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A.

Bandstructures

We include the bandstructures for each material (MAPI, CZTS, GaAs and CdTe) at
HSE06 level of theory, with and without spin-orbit coupling. Bandstructures at other levels
of theory (LDA, PBEsol, PBEsol+SoC) are available at https://github.com/lucydot/
effmass and in an online repository.?
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FIG. S1. MAPI bandstructure with the HSE06 functional, without spin-orbit coupling.

FIG. S2. MAPI bandstructure with the HSE06 functional, with spin-orbit coupling.

3

FIG. S3. CZTS bandstructure with the HSE06 functional, without spin-orbit coupling.

FIG. S4. CZTS bandstructure with the HSE06 functional, with spin-orbit coupling.
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FIG. S5. GaAs bandstructure with the HSE06 functional, without spin-orbit coupling.

FIG. S6. GaAs bandstructure with the HSE06 functional, with spin-orbit coupling.
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FIG. S7. CdTe bandstructure with the HSE06 functional, without spin-orbit coupling.

FIG. S8. CdTe bandstructure with the HSE06 functional, with spin-orbit coupling.
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B.

Non-parabolicity of heavy hole bands

In this section we discuss two deviations from expected trends in the effective mass table,
which is reproduced here for easy reference. This expands on a discussion found in the main
text (Section III A). These deviations can be attributed to the non-parabolicity of heavy
hole bands.
Firstly; in Table S1 we see that the GaAs unweighted heavy-hole mass along [111] is
smaller than for [100], while this is the opposite for the other methods. To explain this
we should consider the non-parabolicity of the GaAs heavy-hole in the [111] direction (denoted mhh [111]). The alpha for parameter for mhh [111] is 1.7 eV−1 and so we expect the
weighted effective mass to be heavier than the unweighted effective mass (as it samples the
heavier states away from band edge). This is confirmed (weighted: 0.53 me , unweighted:
0.25 me ). Compare this to the alpha parameter for mhh [100] which is 0.38 eV−1 . This alpha parameter indicates that the dispersion in the [100] direction is near parabolic, and
so we would expect the weighted and unweighted masses to be similar. This is also confirmed in our calculations (weighted: 0.32 me , unweighted: 0.31 me ). This means that at
band edge mhh [111] < mhh [100] but due to high non-parabolicity in the [111] direction,
when we use our weighted approach and take into account eigenstates away from band edge,
mhh [111] > mhh [100].
Secondly; in Table S1 we see that the CdTe mhh [111] is larger for the unweighted method
than for the weighted method. This is not the trend seen for the other materials, nor is it the
trend we would expect, as the weighted method samples eigenstates away from band edge
where the band (approximated by the Kane dispersion) flattens. This deviation indicates
that the Kane dispersion is not an accurate approximation for the CdTe heavy hole band in
the [111] direction. The Kane dispersion we use to describe the electronic bands is accurate
when the transport effective mass grows linearly with the electron eigenstate energy (Eqn.
6 of main text). This is the case for most band dispersions in this study, however a plot
of transport mass against energy for the CdTe heavy hole in the [111] direction shows that
the transport mass is almost constant at small energies - this corresponds to a flattening
at the top of the valence band (Fig. S9). We compare this to the light hole in the [111]
direction, which shows a linear relationship between transport mass and energy (Fig. S10).
This light hole has a weighted mass heavier than the unweighted mass (Table S1), as would
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be expected for an electronic band described by the Kane dispersion.

FIG. S9. Transport effective mass of the CdTe heavy hole band in the [111] direction, as a function
of eigenstate energy (referenced from the valence band maximum).
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α eV−1



finite-diff mc (me )

unweighted mc (me )

weighted mc (me )

