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Summary

We investigate modelling and analysis for a speci c class of stochastic equations arising
in uctuating hydrodynamics: this class, which we refer to as the Dean{Kawasaki (DK)
class, is broadly concerned with the description of mesoscopic uctuations in nite-size
particle systems.

We focus on two notable members of this class. The rst one, to which most of the
thesis is devoted, is the DK equation. We revisit its original derivation from physics in a
mathematically rigorous way, by considering particles of nite rather than atomic size.
We do this in the two relevant cases of independent particles and of particles weakly
interacting via a pairwise potential. In both cases, we derive a regularised DK model
in the form of a stochastically perturbed wave equation. For this model we establish
high-probability existence and uniqueness results by using small-noise techniques.

The issue of almost-sure positivity of solutions (a critical feature for the DK class)
motivates the nal part of the thesis: there, we study a second member of the class,
namely, a stochastic thin- Im equation. We provide su cient conditions on the inter-
play of stochastic noise and the source potentials in order to extend a positive local
solution (de ned up to a stopping time) up to any deterministic time, and we draw
relevant analogies with the existing literature and with the DK equation.

Finally, we detail possible directions for future work.
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Chapter 1

Introduction

We study a class of stochastic partial di erential equations, which we refer to as the
Dean{Kawasaki class (DK class for short). This class, whose distinctive features will
be pointed out in due course and whose very name will be justi ed shortly, plays an
important role in the theory of uctuating hydrodynamics [22]. This theory is concerned
with the mathematical description of the evolution of speci ¢ systems made of a nite
number of particles: the de ning and fundamental feature of the systems in question
is the exhibition of intrinsic random uctuations at the particle level.

In simple terms, one can think of any of these systems as being a collection of ele-
ments (such as particles, individuals, animals, etc.), whose evolution in time is primarily
in uenced by three distinct factors: (i) in uence coming from outside the collection it-
self, usually consisting of suitable external elds; (ii) in uence coming from within the
collection, typically consisting of some kind of interaction between di erent elements;
(iii) random uctuations a ecting the collection’s elements (e.g., thermal uctuations).
Feature (iii) is crucial, as anticipated above. See Figure 1-1, left image.

Features (i){(ii) re ect the deterministic component of the system evolution, i.e.,
the dynamics (uniquely determined by the past and current states of the system) which
would naturally occur should the stochastic component (feature (iii)) be absent. The
stochastic component results in deviations from the deterministic dynamics, and can
lead to non-trivial phenomena: as a notable example, we mention the metastable trans-
ition times for stochastic systems with multistable potentials, which are in many cases
studied using Kramers’ law [39, 25, 5].

The contents of this work broadly revolve around the analysis of the stochastic
component of certain particle systems, to be speci ed below.

Examples of particle systems whose general characteristics are as described above
are numerous, and can be found in many important elds. These elds include the
theory of Newtonian uids (molecules in a thin-liqguid Im [49, 42]), of active matter
[9] (real life groups, such as sh schools, bird ocks, bacterial colonies [58]), of thermal
advection (particles interacting with a heat bath/solvent [55, 44, 41], di usive passive
tracer particles [17]), of neural networks (auxiliary particle systems associated with the
analysis of the loss function landscape of the network [54]).

Any given particle system abides by elementary laws (such as, for instance, classical
mechanics laws), which prescribe the motion of the individual particles. While this is an
accurate representation of the system, it is also a computationally ine cient one. This
is why one normally chooses to formulate evolution equations which can e ectively
describe the particle systems on more coarse-grained length scales, by keeping track
of fewer meaningful quantities. The length scale of the DK class, whose members are
indeed evolution equations, is suitable for capturing the systems’ ensemble uctuations.
More details are given in Section 1.1.

In this thesis we study two incarnations of the DK class. These incarnations are
closely related to some evolution equations which have been proposed in the last two
decades with respect to the description of two particle systems of relevance. These
systems are: a Langevin (LA) particle system; a system of molecules in a thin- Im
(TF) liquid. As for the LA system, an evolution equation was proposed by D. Dean and
K. Kawasaki in the late 90ies [15, 32]: it is accordingly referred to as Dean{Kawasaki



(DK) equation (or model), and reads

%t:r(rw y+  +r (P (L.1)
for particle density , particle interaction potential W, and stochastic driving force
The DK equation, which we will later on take as ‘reference model’ for our de nition of
the DK class (Section 1.5), shares many crucial similarities with the evolution equation
for the TF system, which is called the stochastic thin- Im (TF) equation (thus also in
the DK class), and reads

e _ n
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for some n 2 N and some interface potential W. We have introduced these two equa-
tions at this early stage for the sake of context, and precise details will be given through-
out this introductory chapter.

Despite a long-standing interest of the physics community in these two equations,
rigorous mathematical results are few. A non-exhaustive list of the researchers who
have contributed towards the mathematical understanding of these equations includes
M. von Renesse and collaborators for the DK equation, and J. Fischer, G. Grun and
B. Gess for the TF equation. Speci ¢ details are given in Section 1.6.

The main contributions of this thesis are as follows. We derive a regularised in-
carnation of the DK equation based on the LA system. We do this both in the case
of non-interacting particles and particles weakly interacting via a pairwise potential.
This regularised model, which we then analyse, addresses some regularity issues of the
original DK model. Furthermore, a relevant open question shared by the original and
regularised DK models (i.e., the issue of positivity of solutions) is then framed in the
wider context of modi cations of the TF equation. These modi cations, which are
within the DK class, allow us to discuss the positivity issue more e ectively, and in
greater generality. An a priori analysis of positivity of solutions for these modi ed TF
equations is performed, giving us useful insight on the DK class.

rooow() +r P7og (12)

1.1. Relevant length scales

One may de ne the evolution equation (describing a particle system) in one of the
three major length scales: microscopic, mesoscopic, or macroscopic, see Figure 1-1. The
microscopic scale refers to the level of individual elements of the system: this means that
the dynamics of each single particle is kept track of in the model. In particular, each
particle is distinguishable from any other. This constitutes the nest, most accurate,
but often most computationally burdensome level to which the system can be studied.
On a coarser scale, we nd the mesoscopic level, in which summarising quantities (such
as densities, averages, etc.) are introduced in the model, and in which we also retain
some degree of information coming from the microscopic scale. Within the mesoscopic
scale, singling out speci ¢ elements (and their uctuations) is not possible, while the
ensemble uctuations are observable on top of the ‘average’ deterministic evolution.
Finally, by further zooming out (usually, by performing a suitable hydrodynamic limit
N ¥ 1 [33]), one nds the macroscopic scale, in which nothing but summarising,
global coarse-grained quantities are used to describe to system: typically, on this scale,
the random uctuations of the particles are neglected, and the resulting equation is
less accurate but substantially simpler to analyse.
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Figure 1-1: Left: An example of a particle system, where the e ect of the random uctuations
can be seen in the particles at the top of the piles being able to randomly move either to the
right-adjacent or the left-adjacent pile. Centre: Empirical density for the same particle system,
for a large number of particles N. The ensemble uctuations are visible on top of the ‘average’
pro le. Right: The stochastic uctuations are neglected in the hydrodynamic limit N ¥ 1,
giving only the ‘average’ density of particles.

The DK class, as previously hinted, is intrinsically set in the mesoscopic scale, as
its de ning goal is to re ect the particle uctuations.

1.2. Particle systems of interest

We now brie y describe the LA and TF particle systems. It is worth pointing out
that we will be working with the exact mathematical microscopic description of the LA
system (in Chapters 2 and 3) in order to provide our results on a regularised DK model
(i.e., on the mesoscopic scale). On the other hand, our results on suitable modi cations
of the stochastic thin- Im equation (Chapter 4) are motivated by analytical analogies
with the DK model. Consequently, we provide accurate details on the microscopic level
for the LA system, while we limit ourselves to giving some general, concise, context for
the TF system.

1.2.1 Langevin (LA) particle system

Consider a collection on N particles moving in RY, where d 2 N. Any given particle
is subject to a frictional drag caused by its motion in the surrounding environment,
to energy elds (giving interactions with the environment, or with other particles),
and to random uctuations. Systems of this type are conceptually very simple and
general, and are thus found in many elds [55, 44, 17]: they are generically referred to
as Langevin particle systems. In this thesis, we will be working with one-dimensional
models (d = 1), with particles identi ed by positions and velocities (q; p) = (i; pi){\'_l,
and where the motion of a single particle i = 1;:::; N is given by the stochastic equation
(SDE)

Pi=di; Ri= pi rw@pl+ (1.3)

for (stochastically) independent initial conditions, independent Gaussian driving forces
f iglL,, frictional constant > 0, noise amplitude , and energy eld W. The rst
equation in (1.3) is simply the de nition of velocity, while the second one re ects
Newton’s second law of motion. We are interested both in the independent particles case
(associated with an on-site potential [W(q; p)]; = V (i), for some suitable potential V')



and in the weakly igteracting particles case (given by a nonlocal interaction potential
W(@:p)i =N 1" LV ).

1.2.2 Thin-film (TF) particle system

A thin-liquid Im corresponds to a liquid layer with a small number of particles in
thickness (usually no more than 102  10%), and sitting on top of a ( xed) substrate
layer. The thin- Im surface is a free surface. Relevant phenomena that can be ob-
served include droplet spreading (the process through which the thin- Im di uses over
the substrate) and dewetting (the process through which a thin-liquid Im gradually
retracts from the substrate).

The main microscopic features characterising this type of particle system are: (a)
interaction between thin-liquid Im and substrate molecules; (b) thin-liquid Im in-
termolecular interaction; (c) capillarity e ects; (d) surface tension e ects on the free
surface; (e) thin- Im molecules thermal uctuations (of Gaussian type); (f) local source
potentials.

Such microscopic dynamics is more complex than that of the LA system, and ex-
perimentally much harder to simulate [2]. Therefore, a system description based on
continuum mechanics [1, 49, 43] is almost always preferred in the case of thin-liquid Im.
Because of this, we do not provide any explicit microscopic mathematical description
for this system.

1.3. Physical features of LA /TF systems

The LA and TF systems share the following distinctive physical properties.

1.3.1 Mass preserving fluctuations

The LA and TF systems are subject to uctuations which, on their own, do not alter
the total mass of the system (i.e., the total number or individuals). In the case of
the LA system, the total mass is also conserved (as the number of particles N is kept

xed), whereas, for the TF system, the mass can be inserted/removed from the system
through deterministic local source potentials.

1.3.2 Fluctuation-dissipation relation

The LA and TF systems satisfy a uctuation-dissipation relation. In other words,
there is a suitable balance between the damping deterministic dynamics of the particle
system and the magnitude of the particles’ random uctuations. This balance results
in the particles’ dynamics converging, in a characteristic relaxation time, to a steady

uctuating con guration in equilibrium [40]. As for the LA system, for which we have
provided a mathematical microscopic description, the uctuation-dissipation relation
arises from the suitable balance of friction pi and noise i, as from the Ornstein-
Uhlenbeck setting [18]: more precisely, the characteristic ratio := 2 = 2 (known
as inverse temperature of the system) gives shape to a steady con guration f(q;p) /
expf  S(q;p)g, where S is the sum of the kinetic and potential energy of the system.

1.4. Mathematical implications on the DK class

The physical features of the LA and TF systems are re ected in speci ¢ mathematical
features for the associated evolution equations, which belong to the DK class. These
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features are su cient to provide a general description of the stochastic component found
in the DK class. For the sake of exposition, we colloquially describe these features prior
to giving their precise mathematical declination within the DK class.

1.4.1 Conservative stochastic component

In order to re ect the mass-preserving uctuations, the stochastic component of the
DK class is framed within a spatial divergence structure, and boundary conditions are
understood to be periodic. The action of the divergence operator is often only formal,
and we will be more speci c later on.

1.4.2 Infinite-dimensional noise representation

As pointed out earlier, the DK class is concerned with a mesoscopic representation
of an underlying particle system. As the particles can not be individually traced on
this scale (see Section 1.1), we need to characterise the ensemble uctuations via a
single, general uctuating term. Since the particles move in time and space, we need
such uctuating term to act both in time in space, hence the in nite-dimensionality
requirement. Depending on the chosen spatial correlation that one wants to prescribe
for the Gaussian forces driving the particles, one typically relies on a suitable in nite-
dimensional Gaussian noise, as clari ed in due course.

1.4.3 Noise dependency on particle density

The Gaussian noise introduced in Subsection 1.4.2 is the random driving force of the
DK class, and is therefore included in the aforementioned spatial divergence form of
the stochastic component of the DK class. The remaining ingredient for the stochastic
component is the so-called mobility coe cient. This coe cient, whose arguments are
suitable macroscopic quantities describing the particle system, acts multiplicatively on
the deterministic and the stochastic component of the DK class. The mobility coe -
cient ‘tunes’ the e ectiveness of both components, in order to re ect relevant physical
properties of the particle system. These properties include: (i) the previously men-
tioned uctuation-dissipation relation; (ii) density-dependent phenomena, such as ob-
vious absence of uctuations in spatial regions not containing particles, or the noise
amplitude being monotonically increasing with the particle density.

1.5. Dean—Kawasaki class

We give mathematical substance to the DK class. Being a mesoscopic representation
of underlying particle systems, the DK class describes the e ect of particle uctuations
on the systems’ macroscopic quantities, the most important of which is the particle

density = (x;t), where (x;t) 2 RY [0;T]. On a formal level, a generic member of
the DK class reads
@ T
%t:.— mOrL L e m() =D;+Dy;+S: (1.4

for some positive function m, functionals F and , and stochastic noise , all to be
discussed in the next subsection.



1.5.1 General features

We explain how the structure of the DK class (1.4) re ects the previously mentioned
physical and mathematical properties of the LA and TF systems, given in Sections 1.3
and 1.4.

Equation (1.4) comprises a deterministic component (or drift) D := D; + D, and
a stochastic component S. The di usive (mass-preserving) term Dy accounts for the
gradient- ow dynamics of the particle system according to the steepest descent of an
energy functional F [31]. The functional F encodes the dynamics resulting from local
and nonlocal particle interactions, but does not account for mass introduction/removal
in the system. As a notable example, choosing F as the Gibbs{Boltzmann entropy
functional [31] gives the standard di usive term D; := . The di usive term Dy is
multiplicative in the mobility coe cient m( ) (e.g., see [8]), which we have introduced
in Section 1.4. This coe cient is responsible for diversifying the response of the equa-
tion with respect to di erent density pro les, corresponding to di erent macroscopic
phenomena for the particle system. Relevant pro les are usually those of low density
(i.e., 0) and high density (i.e., close to a saturation value, either nite or in nite).

The non-conservative term Do is a local source which can introduce/remove
mass from the system.

Finally, the term S is the stochastic component, accounting for a mesoscopic rep-
resentation of the particle uctuations. The features pointed out in Section 1.4 are
quite evident. Firstly, the noise is in divergence form, representing conservation of
mass (provided suitable boundary conditions are also prescribed). Secondly, the uc-
tuations are given under a unifying, driving force , which is an in nite-dimensional
Gaussian noise. For example, might be a cylindrical Wiener process (also called
space-time white noise), or a Q-Wiener process [52]. More technical discussions on the
two di erent types of noise are deferred to Chapters 2, 3 and 4. Thirdly, the noise is
multiplicative in (m( ))'™2, and this represents two things: the uctuation-dissipation
nature of the particle system (to be seen in the m-exponents being 1 and 1/2 in D; and
D,, respectively [22]); di erent noise amplitude for di erent density pro les (similar
discussion for Dj).

1.5.2 Original DK equation and TF equation

As mentioned earlier, we are interested in two notable members of the DK class, namely
(1.1) and (1.2). Equation (1.1), which is the original Dean{Kawasaki (DK) equation
[15, 32], corresponds, in the notation introduced in (1.4), to linear mobility (m( ) = ),
null source potential ( = 0), space-time white noise , and energy
z z
Fl1=F[]+F[]:= o W ) ()dx + o (x) log(x)dx

re ecting particle interaction (via the potential W in F;) and particle di usion (through
the Gibbs{Boltzmann entropy functional F;, [31]).
Equation (1.2) is the stochastic thin- Im equation, corresponding to a monomial
mobility m"( ) (typically cubic [28, 14]), null source potentials ( = 0), Gaussian noise
coloured in space and white in time, Ginzburg-Landau type [8] energy functional

z
F[ 1= o fir (i* +W( (x))gdx

re ecting the e ective interface potential between thin-liquid Im and substrate (through



W) and balance of forces on the thin-liquid Im free surface (through jr j?).

1.5.3 General mathematical criticalities

Members of the DK class, including the DK equation (1.1) and the stochastic TF
equation (1.2), are widely simulated in physics, see for example [58, 20, 44]. On the
other hand, few rigorous mathematical results are available in this class. According
to the speci c instance (i.e., for a given choice of mobility, energy functional, etc....),
one can nd di erent factors which contribute to making the analysis challenging.
However, most of these factors are pretty much built in the class, and have to be dealt
with regardless of the speci ¢ instance. We describe them brie .

The rst issue is the divergence form of the stochastic noise. While this makes
physical sense, it is a mathematical inconvenience. In particular, one needs to give a
rigorous meaning tolg1e action of the divergence operator on the in nite-dimensional
multiplicative noise = m( ) . In addition, this di erential feature neatly distinguishes
the analysis of the DK class from that of most equations with multiplicative noise. The
most notable example of such equations is associated with the Super-Brownian motion
(or Dawson{Watanabe process [60]), and it reads [38, 53]

e _  .p-.

ot ’
where is a space-time white noise. The existence analysis of (1.8) relies on a vari-
ational formulation of a suitable martingale problem, which crucially bene ts from the
regularity of the Green function of the Laplacian operator [56] acting on the noise (in
an L2-duality sense). The case of (1.4) is radically di erent, as the additional spatial
derivative in the noise diminishes the regularisation coming from the Green function.

The second issue is given by the natural positivity requirement on the density
With very few exceptions, which will be mentioned later, there is yet no evidence that
the DK class preserves positivity of solutions.

A third issue is the mobility itself. Typically being a monomial, m vanishes for
null density (i.e., is degenerate). Thus, in a low-density regime, it annihilates the
action of both deterministic drift and stochastic component. These facts, together with
the positivity constraint on , typically impose the de nition of challenging solution
function spaces, where basic properties (such as linear structure, convexity) might get
lost. In addition, with the exception of quadratic mobility, all polynomial mobilities
either give a non-Lipschitz noise (m( ) = , < 2, as for (1.1)) or superlinear noise
(m()= , =2, asfor relevant instances of (1.2)).

Finally, the Gaussian noise can be irregular (either with large or in nite trace

[52]).

(1.5)

1.6. Existing literature for DK and stochastic TF equa-
tions

As pointed out earlier, the DK equation does not, by any means, lend itself to a
straightforward mathematical analysis. Due to the low regularity of the noise, most
de nitions of solutions for stochastic partial di erential equations (SPDESs) are not
suitable to work with. In particular, the combination of non-Lipschitz and divergence
form of the stochastic component, and the space-time white noise seemingly prevent
from looking for strong solutions [52], mild solutions [13], or solutions in the context of
paracontrolled distributions theory [29] and rough paths theory [45, 26].



As of today, the most widely accepted analytical setting sees the DK equation (1.1)
as a stochastic perturbation of a gradient- ow dynamics with respect to a Wasserstein
space, with the noise being aligned with Otto’s formal Riemannian structure for optimal
transportation [50]. In a nutshell, on a formal level, the short dynamics of the equation
is governed by a large deviation principle with rate

Z,

A()= supfh@ ; i H(; )gdt (1.6)
0

In the above, spans a suitable test function space, the brackets h; i refer to meas-
ure/function L?-duality, and H is a rescaled Hamiltonian (re ecting the short time
evolution of the equation). The rate functional A relates the likelihood of observing a
given trajectory to the amplitude of the stochastic noise of the equation. This rate is
a crucial tool in the understanding of the equation’s dynamics. We do not provide any
additional details on rate functionals and Large Deviation theory [21]. In the speci ¢
case of the DK equation, the Hamiltonian is H( ; ) =h ;jr j%i (which can also be
seen as the quadratic variation of the noise of (1.1)); the link with the Wasserstein
geometry is thus given by the use of the Benamou-Brenier formula on H [3].

In this general setup, the natural de nition of solution is a measure-valued mar-
tingale solution. The key advantage, in this setting, is that the quadratic variation H
removes the square-root singularity of the DK noise in (1.1) (simply by squaring it),
thus giving a simpler object to analyse as a measure/test function duality.

Several results have been produced, mostly by von Renesse and coworkers. Firstly,
a process having the Wasserstein distance as core evolution metric was found for the
following non-conservative perturbation of the purely di usive DK equation [59]

e _

o
where is a speci c nonlinear operator. A wider range of possibilities for , all leading
to Wasserstein-short-time dynamics, were later proposed in [37, 36, 48].

The need for a non-conservative correction in (1.7) has been recently understood
[35]. More precisely, if one does not allow for such a correction, then (1.7) either admits
a unique atomic solution or no solution at all, depending on the di usion scale > 0.
An analogous result was later proved for (1.7) enriched with a mean interaction eld
[34]. As a result, no smooth solutions exist for the original DK equation (1.1). The
results in [34, 35] are based on a special interplay between the quadratic variation
H( ; ) and the Laplacian operator. Such interplay is provided by a straightforward
application of the 1t6 formula on a variational formulation of (1.1).

With the results [34, 35] in mind, one can appropriately a posteriori frame the
literature of suitably regularised DK models. Among these, we mention our works
[12, 11] (which are the contents of Chapters 2 and 3) and also [23, 47]. With the
exception of [11], all these works on regularised DK models were available prior to the
publication of [34, 35].

We now turn to the stochastic TF equation (1.2). Despite the deterministic counter-
part of the equation being nowadays well understood (in terms of positivity of solutions,
analysis of meaningful boundary conditions and entropy estimates above all [4, 6, 7]),
only a few well-posedness results are available in the stochastic case. This appears to
be primarily blamed on the di culty arising when framing relevant integral estimates
for the thin- Im model (such as energy and entropy estimates) in a stochastic setting.
It is only recently that the concept of martingale solutions (in the declination intro-

+ [1+r (P, (L.7)



duced in [16, 30]) has also been used in the analysis of the stochastic TF equation with
quadratic mobility (i.e., with linear noise) [24, 27].

The rst work [24] considers It0 noise and mass-preserving interface potentials. The
authors choose a spatial discretisation compatible with some relevant thin- Im integral
estimates; in addition, it gives suitable uniform a priori bounds in the application
of the Ité formula to a suitable energy/entropy functional. The construction of a
solution is then settled by a limit passage (in a martingale sense) which removes the
discretisation and gives a solution. The speci c¢ choice of mobility (which gives the
bounded derivatives of the noise) appears to be crucial for proving the necessary a
priori estimates, as discussed in Chapter 4.

In [27], the authors consider Stratonovich noise, which allows for the absence of
any interface potential. The discretisation is here performed in time, and according
to a Trotter-Kato scheme which ‘switches’ from purely deterministic TF dynamics to
purely stochastic TF dynamics in between consecutive time steps. Much of the a priori
estimates thus rely on deterministic thin- Im evolution and viscous regularisation of
the stochastic thin- Im dynamics: these, separately, are convenient to analyse. The
limit passage recovering the martingale solution is essentially analogous to the one
illustrated in [24].

1.7. Outline of the Thesis

The bulk of this thesis is contained in Chapters 2-4. Each of these chapters contains
an original research paper originated from the Ph.D. work of the author.

Chapter 2 is devoted to the derivation and analysis of a regularised DK model in the
case of non-interacting Langevin particles. We consider particles of nite rather than
atomic size and, using this regularisation, we readapt and give rigour to the derivation
of the original DK equation (1.1). Points of interest reside in Kolmogorov-type a priori
estimates for the regularisation, covariance analysis for the regularised noise, and a
well-posedness theory (in a high-probability sense) for mild solutions. The model we
derive is interesting both in terms of its improved regularity properties over the original
DK equation (1.1), and in terms of the aspects that are still to be understood: among
these, we nd the out-of-equilibrium regime, and the solution’s almost-sure positivity.

The analysis of Chapter 2 is adapted to the case of particles weakly interacting via
a pairwise potential in Chapter 3. While the general questions that we ask ourselves
are the same as in Chapter 2, several technicalities related to stochastically depend-
ent particles arise. In particular, we deploy propagation of chaos [46] techniques, and
reformulate the a priori estimates in a suitable setting (based on Simon’s compact-
ness criterion [57]). The model we obtain accounts for meaningful nonlocal particle
interactions, while being subject to the same open questions given in Chapter 2.

The issue of almost-sure positivity, which is common to both models derived in
Chapters 2 and 3, is then analysed in its own right for a wider class of equations,
these being non-conservative modi cations to the stochastic TF equation (1.2). We
provide conditions on several parameters (including mobility coe cient and source
potentials) which are su cient to extend a locally (in time) de ned positive solution to
any arbitrary nite time. Although we do not construct the local solution itself, this
analysis sheds some light on the general positivity issue of the DK class. Our ndings
are consistent with the known case of quadratic mobility and 1t0 noise [24].

We summarise our ndings, illustrate relevant future research directions, and draw
our nal conclusions in Chapter 5.



1.8. A heuristic overview of the scaling arguments for our
regularised DK models

As previously mentioned, our regularised DK models (studied in Chapters 2 and 3) are
based on Langevin systems of type (1.3), and where the particles have nite size. In
addition, we will be working under the assumption that the particle size is related to the
total number of particles. This fact has several important (and relatively independent)
implications which are worthwhile sketching here on a heuristic level.

Proposed scaling. Let N be the number of particles, and let > 0 be a parameter
identifying the ‘size’ of a single particle via a spatial kernel w . We relate N and with
a scaling which can essentially be thought of as

N =1; forsome =>0: (1.8)

The larger isin (1.8), the larger the particles are. The choice of may re ect relevant
physical properties of the system, such as a ‘natural’ particle size, or a total volume
preservation.

Sketch of the argument for our regularised DK models. For any admissible pair
( ;N) we analyse the evolution of the -size dependent macroscopic density (x;t)
and momentum density j (x;t). We establish tightness, in the limit of N and , for
the two families £ g, fj g, as well as for one other family of auxiliary processes (de-
noted by fj,. g) appearing in the evolution dynamics of fj g. The evolution of fj g
features a microscopic, nite-dimensional stochastic noise Zy. We approximate Zy
with a mesoscopic, in nite dimensional stochastic noise Yy using a spatial covariance
comparison and some degree of information coming from the tightness argument. In
addition, we relate fj,. g to ¥ g using a small temperature approximation. From this
point onwards, we treat the model we have obtained, our regularised DK model, from
a purely SPDE point of view, thus detaching the analysis from the underlying particle
system. We study this SPDE in a small-noise regime.

Role of the scaling. The method sketched above bene ts from (1.8) in at least three
distinct points, where is required to exceed a threshold (which might di er from
point to point). In all cases, (1.8) is required to compensate polynomial contributions
(in 1) mostly arising from the evaluations of relevant Sobolev-type norms associated
with the kernel w , as thoroughly explained in the following chapters. At this stage,
we give a heuristic explanation for the need of these scaling applications.

Point 1: Tightness argument. The scaling (1.8) is, essentially, concerned with the hy-
drodynamic limit (as N ¥ 1 and ¥ 0) of the microscopic evolution of f g,
Tj 9. Speci cally, we establish tightness of ¥ g, fj g, and fj,. g on the level of
trajectories. As our densities only depend on space, while the particle dynamics
also comprises the particle velocity, the limit obtained on the macroscopic scale
is not closed in the limiting density and momentum density j, due to fj,. ¢
having a non-trivial limit j,. As we ultimately work on the mesoscopic scale,
we do not fully exploit the macroscopic limit, even though the methodology de-
veloped here proves useful later and is of independent interest. To this date, the
characterisation of j, (also depending on the speci c scaling (1.8)) is a relevant
open question.

Point 2: Replacements on mesoscopic scale. A crucial part of our work involves the
replacement of the microscopic stochastic noise of the particle model with a
closely aligned mesoscopic one. The scaling (1.8) here ‘tunes’ the size of the
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two noises, and also determines the di erence (in terms of pointwise spatial cov-
ariance) between the two noises. In essence, this scaling makes the di erence of
the two noises negligible w.r.t. their size, so the replacement on the mesoscopic
scale is justi ed. Additionally, the tightness of ¥ g is here also employed the
reinforce the case for such a replacement. The -dependent driving force of the
mesoscopic noise (denoted by ~) is a space-time white noise convoluted with the
kernel w .

The methodology here re ects the one from the tightness argument, only with
the focus on spatial rather than time regularity, and the scaling (1.8) determines
the spatial pointwise limiting behaviour of the mesoscopic noise. In this thesis,
we are interested only in a small-noise regime analysis (see below), and therefore
we only consider a certain range of

It is also worth mentioning that (1.8) does not currently play any role in the
replacement of jo. on the mesoscopic scale: this is settled by a heuristic small
temperature approximation under a local equilibrium assumption.

In future works, it would be interesting to investigate other ranges of , possibly
resulting in the survival of the noise and/or in a meaningful representation of j,.
in the macroscopic limit.

Point 3: Small-noise analysis of mesoscopic model. Once the replacements above are

performed, we study the resulting model (regularised DK model) as an SPDE in
its own right, thus detaching the analysis from the underlying particle model. Our
main focus is to conduct a small-noise regime analysis (w.r.t. the corresponding
noise-free dynamics) for the solution’s maximum spatial displacement. For this
purpose, we choose a norm of H1-type: the use of this metric and the -dependent
bounds for the trace of the covariance operator of ~ justify the need of (1.8)
for the desired small-noise regime analysis. It is worth noting that the scaling
requirement here di ers from that of Point 2, due the fact that we analyse the
noise as a function-valued process, and not simply in a pointwise fashion.

In this part, the main open questions are mostly of analytical type, as their is no
more modelling involved. Future e orts should in fact be pointed at making the
scaling less restrictive, possibly by choosing a more suitable working norm or by
using more accurate -dependent bounds related to ~.

11



Chapter 2

A regularised Dean—Kawasaki model: derivation
and analysis

The original DK equation (1.1) is characterised by the low regularity of its stochastic
noise, whose very structure is dictated by its original derivation in physics [15]. In this
chapter, we look for answers to the following three questions. Firstly, can we suitably
regularise the said derivation of the DK equation in order to improve its mathematical
rigour? Secondly, how ‘close’ is the derived regularised DK model to the original one?
And thirdly, how much do we gain in terms of regularity for the resulting model?

This is joint work with Tony Shardlow and Johannes Zimmer, which was published
in the SIAM Journal on Mathematical Analysis.

2.1. Outline of the Article

In the original derivation of the DK equation [15], a nite-size system of N Langevin
particles is described by giving an equation of motion for the atomic density

N
N(Xt) = (x (), x2R%t2[0;T]; (2.1)
i=1

where (y) denotes the Dirac distribution centred at y, and g;(t) denotes the position
of the i-th particle at time t. The evolution equation for y is, at least formally, given
by an application of the I1t6 calculus applied to the composition of the distribution to

n- In particular, the stochastic noise associated with the particles uctuations is
on the microscopic scale. It is thus necessary to suitably close the noise in order to
achieve the representation of the particle system on the desired mesoscopic scale. It is
at this stage that the distinctive DK noise term, as shown in (1.1), is proposed as a
stochastically equivalent replacement to the microscopic noise. The speci ¢ nature of
the noise in (1.1) is dictated by several factors, among which we nd the independence
of the forces driving the particles, and the de nitions of relevant densities (such as )
being on the atomic scale: we will be more precise on this in due course.

The DK noise (1.1) has only been derived on a formal level: it su ers from ill-
posedness in a distributional sense (what is the square root of a distribution?), and the
application of the divergence operator is only formal. In addition, the analysis of the
DK equation is critical, as elucidated in Subsection 1.5.3.

We provide the context and summary of the main results in Section 1. Notation and
relevant assumptions for the Langevin system are given in Section 2. In particular, only
stochastically independent particles are considered. Section 3 contains the modelling
part of the work, in which the physics derivation sketched above is rigorously adapted
in a function setting: there, particles are treated as having nite rather than atomic
size. As a result, a regularised DK model is obtained, and its ‘closedness’ with the
original DK model is quanti ed. The well-posedness of the obtained regularised DK
model is investigated in Section 4.
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Abstract. The Dean{Kawasaki model consists of a nonlinear stochastic partial di erential
equation featuring a conservative, multiplicative, stochastic term with non-Lipschitz coe cient, driven
by space-time white noise; this equation describes the evolution of the density function for a system
of nitely many particles governed by Langevin dynamics. Well-posedness for the Dean{Kawasaki
model is open except for speci ¢ di usive cases, corresponding to overdamped Langevin dynamics. It
was recently shown by Lehmann, Konarovskyi, and von Renesse that no regular (nonatomic) solutions
exist. We derive and analyze a suitably regularized Dean{Kawasaki model of wave equation type
driven by colored noise, corresponding to second-order Langevin dynamics, in one space dimension.
The regularization can be interpreted as considering particles of nite size rather than describing
them by atomic measures. We establish existence and uniqueness of a solution. Speci cally, we
prove a high-probability result for the existence and uniqueness of mild solutions to this regularized
Dean{Kawasaki model.

