material {N = 0).
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with //aT»y» a known function of N. The equivalent result in the elastic-plastic case can be
found by substituting (5.18) into (5.15) to give an expression identical to (6.4). This means that the
only differences in crack tip conditions arise from the coefficient of the singularity, /. The two
expressions available for J are approximations to an exact elastic-plastic result with different
ranges of validity. Amazigo’s fully plastic result is a good approximation when the yielding is
fully developed, and the asymptotic result, (5.6), is a good approximation when yielding is
confined to a small area near the crack tip. The two results are displayed in Figs. 7 and 8 where J
is plotted against the remote loading for two values of the hardening exponent.
In the perfectly plastic case shown in Fig. 8, the fully plastic solution of Amazigo degenerates
into the vertical asymptote at € = 1.0. It has also been possible to include an exact elastic
perfectly plastic result, obtained from Rice [8]. These figures show that the small scale yielding
approximation begins to break down at -40% of general yielding, the plastic zone corrected
result at —60% and, in the N = 0 case, the three term result at —75%. It may also be noted that
any reasonable interpolation scheme between the asymptotic result and the fully plastic result
would lead to small errors occurring over a restricted load range.
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