[100] [110] [111]∗

[100] [110] [111]∗

[100] [110] [111]∗

[100] [110] [111]∗

light hole

0.09 0.08 0.05

0.08 0.07 0.07

0.09 0.08 0.08

3.32 3.64 3.69

heavy hole

0.37 0.73 0.79

0.31 0.58 0.25

0.32 0.75 0.53

0.38 3.37 1.70

electron

0.07 0.07 0.06

0.06 0.06 0.06

0.06 0.07 0.07

1.05 1.15 1.23

light hole

0.11 0.10 0.10

0.11 0.10 0.10

0.12 0.10 0.10

1.25 1.49 1.64

heavy hole

0.45 0.86 1.09

0.44 0.83 1.20

0.45 0.83 1.06

0.38 0.99 0.77

electron

0.09 0.09 0.09

0.09 0.09 0.09

0.09 0.10 0.10

0.72 0.94 1.02

hole

0.28 0.15 0.14

0.15 0.09 0.12

0.23 0.10 0.12

4.27 1.88 1.32

electron

0.15 0.13 0.12

0.18 0.10 0.19

0.19 0.10 0.18

2.21 1.35 0.16

hole

0.23 0.74 0.75

0.22 0.54 0.60

0.32 1.16 1.23

3.96 2.21 1.50

electron

0.19 0.19 0.19

0.18 0.18 0.18

0.19 0.19 0.19

0.91 1.19 0.87

GaAs

CdTe

MAPI

CZTS

TABLE S1.

The curvature effective mass at the conduction and valence band edges, calculated

using three different methods as outlined in Methods, and α (a measure of band non-parabolicity).
Calculations use the hybrid exchange-correlation functional HSE06 with spin-orbit coupling and a
k-point spacing of 0.02 Å

−1

. The effective mass is calculated for the bands which are degenerate

at the conduction band minima / valence band maxima; the corresponding band structures can be
found in the SI. Spin-orbit coupling lifts the energy spin degeneracy and, in the case of MAPI, also
leads to a Rashba splitting of the conduction band. We take the mean average of the effective mass
calculated for each split band. ∗ Direction is [001] in the case of the tetragonal crystal Cu2 ZnSnS4 .
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FIG. S10. Transport effective mass of the CdTe light hole band in the [111] direction, as a function
of eigenstate energy (referenced from the valence band maximum).
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C.

Methods for calculating the curvature effective mass

Three methods are used to calculate the curvature effective mass (Eqn. 1 in the main
text).

1.

Finite difference

We use a three point forward finite difference equation to calculate the curvature at point
i:
Ei+2 − 2Ei+1 + Ei
∂ 2E
=
,
∂k 2
|ki+1 − ki |
where Ei is the energy eigenvalue at position ki in reciprocal space.

2.

(S1)

Unweighted least-squares fit

To obtain an estimate for the coefficient c of a parabolic dispersion
E = ck 2 ,

(S2)

we use a least-squares method as implemented in the NumPy Python library to minimise
the summed square of residuals
5
X

(cki2 − Ei )2 .

(S3)

i=1

We fit to five points; three points from the DFT-calculated dispersion plus two from the
symmetry of the dispersion (E(k) = E(−k)).

3.

Weighted least-squares fit

To obtain an estimate for the coefficient c of a parabolic dispersion
E = ck 2 ,

(S4)

we use a weighted least-squares method as implemented in the NumPy Python library to
minimise the summed square of residuals
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n
X

Wi (cki2 − Ei )2 .

(S5)

i=1

The summation is over all points up to an energy of 0.25 eV, including points generated
from the symmetry of the dispersion (E(k) = E(−k)). Wi is given by
1

Wi (Ei , T = 300 K) =
exp



Ei −Ef
kB T



.

(S6)

+1

Due to the exponential term in Wi , points with an energy difference larger than 0.25 eV
contribute a negligible amount to the weighted sum.

D.

Sampling density

spacing between points (Å−1 ) finite difference mc unweighted least-squares mc weighted mc
0.005

0.06

0.05

0.07

0.010

0.07

0.06

0.07

0.015

0.08

0.06

0.07

0.020

0.10

0.07

0.07

0.025

0.12

0.08

0.07

TABLE S2. The curvature effective mass (in units of electron rest mass) calculated at different
sampling densities in reciprocal space for an electron in the [100] direction of CZTS. The unweighted
least-squares fit and finite difference fit are calculated using three points. The weighted least squares
fit is calculated using points up to 0.25 eV in energy. Details of each method are included in the
Methods section of the main text. Calculations use the PBEsol exchange-correlation functional
with spin-orbit coupling.
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