Key words.  Dean{Kawasaki model, stochastic wave equation, spatial regularization of space-time
white noise, Langevin dynamics, mild solutions

AMS subject classi cations. Primary, 60H15; Secondary, 35R60

DOI. 10.1137/18M1172697

1. Introduction. Fluctuating hydrodynamics is concerned with the description
of the evolution of a large number of particles by means of suitable stochastic partial
di erential equations. We refer the reader to [11] and give as an example theDean{
Kawasaki model [8, 19]

1) ggx;t)= r (x;t)r FO) +r P (x;t)
| {z y | {z
=D

=S

5

Here :D [0;T] RY [0;+1]! [0;+1 ]is the density of particles, is asmall
real parameter, F is a free-energy functional, and is a space-time white noise. The
deterministic term D is a gradient- ow-driven term describing the average behavior of
the system and can be derived from the Fokker{Planck analysis. The stochastic term
S accounts for uctuations about the mean due to the nite number of particles in
the system. As a result of the divergence form, both the termd® and S account for
conservation of mass in the system; see also [12, 13] for similar models.

Equation (1) poses a fascinating mathematical challenge. On one side, this
equation and its more complex incarnations are widely simulated in physics; see, for
example, B2, equation (59)], [24], and [10]. On the other hand, very little is known
about existence and uniqueness of solutions for this class of problems, as discussed
below.
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1138 F. CORNALBA, T. SHARDLOW, AND J. ZIMMER

We point out three main di culties posed by (1) from a mathematical perspective.
First, the noise term S is de ned by means of a formal divergence operator. The
regularity of the argument of the divergence operator is a priori annown. In particular,
a standard L?(D)-valued stochastic analysis for the argument (x;t) (in the sense
of [29, 7], for example) would not allow us to interpret the noise S , hence(1), in a
function setting. Second, the derivation of (1) in the physics literature is formal and
applicable only to empirical (thus atomic) measures. Whether a solution to(1) for
smooth initial data exists is in general not clear. Third, the lack of Lipschitz continuity
associated with the square root poses further di culties.

Von Renesse and collaborators have studied regularized versions @f) in the
foundational works [33, 3, 20, 21]. They obtained existence results for measure-valued
martingale solutions for modi cations of (1) (in [3, 33] for the Gibbs{Boltzmann
entropy functional F scaled by > 0, and in [20] for the caseF 0). These
modi cations a ect the drift of (1), and they are associated with Dirichlet form
arguments and with the Wasserstein geometry over the space of probability densities.

Very recently, Lehmann, Konarovskyi, and von RenesseZ2] dispelled the belief
that there are smooth solutions to the purely di usive Dean{Kawaggki equation. More
precisely, for (1) in one space dimension with free energy = N7 o (X)log( (x))dx,
where (1) becomes

=5 worr UxD

they showed that a unigue measure-valued martingale solution exists if and only if
N 2 N; in this case, the solution is the empirical distribution associated with N
independent Brownian particles, so an atomic measure. The basis of this dichotomy
is the interplay of the particular geometry of di usion and noise in the context of

a stochastic Wasserstein gradient ow. We also mention that a similar setting later
led the authors of 22] to obtain an analogous dichotomy in the case of more general
smooth drift potentials F [23].

The central di erences to the approach presented below are that in 22], the under-
lying particle dynamics is rst order (overdamped Langevin); the noise is derived from
deep probabilistic arguments (describing Brownian motion in the space of probability
measures with nite second moment, i.e., relying on the Wasserstein geometry); and
the noise is not regularized.

The original derivation of Dean{Kawasaki equations is mathematically opaque,
with one noise being replaced by a stochastically equivalent one, and with physical
approximations closing the model in the density under the assumption of local
equilibrium (see Steps 2{3 in subsection 1.1 below); since the existence of solutions
to this type of equations is so delicate, we revisit the derivation, introduce physically
motivated regularizations, and then establish existence and unigueness of solutions (in
a high probability sense). The starting point is undamped (second-order) Langevin
equations with on-site potential, describing the motion of nitely many particles. A
key point for modeling the particles is that we do not describe them by atomic (Dirac)
measures; instead, each particle is given by a Gaussian with standard deviation 1,
centered on the particle positions. As a consequence, standard tools from stochastic
calculus apply to the empirical density for N such particles. We nd it useful to work

with (a regularized version of) the empirical measureNi iN:l (x g) and remark

that both [ 22] and [8] use the di erent, but equivalent, scaling iN:1 (X g); see(3)

below. The advantage of the scaling chosen here is that the limit of the number of
particles N !'1 is well-de ned, leading to the hydrodynamic scale, and that we work
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A REGULARIZED DEAN{KAWASAKI MODEL 1139

in the setting of probability measures. Speci cally, we study suitably combined limits
of the number of particlesN going to 1 and the width parameter going to 0. Then,
the noise in the resulting equations scales witlN 12 and disappears in the limit
N !'1 (in contrast to (1); the dependency on the scaling in the deterministic and
stochastic operator in (1) also plays a role in B, 33, 22]). As in the original derivation
by Dean [8], we then replace a nonclosed expression for the noise obtained by 1t6
calculus with a stochastically equivalent one; yet, in the framework we establish, the
new noise can be compared to the original one and we obtain error bounds and show
that their di erence is small. In addition, we replace a nonclosed component of the
deterministic drift with a closed expression by working in a low temperature regime
for the Langevin system. We are then in a position to formulate, for large but nite
N, a regularized stochastic wave equation of Dean{Kawasaki type. For this equation,
we establish a high probability existence and uniqueness result for mild solutions using
a small-noise regime analysis; more speci cally, we invoke a Chebyshev inequality
argument to prove that the solution stays close to a suitable deterministic process
which is positive and bounded away from the non-Lipschitz noise singularity (i.e., from
the identically vanishing density).

The general philosophy of this paper to derive stochastic equations describing the
evolution of N Gaussians with given variance instead ol Diracs seems to be novel.
Yet it seems to be natural and potentially useful in a variety of situations. For example,
if one seeks to analyze the evolution of nitely many droplets in a suspension, then
the description of a droplet by a Gaussian seems at least as natural as a description by
a Dirac. The stochastic equation derived and studied here describes the evolution of
such a system of particles. Additionally, the tightness arguments inN and developed
in subsection 3.1 are of independent interest. While we use them as novel argument to
compare noise expressions, they can also be useful in an alternative derivation of the
hydrodynamic limit, though we do not pursue this avenue in this article.

Before describing this approach in more detail, we sketch the derivation commonly
taken in the physical literature.

1.1. Original model derivation in dimension d = 1. The Dean{Kawasaki
model [8, 19 arises in the mathematical description of a system ofitely many particles
experiencing Langevin dynamics. We brie y discuss the derivation of this model
by following [24, section Il]. Consider N stochastically independent and identically
distributed particles moving on the real line, with position and velocity f(q;pi)gY; .
More precisely, their evolution is given by the Langevin dynamics

G = pi;

p=( pi VAg)+ & i=1;05N;

starting from independent and identically distributed initial conditions f (g o; pi: 0) g% -
In (2), f g\, is a family of independent standard Brownian motions on a probability
space ( ;F;P), where ; > 0 are given constants satisfying the uctuation-dissipation

relation 2=(2 ) = kg Te (see, for example, §]), and V: R! R is a potential. The
particle system is described in terms of the global quantities

)
X _ X
N (X t) = (x g(t)and jn(x;t) = pi(t) (X g(t); X2R;t O
i=1 i=1
representing thelocal densityand the momentum density, respectively. These quantities,
which are not rescaled inN, are to be understood in the Schwartz distribution sense,

)
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1140 F. CORNALBA, T. SHARDLOW, AND J. ZIMMER

due to the presence of the Dirac distributions, denoted by . We sketch below how
this leads to (1), the Dean{Kawasaki stochastic partial di erential equation [ 8, 19,
following [24].

Step 1. Evolution equations of rst order in time [ 24, equation (4)] are derived
for both N and jy by means of standard I1t6 calculus, in a distributional sense.
These equations are a simple superposition of the stochastic equations resulting from

for N is a conservation law associated with the momentum density, and it reads
@n=@t r jn. The evolution equation for j is, broadly speaking, an undamped
equation perturbed by a particle-dependent stochastic noise.

Step 2. The aforementioned particle-dependent noise featured in the stochastic
equation [24, equation (4)] associated withjy is not of closed form (i.e., it cannot be
expressed as a simple function of the quantitiesy and jy ). This noise is

X
) (x g() 4

i=1

For this reason, the above noise isormally replaced by another noise preserving the
spatial covariance structure of (4). The latter noise takes the shape

5) "D

where is a space-time white noise.

Step 3. The rst-order evolution equations for y, jn (with the noise replace-
ment (5)) are then analyzed on the hydrodynamic scale under a local equilibrium
assumption, thus giving equations in some new variables and j [24, equation (11)].
In one space dimension, this system reads

8
@, ... @ ...
3 @(x,t)_ @>£x,t),

-nggx;tﬁ oty sy

(6)
PO P (x;t)

(in suitable units, with a small parameter ), whereF is a suitable free-energy functional,
and denotes variational di erentiation. The equations in (6) are then combined
into a dissipative wave equation which is closed in the variable [24, equation (12)].
This step provides the divergence operator for the stochastic noise dfLl). The nal
evolution equation (1) is obtained by passing to the overdamped limit. We will not
follow this last step and instead study a stochastic damped wave equation which can be
seen as regularization of(6); see(9) below. For details of the procedure just sketched,
we refer the reader to [24, sections IIA, 11B] and [8, 19].

1.2. Summary of the paper and main results. We now summarize the
contents and main results of this paper.

We set the notation in subsection 2.1. In subsection 2.2, we de ne two di erent
sets of hypotheses regarding the potentiaV, referred to as Assumption (G) and
Assumption (NG). The rst one is associated with a vanishing potential, V. 0, which
makes some speci ¢ tools of the theory of Gaussian random variables applicable. The
second assumption allows for a polynomially diverging potentialV (g) j qj", in the
context of a Fokker{Planck analysis for (2).
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Derivation of the regularized Dean{Kawasaki model:This is the content of section 3,
and we proceed by adapting the procedure sketched in Steps 1{2, subsection 1.1, to a
function context rather than the original distributional setting [ 8, 19]. We resolve the
formal replacement of the noise highlighted in section 1.1 by smoothing the de ning
components of y and jy . Speci cally, we keep the Langevin particle system(2) and
consider the -smoothed local densityand -smoothed momentum density

(7)
1 X
=5  wk a))andj (xt):=
i=1 i=1

pi(Hw (x g(t); x2 Rt 0

where > O andw (x) := (2 2) expf x2=2 ?)g is the Gaussian kernel with
mean 0 and variance 2; see also De nition A.1. The kernelsw approximate the Dirac
delta distribution for small values of . Notice that andj include a rescaling in the
number of particles, while n and jy do not. Examples of realizations of are given
in Figure 1.

Fig. 1. Numerical simulation of the  -smoothed local density  (;t)= N 1 iNzl w(  qg(t)

dened in (7), for a xed time t, and on D =[0;2 ]. In this specic example, ¢ (t) N (; 10%2),
N = 1000, and N and satisfy the scaling N =1 for =1:5 (left)y, =2:5(middle), =3:5
(right). The smoothness of the density increases with

We use the -smoothed quantities (7) instead of the original quantities (3) and
follow the same guidelines described in Steps 1{2 of subsection 1.1 in order to derive
the regularized Dean{Kawasaki model. There, we will also consider the quantity

H . — 1 X\l 2 0 .
8) iz ()= 5 PPOWx G ():
i=1
We do not adapt Step 3 of subsection 1.1, as we will not combine the equations
for ;j or use the hydrodynamic limit theory.
We perform the analysis of the regularized Dean{Kawasaki model both for xed
values of N and , and also by means of a simultaneous limit involvingN ' 1 and
I 0, forN and satisfying a prescribed scaling. We rst prove some preliminary
uniform estimates for the three families of processet g ,fj g, fj2. g givenin (7)
and (8), as ! 0. We have the following result.

Proposition 1.1 (tightness off g ;fj g;fj..g). LetT >0,andletD R be
a bounded domain. Assume the validity of either AssumptioifG) or Assumption (NG),
given below in subsectior?2.2. Then the families of processes of g ;fj g are tight in
C(0;T;L?(D)) and C(0;T;L*(D)), respectively, for N 1, with 3. In addition,
the family fj,. g is tight in C(0;T;L4(D)) for N 1, with 5.
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1142 F. CORNALBA, T. SHARDLOW, AND J. ZIMMER

Proposition 1.1 yields relative compactness in law for the families of processes
f o:;fj g;fj.g as ! 0. We show convergence for the famiff g as ! 0in
the following result.

Proposition 1.2. Let T > O, and let D R be a bounded domain. Assume
the validity of either Assumption (G) or Assumption (NG), as well as the scaling
N 1, for some 3. For each > 0, let be the law of the process on
X = C(0;T;L2(D)). There exists a probability measure on X such that "

in X as ! 0. Here " denotes weak convergence of measures.
The proofs of Propositions 1.1, and 1.2 under Assumption (G) are the content of
subsection 3.1.
The next step, covered in subsection 3.2, is the analysis of the evolution equations
for andj , namely,
8

@ ... @, ..
@(x,t)— @X(x,t),

D= 1 x0 iz & ViaOWK 9)

i=1
§ e LR

>QI .
fR W e

©)

where Zy (x;t) is well-de ned due to regularity of w and of the processesgg'\, .
System (9) is analogous to the system of evolution equations for the original quantities
N JN mentioned in Step 1; see [24, equation (4)].
In analogy to the original derivation of the Dean{Kawasaki model, the noiseZy
is not an elementary function of andj . For this reason, we rewriteZy as

z Ty {

(10) Zn p=" 7, Qb

where denotes equality in law, is again a space-time white noiseQP 5 is the
convolution operator with kernel wP 5 on some spatial domain, andRy is a (small)
stochastic remainder. The noiseYy is properly de ned for nonnegative function

The speci ¢ structure of Yy is thoroughly discussed in subsection 3.2. We estimate the
\di erence" between Zy and Yy (i.e., the remainder Ry ) with the following result.

Theorem 1.3 (error bounds for covariance structure in(9)). Assume the validity
of either Assumption (G) or Assumption (NG). Let D R be a bounded set, and let
T > 0. Let N; satisfy the scalingN =1 for some xed 7=2. Let QP 5 : L3(D)!
L2(D) be the convolution operator with kernetwr .

(i) There existsC = C(D;T) such that the following estimates concerning the

spatial covariance ofZy and Yy hold for any t 2 [0; T] and x1;x2 2 D:

(11)
C 2 . »
E Zn(X1it)Zn (X25t) B Yn(X1:t)Yn (X251) TWp 7 (X1 X2)jx1 X2J%;

2
(12) EZu(uZn0ait) oW (a xo):
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(i) Zy andYy decaytoOasN !l and ! 0. Specically, forany t 2 [0;T]
and any x; 2 D, we have

(13) Var [Zn (x1;t)] C L Var [Yy(x1;t)] € L

Theorem 1.3, which is proved in subsection 3.3 under Assumption (G), quanti es
the error introduced when replacing the noiseZy with the multiplicative noise Yy .
More speci cally, the bound in (11) is negligible for x4, X, close to each other, when
compared with the bound in (12). In addition, both Zy and Yy are negligible for
distant x; and x,. In combination with Proposition 1.1, Theorem 1.3 guarantees
convergence of(9) to a deterministic system of equations forN '1 and ! 0. This
di ers from the original Dean{Kawasaki model, as we have rescaled in the number of
particles N.

Remark 1.4. In the limit of in nitely many particles, N !'1 , and under a local
equilibrium assumption, one obtains as hydrodynamic limit (6) without the noise term
and with the limit of j,. beingj, =r FO) for a suitable F . A justi cation of this can
be found in the analysis of the Vlasov{Fokker{Planck equation; see, for example,6, 9].
In contrast to our setting, the Vlasov{Fokker{Planck equation is derived by relying
on the empirical gﬁ-nsity de ned on the combined position-momentum state space,
~Ocy;t)= N TN (x o g(t);y  pi(t). In this work, we use only the position-
dependent quantities (7){(8), as this results in a more reduced model with half the
spatial dimension (i.e., position as only space variable). In addition, we do not perform
the aforementioned hydrodynamic limit, but then have to close the processeg,. (for
xed N) using an approximation in the context of a low temperature regime for the
underlying Langevin dynamics; see subsection 3.5.

Subsection 3.4 is devoted to adapting the proofs of Proposition 1.1, Proposition 1.2,
and Theorem 1.3 under Assumption (NG) instead of Assumption (G). Finally, in
subsection 3.5 we give suitable approximations of the components @B) in order to
obtain expressions closed in ,j , V.

Mild solutions to the regularized Dean{Kawasaki model in a periodic setting.In
section 4, we build on the contents of subsection 3.5. We work on a periodic domain,
in the case of a large number of particlesN . We de ne the regularized Dean{Kawasaki
model

. 9
(14a) C%t(x;t) = CE'_;D)Jx(x;t); x2D=[0;2 ] t2[0;T];
@j , 2 @ =
(14b) ét(x;t) = ] (xt) 5 @(x;t) Vi (X) (X t)
P——_
+ pﬁ (X t) er; ; §

(x:0)= o(x); ] (%0)=jo(x): ’

Note that in addition to the approximations made in subsection 3.5, we have also
replaced ™ and V with Ter: and Vper, the latter two being 2 -periodic versions of the
former. This is a natural choice for the analysis of the equations on a periodic domain.

Remark 1.5. Equation (14) is a stochastic wave equation. Yet, standard well-
posedness results for stochastic partial equations cannot be applied in a straightforward
way. First, unlike the stochastic heat equation with non-Lipschitz noise coe cient [ 30],
(14) does not have a su ciently regular Green function associated with its linear drift
operator. This results in standard semigroup techniques not being able to provide
well-posedness results fof14), due to the presence of the non-Lipschitz noise ir{14b).
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Second, the theory of rough paths and paracontrolled distributions appears to be
inapplicable, again due to the non-Lipschitz noise. Finally, the very nature of the
wave equation does not seem to prevent from becoming negative (e.g., a suitable
maximum principle appears to be unavailable); thus it is unclear whether the noise is
well-de ned.

We prove various preliminary results associated with the existence theory fo14).
These include the semigroup analysis associated with the deterministic integrand
of (14) in subsection 4.1, a discussion on the choice of a spatially periodic noise
in subsection 4.2, the analysis of the stochastic integrand of14) in subsection 4.3,
preliminary existence and uniqueness results in subsection 4.4, and a priori estimates
in subsections 4.5 and 4.6. Our key result, provided in subsection 4.7, is the following.

Theorem 1.6 (high-probability existence and uniqueness result). Let D =[0;2 ].
Let Xo = ( 0;j0) 2 Hper(D)  HJ (D) be a deterministic initial condition, where
H‘}er(D) denotes2 -periodic functions in H(D). Assume that o(x) , forall x 2
D, for some > 0. Let the scaling N 1 be satis ed for some > 7, and let
2 (0;1). It is possible to choose a su ciently large number of particlesN such that
there exists a uniqueH (D) H g, (D)-valued mild solution X =( ;j ) satisfying
(14)uptoatimeT = T(Xg) onasetF 2F suchthatP(F) 1 . Thatis to say,
the regularized Dean{Kawasaki model(14) is satis ed pathwise by a unique procesX
on a set of probability at leastl

For the reader's convenience, we summarize how we address the three di culties of
the original Dean{Kawasaki model. First, we work in a function setting, thus the noise
Yy is well-de ned. Second, we do not combine the di erential equations associated
with  (14a)andj (14b), in contrast with [ 24]. On the contrary, we solve system(14)
for the couple ( ;j ), thus avoiding the formal application of the divergence operator
for the stochastic noise of(9). Finally, we prove the above-mentioned high-probability
existence and uniqueness result for (14).

The existence result of this paper is restricted to one spatial dimensionald = 1.
This restriction comes from Sobolev embeddings, as we point out in section 4.

Finally, Appendix A contains basic facts about Gaussian random variables, while
Appendix B contains technical auxiliary results that are repeatedly used for the
derivation of the regularized Dean{Kawasaki model carried out in section 3.

Remark 1.7. The assumptions of our main results (i.e., Propositions 1.1 and 1.2,
and Theorems 1.3 and 1.6) are concerned with di erent scalings for the regularization
in , namely, N =1 for some ; see Figure 1. The lower the value of , the more
general and less demanding the regularization is. We motivate these scalings from
the speci c function spaces which are involved in the proofs of the aforementioned
results. In this work, we do not fully analyze the optimality of such scalings (i.e., the
indenti cation of the lowest admissible value of ). We limit ourselves to providing
general comments on this matter in Remark 4.12.

2. Basic notation and assumptions.

2.1. Basic notation. We may use the same notation for di erent constants,
even within the same line of computation. The dependence of a constant on given
parameters will be highlighted only when it is relevant. We use the symbolk k
to denote the norm in RY. We use the symbBIh; i to refer to the standard inner
product in RY. For x 2 R, we dene hxi := = 1+ x2. The symbol E[X] denotes
the expectation of an R-valued random variable X de ned on the probability space
( ;F;P). For two RY-valued random variablesX;Y , we denote the covariance matrix
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(respectively, correlation matrix) of X and Y by Cov(X;Y ) (respectively, Corr(X;Y)).
For a real-valued random variable X , we abbreviate Var(X) := Cov(X; X ). We will
use the symbol to indicate equivalence of laws for random variables. In particular,
we write X N (; ?2)for a Gaussian random variableX of mean and variance 2.
We write G(y; ; ?2) to denote the probability distribution function of X N (; ?2),
namely, G(y; ; 2)=(2 ?) Yexpf (y )?=(2 ?)g. Quite often, we will use the
shorthand notation w (y) := G(y;0; ?),for > 0. For X N (; ?2), we dene its
absolutemoments M (n; ; ?) := E[jX"] and plain momentsm(n; ; ?2):= E[X"]
forany n 2 N[f Og. For a vector 2 RY and a symmetric semipositive de nite matrix

2 RY 9 we write X N (; )to denote an RY%valued Gaussian random vector
with mean and covariance matrix . For a domain A R, we use the standard
notation LP(A) and H"(A) (for p2 [1;1 ] and n 2 N) to denote the LP-spaces onA
and the Sobolev spaces of functions oA with square integrable weak derivatives up
to order n. We denoten times continuously di erentiable functions on A by C"(A)
(forn2 N[flg[f Og).

2.2. Assumptions on the Langevin dynamics. We consider the following
two di erent sets of assumptions associated with the Langevin dynamicg2), and in
particular with the choice of potential V.

Assumption (G) (Gaussian setting for vanishing potential V). Let T > 0. The
potential V vanishes,V 0. Moreover, the initial condition ( gy; po) to (2) is such that
the solution (q(t); p(t)) to (2) satis es

@) (q(t);p(1)) is a bivariate Gaussian vector for allt 2 [0; T].

(i) There exist > > 0 such that Var[q(t)] forall t 2 [O; T].

(iif) The following quantities are Lipschitz on [0; T]: the expected values q(t) :

E[q(t)] and (t) := E[p(t)], the variances &(t) := Var[q(t)] and 5(t) :
Var [p(t)], and the correlation (t) := Corr (q(t); p(t)).

This assumption holds generically for the Ornstein{Uhlenbeck process dynamics;
see Lemma A.6.

Assumption (NG) (non-Gaussian setting for rapidly diverging V() j ¢®").
(i) The potential V is a C! (R)-function. Furthermore, there exists n 2 N such
that, for all k 2 N, there exists a constantCy such that

@V Ci 1+ hgi?n minfzke for all g2 R:
@Y
(i) There exist two constants Co(V); C1(V) > 0 such that
V(g C,hi®  Co; %) c,'g* ' ¢ for all q2 R:

(i) The joint density go of the initial condition ( go;pg) to (2) coincides with
9(t; q; p), where t is some positive time andg(t; g; p) is the solution at time t
to the Fokker{Planck equation

(15)
@g_ 2@g. . N N
e " @) > @b =(p; p VAY) 90;9;p = Go(a;P;

started from some initial condition g, 2 M2H % 5(R2?). The notation
HSS(R?), s > 0, denotes thesth-order member of the isotropic Sobolev
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chain de ned in [15, equation (3)], while the weight function M (q;p /
expf (2= 2)(p?=2+ V(0))g is the Gibbs invariant measure of (15).
(iv) We have that lim ¢ +1 V(@)=V( 0) exists and is nite.

Items (i) and (ii) of Assumption (NG) are slightly more restrictive than those
of [15, Hypothesis 1]. In particular, we assume the potentialV to diverge at in nity
with no less than quadratic growth. This is encapsulated in the requirementn 1
(instead of the requirementn > 1=2 made in [L5, Hypothesis 1]). Item (iii) implies
regularity of the initial condition go.

We briey justify the choice of the above two sets of hypotheses as follows.
Assumption (G) guarantees the applicability of tools inherently associated with the
theory of Gaussian random variables. Then many computations can be made explicit in
a relatively straightforward way. On the other hand, Assumption (NG) is more general.
Our analysis under Assumption (NG) is an extension of the argument previously
carried out under Assumption (G). Both these assumptions will play a role in the
derivation of the regularized Dean{Kawasaki model in section 3.

3. Derivation of the regularized Dean{Kawasaki model. We now derive
the regularized Dean{Kawasakimodel studied in this paper. In subsection 3.1, under
Assumption (G), we prove a tightness result for the relevant quantities (7), (8), as
well as uniqueness of the limit for the familyf g . These results are Propositions 1.1
and 1.2. The proof of Proposition 1.1 is nontrivial but also technical and might be
skipped at a rst reading. Subsection 3.2 motivates the derivation of the noiseYy ,
which we introduced in (10). In subsection 3.3, under Assumption (G), we prove
Theorem 1.3, which quanti es the di erence between the noisesYy and Zy (see
also (9)). In subsection 3.4 we adapt the proofs of Propositions 1.1 and 1.2 and
Theorem 1.3 under Assumption (NG). Finally, subsection 3.5 gathers the relevant
information from the earlier parts of section 3 in order to de ne a regularized Dean{
Kawasaki model.

3.1. Tightness of leading quantities: Proofs of Propositions 1.1 and 1.2.
We prove some Kolmogorov-type tightness estimates for the familie$ g, fj g, and
fj2. g . The arguments are somewhat technical, as we are not aware of closely related
results in the literature, we describe the proofs in some detail.

Proof of Proposition 1.1 under Assumption (G). We verify the assumption of [18,
Corollary 14.9] for the familiesf g, fj g, fj2. g. More speci cally, for each family,
we prove a suitable Kolmogorov time-regularity condition, as well as tightness of the
processes at time 0.

Stepl: Tightness off g . We use the expansion of a square and the independence
of the particles to write

Ek (i) (9K g

1 4N i
= Nz2E i w(x qg() wx g)lwx g) wx g(s)ldx
ijj =1
1 X h , i
=nz Ekw( @) w( a)k:g
|:lX 7
+ % . Ewx q() w(x g(s) Ew(x qg() w(x g(s) dx
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Given the identical distribution of the particles, we deduce
. . 2
Ek ( ,t% ( ,S)kLz(R)

i
:NiE w (@) w( )k e

1 X 2
r Ew( oa®) w( a®) g
i6j
h i
1 2 2
—E k t ki » E t oy -
N | w( qu(t)) E/;/( () ki (R)}+| w( au(t) g( a(s) | A

=1, = ct
(16)

There are two main di erences between the terml; and the \cross-term" contribution
ct. First, term 14 is of the form E[k k’L’p(R)], while term ct is of the form kE[ ]kEP(R).
Second, termct has no decaying scaling factor inN . This means that we are forced to
provide a bound for ct which is independentof . This bound is provided by invoking
Lemmas B.2 and B.1. On the other hand, we are allowed to bound; with quantities
which might diverge in (these appear because of the forri[k kEp(R)], as we will point
out), as long as they can be compensated by the scaling iN. These considerations
are quite general, and we will apply similar reasonings at several points later on in the
proof, as well as point out the relevant analogies when needed.

We occasionally drop the particle index, because of the identical distribution. We

proceed to boundl; and ct. Using the elementary inequality
(17) 1 e*X x2 forall x2R;

we rewrite |1 as
h

E kw ( , q(t))  w( Q(S))kEZ(R)

=E RWZ(X at) + wix  qs) 2w (x  gthw (x  (s))

(at)  o(s)?

c_. , C. .
42 —=E jqt) a(s)j =it si%

(18) = plsz 1 exp
where we have used Lemma A.4 and an integration irx in the last equality and (17)
in the rst inqg[uality. In addition, q satis es, by de nition, the integral equation

q(t) d(s)= 4 p(z)dz. The integrability properties of p (Assumption (G)) and the
Helder inequality hence give the nal inequality in (18). As for the cross-termsct, we
employ Lemma B.2, estimate (83), and then apply Lemma B.1 to deduce

EWZ( o) W AS) e
_ G(X, (t), 2(t)+ 2) G (X, (S), 2(S)+ 2) 2dX Cjt sz:
R

We combine the estimates forct and |1 and obtain, thanks to the prescribed scaling
N S 1,
1 . : . .
Ek (;t) (;9k2m C NatL si>  Cjt sj?%;
and the time regularity is settled using Kolmogorov's continuity theorem. We now
need to show thatf (;0)g is tightin L?(D). We rely on the compact embedding
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H(D) L?D) (seep, Theorem 6.3]), and we show thatE[k ( ; 0)k?, 1 (] 1S uniformly
bounded in . A computation analogous to (16) gives

@ . *
E k (;0)kﬁ1(R> =Ek (;O)kEZ(R) +E @( ;0)
2 L2(R)
LTE W a@)dx+wex  q(0)dx
N~ &
| {z }
Z =11
(19) + Ew(x @) +Ewix q(0) ‘dx
| R {z }

= ct

The bound1; C 2 follows from Lemma A.4, in combination with the integration
in X and the de nition of the Gaussian moments; see Lemma A.5. The ternct can
be bounded uniformly in using Lemma B.2, estimates(83) and (84). The scaling
N 2 1 nally implies tightness for f g .

Step 2: Tightness offj g . For notational convenience, we de ne

ixsit)=pMw (x gt) psw (x  G(9)

P
sothatj (x;t) j (x;s)= N 1 iNzl i(x;s;t). Inthe same fashion ag16), we expand
h ;

i
20 E j(;t i (:s 44
(20) G0 TG L ,

% E 1(xs;t)? dx+% Ejaixsit)f E 2(xs;t) dx
|12 _{ZI } |12 {f }

7 =l 7 =12
+ % E 2(x;s;t) 2dx+% E 1(x;s;t) E 2(x;s;t) dx
|12 {z } |12 {z }

z =13 =iy

+ E 1(x;s;t) 4dx:
|12 {z }

=:ct

The discussion following(16) applies analogously to the family of termsl 4, |5, |3, and
| 4, which do contain at least one term of the formE[ ;(x; s;t)P], and to the term ct,
which is of the form KE[ k7, ,- We thus provide an -independent bound forct and
suitable -diverging bounds forlq, I, I3, and | 4.

The conditional density for bivariate Gaussian random variables, stated in
Lemma A.3, implies

Fomia(Piat) = B =G p; p(t)+ 225 (b (1)@ (D) (1)

a(t)
(22) forall b2 R:

We use the law of total expectation and (21) to compute
(22)  Eptw (x o) =EEpt)w (x q(t))jq(t)
Ewic o) o0+ 2 O o)

ar()E w (x q(t)) +ax()Ew (x q(t)q(t) ;
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where we set

p(t) p(t)
a(t) a(t)
The time-dependent coe cients a; and a, are Lipschitz, thanks to Assumption (G).

Keeping in mind Remark B.3, we use Lemma B.2, estimat€83), and then Lemma B.1.
We deduce

a(t) == p(t)

() o(t); a(t):=

:

(23) ct Cjt st

for some 2 (0;1).

We now treat the -diverging terms I, |2, I3, and I4 in (20). By adding and
subtracting the quantity 2 p(t)p(s)w _P 5(x (q(t)+ q(s))=2), using (17), and integrating
in X, we obtain

Z Z
E 2005 &= ponE POWL(x )+ POW,, (X a(Sdx +
R Z R
1 (a(t) a(s)? q(t) + o(s)

2
= poE R POS + P 2090 1 exp (A0 TN

PE R PO + SE PO () :
(24)

The rst expectation in the last line of (24) satis es E[jp(t) p(s)j’] Cijt sj. This
is implied by the It6 isometry, which weF'q?voke because@tsatis es, by de nition, the
stochastic integral equationp(t) p(s)= ¢ p(z)dz+ _d (z). Note the di erence
in time regularity with the previously discussed E[jg(t) q(s)j?]; see(18). As for the
second expectation in the last line of(24), we may use the Helder inequality on the
probability space to separatep(s)p(t) from jq(t) q(s)jz. Using again the integrability
of p granted by Assumption (G) and the Helder inequality in time for q(t) q(s), we
deduce

z C C
(25) E f(xsit) dx  Zjt  sj+ <jt  sj*:

R

In addition, we have the bound E[ l(x;s;t)]2 Cjt sj, where C is independent
of x and . This can be justi ed by relying on (22), using the fact that the right-hand
side of (83) (for X being the process)) is Lipschitz in time, with Lipschitz constant
independent of and x, as explained in Remark B.3. Hence, using25), we deduce
that

C . .
e st sj%:

We have completed the analysis for 4, which is the term that requires the most
care, due to the fact that it is paired with the slowest decay inN as coe cient. As
for the other terms 14, 1, and |13, we need not provide sharp bounds. By repeatedly
applying the Helder inequality on the probability space , we deduce that 1, and I3
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are bounded byl ;. We therefore only need to provide an estimate for ; in order to
conclude step (ii). We write

VA
i CE  (p(t) p(s)*wi(x q(t))dx
R
yA
(26) + CE R|0(S)4(W (x qt) w(x qs)tdx :
We reuse some algebraic computations from (18) to continue as
z
I, CE RZ(|D(t) p(s) *wi(x  q(t))dx
+CE  p(s)*(w (x qt)) w(x qs))*dx
C ) C z
E (1) p)* + CE p'(s)5 (W (x o) w(x qs))?dx

R
C C 1 t s))2
SEGO pe)t + SEPET 1 e (A IO
CEMO pe)* + SE e o)’

C. . C = = C. .
it s+ <Ep¥s) TE(at) as)t T it s

In particular, we have used the boundmax, w (y) C ! in the second inequality,
Lemma A.4 in the third inequality, (17) in the fourth inequality, and integrability
properties of p and g in the fth and sixth inequalities. The scaling N 2 1 concludes
the time-regularity analysis for fj g . As for the tightness offj (;0)g , we deal with
the analogous expression 0f19) for fj g . The analysis is similar, apart from the use
of Lemma A.3 prior to the use of Lemma B.2 (for the corresponding termct) and the
use of the compact embeddingd(D) L4(D).
Step 3: Tightness offj,. g . For notational convenience, we de ne

(% 8t) = pROWx  g(t)  PASWUX  G(s)

P
sothatj, (x;t) jo2 (x;8)= N 1! iNzl i(x;s;t). In the same fashion as(20), we

expand
h A [
E Jz;z(:t) i2: (59) Lag
% E i(x;s;t)? dx+% Eji(xs;t)j E 2(x;s;t) dx
|12 {f } |12 {f }
=11 =12
c z 20y ety 2 CZ certy) 2 20y o z cer ) 4y -
+m E {(x;s;t) dx+W E i(x;s;t) "E f(x;s;t) dx+ E 1(x;s;t) dx:
|12 {f N {f ;IR {th }
=3 =iy =
(27)

The considerations forl,, I, I3, and 14 and ct are analogous to the ones for the
homonymous counterparts in (20). In order to estimate ct, we need to compute
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E[P?(t)wO(x  q(t))]. We again rely on the conditional law (21) and the law of total
expectation to write

E pP*(wo(x q(t)) = E E p*(Owo(x  q(t)ia(t)

@) =E Wl a) o0+ L 0@ (@) ) F

The right-hand side of (28), thanks to Assumption (G), Lemma B.2, and Remark B.3,
is of the form prescribed by Lemma B.1. Hence we deduce

ct Cjt st for some > 0:

The analysis of termsl 1, I, 13, 14 in (27) is similar to the one we carried out for
the homonymous terms in(20). We sete:= (q(t) + g(s))=2 and use Lemma A.4 to

compute
Z
E 2(x;s;t) dx
R Z
= pﬁﬁ E pHOWa, 0 a0)(@) X7+ B OWe, (¢ aN(ale) )7k +
'z At os)? =
2E4  pP(t)pA(s) exp % Wor (¢ () Xa(8) XS,
R =T ,

We add and subtract ¢-in both brackets of T;. Similarly to the argument in (24), we
rely on the x-integration with Gaussian kernels, the trivial bound ¢ 1 forz O,
and we continue the above estimate,
Z
E 2(x;s;t) dx
R

CEpM+ e PORE+ 2P0 1 exp  AD_AI
z 2
+Se popeen T IV gy g9

h R i

CE RO P92 + SEPOROEIN o) :
(29)

Similarly to the argument for (24), we get
Z

(30) E 2(x;s;t) dx %jt sj + Esjt sj%:
R

Using an identical argument to the proof concerning fj g, we have that
E[ 1(x;s;t)]2 Cjt sj, whereC is independent ofx and . In combination with (30),
this yields

C. .
I, =it sji*

By repeatedly applying the Helder inequality on the probability space , we deduce
that 1,;13 are bounded byl ;. We therefore only need to provide an estimate for ; in
order to conclude step (iii). We write
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Z
i CE  (P*(t) PP(e)*W™(x q(t)dx
R
Z

(31) +CE  p(e°Wox q(t)) wox q(s))dx :
R

We notice that max, jw°(y)j C 2. We rely on some computations in(29) and
bound I, as

Z
i CE  (PP(t) PPO)*'W(x q(t))dx
"z
+CE  p(s)’(wox qt)) wo(x q(s))*dx
R

CE (o) pz(s)>4(p(t)+ p(s))*

+E4E p°(s) RJ'W0(>< at)  wox  q(s))j’dx

CE () P em+ pE)t + SE Speiat) o)

CE () pe)® TE (o) + pis))®

C = . g 1=
+ SEp(s) Ejqt) o9t

cC.
T LIS

where we have also used the Burkholder{Davis{Gundy inequality to estimate
El(p(t) p(s))®]. The required time regularity is established. As for the tightness of
fj2. (;0)g , we can deal with the analogous expression gfL9) for fj,. g . The analysis
is similar, apart from the use of Lemma A.3 prior to the use of Lemma B.2 (for the
corresponding termct) and the use of the compact embeddingd(D) L4(D). 0O

Remark 3.1. The scalingN ! involved in the de nitions of andj is crucial
for the tightness forf g, fj g, andfj,. g. This scaling di ers from the original
Dean{Kawasaki derivation with nonrescaled leading quantities (3).

Remark 3.2. The scaling (of and N) associated with the family fj,. g is more
restrictive than the one associated with the family fj g ; this is due to the need to
estimate quantities related to derivatives of the kernelw . The di erent hypotheses
on are justi ed by the computations associated with term I, (in the case off @)
and by the computations associated with terml, (in the case offj g and fj,. g).
The scalings of Proposition 1.1 are compatible with the assumptions of our key result,
Theorem 1.6.

Proof of Proposition 1.2 under Assumption (G). Prohorov's theorem [18, Theo-

rem 14.3] and Proposition 1.1 imply weak convergence up to subsequences for the
family f g in X as ! 0. Inorder to conclude the proof, we need to prove uniqueness
of the weak limit . Let us take two sequences (a,;N2)g, and f (b,; NP?)g, satisfying
the scaling prescribed in the hypothesis and such that,, " 1 and p,, " 2 in X.
In order to show that ; = ,, we just need to show that the nite-dimensional laws
coincide; see 18, Proposition 2.2]. Let be a projection from X onto a nite but
arbitrary number of times 0t tm T. Take a bounded Lipschitz function
g: X™:=[L%D)™! R. Then
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Z Z 2
. a( (p)d a, (P y g (M b, (P = Ed( (a)) EI ()

h I'2 X Z

L(9E k ( a,) ( b )KpLz(pym L(9) E R( a (Xitj) b, (X;tj))zdx ;
j=1

2

(32)

where we have used the Helder inequality in the last step. Let us denoteNM :=
mafo;’;‘;N,E’g and N" := mian,?;Nr?g. For eachj 2 f 1;:::;mg, we expand the
square of the sum ofN2 + NP terms in the jth term of (32). As N2 and NP might
di er, it is convenient to split the resulting ( N2+ N ?)? product terms into six di erent
categories. We have

NZ terms of type (N2) 2w3 (x g (t;)),

Np terms of type (N£) 2wi (x g (t;)),

2N/ terms of type  (NMNM) wa, (X G(t;)Ws, (X G (Y)),

N2(N2 1) terms of type (N2) 2w, (X G ())Wa, (X k(tj)), wherei 6 K,

NP(NP 1) terms of type (NP) 2wy, (X G (tj;))wp, (X ok(tj)), wherei 6 K,

2NMNT 2N terms of type  (NMN™) wa, (X G (1)) W, (X (),

wherei 6 k.
With the help of Lemma A.4 and the scaling of f (a,;N2)g, and f(b,;N>?)g,, we
deduce that the contributions of the rst three families to the right-hand side of (32)
vanish in the limit n!1 . The contribution of the remaining three families is given by
Na(Ng 1)

xn a a
PR W @) () + e W, (@) ()

j=1 (N3)?
ZNMNm INM h |
N E WP (@) @)

n n

(33)

The probability density functions of the random variables au(t;) (tj), j =
space of rapidly decaying real-valued functions orR). This can be justi ed as follows.
The density of the sum of two continuous independent real-valued random variables is

given by the convolution of the densities of the two random variables. In addition, for
f1;f2 2 S we have that alsof; f, 2 S. As a consequence of Assumption (G), the

We can then rewrite the expectations in(33) with dualities in S° and we deduce the
convergence of thg th term of the sum to

fat) )OO+ fon) )0 Agw) qe)@=0; j2fL:img

by means of the convergencev ! in S°for ! 0. This leads to
z
9(2)d(  1)(2) = lim 9(z)d( &, )(2)
X m : X m
Z Z
= lim 9(z)d( v, )(2) = 9(z)d(  2)(2);
. X m X m

where indicates a push-forward of measures by . Uniqueness of weak limits implies
that 1 and 2 (the projections of ; and , onto fty;:::;tm Q) coincide. Since
the times involved are arbitrary, we deduce ; 2. This concludes the proof. a

30



1154 F. CORNALBA, T. SHARDLOW, AND J. ZIMMER

3.2. Noise replacement in evolution system for ( 1] ). We now replicate
the analysis described in Steps 1{2 of subsection 1.1 adapted to the setting considered
here, in order to derive a regularized Dean{Kawasaki model. It is straightforward to
derive system(9) using the It6 calculuson andj . System(9) is similar to the system
of evolution equations for the original quantities y and jy ; see B4, equation (4)].

In particular, in analogyF;o the original derivation of the Dean{Kawasaki model, the
noise termZy = N N 1 W (X q(t)) + is not a closed expression of the leading
gquantites andj . For thls reason, we replaceZy with a multiplicative noise, which
we initially take to be of the form

(34) P )QY

where is a space-time white noisef : R! R s to be determined, andQ is a suitable
spatial operator to be determined as well. In order to understand the above chosen
structure, we rst compute the spatial covariance for Zy . For given points x1;X, 2 R,
we have

E Zn (X1;1)Zn (X25t) | |
Z, " 'z, N I#
w (X1 g(u)d i(u) C N w (X2 g(u)d i(u)
" i=1 i=1
2 W L Zy #
= N—E | w(x: g(u)d i(u) w (X2 g(u)d i(u)

2 X Zu Z, #
* Nz w(x1 g(u)d i(u) , w(xz2 g (u)d j(u)
i6]
2 X Z, #
= o3E w(x1 gu)w (xz g(u)du ;
i=1 O
where in the last equality we have used basic It6 calculus, as well as the fact that
stochastic integrals driven by independent noises are uncorrelated. Lemma A.4
givesw (X1 GUIw (x2 g (u)= wh3 (X1 X2)W_P (g (u) (X1 + x2)=2) for all
=10 ;N. By summing overi =1;:::;N and dividing by N, we conclude that

N ' wxa gu)w(xa gu)= wPy (xa X2) _Py((x1+ x2)=2;u):
i=1
We deduce
i 2 X1+ X
1 2
(B5)  E Zn(X1;t)Zn(X2it) = wWP3 (X1 X2) , EN "2 5
Equation (35) indicates how to de ne the multiplicative noise (34). The term wP 5 (X1
X2) is deterministic. It is then not unreasonable to assume that such a term can be
associated with the covariance structure for the stochastic noise irf{34). On the other
hand, the random variable in the right-hand side of (35) should, according to 1t
calculus, be the square of the stochastic integrand of34) evaluated at (x; + x2)=2.
We thus propose the following noise replacement foZ  :

du:

- p 2.
wERT TP _{2_}
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where QP 5 is a convolution operator with kernel w5 . The domain of such an
operator is speci ed in the statement of Theorem 1.3, whose proof is provided in the
next subsection.

Remark 3.3. Note that ~ is a spatially correlated noise approxithiDg the action
of a space-time white noise for small values of. Also note the scaling = 2, as opposed
to the original scaling , characterizing _P 5 in the de nition of noise Yy . The factor

2 appears for simple analytical reasons. This will not a ect our considerations for
the limit ! O,N!1 |, as we will point out in subsection 3.5.

3.3. Covariance error bound associated with noise replacement. The
main modeling result concerns a thorough comparison of the stochastic noises, and
the noise Yy just introduced. Speci cally, we estimate the \price" one has to pay in
order to replaceZy with Yy in (9). More speci cally, we are interested in quantifying
the size of Ry = Zy Y n and Yy interms of ;N . Our goal is to prove that, in the
limtof ! OandN !'1 | the remainder Ry is negligible with respecttoYy. As a
consequence, exchanging the stochastic noises results in a negligible correction.

Proof of Theorem 1.3 under Assumption (G). The colgvolution operator QP 5 is
dened as Q5 : LAD) ! L3(D):f 70 Qr,f() = wey( yf(y)dy. We
compare the noiseZy, Yn by means of their spatial covariance structures at any
given timet 2 [0; T], for any couple of pointsxy; X, 2 D. Following on the construction
in the previous section, we have

2 Z¢ h K1+ Xy |
E Zn (X1 0)Zn (X25t) = WWpi (X1 x2) . E _P3 5 S ds;
and with similar arguments one nds
2 Z¢ hg [
E Yn(X1;)Yn (X25t) = Wsz (x1 x2) E _P5(X1;8) _P3(xz2;s) ds:

0

We notice that the two covariances share the common prefactor 2N *wP 5 (x1  X2).
Our analysis will thus be focused on the terms where the two expressions di er. If we
want to evaluate the di erence of the two above covariance expressions, it is useful to
study, for any given time s 2 [0; t],

h q [

X1+ X
(36) E _P;3 12 Z, _P3(X1;8) _P3(X2:9)

For notational convenience, we denem := (X; + X2)=2 and drop the time
dependence for _P5. We add and subtract _P5(m)toboth _P5(x1)and _P5(X>).
As a result, the random variable in (36) turns into

s 1
q b(x1;X2) jb(x1;%2)j
_ 2 . — _ .
_P3(m) ~ P (M)+ b(X1;X2) Pz(m) 1 1+ 2p, (m) _P,(m)’

where we have de ned
h i
b(x1;X2) = _Ps(m) _Ps(X1)+ _P3(x2) 2 _P3(m)
+( Ps(x1)  Ps(m)( _Ps(xz2)  _Pz(m)):
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We can thus bound the random variable in (36) by the sum

Ps(xy)+ _Ps(x2) 2 _P3z(m)

_P5(x1) _P5(m)  _P5(x2) _P5(m)
(37) + - = Tl + T2:

Expected value of termT,. We use the Helder inequality twice and we obtain

(38)
h
ET, E %(m)

I
N[
NI

2

4 4
_P3(x1)  _Pz(m) E  _P3(x2)  _P3z(m)

The rst expectation in the right-hand side of (38) can be bounded, independently
of N; , by means of Proposition B.8. The two remaining expectations in(38) are
identical up to a swap of x; and x,, hence we analyze just one of them.
In analogy to some computations previously carried out for(20) and (27), we set
(Xg;m):=w (X1 qu(s) w(m qf(s)). We expand

E  _P3(x1) :pg(m)4 NllE ({xl,m)} l\(|:2|EJ(><1.m)J{E 3(><1:m)}

=11 =2
2

C C
"Nzl Z(f’m)} N[ (xl,m):{lE “Ocaim),
(39) + F (X1; m) }:

= ct

Note the absence of integration inx, as opposed to(20) and (27). We use Lemma B.2
and a rst-order Taylor approximation in space together with Assumption (G)(ii) to
deduce

E (xyym) = Gx1; q(s); 4+ %) G (m; 4(8); 59+ ) Cixa Xzt

We rely on Lemmas A.4 and B.2 to write E[ ?(x1;m)] as

h
Py WPl Q) WM a(s)

h [ 2
X1+ m X m
1 ql(s) exp (1472)

2W_P 5

= P% G(x1; q(S); 2(s)+ 2=2)+ G(m; 4(s); 2(s)+ ?=2)
0

+
v26 22N () 2(g)+ 2=2
2 X1+ m, .2 2_ (X1 m)?
# PG T g0 GO P2 1 e

We use a second-order approximation of the typgf (x1) + f(m) 2f ((x1 + m)=2)j
Cjx1 mj® applied to f (x) = G(x; 4(s); 2(s)+ 2=2), as well as inequality (17), to
deduce
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1 1 , C. _
(40) E ?(xi;m)  C =+ = jxi X <jxa xgf*:

The bound max, jw%(y)j C 2, the mean-value theorem, and(40) allow us to deduce
C. . C. .
E *(xi;m)  —ixi x’E P(xpim)  Zjxy Xoj:

The above estimate is the most demanding in terms of the scalindy; and justi es the

hypothesis 7=2. Finally, the terms E[j 3(x1;m)j];E[j (x1;m)j] can be bounded, by
means of the Helder inequality, by E[ 4(x1; m)]g’:4 and E[ 4(xy; m)]l:4, respectively.
We can put all these estimates together for the bene t ofl 4, I, I3, 14, and ct in (39)
and obtain

4
E  _P3(x1)  _P3z(m) Cix1 xgj*:

The estimate for points x, and m replacing x; and m is identical. As a result of
the above observations, we can bound the left-hand-side in (38), thus obtaining

(41) T, Cijx1  Xpf?

for C independent ofN and .
Expected value of termT;. Using similar arguments to the analysis ofT», it is not
di cult to show thath _
i
E  _Py(xa)+ _P3z(x2) 2 _P3(m)
2 1=2
E  _Ps(x1)+ _P3z(x2) 2 _Pz(m)

Cixi  Xgj?

by using a fourth-order approximation of the type jf (x1) + f(x2)+6f (m) 4f (m;)
4f (my)j Cjx1  Xoj%, wherex; <mj;<m<m , <X, are equidistanced. We skip
the details. We combine the estimates forT; and T, and deduce

C ? : .
E Zn(X1i)Zn(X25t) B Yn (X1;t) YN (X2;t) Tij (X1 X2)iX1  Xoj%
which is exactly (11). Using Lemma B.1, it is also immediate to notice that
C 2
E Zn(X1;t)Zn (X251) Tsz (X1 X2);

which is (12), and the proof of Theorem 1.3(i) is complete. The proof of (ii) is a straight-
forward consequence of the estimat®l 1Wp§ (X1;X%2) Land of (11), (12). O

Remark 3.4. The proof of Theorem 1.3 employs a muItipIicativE gpprgach for the
estimation of the random variable in (36). We rely on the estimate =~ a2 az+c
jc=d, instead of using the standard estimate

P— P — —
(42) a2 az+c P igj:

In our specic case, we havea := _P3(m) and ¢ := b(xy;X2). The multiplicative
approach has the disadvantage of having the terma * ( :1: §(m) for us) in the bound.
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For this reason, we need to prove thata is bounded away from 0, and this is the
reason why Proposition B.8 is needed. On the other side, the multiplicative approach
provides sharper estimates (in terms of orders of power gik;  X»j) for the estimation
of the di erence of the spatial covariances of noiseZ and Yy in (11), if compared to
what we would get if we relied on(42). For these reasons, we chose the multiplicative
approach.

Remark 3.5. The replacement ofZy with Yy gives a negligible error. This error
is given by (11), (12), depending on the distancejx; x»j. We split the analysis in
three cases.

Points x1;X» 2 D such thatjx; X»j? 2. Estimates (11), (12) directly

imply
C 1 2 +1
E Zn(X1;1)Zn (X2;1)  E YN (X1 t)Yn (X2:t) N O ( );
c 1
EZy(ai)Zn (i) = = O ()
Points x1;X» 2 D such thatjx, xj° 2 ( 2; ). Estimates (11), (12) directly
imply
Cc 1
E Zn(X1i)Zn(X2:t) B Yn (X1 t) YN (X2;t) N O( )
cC 1
E Zn (X1;t)Zn (X231) N o(
Points X1;X> 2 D such that jx;  X»j° . The prefactor N twp

(X1 X2) decays exponentially in , and both Zy, Yy are negligible and
hence interchangeable.

3.4. Nonvanishing potential V (q): Modi cations of proofs of main re-
sults. We show that Proposition 1.1, Proposition 1.2, and Theorem 1.3 also hold with
Assumption (G) replaced by Assumption (NG).

Adaptation of the proof of Proposition 1.1 under Assumption (NG). In the proof
of Proposition 1.1, we deal with three time-regularity estimates for the families
f g,fjg,fjg. Ineach one of them, we expand arLP-norm of the relevant
quantities (7), (8). In each case, we end up with upper bounds consisting of sums of
terms labeled asct, I; (and alsol,, I3, and |, when applicable). If we now assume
that V satis es Assumption (NG), we can use Proposition B.6, bounds(95){ (96), to
deduce the boundct j t sj'* for all three estimates. As for the remaining terms
I; (and I,;13, and 14 when applicable), we use Proposition B.6, bound$97){ (98), to
control all terms E[ 1(x;s:t)]* asE[ 1(x:s;t)]> Cjt sj, with C independent ofx
and . It only remains to consider the integrals of the form

87
3 E (w((x qt) w(x q(s)))2 dx for Step 1
ZR
.B E 1(x;s;t)° dx; c2f2;3;4g for Steps 2 and 3

R

The algebraic steps involved in thex-variable integration remain unaltered. As for
the expected value of the resulting (t); p(t); q(s); p(s))-dependent quantities, the
time-regularity estimates also do not change. This is a consequence of the rapidly
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decaying probability density function g(t; g; p) and the polynomial growth of V. These
facts guarantee the existence (and the correct time-dependency) of all the required
moments ofq(t) q(s) and p(t) p(s). As for the proofs of tightness off (;0)g,
fj (;0)g,fj2 (;0)g, these can be adapted by using Remark B.7 for the estimates
of the terms labelled ct; see, for instance, (19). a

Adaptation of the proof of Proposition 1.2 under Assumption (NG). The  only
change in the proof is the justi cation of the probability density functions of o (t;)
and p(tj), ] =1;:::;m, belonging to S. This is stated in [15, Theorem 0.1]. a

Adaptation of the proof of Theorem 1.3 under Assumption (NG). The proof is
identical up to, and including, estimate (38). After that, we work on (39) by us-
ing the adaptation of Proposition B.8 under Assumption (NG), whose proof is included
in subsection B.3. We also need to provide estimates for the termk,, I, I3, 14, and
ct without relying on the Gaussian setting. We de ne g to be the probability density
function of q(t). We begin with ct and bound

z

E (xum) = (W y) w(m y)sa(y)dy

ZR
W (x1 V(&) a&ly+m xi))dy

Kw(xs Dkeryryker() e&( +m Xk gy Cjxp Xzj;

where we have used the change of variables far in the second equality (shift by

m  X;) and the boundedness of @ =@g[q; p;t) provided by (89). This concluded the
analysis of the term ct. We now turn to

E (x1 m)?
= P Worgl () Worm (o)

h i 2
X1+ M m
! cu(s) exp (142)

2W=p§

ya -

% W, (X1 y) g(Y)+a(y+m xit) 26 y+ —
R

X1;t  dy

(X1 )2 X1+ X2
+ 197 Weo Yy T
R
1

. , C. .
C =+ 5 jx1 X =jx1 Xgj*

& (y)dy

We have used(17), suitable changes of variables forg, and a second-order Taylor
approximation for g in the rstinequality, as well as boundedness of suitable derivatives
of g(g; p;t) by means of (89) in the second inequality. This settles termls. The
remaining terms | 1, |,, and | 4 are dealt with in the same way as in the original proof.
The estimation of term T, can be performed with the same techniques used above in

the adaptation of the analysis for term T». a
3.5. De ning the regularized Dean{Kawasaki model. An immediate con-
sequence of Theorem 1.3 is that, in a simultaneous limitoN ! 1 and ! O,

the stochastic noiseZy in system (9) vanishes. This di ers from the original Dean{
Kawasaki model. However, a close approximation of such a model is recovered for
a large but xed number of particles N, by means of Theorem 1.3. We make some
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additional approximations to (9). These approximations are aimed at deriving a
closed-expression formulation, in the variable ( ;j ), for our regularized version of
the Dean{Kawasaki model.

Approximation 1. We replace the noiseZy with the noise Yy (i.e., we neglect the
remainder Ry ). This has been discussed in detail in subsections 3.2 and 3.3.

Approximation 2. With respect to the noise Yy, we replacef _P5g with f g.
This is justi ed by the fact that both families admit the same limit in distribution in
X = C(0;T;L?(D)) thanks to Proposition 1.2. In addition, the noise Yy features the
vanishing rescalingN 172, which provides an additional contribution in reducing the
error caused by the replacement of _P 5 with

Approximation 3. We replace the termj,. with a multiple of %. This can be
seen as a replacement of the random quantitp?(t) with its expected value. Indeed, the
equilibrium state of the particle system f (g ;pi)gl, is identi ed by the joint density

CIN;VIs ) exp — S +V(G) =CNVii ) M(a:p):
i=1 i=1

The equilibrium state shows independence between position and velocity of particles.
This allows us to write

: @ 2@

E . . = E 2 E - . = 7E —_ . .

2 (61) = Epi() E g 06t) = 5B “oo0xt) |
which suggests the replacement of . with a multiple of °. We stress the fact that at
no point in this work do we assume to be working with the steady state of the particle
system (2). Nevertheless, at least under Assumption (NG), the dynamics of(2) tends
to the steady state fort ! 1 ; see L5, Theorem 0.1.]. Inthe case > 2 (i.e., for
the overdamped Langevin dynamics), this entails that

var[pf(t)] C “=2)* *=2) EpP(t) O

It is then natural to replace p? with 2—2 on the probability space , hence to replace
j2; with 5~ &.. 5

Approximation 4. We replace the termN ! iN:1 Vg (t)w (x g(t)) with the
term VY(x) (x;t). This is justi ed by the following result, which the reader may skip
on a rst reading.

Lemma 3.6. Let the scaling of N and be such that ! O asN !'1 . For
eachx 2 D and t 2 [0;T], we havelimyin [VAx) (xt) N 1 N VYg(t)
w(x g(t)j=0.

Proof. The claim is trivial under Assumption (G). Let us then consider As-
sumption (NG). The particles being identically distributed, we only have to show
that E[jVYau(t)) VIX)jw (x @q(t)] ! O0Oas ! 0. We use(89) to deduce
that fq 2 L* (R), where fq is the probability density function of o (t). We set

=2n 2 0, where n is given in Assumption (NG). In addition, we set
D ():=] ;+ ] for some 2 (0; 1) whenever > O, or for some > 0

when =0. We compute .

EjVam() VIiw(x @) = RjVO(y) VAX)iw (x - y)fqly)dy
z z
43 C . ()J'VO(Y) VA)jw (x  y)dy+ C DC()J'Vo(y) VA)jw (x  y)dy:

37



A REGULARIZED DEAN{KAWASAKI MODEL 1161

We notice that w (x y) C(x; )w-(x vy)forall y2 D), the complement of
D (), where 0< ~:=(jxj+1) ¥ . Moreover, Assumption (NG) implies that

iVAY)i  C( )@+ jy] ™) and jvRy)j C( )1+ jyj ) forall y2 R. With respect

to (43), we bound the integral onD ( ) by using the mean-value theorem and the
control on V% and we bound the integral onD¢( ) by relying on the kernel w- and

the control on V2 We obtain

E jV%au(t) ZVO(X)J'W(X (1)) 2

C jy xjw (x y)dy+ C(x; ) L+jyj ")w (x y)dy
D () b De()

(49 C  t+cCcx; ) DC()(1+jyj Tyw(x  y)dy;

where we have used Lemma A.5 in the last inequality. The right-hand side 0{44)
tendsto O as ! O due to the choice of and the dominated convergence theorem.

This concludes the proof. a
The approximations discussed above yield the system of equations
9
@ .. @ ...
(452) V= Gy
@ vy e 0 -
(45b) @t(x,t)— i (x5t > @(x,t) VHAX) (x;t)
£ p— (0
W 1 1

(X;0)= o(X); ] (X0)=jo(x); ’

wherex 2 D;t 2 [0;T], and ~ = Q%}Z is an L?(D)-valued Q-Wiener process, and

0, jo are suitable initial conditions. System (45) is one step away from being our
regularized Dean{Kawasaki model. This nal step is illustrated in the nal section, as
the need for it shows while trying to establish existence of solutions to (45).

4. Mild solutions to the regularized Dean{Kawasaki model in a peri-
odic setting. We investigate existence and uniqueness of mild solutions to syste(d4),
which we refer to as aregularized Dean{Kawasaki model System(14) is the 2 -periodic
equivalent of (45). The reason for considering the spatially periodic case will be dis-
cussed below. Note that the quantities ,j in (45) and (14) are no longer associated
with the de nitions given in (7) but are the unknown solutions to the two systems.
We rewrite (45) as a stochastic partial di erential equation of the type

dX (1) = (AX (1)+ X ()dt+ By (X ()dW ;

(46) X (0) = Xo;

where X (t) :=( (;0);] (;t), Xo=( o0;jo), and W :=(W.1;W.5) is a suitable
stochastic noise, with
- Q@ . 2@ . . 0 VoY (1) -
AX () := @X(,t), Gy 5 @(,t) s X ():=0; V() (51);
and By is some suitable integrand speci ed below.
Subsection 4.1 is devoted to the analysis of the operatoA by means of the
Co-semigroup theory. We de ne and analyze the periodic equivalentsVpe,; and pe
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of W and in subsection 4.2. We describe the relevant properties of the stochastic
integrand By in subsection 4.3 and prove existence and uniqueness of mild solutions
to a suitable locally Lipschitz approximation of (14) in subsection 4.4. We then prove
suitable small-noise regime estimates in subsections 4.5 and 4.6. We nally prove the
main existence and uniqueness result, Theorem 1.6, in subsection 4.7.

In this section, we setD :=[0;2 ]. We x kgTe = 2=(2 ) := 1 for notational
simplicity, even though all our conclusions hold for arbitrary positive ratio 2=(2 ).

4.1. Semigroup analysis for the operator AinW = H_2 (D) HZ (D)
We characterize the semigroup associated with the operatoA, which can be done
in a straightforward manner. For any 2 -periodic function f 7R ! R such that
fio 2 L2(D), we write its Fourier coe cients as fim = (2 ) ! b € imx £ (x)dx for
any m 2 Z. We consider the Sobolev spaces of 2periodic functions

X X
Hiy(D):= f=  fhe ™: 1+m?2"f2 <1 ; n2N;
m2Z7 m27Z

endowed with standard norms and inner products. We also consider the spaces
Cper(D) = ff :f 2 C"(R);f is periodic with period 2 g; n2 N[f Og;
where Cr?er(D) is endowed with its standard norm. We also recall the following Sobolev
embedding theorem, valid only in one space dimension.
Proposition  4.1. The embeddingH ., (D)  CJ, (D) is continuous.

As an immediate consequence of Proposition 4.1, we deduce that, for2 HJ, (D),
n 1,

d“ d
Mf(O)—wf(Z) forall k=0;1;:::;n L

We also recall the spaces
W := Hj (D) Hper(D);
h(u1;va); (Uz; Vo)iw = huijUzing, (o) + ViiVaing, (0);
W D (A):= H3 (D) H3e(D);
h(uz;va); (Uz2;V2)ip(a) == huijUzinz, (o) + Vi Vainz, (p):
Lemma 4.2. The operator A: D(A) W !W  de nes a Cy-semigroup of con-
tractions fS(t)g: o.

Proof. We verify the assumptions of the Hille{Yosida theorem, as stated in 8,
Theorem 3.1]. This is a straightforward step and might be skipped on a rst reading.

A is a closed operator, andD(A) is dense inW. This is easily checked.

The resolvent set ofA contains the positive half line. For every > 0, we consider
A 1:=(A 1) ! whenever this is well-de ned. We rst prove that it exists, by
showing injectivity of A ;= A | . Let us then assume thatA (;j ) =(0;0). We
multiply the rst component of A (;j ) by and the second component oA (;j )
by j, and we obtain

Ci° )y +C C+ i = 2 (+)i* (i)=0:

Integrating over D and using the periodic boundary conditions for and j, we obtain

k ki2py+( + )Kikizp) =0:
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Since ; > 0, we deduce that (;j ) = (0;0). We now show that A ! is a bounded
operator. ConsiderA (a;b)=( ;j ). This implies

(47) = a |
(48) (+i= b 73
(49) °= &% j%
(50) (+)i°= B %

where (49) (respectively, (50)) is obtained by di erentiating (47) (respectively, (48)).
We multiply (47) by , (48) by j, (49) by © and (50) by j°and sum the four equalities.
An integration of the resulting expression overD yields

k() ki Zk kager(D) +Z( + )k kazger(o) ~
(51) = a dx + bjdx + a® %x + B %x;

D D D D
where we have also used the periodic boundary conditions for, j, © j% We now
use the Cauchy{Schwarz inequality and the Young inequalityjxyj  °x2 +(1=4 ?)y?
with 2 := =2 to bound the four integrals in the right-hand side of (51). This directly
gives (= 2)k(;j )k&  (1=2 )k(a;bkZ, , which implies

1
(52) KA lk|_ (W;W) -

soA !is bounded. We now show thatDom(A ') is dense inW. Letus x ( a;b) 2

ngr(D) ngr(D). We consider the system of equation®A (;j ) = ( a;b), namely,

i =a (+)) %=b
We rewrite the rst equation as = ( j° a)= and substitute into the second
equation, obtaining

j 00 ) a0 1
(53) —+( *+ )i = — b2Hy(D):

The elliptic theory provides existence of a unique solutionj 2 ngr(D) for (53). From
=( j° a)=, we immediately deduce that 2 ngr(D). We have shown that, for
every (a;b) in a dense subset oV (namely, ngr(D) Héer(D))- the operator A 1is
well-de ned.
Inequality [28, (3.1)] is satis ed. This is precisely (52). a

4.2. Introducing periodic noise and periodic potential drift. We now
de ne the noise W for (46) in accordance with the noise in (45b). We set

W= 0~ = O;Q%:z2

The second component oAl agrees with the noise in(45b). Since(45a) is a deter-
ministic equation, we set the rst component of W to zero. We representW as 9,
Proposition 2.1.10]

X p__
(54) W = i (0;e) (1),
j=1
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wherefg g andf ;g refer to the families of eigenfunctions and eigenvalues of the
Hilbert{Schmidt integral operator QP on L?(D). Unfortunately, the eigenfunctions
fe g are not2 -periodic. To verify thiq_?. one can rely on Mercer's theorem and evaluate
the kernel expansionwP 5 (x y) = j1:l i§ (x)g (y) for the pairs (x;y) = (0;0)
and (x;y¥) =(0;2 ). We deduce that the Q-Wiener processW doesnot necessarily
take values in the space associated with the semigroup analysis é&f, i.e., in W. In
order to resolve this issue, we identify the end-points of the interval [02 ], thus
thinking of [0;2 ] as a at torus. We provide, for each > 0, a 2 -periodic kernelpP 5
approximating wP 5 . A suitable choice lies in the von Mises distribution, a 2 -periodic
distribution parametrized by 2 R, > 0, and given by the probability density
function
e cos(x ) 1 Z cos(x)

2T 0() Io().—2 De dx:
The von Mises distribution [14] approximates the Gaussian kernel in the following
way:

f(x;; )=

2
lim  f(x;; ) pliexp &) =0; where 2:=

1.
4l 2 2 22 co( o+ ) '

For this reason, we replace the kerneiw? 5 , > 0, with the 2 -periodic kernel

cos( x) 1
ez2 sin2(><= 2) eﬁ
Po(x)=f ;0022 ' =~ —=2Zpte 7 ; Zpli=_ T
Pz (9 S T e R B "2 T 21 a2 7)
Inthe limit ! O, the kernelpP 5 recovers the Gaussian kerneiP 5 on the at torus.
We study the eigenfunctions and eigenvalues gf the operator

(85) PPy :L*(D)! L3(D); PPof(x)=  pPy(x yf(ydy; f2L3*D):
D

We obtain the eigenfunctionsfe; gj.z and eigenvaluesf ; gj»z of PP5; from [10,
section 4.2], namely,

8q —
% Lcosfx) ifj> 0

g ()= g(¥)=_ Lsinix) ifj< 0

o o

i ifj =0;

and

Sln2)< 1
<zpl e T cosfx)dx=Cpzole 77l f22g 1 ifj 60;
(56) i =. b

1 ifj =0;

wherelj(z):=(2 ) ?! RD €7 ©os(X) cos(x )dx is the modi ed Bessel function of rst kind
and order j; see |, equation (9.6.19)]. It is immediate to notice that feg g is an
orthogonal basis ofH per(D), ang that the family ffjg2z
(x)— 1+j2 ifj 60;
(57) (oo 4
= if j =0;

is an orthonormal basis ofH
W -valued noise below.

ser (D). This is crucial, as it will allow us to construct a
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We now turn to estimating relevant properties of f ;. g;.

Lemma 4.3. Fix n 2 N. There exists o > 0 such that forO0< <  we have
2z 5 " C(n) (en+3).,
Proof. We start with bounding ZP 5 from below as
z sin 2 (x= 2) z .2 z p42|r12
(58) ZpP5 = e 7 dx e +2dx (1=2)dx = C:
D D 0

We now turn to I;. We rst of all notice that 1,(z) lo(z) forany z 0. In

addition, we have
z z

lo(z)=(2 ) ¥ ey e’dx = Cé:
D D
We use a recursive property of the modi ed Bessel functions of rst kind [L, equa-
tion (9.6.26)], namely,

7 .
(59) (@)= 1] 1(2) ?H,-(z) forall z> 0; forall j 2 N:

Since the modi ed Bessel functions of rst kind are always nonnegative for nonnegative
arguments [1, equation (9.6.10)], we deduce from59) that 1;(z) (z=2j)l; 1(z). For
j>z,we havelj(z) (1=2)I; 1(z), which implies an exponential decay ofl; (z) for
j>2z.Sincel1(z) 1o(2), equality (59) also implies that1;(z) 1o(z) forall j 2 N.
To sum up, we get the bounds
( (of=3 ifj z;

z

ce L7 >z

(60) 1;(2)

We take z = (2 ?) 1, and we setm( ) := d(2 ?) ‘e. We feed(58) and (60) into (56),
thus obtaining
c ! ifj m();

c 13’ "0 itjem ()

(61) Js

where C is a constant independent of . As a result of (61) we get, for su ciently
small,

1X feen X in IX( ) n X in 1 (n+1)
> i 1 Pl = [ p1t €M) "m()
j2z j=0 j=0 i>m ()
+C(n) * @=2y "G m()"+m()"g
j>m ()
C(n) (2n+3) :
and the proof is complete. a

These considerations show that the nois&\ given in (54) can be replaced, in
a periodic setting, by the noiseWer; = (0; Jer; ) :=(0; Pplzi2 ), where P is de ned
in (55). This noise is aW-valued Q-Wiener process given by

X p— 2
(62) Woer; = i 0:f5) s po=@+ ) g
j2z
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wheref ;g is a family of independent one-dimensional standard Brownian motions.
For consistency, we assum¥ is periodic, i.e.,V = Vper 2 Cge,(D). It is also immediate
to notice that the operator e X (t):= O Vpoe,() (;t) belongs toL(W), i.e., to
the set of bounded linear operators onw.

In the remainder of the paper, we investigate existence and uniqueness of solutions
to the regularized Dean{Kawasaki model

dX (1) = (AX () + perX (1))dt+ By (X (1))dWoer; ;

(63) X (0)= Xo:

System (63) is the equivalent of (45) in a periodic setting and is a functional rewriting
of (14).

4.3. Locally Lipschitz stochastic integrand with respect to W -topology.
In this subsection, we de ne and analyze the properties of the noise integran®y . It
is natural to dene By : W !f f:W! L?(D) L?D)gas

P
Bu(I(aB:=p= 0 ] b

Remark 4.4. We see that

Z, ZtX 0
. Bn (X (s); Y (8)))d Wper; (s) = . T Bn((X(8);Y(8)(0;f;)d (s)
Z t X p 7122 Z t p
6) =p< P00 XON di9= 0 p= XEHPH (9
0 j2z o N

The last expression of (64) is precisely the stochastic noise of (63).
The integrand By poses several di culties. First, By is not a mapping from W to
L9(W), where LI(W) denotes the set of Hilbert{Schmidt operators from Ppl:;W w

into W; see P9, section 2.3]. SecondBy is not Lipschitz or locally Lipschitz with
respect to (;j ). Both problems are due to the singularity of the square-root function.
We address both problems by regularizing this singularity. For some > 0, we de ne

Bn: ((3 (&b := %(O; h () b;

whereh : R! R is a C?-Lipschitz modi cation of P jziin[ ;+ ]. In this way,
h is Lipschitz and has bounded rst and second derivatives. We characterize some
important features of By .
Lemma 4.5. The following properties hold:
(i) Bn: is a map fromW to L(W).
(i) Bn: is locally Lipschitz with respect to theL 9(W)-norm.
(i) Bn: has sublinear growth at in nity with the respect to the L9(W)-norm.

Proof. Statement (i). Take (u;V);(a;b) 2 W . We use Proposition 4.1 and write

2 2n
kBn: ((u;Vv))(a;bkd, = wkn (u)bkﬁ%er o ¢ K (UbkZ2 ) + C(;u)kERZ, )
0}

+ C( )kbk'éger 0 Ku%Z2 )
2 2

WC( ‘u )kbkﬁpler () WC( su)k(a; bk3,

This settles the rst claim.

43



A REGULARIZED DEAN{KAWASAKI MODEL 1167

Statement (ii). Take (up;vi);(uz;ve) 2 W, such that k(ug;vi)kw K;
k(uz;vo)kw k. We have

kBn; X((U1;V1)) Bn; ((Uz;Vz))kig(W)

=7 P By () Ba (uv2)a(@ifK,
J2ZZX 2
= kO;fh (u1) h (u)gfj)ky:

N
j22

The right-hand side in the expression above is well-de ned by (i). From(57), we
deduce that kf; ky 1=2 kijkL1 122 for all j 2 Z. We use this fact, as well

as the boundedness oh°, to compute

2 X
< i KOifh (u)  h (u2)gf)kg,
JZZ n
2 X 2
~ i kfh (u1)  h (u2)gfikizp,
j2z #
X d 2
+ i g (fh (u) h (u2)gf)
. X L2(D)
2z, #
2 X 2 X d ’
Cy 0 Kh(u) h kg + ;o fhu) h(ug
N (@) dx L2(D
. | (27 (®)
2 X - n ) 0 0 ,0)k2
cOy i kup  uzkizpy + kh™(us)(uy U)K 2(p)
j2z
0

+ kud(h®(u)  hO(u))k; 2 o)
We use Proposition 4.1, the boundedness di®, h®® and Lemma 4.3 to deduce

kBn; ((ui;vi)) Bn; I((U2;V2))kfg(w)

2 X N 2 2
C( )W j; kU]_ u2kL2(D) + kug ngLZ(D)
j2z
0,2 2 ° 2 7 2
+ kuszz(D)kul UZkCger (D) C( 'k)ﬁ kU]_ UzkH 1, (D)
2

C(ik)ﬁ "k(ug;v1) (UZ;VZ)k\ZN;

which is the desired local Lipschitz property for By: .
Statement (iii). We proceed similarly to the proof of (i) and compute

X 2 X
KB, (U)K oy = kP By (U V)(O0:f)K, = N B KOh (Wfj)ky,
i2z, i2z
#
Sk Kagt 9 )
N i UTj K 2py * e URCOLY
N j2z j2z dx L2(D)
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n #
2 X 2 X 0 2
CW i kh (u)kLz(D) + i kh (u)uq(Lz(D)
i3z 4 12z
2 X 2
C( )W i 1+ k(u’v)k\ZN = C( )W 7 1+ k(u,V)k\ZN ;

j2z
where the last inequality follows from the sublinearity of h at in nity and the
boundedness oh®. We deduce

(65) ;
2
kB (uivDkigwy  C()g 7 (+k(uiv)kw)=C() w_l?zjf 1+ k(u; V)kw ) :
=M(;N)
This completes the proof. a

Remark 4.6. The quantity M (;N) introduced in (65) is the justi cation of the
scaling > 7 in Theorem 1.6.

4.4. Existence of mild solutions in the W -topology up to random time.
We consider the following -smoothed version of the regularized Dean{Kawasaki
system (63):

dX; (1) =(AX; ()+ perX; (1))dt+ By, (X, (1))dWper; ;
We prove the following result.

Proposition 4.7. Let T > 0. Let Xo 2 W be deterministic. Then (66) admits
a unique mild solution X . on [0; T] with respect to theW -topology. Moreover, the
solution X . is @adhg in the W-topology.

(66)

Let fS(t)g: o be the Co-semigroup generated byA discussed in Lemma 4.2. We
recall that a mild solution for (66) is [7, Chapter 7] a predictable W -valued process
X, M=, ®);j; (1), t2[0;T], such that

Zy

(67) P kX. (ki ds<1 =1;
0

and, for arbitrary t 2 [0; T],
z t z t
X. (1)=S(t)Xo+ S(t s) peX; (sS)ds+ S(t s)Bn; (X (S))dWper, ; P-as.
0 0
Proof of Proposition 4.7. We apply [31, Theorem 4.5] and take into account B1,
Remark 4.6]. a

The mild solution X . to (66) is, in particular, adhg at time t = 0 with respect
to the W-norm. Let us x a parameter > > 0. In addition to the hypotheses
already given for X in Proposition 4.7, we also assume

(68) o(X) for all x 2 D:

Keeping in mind Proposition 4.1 and the adhg properties at time t = 0, we deduce
the existence of a random time (! ) such that

(69) Ko() (t )kt (o) forall t 2 [0; (1)):

The bound (69) implies that By. (X . (s)) coincides with By (X . (s)) for s 2 [0; (!)).
We thus have the following.
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Theorem 4.8. Let the hypotheses of Propositior.7 be satis ed, as well as(68).
Then the regularized Dean{Kawasaki model(63) admits a unique mild solution with
respect to theW -topology up to a random time .

4.5. Estimates for X . . We now study some moment bounds for the real-valued
random variableskX . (t)kw, where X . solves (66).

Proposition 4.9.let T > 0, > 0,andqg > 2 be xed. Let Xg 2 W be a
deterministic initial condition for (66). Let = ( T;q;;; ;N ):= fC(q; T)kXokJ,
+ TC(; )MY(;N )geCTa+C(Tii IMICN) Then

(70) sup E kX . (t)kyy,
t2[0:T]

Proof. We rely on some ideas of the proof ofq], Theorem 7.2]. We know from
Proposition 4.7 that the paths of X . are @adhg in the W-topology. It follows that
the real-valued procesg 7! kX . (t)k{, is also @dhg. This fact, together with (65),
allows us to deduce

Z- Z+
(71) kBN (X (S)Klgpy)ds<1; K per(X: (S)kwds<1; P-as.
0 0

For R 2 N, we de ne the stopping times
z t
R :=inf t2(0;T]: ) kBn: (X . (S))kﬁg(w)ds R
Z t
or K per(X; (s))kwds R ;
0

with the usual convention r := T whenever the above in mum acts on the empty set.
If we set X ;.r (1) := 1jo. oj(1)X; (1), itis then clear that
z t
Xir (1) = Lo o1(OS()Xo + 1po; (1) L. 1(S)S(t S) perX ;R (S)ds
Z, 0
+ 1po; (1) . 1; z1(S)S(t  $)Bn; (X ::r (S))dWhper; :

We rely on [7, Theorem 4.36], (65), and the Helder inequality and deduce

y4 t q
0

Z, q

+ E 1po; z1(S)S(t  s)Bn; (X::r (S))dWper;
0 w

z t q

0
Z q=2)
(72) +E KBy (XiR (K g ds

0
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z
C(q; T; Vper)  kXok{l, + tE kX ..r (S)k{}, ds
z,°
+C(; MIGNIE  (1+ kX g (9K%)ds
Z, 0
(73) g+  %E KX.r (S)kj ds;
0

where g1 = C(q; T; Wer)kXokiy, + TC(; )MI(;N) and g, := C(T;q + C(; )
M9(;N ). Thede nition of X ..x impliesthat (72)is nite, hence soisE[kX ..r (t)k{, ].
We use Gronwall's lemma in (73) to conclude
(74)
E kX .r (DK}, f C(q;T)kXokd, + TC(; YMI(;N )geS (T C(T:i IMICGN )
forallt 2 [O;T]:

The integrability property (71) implies that g(!)= T for R R(!); P-as.As a
result, we deduce

F{Iliml X.g ()= X. (t)inW; t2][0;T]; P-as.

We use Fatou's lemma and we obtain
E kX . (t)k\‘}v gminlf E kX . R (t)k\qN
I+

f C(a; KXok, + TC(; M A(;N )ges(Tar ST OMICN)
forall t 2 [O;T]:
Taking the supremum in time nally yields the result. a

We obtained (70) by using the adhg property of the solution X . . This allows
us to consider an arbitrary g > 2. If we only relied on the de nition of mild solution
(see in particular (67)), the exponent g = 2 would be the maximum exponent we could
take. This is exactly the case for the proof of uniqueness in7f Theorem 7.2], from
which we adapted the proof of Proposition 4.9. The proof of T, Theorem 7.2, (7.6)],
which is exactly our (70), relies on a xed point argument instead. We cannot use
this argument, since we lack the global Lipschitz property for the stochastic integrand
Bn: . The need forqg > 2, and not simply g = 2, is motivated by [ 7, Proposition 7.3],
which we will use in the next section.

4.6. Small-noise regime analysis. In this subsection, we investigate the small-
noise regime analysis for solutions< . to (66).

Proposition  4.10. Let the hypotheses of Propositiord.7 be satis ed. In addition,
assume the following scaling for; N :

(75) N 1 for some > 7.

For xed > 0, T>0,r> 0, q> 2, we have
imP sup kX. (t) Z(t)kj, r =0;
#0 t2[0;T]

where Z is the unique (deterministic) solution of

dZ(t) = (AZ (t)+ perZ (D)) dl;

(76) Z(0) = Xo:
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Proof. We adapt the proof of [7, Proposition 12.1]. The scaling(75) implies that
M(;N) ! 0 in the simultaneous limit of and N. We write

X (1) _Z(1)
Z Z,

= S(t8) per(X; () Z(s)ds+ St 9)Bn; (X (S)dWper;
0 0

We use [7, Proposition 7.3] and Proposition 4.9 to deduce

E sup kX. (s) Z(s)kj,
s2[0;t]

Zt
C(T;d; er)E kX . (u) Z(U)kev du
0
Z q
+E sup S(t S)BN; (X; )deer;
s2[0;T] 0
Zt
C(T;0;\Mer)E kX (u)  Z(u)ky, du
0 z.
(77) + C(;;T;q)MI(;N)E (1+ kX . k)ds
Z, °
C(T;a; Vper) E sup kX. (u) Z(u)k3V du
0 s2[0;u]
(78) +C(Tig )MIGN)T(A+)

where is de ned in Proposition 4.9. Thanks to the same proposition, (77) is nite.
The scaling (75) also implies that is bounded in ;N . We can apply the Gronwall
inequality to (78) to deduce that

E sup kX, () Z(9kl, C(:T;a)MIGN)T@+ )eCTaVeer) 1

s2[0;T]
as ! OONI!1
Chebyshev's inequality gives the result. a

The prescribed scaling inN; stated in Proposition 4.10 is compatible with the
scalings of Propositions 1.1 and 1.2 and Theorem 1.3. See also Remark 3.2.

4.7. Main existence and unigueness result. We now turn to the key exis-
tence and uniqueness result for the regularized Dean{Kawasaki mod€b3) or equiva-
lently (14).

Remark 4.11. Letus x > > 0. We rst notice that, for a deterministic initial
condition Xo = ( 0;jo) 2 W such that (68) is satis ed, there existsT = T(X) 2 (0;1 ]
such that the solution Z to (76) satis es

Z(t;x) +( )=2 forall x 2 D; forall t2[0;T):

This is implied by the time-continuity of Z with respect to the W-norm and by
Proposition 4.1.

Proof of Theorem 1.6. Fix sothat0< <  and considerT(Xp) as indicated
in Remark 4.11. Proposition 4.7 provides existence of a solutioixX . to (66). For
someq > 2, we rely on Proposition 4.1 and write
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P sup kX, () Z(keg o) c

t2[0;T (Xo)] per(D) T
()
=P sup kX, (1) Z(tkg (G
t2[0;T (X 0)] Cler (D) Cl (D) >
coUy

i tZ[O'STu(F))( X O 2Ok 24 '
; o)l

where the last inequality holds for small enough (or equivalently N big enough),
thanks to Proposition 4.10. It follows that

P(X. (x;t) forall t 2 [0; T(Xyp)); forall x2 D) 1

This implies that P(By: (X. )= BNy(X . )forall t 2 [0;T(Xp)) 1 . We take
X := X . and employ the existence and unigueness results from Proposition 4.7 to
conclude the proof. a

The dependence ofl on Xg is yet to be properly investigated. In the special case
of constant initial data Xo = ( o;jo) = ( C;0), for someC > > 0, the solution is
stationary, hence we can pick any nite T(Xj).

Remark 4.12. We have relied on scalings of typeN =1 (or N 1), for some
> 0, to prove several results throughout the paper. Some of these scalings could be
improved (i.e., could be lowered) in at least two points, speci cally:

(a) Tightness off g, Proposition 1.1. We relied on the compact embedding
H1(D) L?(D) to show that the initial conditions f (;0)g are tightin L2.
If one uses the compact embeddindd 172* =2(D) L?(D) instead, for some

2 (0;1), the scaling is less demanding, aBw ( )Ky 1=z =2 / 2
In addition, the time-regularity estimate can be improved by computmg

the expectation rst in the second-to-last inequality of (18). In this case, the
estimate proceeds with the bound

1 p p4 ’ +p p4 ’ 1 exp e ;

P P YR VIR

2 VA 2 (2 2+ V. 2(2 2 + V..

| G S W g ( W)
=ZT1 =IT2

where
st .= E[q(t) q(s)] Cjt sj; Ve :=Var[q(t) q(s)] Cjt sj*

Itis not dicultto bound TyandT,by C ! jt sj* , where can be
chosen in (Q1]. Overall, the scalingN 2* |, for some 2 (0;1], is su cient
to provide tightness of f g . We believe that similar arguments could be
applied to fj g and fj,. g as well.

(b) Functional setting of section 4 If we redene W asW = Hpar' ~%(D)
Hper~ ~2(D), this could lead to a better scaling in Lemma 4.3, forreasons
analogous to point (a). This would then lead to a better scaling in Theorem 1.6.

Appendix A. Gaussian tools. This appendix is devoted to a concise exposition
of a few useful facts concerning Gaussian random variables.

Definition ~ A.1. A Gaussian random vectorX with mean 2 RY and covariance
matrix , denoted asX N (; ) , has the probability density function given by
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G(x;; )= det(2 ) exp I(x )T x ) .Inthe real-valued case, ie.,
for X of mean and variance 2, the above is simply

(x )?

1
Gl ; %)= p=—exp >

2
Lemma A.2 (Fourier transform for Gaussians). The Fourier transform of an
RY-valued Gaussian random vectotY N (; ) is given by
Gy n 1 0
RI3 71Ee ™! =exp ih; i éh; i

Lemma A.3 (conditional law for Gaussian vectors). Let b2 R. For a bivariate
Gaussian random vectorY = (Y1;Y2), the conditional density of Y; givenY, = bis

fyiv,(ViiY2= B =G yi; v+ -2 (b v,)i@@ 32 ;

Yz
where = Corr(Y1;Y>).
Lemma A.2 can be found in L7, Chapter 16], and Lemma A.3 can be found in 4,
section 4.7].
Lemma A.4 (multiplication of Gaussian kernels). Given f (x) == G(X; f; 2)
and g(x) := G(x; ¢; §), we have the multiplication rule

1 (s 9)2
fO)IX) = GX; 1g; fg)—————0XpP 5o
UU2(Fr ) 207+ 9
where we have set
fg;:f5+9f2- g;:ﬁ;
s TR

Lemma A.5 (moments of Gaussian random variables). Let X N (; ?2). For
n 2 N, we have

M(n;; ?):

E(Xj"] C(mf "+ "(n 1lg;

X n . .
m(n; ; 2):= E[X"]= (2j ! o g n 2.
j2N;2] n ]
P dn=2e 1
wheren!! := | 25 (n 2k), for n 2 N.

Lemma A.5 can be proved by induction onn, by splitting X as (X )+ and
using the results for moments of zero-mean Gaussian random variables. Lemma A.4
follows from simple algebraic computations.

Lemma A.6 (Ornstein{Uhlenbeck process). Let A; 2 R? 2, and let W be a
bivariate Brownian motion. For any t 2 [0; T], set ( t) := €.
(i) The stochastic equation

(79) dX (t) = AX (t)dt + dwW (t); X (0) = Xo;
has a unique solutionX (t) = ( X 1(t); X2(t)) explicitly given by
Z
(80) X(t)=( )Xo+ (1) t '(s) dw(s):
0
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(i) If Xg is a Gaussian random vector independent o¥V, then X (t) is a Gaussian
random vector for any t 2 [0; T].

(i) With the same assumption as in(ii), if in addition Cow(Xg; X) is positive
de nite, then there exists > 0 such thatVar (X 1(t)) and Var (X 2(t))
forany t 2 [O; T].

(iv) With the same assumption as in(iii) , the following quantities are Lipschitz
on [0; T]: the mean of X 1(t) and X (t), the variance of X 1(t) and X ,(t), the
correlation betweenX 1 (t) and X(t).

Proof. Part (i). Existence and uniqueness of a solution is granted byd7, Theorem
5.2.1]. It is straightforward to see that (80) is indeed the solution by computing the
[to-di erential of X (t). R

Part (ii). The integrand 1(s) being deterministic, ( t) ; (s) dw(s)is a
Gaussian process. In addition, (t)Xg is a Gaussian vector by linearity. Stochastic
independence ofX, and W grants that the sum of the aforementioned two vectors is
a Gaussian vector.

Part (iii). Thanks to the independence of W and X, we can limit ourselves to
studying Cov(( t)Xo; ( t)Xo). We observe that

Cov(( 1)Xo: ( t)Xg) = ( )Cov(Xg;Xo) T(t)=: B(t):

Since Cov(Xg; X o) is de nite positive, this entails that the continuous function t 7!
y' B(t)y is strictly positive on [0; T] for any giveny 2 R nf(0;0)g. The claim then
follows by taking y = (1;0) andy = (0; 1).

Part (iv). We notice that

EX(@{) X(s) = E(() (98)Xo  C(AEKXekjt sj;

and the Lipschitz property for the mean of X 1(t) and X,(t) is settled. As for the
variances, we compute
z t
Cov(X (t); X (1)) Cov(X(s);X(s))= ( 1) Yu) T T(udu ()
05 .
(s) Yuy T T(udu T(s)
0
+ ( t)Cov(Xo; Xo) (1)

(81) ( )Cov(Xo; Xo) T (S);

and the Lipschitz propesty for the variance of X 1(t) and X »(t) follows from the Lipschitz
property for ( t) and é Yw) T T(u)du. As for the correlation between X 1(t)

and X(t), the Lipschitz property can be derived by using the de nition
Cov(X 1(1); X2(1))
Var(X 1 (t))Var( X2(t))

and observing that Var(X 1(t)), Var(X(t)) are bounded away from 0 (by A.6) and
that Var( X 1(t)), Var( X(t)), Cov(X1(t); X (t)) are Lipschitz by (81). O

Appendix B. Auxiliary tools. We list and prove some auxiliary tools used
repeatedly in the proofs of the main results of section 3. We start with time regularity
of Gaussian moments, under Assumption (G), in subsection B.1. We deal with
time regularity for the Fokker{Planck equation (15) under Assumption (NG) in
subsection B.2. We estimate the second moment of (x;t), where (x;t) is de ned
in (7), giving a proof for both Assumption (G) and Assumption (NG), in subsection B.3.

Corr(X1(t); X2o(t)) == p
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B.1. Time regularity of speci c Gaussian moments.

Lemma B.1. Let T>0,n2N,c 2 > 0be real numbers. Let; 2:[0;T]!
R be Lipschitz functions, with Lipschitz constantL. Let Q. (x) be a polynomial of
degreen in x, and Lipschitz coe cients in t, again with Lipschitz constantL. Assume
that 2(t) for all t 2 [0; T]. Then there exists > 0 such that

4
. Que ()GOG (1) (1) Q s ()G (s); *(9)) “dx  Cjt st

for all s;t2 [0;T]

for a constant C = C(T; ;L;c). In addition, if p=0, c=2, and Qn IS a constant,
then =1.

Proof. Because of the general inequalityjP Noajt (n+1)° P o Jaijt, it s
su cient to prove the statement for each monomial composing Qn (x). We can thus
restrict ourselves to proving the statement with the choiceQp; (x) := A(t)xP, for any
p 2 N, and whereA is Lipschitz with constant L.

We add and subtract relevant quantities in the integral we have to compute. As a
result we get

Z
AMXPG; (1); (1)  AEXPEX (s); 2(s) “dx
R z
2 (A@N) A@E)XPGx; (1); (1) “dx
|R {2 }
Z ot
+2°  A(S)XP G(x; (1) 2(t)) G (x; (s); s) “dx:
|R {z }

We estimate Ty; T, separately. SinceA is Lipschitz and 2 is bounded from below, we
obtain

Z
T LSt si® XG0 (1); 3(t)°dx
R
_ L¢ PN (9 I o
T g2 ) n=z M cp; (0; c it s
LC

22 ) D=2 C(T;p;0jt si° Cjt si%

where we have also relied on Lemmas A.4 and A.5. In order to estimaté&,, we rewrite
the integral as

4
RJ"’3~J"’(S)J'XJ'Cp Gix; (1); *(t) G (% (s); *(9))

(82) G (t); 2() G (x (s); 2(9) ° dx

forsome 2 (c 2;c 1). We apply the Helder inequality with conjugate exponents
-2 and —2— and obtain
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Z
T, AR o ) (gix®ee ¢ o (); A1)
R
G (9 A9 ¢ Vax
Z °
G (O A1) G (9 X(s) 2dx
R

The rst term can be controlled using the boundedness ofA and Lemmas A.4 and
A.5, similarly to the argument for T;. We get
Z
JAJPEE e )(9)jxjPPE et ) Gk (1), A(1))
R
( +2 c¢)=2

G (x: (s); 2(s) 2”@ “ Jax

2 . AR ct )
2 cr 0 T
o M2 ct )
2 cr T
CAcp; ;)

C(A;c;p; ) M

+ M

As for the second term of the product boundingT,, we rely on Fourier analysis
and Taylor expansions. More precisely, we rely on Parseval's equality, Lemma A.2,
and some simple rearrangement to write

z
G (1) 2(1) G (x (9); X(s) “dx
R z
—Cc el ) PN g9 A9y
ZR
C el gi() g t2n?2y
RZ 2
+C e'(s) e%z(t)z 812(5)2 d
Z R
C el i gb?iy
| R {z }
Z =ZT3
s C et g1ty
| R {z }
=Ty

For Ts, we use the mean-value theorem applied to the magy 7! €¥ and the
Lipschitz properties of to deduce
Z 3=2
. . . P— 1
Ts L3t s2 2 “O°d =L%t g% 2 >
R (t)
where we have used the de nition of the Gaussian kernel and the bound ?(t)
We move on to T4. We rely on Lemma A.4 and we expand the square in the integrand
to deduce

C(L; )it sj%
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s
2

M (s ° 2+ (9

r r

T4:

c() A Xs° cOt s

The second inequality above is the Lipschitz property of 2, while the rst inequality
is justi ed by the midpoint estimate f( 2(t)) + f( 2(s))p 2f ([ 2(t)+ 2(9)]=2)
C()j 2(t)  2(s)j’ for the function f: [; 1)! R:y7! =y. Such expansion is a
consequence of the superposition of the second-order Taylor expansions (with Lagrange
remainder) of f ( 2(t)) and f ( ?(s)) centered around [ ?(t) + ?(s)]=2. Putting T3
and T, together, we deduce
Z °
G (1; A1) G (% () %(s) ~dx Cit s?7 =Cjt §°
R

We rename = ¢ 12 (0;1). We combine the above estimates and we obtain
z

AMXPGx; (1); (1)  A(PXPGX (s); () “dx Cjt st ;
R
as desired. Ifp=0, c=2, and Q. is a constant, then =1. This is becauseT; =0,
and one may simply take =0 in (82). a
Lemma B.2. Let X N (; ?)andletx 2 R. Then

(83)
x 24 2 22

Efw (x X)X"I=Gx: 2+ )m m 5 5

(84)

.. X
EWwo(x X)X"]= G(X—2+2)

2 k 24 2 , 24 2
k=0
n2 NJ[f Og:
X 1 ( X)2 22
EWRx X)X" =60 2+ B x" K om ki
k=0
1 (ox? 20
(85) + om k+2; 5. 2 24 2

The proof of Lemma B.2 is a straightforward application of multiplication proper-
ties for Gaussian kernels and Gaussian moments, as stated in Lemmas A.4 and A.5.

Remark B.3. It is worth noticing that the right-hand sides of (83), (84), and (85)
satisfy the requirements of Lemma B.1. To see this, we notice that

x 24 2 22
m n;

24 2 7 24 2

is a polynomial of degreen (with -dependent coe cients) in the variable x. For
time-dependent (t), ?2(t) satisfying the hypotheses of Lemma B.1, it follows that
2+ 2 > 0 forany > 0. These facts imply that the right-hand side of (83) can
be written in the form Q . (X)G(x; (t); 2(t)+ 2), where the polynomial Q . (X)
has time-Lipschitz coe cients whose Lipschitz constants are uniformly bounded as

I 0. For these reasons(83) satis es the statement of Lemma B.1, and the result of
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the application of Lemma B.1 on (83) is independent of as ! 0. On a similar note,
we notice that

xn n ( X) 2 2 2
n k . .
K X" 'mok+1; S 3 2g 2
k=0
can be written as Q .nt (X) := 2P .y (X), where the polynomial P . (x) has time-

Lipschitz coe cients whose Lipschitz constants are uniformly bounded as ! 0. This
is a consequence of the Gaussian moments of order at least one, for a Gaussian kernel
with both mean ¢ 2+X)22 and variance % featuring a multiplicative factor 2. This
factor can be canceled out with that appearing in the right-hand side of(84), which
can hence be written in the formP .. (X)G(x; (t); 2(t)+ 2). For these reasons(84)
satis es the statement of Lemma B.1, and the result of the application of Lemma B.1
on (84) is independent of as ! 0. Similar considerations apply for (85). The
contents of this remark apply under Assumption (G) for the time-dependent X being
precisely the Langevin particle g (t) satisfying (2).

In addition, the right-hand sides of (83), (84), and (85) are Lipschitz in time, with
Lipschitz constant independent of (see the discussion above) and (each one of the
right-hand sides being a product of a polynomial with a decaying exponential).

B.2. Fokker{Planck time regularity in the case of nonvanishing poten-
tial V. The contents of this subsection should be seen as the \replacement” of
Lemma B.1, Lemma B.2, and Remark B.3 under Assumption (NG). We consider the
Fokker{Planck equation associated with (2), namely,

8
@ > @
S ZEr ()t 5 0
(86) . @t 2 @p
~ 9(0;p; ) = Go(p; 0;
where go(p; g is the law of (g(0); p(0)).
Remark B.4. We comment on some consequences dff Theorem 0.1]. This result,

among many things, implies the following bound for the solution to (15):
(87) kg(t; ; kyizpss  C(1+ Qs(t))e "KkGokyizy s s

where > 0, whereC = C(;;V;; ), and Qg(t) is a continuous positive function
such that limy ¢+ Qs(t) =+ 1, limy +1 Qs(t) < +1 , and whereM 12H S denotes
the weighted isotropic Sobolev space of ordes with weight M 172, as stated in
Assumption (NG). In addition, well-posedness of (15) is proved in M 1=2SqR?d). The
auxiliary initial condition g, mentioned in Assumption (NG) may be used in(87) to
deduce that

(88) ka(s; ; )kyi=2yss  Cp foralls t> O

The well-posedness 0f15) in M 1“2S9R?%), the choice ofg, made in Assump-
tion (NG), and (88) imply the following bound for the solution to (86):

(89) ka(t; ; YKy 1=2ysi5 = kg(t+t; YKy 12214 535 Cf forallt O:

We remind the reader that g is the probability density function of a Langevin particle
(g (1); pi (1)) satisfying (2).
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Lemma B.5. Let g(t;q;p) be the solution to(86), and let Assumption (NG) be
satised. For some 2 (1=4;1=2)andany0 s<t T, we have

(90) kg(t; ;) 9(s;; )kizrey Cjt sj;
(91) KM (g(t; ;) 9(s;;)) ke (rey Cjtsj;
(92) M (@=@(t ;) 9Si:)) 1 (g Cit sit
Proof. We write
Z, 2 Z: , & 2
kg(ta;p)  o(S;aiPKi2rey 2 T (g)dz *2 5 gpdd
s L2(R?) s L2(R2)
z t
gt si  kr ()g+ T gk{ape OZ
S
Zy 2
+2jt ] @ dz

s 2@ L
Zt
2t s M2 M ¥ (r ()g

S

+ g)kfz(Rz) dz

z ‘ 1=2 1=2 2 @ ?

(93) +2jt s M= M B —g dz:
s 2 @& L2(R?)

Assumption (NG) implies that V has at most polynomial growth, while M decays
exponentially in p;q This immediately implies that kr  ( )M2 ki1 (rey < 1
andkj jM*™2 Kk 1 (gey < 1. In addition, M '*?* g is uniformly bounded in time
in H%2(R?) thanks to (89). This is enough to control the L2(R?)-norm of the re-
maining terms M 72 g, M ¥2* r g, M ¥ (@=@9)g, and proceed in(93) to
deduce (90). As for (91), we have

Zt
M (a(ta:p)  a(s:aP) L1 ey M r ()g
S , @ #
+M "Gt M ?@7@9 L (R?) &
Zt
M2 2M 25 (1 ()g+ T Q) L re
° #
2
(94) + M2 2\ =2 @ dz:

EXCE

The terms kr ()M 2 ki1 (rey, Kj jM ™2 2 ki1 g2y are bounded. We then
use (89) and the Sobolev embedding theorem to deduc€1) from (94). The proof
of (92) is analogous. a

Proposition B.6. Let T > 0. Let Assumption (NG) be satis ed. Let (q;p) obey
the Langevin dynamics(2). Let A(q;p := p":q"2 for somen;;n,; 2 N, and letc 2.
Then, for any s;t 2 [0; T], we have
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(95)

. Ew(x qO)AQL);pM) w(x as)AE):ps) “dx  Cit s ;

(96

. Ewl(x a)A(at)p(t) wx a(s)A(s);p(s) “dx Cjt st ;
where C is independent of > 0. We also have for anyx 2 R
97) Ew(x ot)A(at);pt) w(x as)A(as);p(s)  Kijt sj;

(98)  Ewox q)A(q(t);p(t) wo(x d(s)A(As);p(s) Kt s
whereK is independent of > Oand x 2 R.

Proof. We rewrite the left-hand side of (95) as

Ew(x gt)A(Q);pt)) w(x qs)A(s);p(s) dx
Rz 7z z .

= w (x o)A(a;p(a(t;p;a) g(s;p;a)dpdg dx=kw (g(;t) o;s)) kS

R R R

R . .
whereg(q;t) .= L A(d;P9(t;q; p)dp. Letus de ne hst(a; P = j(a(t;a;p)  9(s; a; P)i-
We proceed as ;5
C

kw  (g(;t) e(;s) ke k wkike(;t) o;s)ke ] RJ'A(q;|0)jhs;t(q;p)dlo da:

Fix 2 (1=¢;2=¢  (0;1). We split hs(a;p) = hgy (a;Phg, (a;p). We apply the
Helder inequality for this splitting in the above inner p-spatial integral, and we get
Z Z c Z Z c=2
(99) A(d; Phsy (g;pdp  da hs: (a; P?dp
R R R 7 R
c= 0

RAGCE hee(q;p “dp da;

where = (1 ) °> 0,and %is conjugate to 2= . Let 2 (1=4;1=2). We use(91)
to dfduce that 7

A ) "hex (q;p) “dp = IA(pia) ™M M “heg(q;p dp
Z

K jA(ai M “dp Kijg" "expf CV(dg
R

for someC = C(ny;; % ;; ) > 0. We apply the Helder inequality (in the q
variable) inZ(99) to deduce
Ew(x qt)AM):pt) w(x os)A(a(s);p(s) *dx
Ckhs;tkEZ(Rz) C]t Sj1+ X

where we have used Lemma B.5, estimat€90), in the last inequality. We thus
proved (95). The proof of (96) is similar. We can rewrite the left hand side of (96) as
Z 7 Z

R

wo(x  o)A(g;P(g(tp;a)  o(s;p;g)dpdg  dx

R 2%z @ .
(100) = - RW(x q)@C{A(q;p)(g(t;p;q) g(s;p;@)gdpdg dx;
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where we have also used integration by parts in thej variable, and the fact that the inte-
grands decaytoOforg! 1  , by [15, Theorem 0.1]. From(100) onward, the computa-
tions carried out for (95) can now be adapted line by line with@=@d& (q; pg(t;q; p)g
replacing A(q; pPg(t;q;p). This is possible because theg-derivative introduces a
polynomial-type correction to A(q; po(t; g; p), which can be dealt with as above, using
again the exponential decay ofM .

We turn to (97). We rely on (91) and compute
Ewx_ a)A(A®):p(M)  w(x  as)A(A(S): p(s)
jw (x  gA(g;pP(g(t;g;p)  9(s;a;P)jdadp

R R Z Z
Cjit s jw (x  o)A(q;pM jdadp
ZR R
Cjit si kw(x )kiijpi"texpf C(;; )p’=2gdp= Kijt sj;
R

which is the desired estimate. The proof of(98) is completely analogous, and it relies
on integration by parts for w® and estimate (92). a

Remark B.7. With the notation and assumptions of Prq_-@osition B.6, it is not di -
cult to adapgthe proof of the same proposition to ghow that . jE[w (x  q(0)) A(g(0)];
p(0)i®dx, LJEMO(x q(0)A(q(0); p(0)]j° dx, LJEWx  q(0))A(q(0); p(0))]j° dx
are uniformly bounded in .

B.3. Estimate on negative powers of the density

Proposition  B.8. Assume the validity of either Assumption(G) or Assump-
tion (NG). Let N =1 forsome > 3,andlet beasin(7). LetD R bea
bounded set, and leff > O be xed. AsN!1 and ! 0, we have

(101) E  2(xt) C(D;T) forall x2 D; forall t2 [0;T];

where C is independent ofN; .
Proof of Proposition B.8 under Assumption (G). We know that

G(t) N (q(t); a(t); t2[0Tl:

Also, 4(t) is bounded on [QT]. We can think of the quantity x ¢ (t) as being
(x  g(t)) ( g(t) g(t). This observation, together with the distributional symmetry
of Gaussian random variables with mean zero, allows us to prove the statement by
considering the simpler setting

G(t) N (0; 2(1) forall t2 [0;T];

0 x maxjyj+ max j 4(9)j =: M;
y2DJ)/J 52[O;T]J q(8)j

without loss of generality. Notice that we have performed an abuse of notation with
respecttog. We x t 2 [0;T] and x satisfying the above condition. With our scaling
choiceN = , we have

X
xt)y=C b exp( (g(t) x)*=22):
i=1
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For 1, there exists = (D;T) such that

(102) r(q(t) 2 (3{(2 X+ )i forall t2 [0;T]; forall x 2 [O;M]:
= Pxit;

A simple choice is = (2=(2 ))expf (M +1)2=2 g, where we have used Assump-
tion (G).
The N particles being independent, we have

n(x;t) :=# fparticlesin (x ;x + )attime tg Bi(N;pxt )=Bi( TPxt )

We x a positive real number . It then follows that, on the set fn(x;t) 1g, we have

1 1 .
xt)  (n(xt) 1)
Estimate on the setfn =0g. We now focus on the setfn(x;t) = 0g. First of all,

we notice that this event is asymptotically highly unlikely. More precisely, using the
independence of particles, we get

P(n(x;t)=0)= P all particles in (x ;x + )¢ attimet =(1 pgs )N
n 0
(103) =1 pxy) (1 ) exp ( 1)5
Now that we have the asymptotic probability of nding no particlesin ( x ;x + ),

we rely on the trivial bound ~ (x;t)  w (x ¢(t))N 1, whereg(t) is the closest particle
to x at time t. In symbols, &(t) := qu(t), where a := argminj=; .y jG(t) Xxj. We

compute the probability density function for je(t) xj. For this purpose, we compute,
foreveryy O,

Pix et y)=1 P(«t) xj>y)

=1 P allparticlesin (x y;x+ y)¢ attime t
=1 Paqin(x y;x+y)° attimet "

=1 («x y+1 o (x+y)N;

z

where we have set ((z) .= | G(y;0; 2(t))dy. In the rest of this proof only, we will

shorten G(y; 0; 2(t)) to simply G;(y). If we di erentiate with respect to y, we get the
probability density function for je(t)  Xj

figy xj(¥Y)= 1y o N(

¢(X y)+ilZ (X + y;)N YGi(x  y)+ Gi(x+y)):
= Zyt (Y)

We now rely on the inequality

1 N _
STk Swn x

We write the expectation on the right-hand side using the probability density function
for j&  Xj.
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N Z 1

Em:N . N( t(x y)

(104) 1 x+ Y)Y HGx Y+ Gu(x +Y)) 5 2(y)

Before we deal with (104), we need to estimateZ,. (y), at least for large values
of y. It is immediate to see that Zy; (y) Zwm:(y) forally 0. We compute the
derivative

diG(z;O; Y= Cexp z?=(2 ) *2z22 1 1:
Thanks to Assumption (G), this entails that
p_
(105) Zmp () Zye(y)  fory M+ 7

where we have seff := argmaxsyo:7] g(s). We now examine the ratio Zy,. ;(y)=
Gi(y M). We use the I'Hopital rule and compute
i 2w o Zwe® L G M _y) Gi(M +y)
yl +1 Gf(y M) yl+1 Gg(y M) vyl +1 G(y M)

2(t)
“ jm _a® , a® aMy

X =0:
yb+1 y M y M 2 (1)

This implies the existence ofy = y(D; T) >M + P- such that
ify v,

1
106 Zy, Lyt
(1086) xt () Zy;e(y) (3’27'\")2 ify vy

exp

We are now able to compute(104) by splitting the integration on the two regions
[0;¥] and [y;+ 1 ) provided by (106). We obtain

N
E -
W(GI(t) X)
=N N( t(x y)+1 X+ yON HG(x  y)+ Gt(X+Y)) ()
OZ+1
+ N 7 N( t(x y)+1 X+ )N HGe(x y)+Gt(X+y))Wdy
y
ZV N ;
——ay
|O Wz(y)
Z =:T1
+1 2
+ N Nep LMD Gy Gy St
- 2 (y)
I {z }
=2T2
Integral T, can be bounded as
Z - Z.
y N y y2
—d CN exp — d
cwm YT, P W
Zw=
=C "IN € dz Ki(D;T; )N expfKo(D;T) 2g:

0
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As for integral T,, we notice that the scalingN =1 and the conditon y > M + P-
provide the bound
y?2 oy MPN 1) (y M) S NReT
572 > N forN N =N(D;T):
We can then estimatel, for N N, thus obtaining
Z 2 2
I, CN exp y—z v MZN_ 1) dy
0 2 2
+1 2
(y M) 1=2
CN . exp =N dy CN
We combine the contributions of T; and T, and deduce
(107) E_ N K1(D;T)N N2+ N exp(K2(D;T) 2)
w (&(t)  x) ’ ’
We set =4 and we deduce that
1=2 =
E 2(6t) liniyog E (X)) 7 P(n(t)=0)"7 .
Ki(D:T)N22 N2+ NexpK2(D:T) 2) Texp Dot
asN !1 and ! 0. The scalingN =1, with > 3, is used to show the

convergence to 0 of the above estimate. We have dealt with the expectation of 2(x;t)
on the setfn(x;t) =0g, uniformly over x 2 D andt 2 [0; T].

Estimate on the setfn  1g. We now turn to the set fn(x;t) 1g, and more
precisely to estimating E  2(x;t) Linxt) 1g - We have already noticed that on
fn(x;t) 1g we have the bound

1 1 .
2(xt)  (n(xt) 12
We use some tools from#§]. In particular, |¥ve estimate E[n(x;t) 2] using [6, Corollary,
section 2]. We haveE[(n(x;t) +2) ?]= 0 gz(z)dz where forz 2 [0;1]
Z z
[ audu ai(@):= ta+ p2)";

Q(z) =2z *

and where we have abbreviated := py. ,9:=1 pxt . We bound g, as
Z z Z z

' u(g+ pu)M du (q+ pu)™ du
0 0

R(2)=z

L7 d (g pun (q+ pN*t Qv

P @ N+1 dF p(N + 1)
We use the scalingN = and proceed as
Zl Zl
E (n(x;t)+2) 2 = u)du ——— (q+ puyN*t N du
(n(xit)+2) CeMde oo @ ettt g
qN+1 1
+
p(N +1)  p?(N +1)(N +2)
1 n (0] 2 2
——exp €D 4 ;

2 2
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As a result we obtain

1
E 2(X§t) 1fn(x;t) 1g E W lfn(x;t) 1g
3? 1
2 25 (n(x;t)+2)2 L) 19
3?2 1 1 n 0 1
E P —ex D+ =
2 2- (n(xit)+2)2 P 2 "z

which is uniformly bounded in , N. Combining the estimates onfn =0gandfn 1g
gives the result. a

Adaptation of the proof of Proposition B.8 under Assumption (NG). We need to
check that (102) still holds and also adapt (106). The validity of (102) is a conse-
quence of the theory of positive transition densities for degenerate di usion stochastic
di erential equations; see [16, section 3] and [25].

Let us now considerx 2 D;t 2 [0;T]. We dene ((z) to be the cumulative
distribution function of q(t). We need to estimateZ, (y) :== (x y)+1 t(x+y)
by providing a rapidly decaying estimate asy ! +1 , similarly to (106). We use
Lemma B.5 to deduce

Z

(108) fqn(@ C M¥™ (gq;pdp Ce ¥V (@,
R

where f 4y denotes the probability density function of q;(t), where 2 (1=4;1=2),
where k = (1=2 )(2 = 2), and where M is given in Assumption (NG). For
y 3maxs2p jXj, we consider the limit
R
K
i Zxt (v) i Rl y=2y=21 € <V (9dg c im _© V() @ KV () o
yl +1 @ kvV(y) yl +1 e kvi(y) yl +1 Vy)e kv () -

where we have used108) is the rst inequality, and the I'H6pital rule and Assump-
tion (NG) for the second inequality. The above limit, in combination with the growth
rate of V (at least quadratic thanks to Assumption (NG)), guarantees that

(
1 y vy
Zy
x;t (y) exp 3; if y y
for some > 0. The above estimate replace$106) in the remaining part of the proof,
which is unchanged. a

Remark B.9. The growth condition for V (i.e., the requirementn 1, instead of
n > 1=2) is dictated by the adaptation of the proof of Proposition B.8. This stricter
condition is not necessary for the proofs of Lemma B.5 and Proposition B.6.
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reading of the manuscript and their valuable suggestions.

REFERENCES

[1] M. Abramowitz and I. A. Stegun , Handbook of mathematical functions with formulas, graphs,
and mathematical tables , National Bureau of Standards Appl. Math. Ser. 55, U.S. Government
Printing O ce, Washington, DC, 1964.

62



1186 F. CORNALBA, T. SHARDLOW, AND J. ZIMMER

(2]

(3]
(4]
(5]

(6]
[7]

(8]
9]

(10]

(11]
(12]
(13]
(14]

(15]

(16]
(17]
(18]
(19]
(20]
(21]
(22]
(23]
(24]

(25]

(26]
(27]

(28]

R. A. Adams and J. J. F. Fournier , Sobolev Spaces 2nd ed., Pure Appl. Math. (Amster-
dam) 140, Elsevier, Amsterdam, 2003, https://www.elsevier.com/books/sobolev-spaces/adams/
978-0-12-044143-3.

S. Andres and M.-K. von Renesse , Particle approximation of the Wasserstein diusion . J.

Funct. Anal., 258 (2010), pp. 3879{3905, doi:10.1016/j.jfa.2009.10.029.

D. P. Bertsekas and J. N. Tsitsiklis , Introduction to Probability , Vol. 1, Athena Scienti c,
Belmont, MA, 2002, http://www.athenasc.com/Ch1.pdf.

D. Chandler , Introduction to Modern Statistical Mechanics , Oxford University Press, New York,
1987, https://global.oup.com/academic/product/introduction-to- modern-statistical-mechanics-
9780195042771.

M.-T. Chao and W. E. Strawderman , Negative moments of positive random variables , J.

Amer. Statist. Assoc., 67 (1972), pp. 429{431, http://www.jstor.org/stable/2284399.

G. Da Prato and J. Zabczyk , Stochastic Equations in In nite Dimensions , 2nd ed., Ency-
clopedia Math. Appl. 152, Cambridge University Press, Cambridge, UK, 2014, d0i:10.1017/
CB09781107295513.

D. S. Dean , Langevin equation for the density of a system of interacting Langevin processes , J.

Phys. A, 29 (1996), L613, doi:10.1088/0305-4470/29/24/001.

M. H. Duong, M. A. Peletier, and J. Zimmer , GENERIC formalism of a Vlasov-Fokker-Planck
equation and connection to large-deviation principles , Nonlinearity, 26 (2013), pp. 2951{2971,
doi:10.1088/0951-7715/26/11/2951.

M. A. Dur an-Olivencia, R. S. Gvalani, S. Kalliadasis, and G. A. Pavliotis , Instabil-
ity, Rupture and Fluctuations in Thin Liquid Films: Theory and Computations , preprint,
arXiv:1707.08811, 2017.

G. L. Eyink , Dissipation and large thermodynamic uctuations , J. Statist. Phys., 61 (1990),
pp. 533{572, doi:10.1007/BF01027291.

B. Fehrman and B. Gess , Well-Posedness of Stochastic Porous Media Equations with Nonlinear,
Conservative Noise, preprint, arXiv:1712.05775, 2017.

J. Fischer and G. Gr un, Existence of positive solutions to stochastic thin- Im equations , SIAM
J. Math. Anal., 50 (2018), pp. 411{455, doi:10.1137/16M1098796.

C. Forbes, M. Evans, N. Hastings, and B. Peacock , Statistical Distributions , 4th ed., John
Wiley & Sons, Hoboken, NJ, 2011, doi:10.1002/9780470627242.

F. Herau and F. Nier , Isotropic hypoellipticity and trend to equilibrium for the Fokker-Planck
equation with a high-degree potential , Arch. Ration. Mech. Anal., 171 (2004), pp. 151{218,
doi:10.1007/s00205-003-0276- 3.

D. P. Herzog and J. C. Mattingly , A practical criterion for positivity of transition densities
Nonlinearity, 28 (2015), pp. 2823{2845, doi:10.1088/0951-7715/28/8/2823.

J. Jacod and P. Protter , Probability Essentials , 2nd ed., Universitext, Springer-Verlag, Berlin,
2003, doi:10.1007/978-3-642-55682-1.

O. Kallenberg , Foundations of Modern Probability , 2nd ed., Probab. Appl. (New York),
Springer-Verlag, New York, 2002, https://www.springer.com/gp/book/9780387953137.

K. Kawasaki , Microscopic analyses of the dynamical density functional equation of dense uids

J. Statist. Phys., 93 (1998), pp. 527{546, d0i:10.1023/B:JOSS.0000033240.66359.6c.

V. Konarovskyi and M. von Renesse , Reversible Coalescing-Fragmentating Wasserstein
Dynamics on the Real Line , preprint, arXiv:1709.02839, 2017.

V. Konarovskyi and M. von Renesse , Modi ed massive Arratia ow and Wasserstein di usion
Comm. Pure Appl. Math., 72 (2018), pp. 764{800, doi:10.1002/cpa.21758.

T. Lehmann, V. Konarovskyi, and M.-K. von Renesse , Dean-Kawasaki Dynamics: IlI-
Posedness Vs. Triviality , preprint, arXiv:1806.05018, 2018.

V. Konarovskyi, T. Lehmann, and M.-K. von Renesse , On Dean-Kawasaki Dynamics with
Smooth Drift Potentials , preprint, arXiv:1812.11068, 2018.

J. F. Lutsko , A dynamical theory of nucleation for colloids and macromolecules , J. Chem.

Phys., 136 (2012), 034509, doi:10.1063/1.3677191.

J. C. Mattingly, A. M. Stuart, and D. J. Higham , Ergodicity for SDEs and approximations:
Locally Lipschitz vector elds and degenerate noise , Stochastic Process. Appl., 101 (2002),
pp. 185{232, doi:10.1016/S0304-4149(02)00150-3.

P. Monmarch e, Long-time behaviour and propagation of chaos for mean eld kinetic particles
Stochastic Process. Appl., 127 (2017), pp. 1721{1737, do0i:10.1016/j.spa.2016.10.003.

B. ksendal , Stochastic Di erential Equations , 6th ed., Universitext, Springer-Verlag, Berlin,
2003, doi:10.1007/978-3-642-14394-6.

A. Pazy , Semigroups of Linear Operators and Applications to Partial Di erential Equations
Appl. Math. Sci. 44, Springer-Verlag, Berlin, 1983, d0i:10.1007/978-1-4612-5561-1.

63



A REGULARIZED DEAN{KAWASAKI MODEL 1187

[29] C. Pr ev6t and M. R eckner , A Concise Course on Stochastic Partial Di erential Equations ,
Lecture Notes in Math. 1905, Springer-Verlag, Berlin, 2007, doi:10.1007/978-3-540-70781-3.

[30] T. Shiga , Two contrasting properties of solutions for one-dimensional stochastic partial di er-
ential equations , Canad. J. Math., 46 (1994), pp. 415{437, d0i:10.4153/CJM-1994-022-8.

[31] S. Tappe, Some re nements of existence results for SPDEs driven by Wiener processes and
Poisson random measures, Int. J. Stoch. Anal., 2012 (2012), 236327, doi:10.1155/2012/236327.

[32] A. G. Thompson, J. Tailleur, M. E. Cates, and R. A. Blythe , Lattice models of nonequi-
librium bacterial dynamics , J. Stat. Mech. Theory Exp., 2011 (2011), P02029, doi:10.1088/
1742-5468/2011/02/P02029.

[33] M.-K. von Renesse and K.-T. Sturm , Entropic measure and Wasserstein di usion , Ann.
Probab., 37 (2009), pp. 1114{1191, doi:10.1214/08-A0P430.

64



2.2. Conclusions

We have derived and analysed a regularised DK model based on stochastically inde-
pendent Langevin particles, under two di erent sets of assumptions for the on-site
potential V. As a key feature, our regularisation keeps track of particles’ positions and
momenta through a smooth kernel w rather than through the (atomic) Dirac distri-
bution function. The regularisation parameter is related to the number of particles
through the scaling N =1, where is chosen large enough.

We started by writing down the evolution equation of relevant smoothed densities

;j in (9). Equation (9) is not closed in ;j , due to the microscopic noise Zy, and
the auxiliary process j3. .

We proved several results, the rst of which is Proposition 1.1. Here, we established
tightness of all the components of (9) in the simultaneous limitof N ¥ 1, ¥ 0. The
techniques deployed in the proof of this result, which are of independent interest, are
the basis of the proofs of two subsequent results: in Proposition 1.2, uniqueness of
the limit of  (for ¥ 0) was achieved; in Theorem 1.3, the microscopic noise Zy
was replaced with the DK-type noise Yy. The error associated with such replacement,
which is negligible w.r.t. the noise size in the limit N ¥ 1, ¥ 0, is detailed in
terms of the scaling parameter . The square-root feature of Yy is inherited from
the stochastic independence of the particles’ random driving forces, while the in nite-
dimensional noise ~ is of trace class because of the spatial smoothing entailed by the
use of the kernel w instead of Dirac deltas. Furthermore, we gave meaning to the
conservative nature of the system by not combining the evolution equations for
and j , thus keeping the second-order in time structure of the model (as opposed to a

rst-order in time structure of (1.1)). In this way, the divergence operator acts on the
stochastic noise only through the conservation of mass for  (see (9), rst equation), so
there is no ambiguity as to the precise de nition of the stochastic noise for the system.
Combining these considerations with Proposition 1.2 and Theorem 1.3, we were able
to justify the mesoscopic noise of (45b).

As for j,, we approximated it with a multiple of @ =@x under a low temperature
assumption.

The overall result of the above modelling gave (45). After having been endowed
with periodic boundary conditions, (45) becomes what we referred to as our regularised
Dean-Kawasaki model (14). We then provided a suitable function setting in which
we looked for mild solutions to (14). As (14) is a wave-type equation (thus, with no
compact semigroup), we had to smooth the square-root singularity in the noise to build
a mild solution. We relied on a small noise regime analysis and provided a uniqueness
and existence result for a solution to (14) that stays bounded away from the zero (i.e.,
from the square-root singularity) in a high probability sense. This is the content of
Theorem 1.6.

The points of strength of this work can be summarised as follows. Firstly, a rigorous
derivation of a Dean-Kawasaki type model is made possible by the choice of a smooth
function setting over the atomic setting. Secondly, a quantitative estimate on the ‘cost’
associated with the noise replacement (from microscopic to mesoscopic) is detailed.
Thirdly, a proper de nition of a conservative stochastic noise for the model is given by
keeping a second-order structure (i.e., with no overdamped limit). Finally, the resulting
model allows for smooth solutions (as opposed to (1.1)) in a high probability sense.

A number of questions remain open. Most importantly, the results we have pro-
duced do not give a solution de ned with full probability. An associated criticality
is the almost sure positivity for the density , which we can not achieve due to the
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fact the  might signi cantly deviate (even if only with small probability) from the
solution to the noise-free equivalent of (14). As a matter of fact, there is no component
in (14) which prevents the solution from going negative. This is an indirect result of
the chosen approximation of j,. , which leads to a stochastic perturbation of a wave
equation.

The aspect of positivity of solutions for DK type equations appears to be crucial,
and we will analyse it in more detail in Chapter 4. In Chapter 3, we extend the results
obtained in this chapter to the important case of weakly interacting particles, thus
allowing nonlocal interactions between the particles and, as a consequence, some form
of stochastic dependence between them.
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Chapter 3

From weakly interacting particles to a regularised
Dean—Kawasaki model

In this chapter, we extend the contents of Chapter 2 to Langevin particle systems
allowing weak nonlocal interactions via a pairwise potential. This is joint work with
Tony Shardlow and Johannes Zimmer, and is available on arXiv [11].

3.1. Outline of the Article

As we have seen in the previous chapter, a regularisation of the mass-preserving noise
of the DK equation (1.1) is derived from replacing the microscopic noise

X
5w )

i=1

with the mesoscopic noise
@ T
— X )7,

with the Q-Wiener noise ~ approximating a space-time white noise in the limit ¥ 0.
In particular, the speci ¢ nonlinear form of the mesoscopic noise is given by the in-
dependence of the Brownian motions driving the N particles, while it is not a ected
by stochastic independence of the particles themselves. In other words, while the de-
rivation of the regularised DK model in the previous chapter bene ts in many points
from the independence of the particles, such independence is not necessary to derive
the distinctive DK noise. As a matter of fact, the original DK equation (1.1) is derived
from interacting particles [15]. It thus appears natural to adapt the regularisation
arguments of the previous chapter to a system of interacting particles, so to describe
more realistic and interesting cases. In particular, we consider particles weakly in-
teracting via a pairwise potential W; these systems are intrinsically associated with
a macroscopic nonlocal interaction term of type fW g : On top of the arguments
used in the previous chapter, we also rely on propagation of chaos techniques and Si-
mon’s compactness criterion. The propagation of chaos allows to compare, in the limit
N ¥ 1, our system of (dependent) particles to an auxiliary system of (independent)
particles subject to McKean{Vlasov dynamics. The latter system can be dealt with
using techniques from the previous chapter. The tightness analysis of relevant regu-
larised quantities ¥ g ;fj g ;fj2. g is dealt with using Simon’s compactness criterion,
rather the Kolmogorov’s criterion. This addresses the lower time regularity entailed by
the use of propagation of chaos.

We prove technical results (such as the propagation of chaos and relevant moment
bounds) in Section 2. We provide the tightness analysis and relevant approximations
(such as noise and drift replacements) and we obtain a regularised DK model for weakly
interacting particles in Section 3. We analyse this model in Section 4.

67



Appendix B: Statement of Authorship

This declaration concerns the article entitled:

From weakly interacting particles to a regularised Dean{Kawasaki model

Publication status (tick one)

draft In

. Submitted . X | Accepted Published
manuscript review
ggttzilillcsatlon Preprint: arXiv:1811.06448. Under review at Nonlinearity
(reference) Authors: Federico Cornalba, Tony Shardlow and Johannes Zimmer
&DQGLGDV
contribution The author of the thesis has performed the bulk of the computations

to the paper . .
(detailed, and for this work (70%).

also given as The presentation of the contents have been shared in equal weights
A PETESIEGE] between all authors (33%).

fsrée:;[]ement This paper reports on original research | conducted during the period of my
Candidate Higher Degree by Research candidature.
Signed Date 17.9.2019

68



arXiv:1811.06448v3 [math.PR] 9 Sep 2019

From weakly interacting particles to a regularised
Dean{Kawasaki model

Federico Cornalba ; Tony Shardlow ; Johannes Zimmer -

Department of Mathematical Sciences, University of Bath, B ath, BA2 7AY, United Kingdom

Abstract

The evolution of nitely many particles obeying Langevin dy namics is described by Dean{
Kawasaki equations, a class of stochastic equations feating a non-Lipschitz multiplicative
noise in divergence form. We derive a regularised Dean{Kawsaki model based on second order
Langevin dynamics by analysing a system of particles interating via a pairwise potential. Key
tools of our analysis are the propagation of chaos and Simos'compactness criterion. The model
we obtain is a small-noise stochastic perturbation of the udamped McKean{Vlasov equation.
We also provide a high-probability result for existence anduniqueness for our model.

Key words : Interacting particles, propagation of chaos, weakly seHconsistent Vlasov-Fokker-
Planck equation, Dean{Kawasaki model, mild solutions, seond order Langevin dynamics.

AMS (MOS) Subject Classi cation : 60H15 (35R60)

1 Introduction

The Dean{Kawasaki model [6, 15] describes the evolution of aystem of nitely many particles
obeying Langevin dynamics. A key feature of the particle syem is the stochastic independence
of the forcing terms driving the particles. The particles themselves, on the other hand, might be
independent [19] or interact through a potential [6]: in this work, we focus on the latter case.

In its simplest form, the Dean{Kawasaki model reads

@ =r rF()+r(p_); @

with 2 R, where is the particle density, F is an energy functional, and is a space-time white
noise. The model (1) may be obtained from either a rst-order Langevin equation [6], or from
second-order Langevin dynamics in an overdamped limit [19]

Equations such as (1) pose a challenge for existence theoiiy, particular due to the multiplicative
structure of the noise in divergence form and to its square-wot coe cient function. The latter is
related to the independence of the forcing terms driving theparticles [6, 19]. Consequently, well-
posedness for (1) is an open question, with the exception ofhe purely di usive case [18]. More
speci cally, for the deterministic drift being % , where N > 0, equation (1) admits a unique trivial
(atomic) solution only if N 2 N, and has no solutions ifN 2 N. This striking result indicates how
subtle the analysis of equations of this kind is.

In order to obtain non-trivial solutions to (1), dierent ap proaches have been developed in
recent years. One approach is to correct the drift [29, 2, 1617], another one is to regularise the
equation [10, 21]. For a regularised undamped equivalent ofl), corresponding to a regularised
stochastic wave equation in the density/momentum density pair ( ;j ), a result of existence and

“e-mail: F.Cornalba@bath.ac.uk
»e-mail: T.Shardlow@bath.ac.uk
~e-mail: J.Zimmer@bath.ac.uk
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unigueness is found in [4]; that model, here referred to as #regularised Dean{Kawasaki model,
is derived from independent particles. The key regularisabn chosen in [4] is a representation
of particles by Gaussians, rather than their limiting Dirac measures. The main contributions of
this work is to extend this idea to some important systems of nteracting particles. Speci cally,

we derive and analyse a regularised Dean{Kawasaki model séh the undamped regime, as in [4],
but describing the evolution of a system of nitely many weakly interacting particles governed by

undamped McKean{Vlasov dynamics, see for example [9, 3, 24]

Throughout the paper, we rely on some methodology found in [# However, the interaction of the
particles also requires various new approaches. Speci dgl in contrast to [4], we employ propagation
of chaos techniques [20] and Simon's compactness criterig@6] to overcome the di culties posed by
stochastically dependent particles. In addition, as the reulting model is superlinear (as speci ed
below), we also need to localise the solutions using suitablstopping times. More details are provided
in Subsection 1.2 below.

1.1 Weakly interacting particles on a one-dimensional toru S

The system studied here consists o interacting particles on the one-dimensional at torus of

velocity (g;pi) 2 T R. The system obeys the following undamped Langevin dynamic®n a
probability space ( ;F;P),

8
3 4= P
X

Wl g)+ i=1;::5N; @)
j=1

2 p= P Ni
where f igl\; are independent Brownian motions, the interaction potential W is periodic and
smooth, say W 2 C?(T), the initial conditions f(q:.o;pi.0)g\; are independent and identically
distributed, and and are positive constants. The dissipative term p; is a frictional drag,
balancing the uctuating Brownian term 4. The particles f (q; pi)glL; are exchangeable, but not
necessarily independent.

Remark 1.1. Throughout this work, diacritical dots (_) are used to indicate time di erentiation
of nite or in nite dimensional 1t6 processes (e.g., see (9).

In order to study (2), we introduce an auxiliary Langevin system of particles f (g;; p,)gl\; obeying

(
G = b
B= P WO @+ 4 =1 ®)

where denotes the convolution operator onT,  denotes the law ofg(t), and the Brownian
motions and the initial conditions coincide P-a.s. with their respective counterparts in (2). As
a result of these assumptions, the particlesf (g;;p,)gl\; are clearly independent. System (3) is
associated with the Vlasov{Fokker{Planck equation

2
Slepel W ma@ls 5 e A8

@t " @q 2 P @p

R
in the probability density function f¢(q;p:[0;T] T R! [0;1), where [fi](q) = gfi(q;pdp;
see [3, 28].

(4)
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1.2 Outline of the paper

We derive and analyse a regularised Dean{Kawasaki model inhe undamped regime, based on
the interacting particle system (2). A portion of our analysis is based on [4], and the relevant
methodological novelties are sketched and put into contextbelow.

Section 2 contains some auxiliary results. Subsection 2.1s&ablishes a propagation of chaos
result (Proposition 2.1) linking (2) and (3), using ideas from [22, 20]. This sort of result, which is
not required in [4], is here needed to compare the system oftierest (2) to the more tractable system
of independent particles (3). Specic aspects of the lattersystem's regularity, and in particular of
the regularity of solutions to (4), are studied in Proposition 2.3 in Subsection 2.2; there, we explain
the reason for choosingT (rather than R as in [4]) as the spatial domain. Subsection 2.3 relies on
Propositions 2.1 and 2.3 to establish Proposition 2.6: for > 0, this result provides -independent
uniform estimates for certain Sobolev-space norms applietb the regularised densities

%

Zl Z|r-

. 1 X
w(x qg(t); jxt):= N pi(w (x  g(1)); 5)
1 i=1

PEOWX  G(t): (6)

i=1

(x;t):

2, (x;t):

Above, (x;t) 2 T [0;T], while w is the periodic von Mises distribution [12] on T with location

parameter :=0 and concentration parameter := 2, namely,
sin2(><=2) z sinz(xzz)
wx)=2 te 22 ; Z = e %2 dx (7)
T

The quantities in (5) are the regularised empirical density and momentum density for (2), and will
be the building block of our nal model; as for (6), this is a relevant auxiliary quantity emerging
from the analysis of (5).

The kernel w is introduced for smoothing and regularisation purposes. Mre precisely, we
work with the quantities (5){(6) rather than their atomic co unterparts de ned by a replacement
of w with Dirac delta functions centred on the particles; this is a key aspect of our approach, as
it allows us to use standard tools from stochastic analysis ad work with smooth functions. We
refer to [4, Section 1] for a similar discussion. The kernelv , which recovers a Dirac delta as

I 0, is the toroidal equivalent of a Gaussian distribution with variance 2. The basic inequality
iX=4j j sin(x=2)j | x=2j, valid for all x 2 [0; ], implies that the -scalings of all the moments of
w are identical to those of a Gaussian of variance?. In particular, we have that C; Z C,,
for some constantsC, > C; > 0. We can thus e ectively use the kernelw as if it is a Gaussian of
variance 2, thus reusing much of scaling considerations (of polynomiatype in > and N 1) found
in [4], wherew is Gaussian.

Remark 1.2. Throughout the paper, the quantities in (5){(6) will always be understood under
scalings of the typeN =1, for large enough. Such a scaling is convenient to deal with the
simultaneous limits ! Oand N ! 1 . This is because most bounds that we will prove with
respect to (5){(6) feature a polynomial contribution in 1 and N !, as mentioned above.

Section 3 is concerned with the evolution of the particle syeem (2). Subsection 3.1 contains
Proposition 3.2, which provides relative compactness in la for the familiesf g ;fj g, andfj,. g
in the limit ! 0. In this result, the crucial feature of time regularity of t he processes is settled
not by the Kolmogorov criterion [14, Corollary 14.9] (as for the corresponding result in [4]), but by
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Simon's compactness criterion [26, Theorem 5] applied in ta context of the Prokhorov Theorem [14].
The need for the latter method arises since the estimates fothe time regularity obtained here are
less sharp than those in [4], due to the use of the propagationf chaos (Proposition 2.1).

We then focus on the evolution equations for (5), which are tte building blocks of our regularised
Dean-Kawasaki model. As the evolution equations for (5) arenot closable in (5), we rely on
three relevant approximations. The rst one, explained in Subsection 3.2, provides the distinctive
particle interaction term fW°® g . The second one, detailed in Subsection 3.3, gives the rekant
Dean{Kawasaki type noise (depending on and on a regular in nite-dimensional noise). The key
di erences with respect to the analogous argument performd in [4] (these being primarily due to
the use of the propagation of chaos, the use of the von Mises kels, and the lack of control over
inverse powers of in the case of dependent particles) are explained there. Thehird and nal
approximation, which we justify in a low-temperature regime, allows us to replacej,. (de ned
in (6)) with a multiple of @ =@x

In Section 4 we take advantage of the approximations discussl above and derive ourregularised
Dean-Kawasaki model for weakly interacting particles in undamped regime

8
@ ... @ ...

§ I COEI- R (8a)
@ ty= et 2 @ b)) WO ~(:D)g(x)~ (x: 1)+ q~(x-t)~' (8b)

~(x;,0)= o(x); T(x;0)=jo(x);

for (x;t) 2 T [0;T], where ( o;jo) is a suitable initial datum, where ~ is a regular Q-Wiener
process (e.g., in the sense of [25]), and where the aforem@ried approximations are visible in
the last three terms of the right-hand side of (8b). We use (~;j~) to refer to the solution of the
approximate model (8), and ( ;] ) to refer to the original densities in (5).

We provide a few preliminary results concerning the existene of local mild solutions to (8) and
also to its noise-free version. We then prove the main existece and uniqueness result of the paper,
Theorem 4.4. More speci cally, we perform a small-noise reighe analysis, in a similar way to the
one carried out in [4], to prove a high-probability existencee and uniqueness result of mild solutions
to (8). On top of the arguments in [4], additional localisation procedures via stopping times and the
conservation of mass for the system are needed to treat the ¢ally bounded (superlinear) interaction
term fW9 ~g~.

2 Preliminary results

We prove a few results which will be used in Section 3 for the dévation of the undamped regularised
Dean{Kawasaki model for weakly interacting particles.

2.1 Propagation of chaos

We rst quantify how much the particles in (2) follow their co unterparts in (3).

Proposition 2.1  (Propagation of chaos) Let N 2 N, let 2 be an even natural number, let
T >0, and let W 2 C%(T). There exists a constantC = C(W;T; ) such that

sup Eja() i +ip® pj - SO, ©)
t2[0;T] N

72



where the particle notation is inherited from (2) and (3).

Proof. We adapt the proof of [20, Theorem 3.3]. Let n(t) := E[jaqu(t) T(t)] + jpu(t) pr(t)j ]

We apply the It6 formula for the function f (z) = jzj applied to the processexj(t) ¢ (t) and

pi(t) P(t), foreachi 2f1;:::;Ng, and sum the results. We notice that the stochastic noise for
pi(t) p(t),i2f1;:::;Ng, vanishes by assumption. We obtain

X Z
jgt) g)j = . (@) () Hpi(r) pr))dr= Ty (10a)
i=1 i=1
_ _ VAN
e m®); = N o P pr) W) g() WO (g(r)dr
i=1 ij =1
t
+ . @) mr) ' Ip(r)  p(nhdr = To+ Ta (10b)
i=1

We bound T; using the Young inequality with exponents and = ( 1). We thus obtain for
T+ T3

Zi
Ti+ T3 C(; ) . (a(r) a()i +jpi(r) p(r)j )dr (11)
i=1
R P n 0
As for To, we rewrite itas T2 = 7 ¢ 1 =1 ci(jl)(r) + ci(jz)(r) dr, where

(= Wla(r) q(r) WY g) @) )
(= wia) gr) WwW° (@) () pe)

We use the boundedness diV %9 a Taylor expansion of W° and the Young inequality with exponents
and = ( 1) to nd

Zt){q

R
N o G (0
Z i . .
T WRm a0) WGm go) R0 i
ij =1
L N
LT a0 ami+ a0 90 w0 poj
i =1
. Zt)(\l
T a0 ami + a0 gO +iR0 PO dr
ihj =1
LR o .
=CW) o fia(m) alni +iedr) () gdr (12)
i=1

Fix r 2 [0;t]andi 2f1;:::;Ng. We employ the Helder inequality with exponents and = ( 1)
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to obtain
2 3 2 3
X (2) X 0 1
E4  ¢7(r)>=E4 WY (r) gr) W% @) (pi(r) mr)
j=1 i=1
Eip() pni © P F ) (13)
where
2 3 20 13
X X
iMN=E*  gqogon °=E*@ quogon? %
=1 j=1

With g (r)q (1) = Waag(r) g(r)) W ,(g(r)), and where we have also used the fact that
is an even natural number. We de ne

Te =fj=(ju::i;) )2fL:::;Ng :9jk 6 i such that j, appears exactly once injg;
To =fj=(jun) )2fLNg j 2Ty g

We have #T». C( )N =2, where # denotes set cardinality. To see this, consider a gegricj 2 T». .
There are at most = 2 values attained inj: arguing by contradiction, if this is not the case, then
i is attained exactly once (due to the de nition of T,. ). However, this means that the remaining
1 occurrences of are distributed among at least = 2 values, granting the existence ofy 6 i

appearing exactly once inj, and thus contradicting the de nition of T,. . We therefore have no
more than C( )N ~ 2 possible con gurations in To. , whereC( ) is a suitable constant. We expand
the de nition of (r) as

# " #

X Y X Y
i(r) = E  qnmgo * E  qoag,m
j2Ty; k=1 j2T 2. k=1

|
For any j 2 Sy, , it holds that EhQ k=1 q(r)g, () = 0. Toseethis, letz2 T, andletj 6 i be an
index appearing just once inj. Then

" # 20 1 3
Y Y Y
E ang,m G)=2 = 2z E4@ zg, (0" zgm G =22
k=1 20 Jk=il Sjkﬁi;ikﬁi
Y
= 2z EAQ@ 2, (0" 2ig0)° (14)
jk=i 2 ik6ijKk6j 3
Y 4 Y 5 h i
= zz E z;g, (1) E z;g (r) (15)
jk=i ijﬁi;jkgi 3
Y 0
= 2z E4 z;q-k(r)5E WO(Z q (r) w r(z) =0; (16)
k=i jk61ij k6]

where independence of particles is used in (14) and (15), andl WYz g(r)) W° (z) =0
settles (16). The exchangeability of particles, the Helde inequality, the boundedness ofW? and
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the bound #T,,  C( )N =2 then give

#
X Y

i(r) = E  amm,m
j2S,. k=1
C(INZE jWRau(r) @(r))j +jW® ¢ (@(r))] C(W; )N z: 17)

We sum (10a) and (10b), combine (11), (12), (13), and (17), ad use the exchangeability of the
particles to obtain
Z t Z t
N (1) . C(; ) n(r)dr+ . C(W; )N 2 ()¢ D= dr: (18)

Applying the Young inequality in the second integral of (18) and then Gronwall's inequality com-
pletes the proof. O

We point out a couple of di erences between Proposition 2.1 ad [20, Theorem 3.3]. Firstly, we
do not require convexity for the interaction potential W, as we are only interested in an estimate
up to a given nite time; there is thus no need for a dissipative term in (18). Secondly, since the
derivative W9 is bounded, we can choose arbitrarily large without violating the validity of (17).

In the proof of Proposition 2.6 below, we will pick > 2.

2.2 Fokker{Planck regularity estimates

We now establish useful regularity properties of the partide system (3). We useC" to denote n
times continuously di erentiable functions on T, for n 2 N[f 0g. We rst specify our assumptions
on (3).

Assumption 2.2.  We assume that the initial datum (g(0); p(0)) of (3) coincides with (T, (to); Paux (to))
for sometp > 0, where @, Paux) iS @n auxiliary process satisfying (3) and starting from aninitial
datum distributed according to a probability density fq satisfying

Z Z

_ fol@p@+ p?)dpdq < 1 :

Our choice to only consider a process \restarted" at some tiretg > 0 is motivated by the need
of the uniform-in-time Sobolev estimates found in [28, (172)], which we will use in the following
result.

Proposition 2.3. For n;ny; 2 N[f Og and c 2, let w be aC"-probability density function and
g2 C". Let the initial datum of (3) be as speci ed in Assumption 2.2. Then

Z c
Egam)r ) Swx 1) dx  Clatifon);  foralt o
T @R

where C(g;to; fo; n) does not depend orw.

Proof. We rst prove that, for f(q;p being the probability density function of ( g(t); p(t)) and for
any g2 C° we have
Z Z

C
jo(@p™] @@)gft(q:p) dp dg C(g:to;fo;n);  form2f0;1:::;ng (19)
R
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We use the boundedness of and the Helder inequality with exponents c and cc 1) to obtain

Z Z @"I c Z Z @"I cCZ C
JQ(Q)p ] @ﬁf fi(g;p dp dg C(g) . Rlp ] @ET fi(a; p) @ﬁf fi(a;p dp dq
z z bz c 2 Pe1
nicj @ 2 ke @ ¢ 1 5 X .
C(g) . ij @ fi(a; p) 1+p° "dp @m fi(a;p 1+p dp dq:

(20)

The secondp-integral in (20) can be bounded by a constantC(tg;f;n), provided we pick k > CZ—Cl
To see this, we notice that [28, (17.2)] gives uniform boundsn time for kf (kyn+2:2(1 gy, where we
use the Sobolev space notation. The continuous embedding/"*?>(T R) C™(T R), which is

a result of the application of [1, Theorem 4.12, Part |, Case A equation (1)]) thus implies that

sup

@
C(to;fo;n); forallt O
e T fi(a;p (to;fo;n)
As a result, the argument of the secondp-integral in (20) is controlled by (1 + p?) ck_cl, which is
integrable thanks to the choice ofk. Thus (20) is bounded by

Z Z

Caitoiforn) 0" gt B 1+ p?“dpdg;

@q
which is in turn#miformly bounded in time due to [28, (17.2)]. We have thus veri ed (19). We now
dene fi(q) := R (@=@%Y) fo(aq)p"*fi(q; Pgdp. We use integration by parts and Young's inequality
for convolutions to bound

z c zZ 772

E g(a(t))p”l(t)gw(x qt)) dx = g(wpnlft(q;m%w(x d)dpdg dx
7 7 7 T TCR
= w(x q)@—fg(q)p”lft(q:p)gdpdq dx
ST ST R g .
= wix  Qfi(@dg dx= w i [ K WKiry T Loy = Lo
zZ'Z @
@qu(q)p”lft(q pgdp dq
c-wzz@ n @ ff dCd 21
(n,c)j:0 : r @g YDIP g7 (M(@Pg dp da: (21)

As g2 C", it is clear that each of the (n + 1) terms in (21) is as prescribed by the left-hand-side
of (19), for some appropriate choices ofj-and m. The proof is complete. O

Remark 2.4. The use of [28, (17.2)] is the reason for having’, and not R, as the spatial domain.

Remark 2.5. With the same notation and assumptions of Propositions 2.1 ad 2.3, let the initial
datum of the particles systems (2) and (3) have density @, (to); Paux (to)). It is easy to prove that
the particle systems (2) and (3) have moments of any order uriormly bounded on [G T]. Thisis a
simple consequence of the boundedness \bf°
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2.3 A useful application of the propagation of chaos

The result proved in this subsection is used in Section 3 in afer to provide estimates independent
of for the HX-norm of the expressions (5) and (6). We use the standard Solkev space notation
HKk := HK(T), for k 2 N, and alsoLP := LP(T), for p 2 [1;1]. As already mentioned, we will
always assume a scaling of typ& =1, for large enough, say > ¢. In this paper, we are not
interested in optimising in  (i.e., in nding its lowest admissible value).

Proposition 2.6. Let the assumptions of Propositions 2.1 and 2.3 be satisedand letN3 ¢ 2.
Then, in the regime N =1, for large enough, we have that

1N ) @ c #
E N pil(t)@w( G (1) ’ (22a)
and
2 8 9 .3
£ Ni){d <Ni)(d LACIO Q(t));: pinl(t)%W( g() O (22b)

i=1 " j=1 Le

are uniformly bounded in , N, and t 2 [O; T].

Even though the proof of Proposition 2.6 is a suitable exten®n of [4, Proof of Proposition 1.1],
we include it here to keep the paper as self-contained as pabke. For the benet of the curious
reader, we point out the analogies between the two proofs inhe subsequent Remark 2.7, which
may be skipped on a rst reading.

Proof of Proposition 2.6. We rst deal with (22a). Set aj(x;t) := p{‘l(t)@%w (x qg(t). If we
expand the L®-norm, we get

1 X @ o
E S pOZ-w( a()
N @x
- "Z L)é "Z #
1 X Y 1 X Y
= — E g, (x;t)dx + — E aj, (x;t)dx ;
€ T NeE. T
i2S1:c k=1 i2S2: k=1
where S;.c and Sy are given by
Sic:=fj=(j1;::5;)c) 2f1;:::;Ng° : j does not have repeated components (23a)
Soci=fj=(j1;::5;)c) 2f1:::;Ng° : | has repeated component: (23b)

We use the exchangeability of the particles, the fact that #S,.  C(c)N°¢ 1, the Helder inequality,
and the fact that all moments of p; are uniformly bounded on [Q T] (see Remark 2.5) to obtain

" #
X Z y

E aj, (x;t)dx
i2S2. Tk=1

Q Y,
ey

Z
% 0 as ! O (24)

1
N¢© . E aj(x;t) dx
where Q is some polynomial whose degree depends amn The convergence to zero is granted
bthhCS scaling N = 1, assuming that is large enough. For eachj 2 S;.;, we now analyse
E[ + “f=1 &, (x;t)dx]. The particles f (qg;pi)glL,; not being independent, we rely on the propagation

77



10

of chaos, i.e., on Proposition 2.1. The strategy is the follwing: in eacha;, (x;t), we add and subtract
relevant quantities associated with (3). More speci cally, we split

pri(t) = P{“(t) 2 D{”(t;+ Pi_“lz(g; (25a)
Ag;ii= Byi:=

@ _ @ @ amns @we am:

ax" x qg()= I@XW (x q(t) o @XW(X q.(t)g+ I@XW (~){(z q.(t)g- (25b)
Ag;j = Bo;i:=
The estimates

AL C(npipi()  pi®iGe®i™ T+ ip @™ b; (26a)
JAzij  Q( Dig(t) ()i (26b)
B2ij  Q( ) (26¢)

where Q is a polynomial, follow easily from Taylor expansions and bands on derivatives ofw . We
regroup the 2¢ terms arising from the expansion of the product * {_; (Agj, + Byj, ) (Azj, + B2j,)
as
e 2% 1
(Al;jk + Bl;ik)(AZ;jk + BZ;jk) = Bl?jkBZJk + Cs;
k=1 k=1 s=1

where the sum spans all £ 1 terms of the expansion which feature at least one factor ofype A
(i.e., each Cg is a product of 2c terms of type A and B, with at least one being of type A). As a
result, we write

- y 4 - y 4 %1 2
E a,(x;t)dx = E B1j, B2j, dx + E Csdx = T+ To: (27)
Ty=1 Ty=1 s=1 T

We bound T». As each term Cs contains a factor of type A, we can use (26) to deduce that
!

Y)
iCs] P m)) g g)j!

i=1 !
Cn)(m®i™ *+im@i™ Y T QC )

PO T Q Ht T =Ty T4 T
=1

_S

i=1
i

factor Helder inequality involving each term of the product E[T3 T4 Ts]. More precisely, the
expectation of each term ofT3 is either unitary, or dealt with by using Proposition 2.1 (pr opagation
of chaos); the expectation of each term ofl4 and Ts is either unitary, or dealt with by relying on
the fact that all rrB)ments of pi(t), pi(t) are uniformly bounded on [G T], see Remark 2.5. Due
to the constraint  _; i+ ; 2 f1;:::;2cg, we can apply Proposition 2.1 at least once. Thus
E[jCsi] C(ny)N 1t 2 for some 1; » > 0, fors =1;:::;2%° 1. Provided that is large
enough, we deduce thatT,! Oas ! O.

As for Ty, we rely on independence and identical distribution of the grticles f (g; p;)dl\; and
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write
" y @ 4
ET, =E . pil(t)@W (x  g(t)dx

k=1
EP'() zow(x @) dx C(to;fon);
T @R
where the last inequality is given by Proposition 2.3. The exyectation in (22a) is thus dealt with.
As for the expectation in (22b), the analysis proceeds simdrly, and we only sketch the relevant
de ning a;j (x;t) :== WH{q(t) q (t))p{“(t)%w (X g(t)). We split the L°-norm expansion into
the contributions given over the index setsS;.oc and Sy.o¢ (€ couples of indexes). The expectation

associated with the index setSy.oc vanishes in the limit ! 0, using the same arguments leading
to (24). Now X j 2 Sp.pc. If we add the rewriting

Wa(t) q(t) = l\NO(Qi(t) g (1)) {7W°(qi(t) g (t)p}/vo(q(qz q,-(t)}

Ag;ij = Bs;ij =

to those in (25), with the associated bound
JAziji CW) jat) a®)i+ig) gt)]
we may then write

"Z "z o1z
E & 5 12]2k(X;t)dX =E Bl;jzk 1BZ;jzk 1B3:12k 12]2kdx + E Csdx
Tk=1 T=1 s=1 T
= T1+ Tz; (28)

where the notation is in analogy to (27). The convergencel, ! 0 is settled as in the rst part of
the proof, and we omit the details. To bound T1, we simply need to bound

Z @ ¢
L E W g (t) qz(t))DTl(t)@W (x mut) dx; (29)

where we have used again independence and identical distxition of the particles f (g; p;)g\, . We
notice that

E W (t) %(t))pgl(t)%w (x (D) jau(t) = zg:Pu(t) = Zp

ZBI%W (X ZdEWUzq ) jtu(t) = zgiPu(t) = 2

Bowx WEWE ) = oW X WO (2

which implies

E Wat) qz(t))p’il(t)%w x W) =E WO t(ql(t))pr;l(t)%w x ) :

The above equality shows that (29) is of the form prescribed i Proposition 2.3, forg:= W° ; as
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a matter of fact, W° | 2 C" because of the uniform regularity of { for t 2 [0;T], see [28, (17.2)].
This ends the proof. O

Remark 2.7. The proof of Proposition 2.6 is built on two splittings. The rst one separates the
index set in Sy, Sy (and also Sy.ac, Sy.2c); the second one distinguishes terms of typeA and B
for every element in S;.c (and also in Si.o¢). The rst splitting bene ts from scaling arguments (in
N; ) which are found also in [4, Proposition 1.1] (see the distintion between termsct, and 1 1{l4
therein). The second splitting bene ts from Propagation of chaos, and does not have a counterpart
in [4, Proposition 1.1].

Remark 2.8. In the proof of Proposition 2.6, the minimum power that we need to employ when

using the propagation of chaos is = 2c (for (22a)) and power = 3c (for (22b)). In the case
of (22a), this can be %;aen easily from the multi-factor Helcer inequality used to deal with the one
term E[jCsj] for which i + i =2c. An analogous consideration holds for (22b). This justi es

the need for the propagatlon of chaos for> 2.

3 Evolution of the weakly interacting particle system

We analyse the time evolution of the densities (5){(6) and strt by deriving the relevant evolution
equations.

Lemma 3.1. The evolution equations for ;j , and j,. are given by

@ no @i,
@(X,t) = @X(X,t), . ) (30a)
@ e oo bon el e
@ 10 a0 @ Wil @AWk a)
b WO () (30b)
Ni=l
2 e
| =1 Zy (X1) " 0 N 1
BED= 21200 is0e) o Ni,l WiG®M)  GA)ApOWK g(D)
X
£ 220 OV g) 4 (300)

i=1
. P
wherejz == N 1 [L p3(Owx  q(t)).

The proof of the lemma above is a simple application of the It"formula, and thus omitted.

3.1 Compactness argument

We now turn to the main result of this section.

Proposition 3.2. Let T > 0. Let the assumptions of Propositions 2.1 and 2.3 be satis edAssume
the scalingN =1, for large enough. The families of processes g, fj g, andfj,. g are tight
(hence relatively compact in distribution) in C(0;T;L?), as ! O.
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Proof. Assume for the time being (we will show this below) that
Ek ku; EK ku; EK2ky are uniformly bounded as ! 0; (31)

wherek ky is the natural norm of the space

U =LY @©OT:HHY\ C (0;T;H 1); forsome 2 (0;1=2): (32)
Using [26, Theorem 5], it is straightforward to deduce that the embeddingU | Z := C(0;T;L?)
is compact. In addition, the setsG; := fu2 U : kuky jg are compactinZ , for eachj 2 N.
Now x a> 0. If we denote the law of by , we get
Z VA 1 Z
(Z nGj)= d)= d) - kky (d) a
Z nG; U nGj ] u

forall 2 (0;1], provided that j is large enough, thanks to (31). An analogous argument appdis to
fj g andfj,. g. This corresponds to tightness for the familiesf g, fj g, andfj,. g, hence the
Prokhorov Theorem [14, Theorem 14.3] is applicable and girelative compactness in distribution
for the three families. In order to complete the proof, we ned to show (31).

Uniform bounds for f g . We show that
h i
E k k|_1 (0;T;HY) C; (33&)
h i

E k kc (O;T;H 1) C, (33b)

for a constant C, independent of and N. Using (30a), we deduce
Zy

kK K1 71y = sup k (GtkG: 2k (GO +2T K (;s)kfds:
t2[0:T] 0

Estimate (33a) is then settled by invoking Proposition 2.6. We now take v 2 H! and compute
z z z,
jh (1) (;s);vipej = [ (1) (x;8)] v(x)dx = rj (x;z)dz v(x)dx
T T s
z z, z,
= j (x;z2)dz r v(x)dx j (;2dz  kvky:
T S S L2
Z 1

t :
itosit K (G2 dz * kvkyy 1 (34)

The bound x 1+ x? valid for any x 2 R, the de nition of the usual norm of C (0;T;H 1),
and (34) imply
h i Zg
Ek ke orn 1y C+CEKk (;0)kZ, + , ki (;2)k?,dz C; (35)

for some 2 (0;1=2), where the last inequality follows from Proposition 2.6. We have thus
proved (33b).

Uniform bounds for fj g . Again, we show that there exists a constantC, independent of and
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N, such that
h i
E kj k|_1 (O;T;H1) C; (36&)
h i
E ki ke (O;T;H 1) (36b)

We use (30b) and deduce that

Kj k71 oy = Sup Ki (5tkf:
t2[0;T]
Z; Z;
C K (;0)kg:+ Ki (;2)k%:1dz+  Kjz (;2)k3.dz
o 1°
Z1 1N X ?
+ JE—

1
@ (2))A '
o N O WO a@Aw( 6@

9 HY
Zy W 2

+ sup — w( qg(z)d; | =T+ +Ts
t2[0;T] O N i=1 H'

Uniform bounds for E[T1]; E[T2]; E[T3], and E[T,4] are directly given by Proposition 2.6. As for E[Ts],
we invoke [5, Theorem 4.36] and bound

"Z o , * Z¢ 2w n ,
ETs CE —w( g(s) ds =C — Ekw( q(s)ky: ds
Ht o N2,
2.1 1 CT 2?2
CTWN 3 N3

where the reader is also referred to [4, Proof of Propositior.1] for the scalings of Sobolev norms of
w ( qg(s)), which we have used in the second line above. Estimate (36as thus established. In
order to prove (36b), we analyse the quantity i (;t)

j (;8);Vig 1.41 . Bounding the relevant
contributions coming from the initial datum and the three deterministic integrands is analogous

to (34){(35). As for the stochastic noise, we rely on [11, Lenma 2.1] and write, for

2 (0;1=2) and
> 2 satisfying > 1,
2 7 W 3
E4 N w(  g(t)d i(s) S
0 i=1 Wi (OT;H 1)
2 1 3
ZT )(“ =2
C(; )E4 . kw ( g(s)k?,  ds5
0

i=1
_ CN =2 _C(;; )T.
CG Ty — S TNz

We conclude the analysis forE[Ts] using the embeddingW i (0;T;H 1) |

C (0;T;H 1)forsome
2 (0;

1= ). This embedding is a consequence, e.g., of [7]. Thus (36l3 settled.

Uniform bounds for fj,. g . The argument is almost identical to that used for the family fj g .
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We show that
h i
Ehkj 2 kit oty G (37a)
|

Ekjz ke otmy G (37D)
for a constant C, independent of ;N . We use (30c) and deduce that

Kiz k1 o1y = SUP Kiz (KA
t2[0;T]

Z; Z
C Kz (;0)kg:+ Kio (;2)k%:1dz+ ki3 (;2)k?.dz
0 0 . O
Z7 1 N 1 X 0 2
N 9% W@ q@Apmwl @) d
i=1 j=l H1
Z, N 2 2
+sup = pOW( g@)d i =T+ + T
t2[0;T] O N i=1 H1'
The analysis involving the terms Ty;:::; T4 is analogous to that of the homonyms forfj g. We
only need to deal with the stochastic noise. As forE[Ts],
"Z o , *zZ¢ o , |
ETs CE SPOWY g(s) ds =C 5 EpfOkw(  G(s)kys
0 N H o N2
2 1 1 CT 2
CTzNE pit) S+ = N~ (38)
For and as in the previous part of the proof, we use the P-Helder inequality and bound
2 7 W 3
E4 N P MW g(t)d i(s) 5
0 T i= Wi OTH 1
7 2 1 =53
CL ) T X 2 5
E kpi(s)W (. G(s))ki2 ds
N 0 i=1
2 I =23
ct ) ZTE4 X p?(s)  Sds
= |
N 372 o i=1 »
Z : Z i
% o N 2 1E . 1pi (S) dS: % o E pl(S) dS: ﬁ: (39)
1=
Inequalities (38) and (39) allow us to deduce (37a) and (37h)and the proof is complete. O

Remark 3.3. In contrast to the methodology employed in [4, Proposition 11], which settles tight-
ness in the case of independent particles, the proof of Propdion 3.2 does not rely on the Kol-
mogorov criterion. The reason is that the time regularity associated with the application of the
propagation of chaos is not su ciently high.

Remark 3.4. In principle, there is more than one natural choice for the denition of the space U .
Speci cally, in (32), one might replace H ! with any H K, wherek 2 N[f Og, thus including LZ.
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This would result in adapting estimate (34) in the case off g (and analogous expressions in the
case offj g and fj,. g ), thus invoking Proposition 2.6 with a di erent parameter n. This directly
re ects in a possibly di erent requirement for the scaling N = 1. Since we are not concerned with
the lowest admissible value of , the choice ofH ! is as good as any other of those listed above.

3.2 Approximating the interaction term

We show that the third term of the right-hand-side of (30b) is asymptotically equivalent (in the
limit ! OandN ! 0) to the nonlocal interaction term fW° g

Proposition 3.5. Let T > 0. Let the assumptions of Propositions 2.1 and 2.3 be satis edAssume

the scalingN =1, for large enough. We have the equality
0 1
1 X A 0
N ﬁ WHg () g)AW(x g(t)=fW® (g(x) (Gt)+ry (Gt)+ry;
i=1 =1

(40)

wherer, and r, are stochastic remainders such thajr: C(W)p ~and E[jrz. j] C(W;fo)fIO -
g, forsome = () > 0, and wherefg is as in Proposition 2.3.

Before we prove the result above, we recall a simple lemma.

Lemma 3.6. Letf 2 CYT) qs a Lipschitz function. There ispa constantC = C(f), independent
of > 0anda2T,suchthatj tw(y af(ydy f(aj C( +expf C 1g):

Proof. Let A :=(a P sa+t P ). Sincef is Lipschitz, we obtain
VA Z VA
w(y af(ydy= w(y af(ydy+ w(y a)f(y)dy
T A TnA

p_ Z Z

(fa C ) w(y ady+minf w(y a)ydy
7 A xX2T ~ TnA 7

f(a 1 w(y ady Cp ~+min f w(y a)dy: (42)

TnA x2T  TnA

R
It is immediate to notice that ., W (y ady Cexpf C !gfor someC > 0. From (41), we
obtain
Z Z Z

w(y af(ydy f(@ f(a w(y a)dy+minf w(y ady C
T x2T A

TnA Tn,

p-

C minf maxf exp C 1! cP-
x2T x2T
An analogous inequality (with opposite sign) may be obtainal in a similar way, completing the

proof. O

Proof of Proposition 3.5. We split the left-hand-side of (40) asT; + T, where

0 1
XN X
Tz o0 @07 Wl qmAwW K a()
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and
X X !
1 1
2= @5 WA q@m) Wi gedwx g):
i=1 j=1
As for T1, we separate the sums in and j and deduce
" 1 0 W« 1 0 " 1
1 1 1
Ti= o wx gt) @& Wix gt)A= (x)@=  Wix g(t)A
Nio N j=1 N =
0 1
1R 2
= 6DCry+ T W yw (Y g(0)dyA
j=1

fWo (g (Gt)+ e (xt):

Lemma 3.6 givesjri: j C(W)p ", where C is independent ofx;t;! . With the notation of (40), it
holds that r,. = T,. We use a Taylor expansion and bound

X
jra; | iz wla® g wWix g)iwx §()

N i =1
X X
W™ i aoiwe am= 27 x awiwex aw)
ij =1 i=1
X
= QO i goiwe o)
i=1
X!
+—C(,\\|N) fix G@®iwXx g) jx GOjwx G)g= Tz+ Ta

i=1
Since the particles are identically distributed, we have

E jTsj

CWE X a®iw (X a()
COW) iy Xiw (x  Y)falty)dy cow:fo)P

where f4(t; ) is the probability density function of q(t), and fq is as in Proposition 2.3. The last
inequality above is given by Lemma 3.6: in particular, the coastant C does not depend on time, as
sup ot @@Jq(t; g) is nite. To see this, one may apply [28, (17.2)] and [1, Thewem 4.12], with

analogous considerations to those made in the proof of Progsition 2.3.

As for T4, we use a Taylor expansion, the bounds maxtw (xX) C 1 and maxcT jwo(X)j
C 2, and write

EjTa = CW)E jx  aq®iw (x  qt) j x du(®jw (x  G(t)
CW)E jx  au(t)j jw(x () w(x gyt))]
+ CW)E jau(t)  u(Diw (x  Tu(1))
C(W) 2Eijx ()i jou(t) Tu(t)]
+C(W) Eja(t) wmi C(W)
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forsome = () > 0, where the last inequality follows from the propagation ofchaos (Proposition
2.1), and the scalingN = 1. The bound for r,. is established, and the proof is complete. O

3.3 Noise comparison

We want to replace the stochastic noise of (30b) (previouslyreferred to asZy ) with a noise closed
in andj . We suitably adapt [4, Subsections 3.2 and 3.3].

We rst recall a useful fact. Let be the probability density function of a Gaussian random
variable with mean zero and variance 2. It is not di cult to show that, for r = w , it holds
that

kr Kco( .y ; for some 2 (0;1): (43)

Proposition 3.7. Let the assumptions of Propositions 2.1 and 2.3 be satis edAssume the scaling
N =1, for large enough. We de ne the stochastic noise

vy = N 220 ob?

where is space-time white noise andQP 5 : L21 L?is the convolution operator with kernelwP >

(e, 7 = Qﬂizéz is an H!-valued Q-Wiener process with covariance operatorQP 5 ). For some
positive C = C(T), ci( ), and cx( ), and as in (43), we have

EZn(Xuit)Zn(X2it) B Yn(X1;t)Yn(X2;t)
C 2 n .0 C 2
Wz x2) xa o xai+ 0++ S0g otE +
This result is an adaptation of [4, Proof of Theorem 1.3]. We &etch the proof below, and defer
more technical considerations to Remark 3.8.

Proof of Proposition 3.7. In what follows, the residualsr in (43) appear several times. We do not
specify the argument, as ultimately only their C°-norms will play a role. Setm := (X1 + X2)=2. We
use the multiplication rule for Gaussian kernels [4, Lemma A4], the independence of the Brownian
noises, and we apply (43) several times to obtain

E Zn (X2:t)Zn (X25t)

VARSI ! Zy W u
=E N W (X1 g(u)d i(u) N w(x2 g(u)d i(u)
O = ¢
2 W Zy
= N2F oW (X2 g(u)w (x2 g(u)du
Li=l1
2 W Zy #
= N2F . ( (x2 g@)+r)( (x2 g(u)+ r)du
Li=1
2 W Zy #
= WE Ps (X1 X2) _P3(m q(u)du
i=1
2 N Zy #
2B rP+r (xp gu)+r  (x2 g(u) du:

i=1
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We use (43) to switch back to the von Mises kernels, and use thde nition of  _P - to obtain

EZn(X1t)Zn(X2:t) B Y (X1 t)Yn (X25t)
2 Zy h i
~WP5 (X1 Xz2) E _P3(m;u) du

N
2 t hq i
Wwpi(xl X2) E  _Pz(xg;u) _P5(xz;u) du
" 0 "
2 W Zin , o] # 2 W Zin 0] #
+ mE o re+r_PyrPs du + mE o r_P>wP5 (X1 x2) du
2 W Zn o] #
MINEAS . rwxa gu)+rw(xz g(u)+ rPsw_Pz(m ¢g(u) du

i=1
= JA1 Azj+ JAz+ Ag+ Ag)

The bound jAs+ Az + Asj  (C 2=N)f  + WP 5 (X1 X2)g follows easily from (43). In order to
control jJA1  Ayj, it is su cient to bound
h q i
E  _Py(m) _Palx1) _Pa(x2) (44)

where we have xedu 2 [0;T], and dropped the time dependence for notational conveniete. We
bound the random variable in (44) as

r q
_P5(m) 2 p (M) + b(x1;x2) jb(x1; x2)j; (45)
where
h i
b(x1;X2) = _P3(m) _P35(x1)+ _P3z(x2) 2 _Pz(m)
+( _Ps(xe)  Pa(m)( _Pu(x2)  _P3(m)):

The Helder inequality implies that E P jb(x1;X2)] is bounded by

h ) i 124 1=4
E <ps(m) E _Ps(xa)+ _Ps(Xx2) 2 _P3(m)
4 1=8 4 1=8
+E  _P3(x1)  _P3(m) E  _P3(x2) _P3(m) = TaTo+ TaTa:
We notice that
" a
1 X
R 10)
=1 " # " #
. X Y . X Y
=N E  wx g,@t) +N E  wx g,@)
j2S1c k=1 j2S2c k=1
Ew(x ) “+N 1 ¢ kwx )k kgt )kfr +N * °©
= kfg(t; )kf2 + N 1 ¢ (46)

wherefg(t; ) is the probability density function of g(t), and f is as in Proposition 2.3. As is large
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enough, and taking into account sup okfg(t; )kiz < 1 (implied by assumptions of Proposition
2.3 thanks to [28, (17.2)]) we see that the left-hand side of46) is uniformly bounded in ;x, and t.

Ti KE 2py(m) = +KE _Py(m) ~_Py(m)

where ~ is the smoothed density with respect to the particle system 8). The rst term in the
right-hand side above is bounded by (46), while the second i®ounded using the propagation of
chaos. As aresult,T; C.

As for T, again by adding and subtracting relevant evaluations of~ , we obtain

T, KE 7_P3(x1)+ 7_P3(x2) 27 _P3z(m) + KE _P5(x1) 7_Ps(x1)

2 1=4 5 174
+ KE  _P3(x2) ~-P3(x2) + KE _Pz(m) ~_P3(m) 3 (47)

The rstterm in the right-hand side of (47) can bounded by K jx;1 X»j, using the same strategy used
in [4, Adaptation of proof of Theorem 1.3]; the remaining one are controlled using the propagation
of chaos. As a result, we gefl, Kjx; Xpj+ 1, forsome 1= 3()> 0. The analysis ofT3; T4
is similar to that of T,. In the case ofT3

4 1°8 o 1=4
T3 KE 7_P3(x1) ~-P3(m) +KE  _P3(x1) T-Ps(x1)

5 1=4
+ KE _P5(m) ~_P5(m) : (48)

The rst term in the right-hand side of (48) can bounded by K P jX1 Xpj, using the same strategy
used in [4, [SAdaptation of proof of Theorem 1.3]; propagationof chaos controls the remaining ones.
SoT3 K jx3 Xpj+ 2,forsome , = 5( ) > 0. The estimate for T4 is the same, with the

couple (x1; m) replaced by (x2; m).

Putting everything together, we obtain the bound

r n o]
E _Py(m) Zzpz(m) b(X1;X2) C jx1 xoj+ a0)+ @Ojx;  x,j%2 (49)

whereci( ):=minf 1;2 ,gandcy( ):= ». This concludes the proof. O

Remark 3.8. The error bound of Proposition 3.7 is less sharp than the one vided in [4, The-
orem 1.3] in the following sense: rstly, the spatial term caontributions in (49) are not quadratic.
This is due to the use of the suboptimal bound (45), as clari & in [4, Remark 3.4]. More precisely,
we do not have an analogue of [4, Proposition B.8] in the casef aveakly interacting particles, so we
can not use more precise bounds involving inverse powers of; secondly, the propagation of chaos
produces stand-alone contributions in (vanishing as ! 0); nally, the need to switch from von
Mises to Gaussian kernels (and vice versa) produces additi@l contributions in  (also vanishing as
I 0).
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4 The regularised model

While the equations (30a){(30b) describe the “exact' evoltion of the relevant densities ( ;j ) as-
sociated to the weakly interacting particle system (2), they are not, however, closable in ( ;j ):
more precisely, they contain three terms (specically, j». , Zyn, and the nonlocal interaction term
of (30b)) which can not be related directly to ( ;j ). In this nal section, under suitable assump-
tions, we derive and analyse an SPDE which approximates (30&30b). We propose the following
approximations associated with the three terms mentioned bove, and we point out the extent to
which they are valid.

Approximation 1. The interaction term in (30b) is replaced by fW® g . Proposition 3.5
implies that this replacement gives a vanishing error (in the L* sense) as ! 0.

Approximation 2. We replacej,. with 2—2%. This has been done also in [4], and we adapt the
essential details here. In local equilibrium, the probabiity density function of the couple (g (t); pi(t))
is approximately separable in the two variables (as shown {8, Corollary 3.2]). We can thus write
Elj2 ] = E[pZ(t)]E[@ =@¥% which suggests the proposed replacement. In a small tempature
regime (corresponding to ?=(2 ) 1), we see that Varp?(t)] C 4=(2 )2 2=2 )  E[p?(1)],
see again [8, Corollary 3.2]. Itis in this case sensible to ptace p? with E[p?], which means replacing
j2; with &,

Approximation 3. We replaceZy with N 1=2P —~ Thisis justi ed along the lines of [4], and
we adapt the necessary details. First, we notice thatZy and Yy are asymptotically equivalent in
distribution for ! 0, as shown in Proposition 3.7. In addition, one can show thatfor eacht 2 [0; T],
f (;t)g has a unique limit in L? as ! 0. This can be seen be taking two sequenceds,; N 2g,
fin; NPg (both satisfying the usual -scaling) and using scaling arguments (similar to those usk
for example, in (46)) and the propagation of chaos to show th&a E k 5, (;t) by ( ;t)kf2 I 0as
an;by ! 0. As a result, the two quantities (;t) and _P5( ;t) coincide in the limit. Therefore,
for 1, we considerN 172P —~in spite of Yy, thus obtaining the overall noise replacement.

These approximations give the followingregularised Dean{Kawasaki modelfor interacting par-
ticles in undamped regime

8
@ ... @, ..
% Gl = Gt q (50a)
2
g %t(x;t)= (xt) > %X(x;t) f WO ~(;t)g~(;t)+ pﬁ ~(x;t) =7, (50b)

~(x;0)= o(x); T(x0)=jo(x);

for (x;t) 2 T [0;T], and where ( ¢;]jo) is a suitable initial datum. We used the notation (~ ;j)
to distinguish the solution of the SPDE (50) from the smoothed (exact) densities ( ;j ). We
establish a high-probability existence and uniqueness rest (in the sense of mild solutions) for (50).
Following [4, Subsection 4.3], we smooth the coe cient fundion of the noise in (50b) and study the
system

dX (t)=[AX (t)+ (X (t))]dt+ By. (X (t))dW ;

X (0)= Xo &Y

for X (1) :=(~ (;t);7(;0), Xo:=( 0jjo), W :=(0; 7), and where A (respectively, ) is a linear
(respectively, nonlinear) operator onW := H(T) HZ(T) de ned by

2
A= Teo rey 5 S0 =0 WO ~(0g- ()
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andByn: W !If f:W! L2 L2?gisdenedasByn((;j))(ab:= N ¥2©0;h (j) b),forh
being a C2(R)-regularisation of the square-root functionon[ ; ], for some > 0. A mild solution
to F£51) on [0;T] is a W-valued predictable processX . = (~. ;j. ) dened on [0;T] such that
P( OT kX . (s)kd, ds) = 1, and satisfying, for eacht 2 [0; T]
z t Z t
X. (t)= S(t)Xo + . S(t s) (X. (s))ds+ . S(t s)Bn: (X (s))dW ; P-a.s.

wherefS(t)g; o is the Cp-semigroup generated byA (see [4, Lemma 4.2]).
We rst of all analyse the noise-free version of (51).

Lemma 4.1. Fix 0<ci <cy. Consider the system

dX (1) =[AX () + (X (1)]dt

X(0) = Xo:=( oijo); (2)

and assume thatminy,t o(x) > c1 and kXokw < c2. Then (52) has a unique localW -valued mild
solution Z :=( z;jz) up to someT > 0, such that

mz@ z(X;s) >cq1 and kZ(s)kw <cp; forall s2 [0;T]: (53)
X

Proof. The operator A generates aCq-semigroup of contractions onW, see for example [4, Lemma
4.2]. In addition, is locally Lipschitz and locally bounded. To see this, choos (uz;Vvy) and (uz; vo)
in a W-ball of radius n. Then, using the Sobolev embeddingd® C° and the boundedness ofV°
and W% we obtain

K ((uiva)) (U2 v2)) Ky
= kfW® uigu; f WO uzguzkfz+ k(@=@«W° uigu; f W° uzguz)kfz
n
C kWO (U up)guik®s + kKFWO upg(us  up)kPs + kKEW (ug  up)guaik’s
[0}

+ KW upg(u; Uk + KFWO (up u)gudk’s + KEWO upg(ud  udk?,

C(n; W) k(us;vi)  (uz; vk, ; (54)
which is the local Lipschitz property for . Local boundedness is settled with an analogous com-
putation. We apply [27, Theorem 4.5] to deduce the existenceof a unique local W-valued mild

solution Z :=( z;jz) to (52) up to some T > 0. Since the solution is @adag by [27, Remark 4.6],
using the Sobolev embeddingd! C9, we can choosel > 0 so that (53) is satis ed. O

Lemma 4.2. Let Xy be a deterministic initial datum for (51). Then (51) admits a unique local
mild solution.

Proof. This follows from [27, Theorem 4.5], since (i)A generates aCg-semigroup of contractions
on W; (ii)  is locally Lipschitz and locally bounded, see Lemma 4.1; (i) By. is locally Lipschitz
and satis es the linear growth condition, see [4, Lemma 4.5](iv) the noise W is a W-valued Q-
Wiener process whose covariance operat@P 5 has rapidly decaying eigenvalues, see [4, Subsection
4.2]. ]

Now let X be the unique local mild solution to (51). For some positive onstants T; , and Kk,
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we de ne two relevant stopping times associated with (51), ramely
k:=inf ft> 0:kX ()kw kg~ T; = ¢MNinf t> O:mzip~(x;t) : (55)
X
Lemma 4.3. Fix k>0, > 0,and T > 0. Let X be the unique local mild solution to(51). The
following statements hold:

. . R R
(a) The total mass of the system is conserved up toy, i.e., |~ (x;s)dx = + o(x;s)dx for all
S K-

(b) There exists a constantC = C(X; W) such that, for all x 2 T and for all s

C W% ~(xs) C; C W» ~(xs) C: (56)

Proof. (a) We consider the W-inner product of the mild formulation of (51) with the const ant
element :=(1;0) 2 D(A?), the symbol ? denoting the adjoint. As A? =0, we trivially get that

Z: Z,
. E ) KiS(t  $)Bn; (X (9));A7 ikf . ds dt< 1:
We de ne » = Rk, where
( Y if kykw  k;

Re: W 71W @y 7! _
k Y kgl i kykw >k

is a standard retraction map. Since the map “is Lipschitz continuous, we have a unique global mild
solution X to (51) with  replaced by ~ which then clearly satis es P( OT kX ()kw dt< 1) =1.
Since we have predictability of both the deterministic and dochastic integrands involved in the
de nition of mild solution (to (51) with replaced by ", we follow the proof of [13, Proposition
2.10, part (ii)], but only with the speci ¢ choice of made above (andnot with any 2 D(A?)).
We deduce thatX satis es, P-a.s.
Zh i Zy

W i= WXo; i+ ) b (s); A7 i+ (X (s)); i ds+ . By, (X (s); idW (s)= hXo; i:
Uniqueness of mild solutions implies thatX (s) = X (s) for all s k, and the claim is settled.
Notice that we have not proved that X is a weak solution to (51).

(b) The potential W being smooth, there existsC suchthat C WYy x) Cforallx;y 2 T.

If s , then ~(y;s) > O for everyy 2 T. We deduce that C~(y;s) WIx y)~(y;s)
C~(y;s), forall y 2 T. Since k, we can rely on (a) and integrate iny, thus deducing that

CXo:W) W% ~(x;s) C(W;Xp)forall x2 T and for all s . An identical argument
applies with W %®replacing W© O

We now turn to the proof of our main existence and uniquenesseasult for (50). This result is
an adapted version of [4, Proposition 4.10 and Theorem 1.4].

Theorem 4.4 (High-probability existence and uniqueness result) Fix 2 (0;1), and x 0< <

c1<cy<k. Let Xg=( o0;jo) 2W be a deterministic initial condition, such that miny,t o(x) >cC;
and kX okw <c2, and let T > 0 be as in the statement of Lemma 4.1. Assume the scaling =1,
for large enough. It is possible to choose a su ciently large nurher of particles N such that there
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exists a uniqueW -valued mild solution X =(~ ;) satisfying (50), up to time T, on a setF 2F
such thatP(F ) 1

Proof. Consider the timet” , for t 2 [0; T], with de ned in (55). Let X and Z be the local
mild solutions to (51) and (52), respectively. We subtract the mild solution expressions forX (t* )
and Z(t~ ), thus obtaining

X (@~ ) z@r )= ZOtA St [ (X (s))  (Z(9)]ds
+ ZOtA S(t” S)Bn: (X (s))dW : (57)
We look for a small-noise regime estimate up to timeg~ . In order to do so, we rst prove that
k (X () (Z(S)kd, K2(W;k oky1;T)KX (s) Z(s)k%; forall's : (58)

We reuse computation (54) and deduce

k (X () (Z(9)KS
2 KfW® (7 ~)g zKo+ KEWO ~g( 7 ~)K+ kfW® (;  ~)g 7k,

(0}
KW ~g( 2 =)k + kWO (2 ~)g OK(. + KTWO ~g( & D)k,
= T+ + Tg: (59)

For s , we bound the terms Ty; T4; T using Lemma 4.3, and we bound the termsTq; T3; Ts
using the Sobolev embeddingd! C° and Lemma 4.1. Estimate (58) is proved.

We are now in the position to provide the small-noise regime stimate for (57). We closely follow
the proof of [4, Proposition 4.10]. Letq > 2. We use [5, Proposition 7.3] to deduce that, for some
K2 = K2 (W;k oky1;T;0) and someKsz = K3(;;T;q;k)

" #
E sup kX (s ) Z(s™ )ky
s2[0;t]

t
KoE kX (u)  Z(u)kyy 1p; j(u)du
" 0

zZ. o
+ E sup S(s” u)Bn; (X (U)1p, (U)W
s2[0;T] O
zZ, #
Ky E sup kX (s ) Z(s™ )k{§, du
0 s2[0;u]
Zt
+KGTia)MIGNIE 1+ kX (ki) j(u)du
z, " ° #
Ko E sup kX (s ) Z(s™ )k} du+KzMI(;N); (60)
0 s2[0;u]

where M 9( ;N ) was derived in [4, Lemma 4.5], and decays to 0 as! O for large enough. It is
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easy to deduce that

#
E sup kX (s™ ) Z(s™ )k}, KzMI(;N)eTr (61)
s2[0;T]
For some small enough > 0, de ne
( )
S:i= 12 :sup kX (s™ ) Z(s )ky

s2[0;T]

Using the Chebyschev inequality in (61), we deduce that thee exists N large enough so that
P(S) 1 . If is chosen small enough, for any 2 S, we have that = | = T. If this was
not the case, we would have one of the following contradictins: on one hand, if < ¢ T, since
minyot z(x;s) >c1 > forall s2 [0;T] thanks to Lemma 4.1, and since is small enough, we
can use the embeddingH! CC to deduce that min,o1 ~(x; ) > , contradicting the de nition

of ; on the other hand, if = | < T, sincek z(s)kw < c2 <k for all s 2 [0;T] thanks to
Lemma 4.1, and since is small enough, we can use the same embeddirkty* CY to deduce that
k~( k)kw <k, contradicting the de nition of . This concludes the proof. O

Remark 4.5. The main di erence between this section and [4, Section 4] ishe combination of a
solution localisation via stopping times (needed becausehie interaction term fW° ~(;t)g~(;t)
is superlinear) and the conservation of mass, see Theoremdand Lemma 4.3.

Remark 4.6. The existence theory described in this subsection can be ghtly simpli ed, as one
could deduce the validity of (56) for all x 2 T and all s k (rather than for all s ). In
this case, the bounding constants would depend ok (hence onk ok 1) rather than on | o(x)dx,
simply because of the embeddindd® C°. The proof of Theorem 4.4 could then be adapted by
using the stopping time i instead of in the small-noise regime analysis leading up to (61), thus
making the use of Lemma 4.3 super uous.

However, Lemma 4.3 provides a lower constanK , for the bene t of (61). The reason for this can

Ti  C2kX (s) Z(s)kdy; i2f1;:::;60;

However, the terms T,; T4, and can be controlled more precisely, aLC,, C4, and Cg can be
computed |s_\gvith the initial mass | o(x)dx only (Lemma 4.3). In the case of an initial datum

satisfying 1 o(X)dx Kk oky1, this corresponds to obtaining a constantK 2 in (58) which is

approximately half the one we would get if we did not rely on Lanma 4.3 to deal with T,; T4, and

Te; this is simply becauseK 2 = CZ#+  + C£, and C3+ CZ + CZ would, in this case, be negligible
compared to CZ + CZ+ C2. This is turn implies that the constant K, in (61) can be scaled down
by a factor up to 2972, Overall, this gives a smaller right-hand-side in (61), whth re ects into a

lower number of particles needed to meet the requirements ofheorem 4.4.
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3.2. Conclusions

We discussed the derivation and analysis of a regularised Dean{Kawasaki model in the
case of Langevin particles interacting via a pairwise potential W.

At least in its basic structure, the argument re ects the methodology presented in
Chapter 2, where a system of independent particles was studied. However, in order to
complement and generalise the contents of Chapter 2, a number of non-trivial addi-
tional features associated with the particles’ interaction (and stochastic dependence)
are needed, and we summarise them below.

The rst feature is Proposition 2.1, a propagation of chaos result which quanti es
the ‘distance’ between the interacting particles system f(qi;pi)g{\‘z1 in question, and
an auxiliary McKean{Vlasov type system of independent particles fqi;ﬁig{il. More
speci cally, we obtain the moment estimates of the type

Bl G®i 1" CCW TN % Elip® m©i]° C(GWTN 22
(3.1)

forany t 2 [0; T] and any even integer . Proposition 2.1, which is a suitable adaptation
of [46, Theorem 1.2], is a key auxiliary result which is used in several points of the paper
(namely, Propositions 2.5, 3.2, 3.5, and 3.7). In a nutshell, Proposition 2.1 allows to
refer the analysis to the system of independent particles fg;; p;gll; (thus making some
tools from Chapter 2 applicable) by paying a decaying polynomial contribution in N,
see (3.1).

A second feature is the tightness argument for the relevant densitiesf g, fj g , and
fj2. g, which is proved in Proposition 3.2. In contrast to the analogous result from
Chapter 2 (Proposition 1.1. therein), we rely on Simon’s rather than Kolmogorov’s
compactness criterion: this is due to a low time regularity entailed by the application
of Proposition 2.1.

A third feature is the appearance of the distinctive superlinear term fW! g
(see Lemma 3.5) which encodes the particles interaction.

Additional features include: an adaptation of the DK noise replacement (Propos-
ition 3.7); the analysis for the resulting DK model (51), where mild solutions are
constructed using technigques analogous to those proposed in Chapter 2, and where in
addition we deploy localisation via stopping times and conservation of mass in the sys-
tem in order to deal with the superlinear nature of the model (given by the interaction
term fW' g ).

The conclusions we are able to draw are the same as those of Chapter 2, but in the
case of much more general particle systems. The open questions for this chapter re ect
those detailed in the conclusions of Chapter 2. In particular, as mentioned earlier,
we address the issue of positivity of solutions for the DK class in the next chapter by
focusing on non-conservative modi cations of stochastic thin- Im equations.
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Chapter 4

A priori positivity of solutions to a non-conservative
stochastic thin-film equation

We devote this chapter to the issue of positivity of solutions for members of the DK
class by focusing on suitable non-conservative modi cations of a stochastic thin- Im
equation. The preprint we present here is available on arXiv [10].

4.1. Outline of the Article

As the DK class is concerned with the description of particle systems through mean-
ingful densities, it is imperative to investigate whether or not the general structure of
the DK class preserves the positivity of such densities. Asked di erently: for a given
member of the class, if we start with a positive initial datum bounded away from zero,
do we obtain an almost sure positive solution de ned up to a speci ed, deterministic,

nal time T? To the best of our knowledge, the arguments for arguing for ana rmative
answer to this question are, so far, substantially limited.

To begin with, we know from [34, 35] that the original DK equation (1.1) admits
nothing more than atomic solutions. The positivity requirement of the solutions is
encoded in them taking values in the space of positive measures. If one does not allow
for a non-conservative correction to the equation, then no positive smooth solutions
can be found.

As for regularisations of the Dean-Kawasaki model, positivity is settled in some
cases. In [23], the authors rely on a kinetic solution formulation to prove the exist-
ence of positive solutions to a perturbed porous medium equation (with noise given in
Stratonovich sense). In [47], the author proves existence of positive strong solutions
to a stochastic conservation law featuring viscosity. In both these works, the author
heavily rely on the regularity of the deterministic component (being a p-Laplacian and
a Laplacian, respectively). In our works, presented in Chapters 2 and 3 (i.e., in [12, 11])
positivity is only achieved in a high probability sense, as we have a second-order in time
model (namely, a perturbation of a wave equation).

As for thin- Im models, we are only aware of existence of positive martingale solu-
tions in the case of quadratic mobility [24, 27].

The work we present in this chapter provides further clari cations on the positivity
issue of the DK class by focusing on the interplay between mobility coe cient (or equi-
valently, the noise) and relevant source potentials for non-conservative modi cations
of the thin- Im equation. Our hope is that this work will prove useful in the future
analysis of DK type equations which do not bene t from regularisations, but which do
feature non-conservative components.

Section 2 is devoted to proving our main result, which is concerned with extending
local-in-time positive solutions up to any nite time. This result builds on a technical
lemma, whose proof is the bulk of the paper, and the content of Section 3. This
technical lemma provides relevant uniform bounds for the solution. These bounds refer
to the a localisation procedure, which determines ‘how long’ the solution takes to hit
an arbitrary given positive barrier. A comparison with the results and methodology of
[24] is given in Sections 4 and 5.
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Abstract

Stochastic conservation laws are often challenging when it comes to proving existence of non-
negative solutions. In a recent work by J. Fischer and G. Gnan (2018,Existence of positive
solutions to stochastic thin- Im equations, SIAM J. Math. Anal.), existence of positive martingale
solutions to a conservative stochastic thin- Im equation is established in the case of quadratic
mobility. In this work, we focus on a larger class of mobilities (including the linear one) for
the thin- Im model. In order to do so, we need to introduce nonlinear source potentials, thus
obtaining a non-conservative version of the thin- Im equation. For this model, we assume the
existence of a su ciently regular local solution (i.e., de ned up to a stopping time ) and, by
providing suitable conditions on the source potentials and the noise, we prove that such solution
can be extended up to anyT > 0 and that it is positive with probability one. A thorough
comparison with the aforementioned reference work is provided.

Key words : thin- Im equation, drift correction, It6 calculus, nonlinearity, a priori analysis.
AMS (MOS) Subject Classi cation : 60H15, 35R60, 35G20

1 Introduction

We are interested in stochastic equations driven by random noise in spatial divergence form. A wide
class of these equations can be written as

@u_ F[u]

ot u
in the non-negative unknownu = u(x;t), for x 2 D RY and t > 0. Equation (1) describes
the evolution of a system made of a large nhumber of particles. The particles are subject to a
gradient- ow dynamics (governed by the free energyF featured in the rst drift term Dj), to a
nonlinear source (given by (u) D»), and to mesoscopic thermal uctuations (stochastic term S
comprising an in nite-dimensional noise W and a given scaling parameter 6 0). The evolution of
the system is described by the particle densityu, which is naturally required to be non-negative.
The drift component D; and the noise termS satisfy a uctuation-dissipation relation [ 2] which
can be identi ed in the powers of the so-calledmobility coe cient m(u) being 1 in D; and % inS,
respectively.

q
r m(u)r +(u+r m(uWwW =: D1+ D+ S; Q)

When m(u) u and 0, equation (1) is known as the Dean-Kawasaki model [6, 10]. This model
poses hard mathematical challenges, the rst of which is proving existence of positive solutions up
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to some given timeT > 0. The main di culties in doing so reside in the nature of the stochastic
noiseS . To start with, this noise lacks Lipschitz properties and spatial regularity. If, in addition,
we assumeW to be a space-time white noise (this is a relevant choice in the physics literature),
then the only exis}gnce result we are aware of is the recent workL[8]. More speci cally, in the case
of F(u) := (N=2) _ u(x)log(u(x))dx (corresponding to the Gibbs-Boltzmann entropy functional
with pre-factor N=2 > 0), a unique probability measure-valued solution exists if and only ifN 2 N;
however, in this case, the solution is trivial, and coincides with the empirical measure associated
with N independent di usion processes.

Again for m(u) u, and for a specic class of & 0, existence of measure-valued martingale
solutions to (1) is available in space dimension one, see the work of von Renesse and coworkers
[15, 1, 11, 12]. These results are based on the application of Dirichlet form methods, as well as on
the interaction between drift and noise in the context of the Wasserstein geometry over the space of
square-integrable probability measures. We also mention3] for a high-probability existence and
unigueness result for a regularised version of (1).

In this work we investigate a priori positivity of solutions, up to any chosen time T > O, in the
speci c case of a non-conservativehin- Im equation

du=r (m(@ur [ u WYuldt+(h(u)jr uj+ gu)dt+r P m(u)dw ; 5
U 0) = Up(x) @)
set on the spatial domainD := (0;2 ), on some nite time domain [0; T], and on a probability
space ( ;F;P). More precisely, we assume the existence of a su ciently regular local solution to
(2) (i.e., de ned up to a random time T) and we show that it can be extended up toT while
remaining positive with probability one. Above, ug: D! [0;1 ) is a suitable positive initial datum,

W is a noise white in time and coloured in spacem is the mobility coe cient, and W, h and g are
given nonlinear source potentials. These potentials compensate the noise contribution whenever
the solution comes close to the singular regimes (these being identi ed by vanishing or diverging
density); this is thoroughly discussed in Sections 3 and 4. The precise nature &%, W, h, m, and g

is statedd'n Subsection 1.1 below. We highlight that(2) ts into the form prescribed by (1) with
F(uy:= pfjr u(x)j?=2 + W (u(x))gdx and (u) := h(u)jr uj®+ g(u).

Existence of positive martingale solutions to (2) has been established in the conservative case
(g h 0)in[7], for the case of quadratic mobility m(u) = u?; this mobility results in a linear
multiplicative stochastic noise. The case of general polynomial mobility, including the linear case
m(u) = u (corresponding to the noiseS featured in the Dean-Kawasaki model), seems hard to study
for the conservative thin- Im equation, see [7] again. This is why we analyse(2) for a non-trivial drift
component . However, our drift component is not justi ed, as in the case of [ 15, 1, 11, 12], by the
aforementioned Wasserstein geometry setting. Instead, it is needed in order to deal with algebraic
cancellations arising from the It6 calculus applied to relevant functionals of the solution, these
functionals being primarily associated with positivity of the solution, which is our main interest here.
We also stress the fact that we only pursue a purely analytical justi cation of our drift component |,
and we consequently neglect any physical modelling at this stage.

The paper is organised as follows. Subsection 1.1 contains basic assumptions on the functional
setting, on the stochastic noiseW, as well as a parametrisation of interest for the relevant nonlinear
guantities m; W; h, and g. Section 2 contains the two main results of this paper, Proposition 2.1
and Theorem 2.2. More speci cally, Theorem 2.2 (which is also proved in this section) is concerned
with positivity of solutions to (2) up to time T, which is our main interest. Its proof builds upon
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Proposition 2.1, a technical result whose lengthy proof is the topic of Section 3. Sections 4 compares
the contents of this paper with the setting and conclusions of 7]. Section 5 illustrates the di culties
that one encounters when trying to prove existence of local solutions tg2) via an approximating
Galerkin scheme in the case of general mobilitym, and also explains why such a scheme is e ective
in the speci ¢ case of quadratic mobility [7]. We summarise our ndings and conclusions in Section
6.

1.1 Setting and notation

We work in a periodic function setting on D :=(0;2 ). The noise W is white in time and coloured
in space. Its covariance operatorQ is diagonalisable on the eigenfunctions of the Laplace operator
on D with periodic boundary conditions. These eigenfunctions are given by the trigonometric family

fe gr1=0 - plzj; sin(}); cosgo; sinp(gx); cog@(); sinp(gx); cop?@();

Using [14, Proposition 2.1.10], we write the noise asW (t; x;! ) = P 1 pfer (x) ((t;!), where
f 19l are the eigenvalues ofQ associated withfe gl_,, and f ,gl-, is a family of independent
Brownian motions. We assume the eigenvalues d to be rapidly decaying, say ; aie %", where
a;;ax > 0, for all r 2 Ng.

Forsome 2 (0;1),let Ag:=(0;1 ), Ar:=[1 ;1+ ],A1 :=(1+ ;1). The mobilty m and
the functions h and g are given by

8 8
2 ul; if u2 Ag; 2 Bhu Pr; ifu2 Ag;
m(u) := S fm(u); ifu2Ag; h(u):= S fh(u); if u2 Ag;
'8u2; ifu2Ag, © Bput; ifu2Ag;
2 Bgu Po;  ifu2 Ag;
g(u) == S fg(u); if u2 Ag; (3)

Bgu%; ifu2A;;

while W is given by W (u) = u P. The functions m; h;g; and W are understood to be in nite when
u 0. In the above, p;Bh;pn;Ch; Bg; Pg; Cg; 1, and > are positive constants, while the functions
fh;fg, and fy are such that W; h; g, and m belong to C' (0;1 ). It is easy to choosefy, and f, such
that, for some > 0

fm(u)>; forall u2 Aj; (4a)
fI(u) Bp; forallu2 Aj: (4b)

The potentials W, h, and the mobility m are sketched in Figure 1, while the potentialg is not
sketched (as it is qualitatively identical to h). We de ned h;g and m piecewise onAg and A; in
order to be able to treat low and large density regimes di erently. The de nitions on A provide
smoothness on (@1 ) for the quantities in (3). Our de nitions of W, h, g, and m are justi ed
as follows: the potential W pushes mass away from the repulsive singularity 0, while obeying the
conservation of mass. The source potentialé and g introduce mass in the system whenever the
density is too low, and remove mass whenever the density is too large. In the case lof the rate at
which the introduction/removal of mass occurs is proportional to jr uj?. The mobility accounts for
di erent drift and noise magnitudes in the low and large density regimes.

We use the symbolLP to denote the spaceLP(D). We use the symbolW*SP to denote the Sobolev
spaceW (D) of 2 -periodic functions on R having distributional derivates up to order s belonging
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Figure 1: Sketches ofW (top-left), h (top-right), and m (bottom). Plots on A; are not provided for
h and m. The qualitative behaviour of g is identical to that of h.

to LP. We abbreviate HS := WS2, For a Hilbert space V, we useh; i, and k ky to denote
the V-inner product and V-norm, respectively. We drop the subscript if V = L2. For a function

u depending on space and time, we often writau(t) instead of u(x;t), and we indi erently use
the notations ux and r u to refer to spatial di erentiation. Finally, C denotes a generic constant
whose value may change from line to line; the dependency of this constant on speci ¢ parameters is
highlighted whenever relevant.

2 A priori positivity of solutions

Let T > 0. We show that, if we assume the existence of a su ciently regular solution to(2) up to a
random time T, this solution can be extended up toT and is positive P-a.s. In order to do so,
we need the following auxiliary result.

Proposition 2.1. Fix T > 0and > 2. Consider an initial datum ug 2 H?! such that | <
Miny2p Up(x) and kugky1 < o, for some ,> 1> 0, P-a.s. We assume the existence of B-a.s.
continuous H 1-valued strong solutionu to (2) up to a random time T. In particular, the equation
below is satis ed P-a.s., forall t> 0
Z a
ut”™ )= up+ roo(mur [ u WYwD+ h(u)jr uj®+ g(u) ds
Z ia ° q
+ . r m(u)( ) dw: 5)
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Further, we assume thatu is such that
Z Z
P kru(s)klsds<1 =1; P k u(s)k’ds<1 =1;
0

q 2
E Uxx (S) m(u(s)) ds <1 (6)
0
such that the deterministic integrand in (5) is an H 1-valued predictable process, and such that the
stochastic integrand in (5) is an L9(H 1)-valued stochastically integrable process. Here9(H ) stands
for the set of Hilbert-Schmidt operators fromQ?H ! into H. For all n 2 N such thatn 1<
andn> ,, we assume , T, where the stopping time , is given by

no=inf t> O:ngigu(x;t) nt! ~Ainfft> 0:ku(t)ky: ng” T: @)
X

Assume the following conditions

+ is small enough (C1)
r=0
Pn; Bh;ch are big enough (C2)
Pg; Bg; ¢g are big enough (C3)

R
Let Fi: HY! R[flg :u7' pjuj ,letF:HY! R:u7! ikukZ,, and letF = F1+ Fo. Then
there is a constantC independent ofn such that

EF(ut”™ ) C; forall t 2 [O;T]: (8)

The proof of Proposition 2.1, which is quite lengthy and technical, is the content of Section 3. Our
main result, which relies on Proposition 2.1, is the following.

Theorem 2.2. Let the assumptions of Proposition 2.1 be satis ed. Then the solutioru to (5) is
de ned up to time T and is P-a.s. positive, meaning that

P(u(x;t) > Oforall xin D and forallt2 [0;T])=1:

Proof. Dene := 5 1> 0. The Helder inequality and the bound u u +1,validon (0;1),
give

Z Z
ku (t" nkwur=  ju (t~ p)jdx+  ju YA g)routt p)jdx
D D
Z Z 1= Z 1=2
ju (t™ p)jdx + ju 20D (ea )jdx jroutn p)jdx
D 7 D D

C+C ju (t" pjdx+ Cku(th )k&: C+ CF(u(t” n):
D

This immediately entails, using Proposition 2.1, that

h i
E ku (" p)kwit (0% forall t2 [0;T]; 9)

where C is independent ofn. Let t 2 [0; T]. We use theP-a.s. H -continuity of the paths of u, the
continuous embeddingW 1 I C(0;2 ) (with embedding constant K 1), the Chebyshev inequality,
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and equations (8) and (9) to deduce

P(n<t) P minjut™ n)j n?t! +Pkut”® ky: n)= P maxju(t”™ ,)j n
x2D x2D

+P ku(t® n)k3: n? P ku (t" p)kwir Ki'no o+ P ku(t® p)ki:  n?

Eku (t% wkwi | Ekut® n)K3s

I 0
K,n n2

asn! 0. This implies that P(sup, n = T) =1, and concludes the proof. O

3 Proof of Proposition 2.1

We split the proof in four parts. In Subsection 3.1, we compute and properly bound the It6 di erential

of the processF (u) up to time t~ ,, forany t 2 [0; T]. In Subsection 3.2, we group all the terms
from the previously computed I1t6 di erential into families, each family being characterised by a
speci ¢ term. Subsections 3.3 and 3.4 are concerned with imposing conditions on the parameters
P;Bh;Pn;Ch; BgiPgiCq; 1; 2, and f (gl in such a way that (8) is achieved; more speci cally,
Subsection 3.3 provides the relevant analysis o\ [ A , while Subsection 3.4 consistently extends
this analysis on to Aj.

For notational convenience, we rewrite (5) as d = (u(t))dt+ ( u(t))dW (t); where

(U= 1w+ 2Au)+ 3():

(uv:

ro(m@r [ u WY+ h(ujir uj®+ g(u);
q

r m(u)v :

Integration by parts entails that the component of the stochastic noise of(5) along the direction g,
fori 2 No, is

Zy "z, q * p__ Lt
(u(s)dW(s);e = r m(u(s)) rerd ((S) ;&
0 . 0 + r=0
Zq * p__ X Z¢ g Ep
= . m(u(s)) rerd ((S);r e = . m(u(s))er;r & rd ¢ (8):
r=0 r=0

Thus can be thought of as an in nite-dimensional noise represented with components given by

Dq E
ir (u(s)) := m(u(s))e;r g ; for all i;r 2 Ng: (20)
3.1 It6 formula for F(u(t”™ ,))
We use the It6 formula
z t" n
G(u(t™ n))= G(u(0)) + . Gu(u(s)) (u(s))ds
Zn h L L i
t 511 Guu(UE)(( u(s))Q2)(( u(s))Q?)" ds
VAN
" ot " Gu(u(S) ( UENAW(S)+=: 11+ 1o+ Ig+ Iy (11)
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here stated for a real-valued functionalG applied to the solution u. We can apply (11) to G = F;
and G = F, because, up to timet~ . (i) the deterministic and stochastic integrand of (5) satisfy
the assumptions of b, Theorem 4.32]; (ii) F1 and F» are both uniformly continuous (along with their
rst and second derivatives) over bounded sets oH 1.

We analyse termsl,, 13, and |4 of (11) for G = F; and G = F,. Time dependence is often dropped
for notational convenience.

R
Term I, for G = F;. The rst and second derivatives of F; are Fy.,(u)v = p U lvdx and
Fru(u(vyve) = ( +1) pu 2y vodx. We study the contributions of 1, 2, and 3 on
F1.u(u) (u) separately. We obtain
D E

Fra(W) «(u)= r  (m@r [ u wWYuD; u *
D E

( +1) mur[ u WYuhu ?ru
D E

D E
= (+1) r[u WYuWEmuu %u = ( +1) ur muu ?ru)
D E
( +1) WRuwrum@uu ?u
D E D E
= (+1) um@u 2 u ( +1)  uw(m@u Y uj?
D E
( +1) W%uWr um@uu  ?ru :
We remind the reader of the identity
fir u? v = S (i uigin i (12)
which is valid for f 2 C(0;1 ). We choosef (u) := (m(u)u  ?)%and deduce
D E
Fro(u) 1(u)=  ( +1) um@uu 2 u
(+1P 208 2. ob D o . 2 E.
t (mwu A% uj?jr uj ( +1) W%uWr um@uu  ?ru :
(13)
As for , and 3, the contributions are simply
D ' Y E D E
Fru(u) 2(u)= h(ujr uj® u ' Fy(u) s(w= gu); u ' (14)

Term I, for G = F,. The rstand second derivatives of F» are Fo., (u)v = hu; viy 1 and Fouy (U)(v; v2) =
hvi;voi 1. We study the contributions of 4, 2, and 3 on Fyy(u) (u) separately. We set
f (u) := m(u)W%u) and we obtain, by relying on (12) and using integration by parts

FZ;u(u) 1(u)
=hr (mur [ u WYW);uigz=hr (Mm@ur [ u WYu));ui
+hr(r  (m@ur [ u WYW));r ui
tmu)r [ u WYWl;r ui+hr (mr [ u WYu); ui
hr u WYwl;m@u)r ui h mur [ u WYU)]; uxxx i
u;mqu)jr Uiz h uym(u) ui h WRu)r u;m(u)r ui h m(U) U ; Uy |
+ HF (U)r U; Uxx
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% m%u)jr uj%;jr ui®> h u;m(u) ui h W%u)r u;m(u)r ui

h M(U) U Ui h F(U) U ui fYu)jr uj?, u

5 %+ e uiZie w2 b wm@n s W) u
h Wu)r u;m(u)r ui h m(U) U ; Upxx i (15)
The contribution associated with 5 is
Fou(u) 2(u)= h(u)jr ujz;u 2 = h(uujr ui? + r (h(u)jr uj®;r u
= h(uu;jr uji>  h@jr uj®>;, u = h()u;jr uj? +% hqu)jr uj?;jr uj? ; (16)

while the contribution associated with 3 is

Fou(u) a(u) = hg(u);ui + hgQu)r u;r ui: 17)
Term |3 for G = F;. We rely on (10) and the expression ofF1.,, to compute the It6 correction
1 h _ o
ST Fru (U(( Q™) (( w)Q*™)T
® X D EDq EDq E
= ( +1) r u  %ees m(u)er; esx m(u)er;e;x : (18)

r=0 s=0 z=0

Remark 3.1. One can convince oneself of the nature of18) by thinking of a nite-dimensional
equivalent of the problem, formulated in terms of the matrices

_ Np p_0 Da E
Qm =diag 1; ; m . [m(u)]i;r = Zm(u)er;reI cohr 210; ;mg; (29)

Frw(ly (@)= ( +1) u ‘gedx; ir 2f0;  ;mg
We bound (18) by using integration by parts, the Parseval identity in L? (for the sums overz and

s), the rapid decay of f ,gl.,, and the fact that k(d“=dx¥)e-k.»  CyrK (for the sum overr). We
obtain

* X D EDq EDq E
( +1) r u 2ez;es m(u)er; es;x m(u)er; e:x
r=0 s=0 z=0
® X X D ED ¢ ED (¢ E
= ( +1) r u 2ees m(u)e, ;es r m(u)e ;e
r=0 s=0 z=0
D qg_— ED q_— E
= (+1) c o r mue e r mue ;u e
r=0 s=0
q 2
= ( +1) eor omue  su 2 (20)
r=0
D E Z
C(:fg) miuwmiud?u 2ruru + muu 2dx : (21)
D

Remark 3.2. Alternatively, one can identify (20) by using [4, Section 3].
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Term |3 for G = F,. We compute the [t6 correction

1 _h ~ I " R Da E2
ST P WQ™(( Q™) = (1+7)  m(u)eres (22)
r=0 z=0
R X Dq Ex E2
= r m(u)er;ez;x  + r z? m(u)er;ezx = Ta+ Ta
r=0 z=0 r=0 z=0

Once again, the reader can convince oneself of the nature ¢22) by thinking of a nite-dimensional
equivalent of the problem, thus relying on the matricesQn, and ,(u) de ned in (19), as well as on
the matrix [ Fa.uy (U)]m = diagf (1 + z2)gz=1: :m. See Remark 3.1 also.

We bound T,. Given the nature of the trigonometric basis fe gl_,, we have (forr 1), that
rerx = (r) e (), for some injective function :N! N and where (r) 2f 1;+1g. We use
integration by parts and the Parseval identity (for the sum over z) and obtain

% X Dq Eo % X D ¢ Ex X q 2
T2 = r m(u)e; e = r m(u)e e, = r m(u)e
r=0  z=0 r=0 z=0 r=0
(23)
% 1 sy 1 4 o, 21 2
C , 2m (mY? + 5m 2WymRu) jr uj’e  + 5m P2uymYu) ue,  (24)
r=0
q
+ m P2uymyu)r uey g m(u) e ’
C(f rg)  m u(mRu)?+m 3uymYup* r ujZjr U'g
+ m HumYu)? u;ou + m Hu(mAu)irouru + Dm(u)dx ; (25)

where the right-hand-side of (23) can also be inferred from [4, Section 3].

Remark 3.3. Given the polynomial nature of m(u) jao[ A, ., it is easy to notice that the multiplying
term Tz = Im 32(m%2+ Im 2(u)ym%u) in (24) vanishes if and only if 1= > =2. Inall
other cases, the terms making uplz are proportional to each other.

As for T, the computation is simpler, and it reads, thanks to the Parseval inequality

R X Dq Eo % X D (¢ Eo % q 2
T, = r m(u)er;e.x = r r m(u)e ;e = ror m(u)e

r=0 z=0 r=0 z=0 r=0

(26)
2 q — 2
C ¢ m PuymYur ue T+ m(u)en (27)
r=0
Z

C(f rgr) m Yu(mMYu)?r u;ru +  m(u)dx ;
D

where the right-hand-side of (26) can once again be inferred from [4, Section 3]. We deduce
1" 1=2 1=2 Ti
5T Fauu ()(( w)Q™)(( u)Q™)

2
C(f rgr)  m HW)(mRu)?+ m Su(mAw)? i uiZjr U;

+ m YW(mYu)? u; u + m YW(mYu)? uiru +  mu)dx ; (28)
D
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Term 14 for G = F;1. We rely on [5, Theorem 4.36] and bound the It6 isometry term associated with
4. We use integration by parts and the Parseval identity to deduce

» » D ED q E? » D q E 2
; u Le r m(ue e = Fou o Lir m(u)e
r=0 z=0 r=0
%« D q E, D E
= o (+Du ’ru; m(u)e C(f rgr; ) u “m@ruu  ?ru: (29
r=0

Given the de nition of ,, we deduce thatl 4 is a square-integrable martingale with mean zero, see
[5, Proposition 4.28]. The contribution of |4 can thus be neglected.

Term 14 for G = F,. Again relying on [5, Theorem 4.36], we bound the 1t6 isometry term associated
with 1,. Similarly to (29), we deduce

R D q E?2 X% R D E?

r A+ PAhei 1 mue se, = r hue, & r mue e
r=0 z=0 r=0 z=0

R D q E> % D q E 2

2 ur m(u)e + 2 u;r m(u)e
r=0 r=0
D q Eo, % D q E»
= 2, ru m(ue + 2 1 Uxy; m(u)e
r=0 r=0
C(f rgr) fthr uym(u)r ui + huxxx ; M(U)Uxxx iQ - (30)

In this case, the de nition of  does not imply that |4 is a square-integrable martingale with mean
zero. This is due to the presence of the termfuyyy ; M(U) Uy i .

3.2 Clustering contributions from the It® formula

In the previous section we have provided bounds for the termd,, 13, |4 associated with the It6
formula applied to the functionals F1(u) and F,(u). These bounds contain terms which can be
clustered in ve distinct families, identi ed as

Z

5 p(u); (F1)
hp(u) u; ui; (F2)
p(u)jr uj?;jr uj® ; (F3)
hp(u)r u;r ui; (F4)
hp(U) Uxxx 5 Usxx 13 (F5)

for somep 2 C(0;1 ). Notice that all contributions to the I1t6 formula are well de ned, because of

assumption (6). With the exception of the terms in the right-hand-side of (29) (associated with the
It6 isometry of |4 for the functional F1(u)), we now cluster all the terms belonging to the same
family.

Terms of kind (F1). Relevant terms are gathered from (28), (21), (17), (14), adding up to

z z D E
C(f rgr) m(udx+C(f rgr; ) m(uu  2dx+ hg(u);ui + g(u); u  * (31)
D D
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Terms of kind (F2). Relevant terms are gathered from (13), (15), (28), adding up to

D E
( +1) um@u 2 u h um@) ui h umuwWRu) ui

+C(f rg) m Hu(mYu)? u; u (32)
Terms of kind (F3). Relevant terms are gathered from (13), (15), (16), (28), adding up to
C() (muu A% ui%jr ui® + 2 mRuir ui%ir u® + 2 (MEWRU) T ui*ir uj
+ % hqujir ui%jr ui® + C(f rg) m Hu)(M%Ru)?+ m 3u)(mAu)* jr uj%jr uj® @ (33)
Terms of kind (F4). Relevant terms are gathered from(13), (14), (15), (16), (21), (28), (17), (30),
adding up to

D E D E
( +1) WRuwrum@u 2ru C() hjruZu ¥ hw%u)r u;mu)r ui
D E

+ h(uu;jr ujz + C(f g) m Yu(mYu)?u  ?r u;ru

+ C(f g) m H(u)(mYu)?r u;ru

+ hgqu)r u;r ui + C(f g) hru;m(u)r ui: (34)
Terms of kind (F5). Relevant terms are gathered from (15), (30), adding up to

(C(f rgr) 1)hm(u)Uuxxx ; Usxx i (35)

3.3 Parameter tuning on  Ag[ A:

We now look for conditions on the parametersp; By; pn; Ch; Bg; Pg; Cg; 15 2; and f rg}:0 in order to
obtain (8). More speci cally, we look for conditions on these parameters in such a way that_ some of
the terms in (31), (32), (33), (34), and (35) can be bounded by the two Gronwall type terms  u

and kuka 1, While the remaining can be bounded by constants. In order to easily identify the relevant
parameters, for each of the families (F1){(F4) we draw two summary tables. As for the rst table:

(i) each column is associated with a term of the family in question, the terms being listed in order
of appearance in the corresponding expression among (31), (32), (33), and (34).

(i) the second row shows the degree of the monomial restrictiomp(u) ja, -
(iii) the rst row shows the constants multiplying p(u)ja, -

We will denote this kind of table by Ag. As for the second table, everything is de ned in the same
way, but with the region Ag replaced by A; . We will denote this kind of table by A; . We deal
with the analysis on the region A; in the following subsection.

Summary table and conditions for family (F1). Tables Ap and A1 summarising (31) are given
in Figure 2. Condition (C3) insures that the leading polynomial order is contained in the fourth
(respectively, third) column for Ag (respectively, A1 ). The contribution given by the family (F1) is
then bounded by a constant.

Summary table and conditions for family (F2). Tables Ap and A; summarising (32) are given
in Figure 3. For both Ay and A1 , the only positive contribution comes from column 4. This
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Ao = C(f rg) |C(:f (0 By By
1 1 2| pgtl 1 py

A, = C(Er9 [CGTrg) | Bg B g
! 2 2 2 ¢+l 1+ ¢

Figure 2: TablesAg and A1 for family (F1).

Ao = C() 1] p(p+1) | iC(f (o)
1 2 1 1 p 2 1 2

A, = C() 1] pp+1) | 3C(f (o)
2 2| 2| 2 p 2 )

Figure 3: TablesAg and A1 for family (F2).

contribution can be compensated, e.g., with column 1 (in the case of\g) or column 2 (in the case of
A1) by using (C1).

Summary table and conditions for family (F3). Tables Ag and A1 summarising (33) are given in
Figure 4. For Ag (respectively, A1 ) we can pick pn; Bn big enough (respectively,cy; By, big enough)

Ao = Cl1y ) [ CCo) |p+1)( 2 P 2)(1 P 3)| pPnBr=3 | C(1)C(f rar)

1 41 1 2 1 p 4 pp 1 1 4
A = G2 ) [C(2) [pP+1)( 2 P 2)(2 p 3)| &Bnr=3| C(2)C(f rg)
! 2 41 o 2 > p 4 ¢ 1 5 4

Figure 4: TablesAg and A1 for family (F3).

so that column 4 contains the leading-order monomial, with also su ciently big multiplicative
constant. Thus column 4 compensates all the other columns. We have thus invoked (C2).

Summary table and conditions for family (F4). Tables Ag and A; summarising (34) are given in
Figure 5.

If we invoke (C3) for both Ay and A1 , then column 7 contains the leading order. Thus all other
columns are compensated by a constant.

Conditions for family (F5). Contribution (35) is negative as long as we invoke (C1).

3.4 Parameter tuning on  A;

Conditions (C1)-(C3) are also enough to provide the same conclusions, as in Subsection 3.3, for the
families (F1)-(F5) analysed overA;. More speci cally: the domain D being bounded, the continuity
of m does not alter the estimate for the family (F1); the estimate for the family (F2) still holds due
to (C1) and (4a); the estimate for the family (F3) still holds due to (4a){ (4b) and (C2); the estimate
for the family (F4) still holds, due to (4a) and the fact that we are allowed to bound everything
with a constant times jr uj?, so there is no issue in the local behaviour in a neighbourhood af = 1.
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Ag =
C( )p(p+1) C( )Bp p(p+1) Bh C(f ror; 1) | C(f ror; 1) Bgpg | 1
1 P 4| pn 1] 12 p 2| phtl 1 4 1 2 pg 1] 1
A]_ =
C()p(p+1) | C( )Bn p(p+1) Bh | C(f ror; 2) | C(f r0r; 2) | BgGy | 1
2 p 4| 1] 2 p 2|+l 2 4 2 2 g 1| 2

Figure 5: TablesAg and A1 for family (F4).

Finally, thanks to (4a), nothing needs to be adapted for the family (F5).

We can complete the proof of Proposition 2.1 by taking the expected value in the It6 formula(11)
for G= F1 + Fo.

4 Analysis of results

We compare our setting to that of J. Fischer and F. Gnan, whose paper J] has inspired us to
this work. In [7], existence of aP-a.s. positive solution to the conservative thin- Im equation (i.e.,

equation (2) with h g 0) is established in the case of quadratic mobilitym(u) = u2. This

speci ¢ mobility, corresponding to 1 = » = 2 in our notation, results in a linear stochastic noise
which makesh and g unnecessary in the argument. We detail this last statement by making a direct
comparison to our computations.

No need for h. No term belonging to the family (F3) arises when | = 5, = 2. Firstly, the
It6_correction applied to kr uk? does not produce any such term, because of the linear nature
of " m(u) = u, see Remark 3.3. We can thus drop thgF3)-term in (28), which corresponds to
column 5in Ag and A; . Secondly, if one picksp := > 2 (this is compatible with the setting
in [7]), some computations can be performed better. In particular, one can combine the drift
contributions coming from the It6 formula applied to functional Fs(u) := kr uk? + Fy(u), thus
getting, for pr :=  u+ Wqu)

;e (1 (m(ur ( p))i+ W) o (mu)r ( pr))i
h u;r (m(u)r ( p))i + hr WYWmu)r ( pr)i
hr [ ul;m(u)r ( pe)i + hr WYuwLm@u)r ( p)i = hpec;m(u)pexi 0

The above computation is a way of regrouping relevant drift terms in a slightly di erently way. More
speci cally, the nal term hprx; m(U)prxi can be rewritten as

hM(U) Uyex 5 U |+ BWORU)r u; mu)WRu)r ui 2 huge ; m(u)W %u)r ui

and the last term in above expression contains the contributions of columns 1 and 3 kg and A1
(which coincide, as = p, see(13) and (15)). Finally, column 2 of Ag and A; is dealt with by not
computing the 1t6 formula for kuk? at all, as one relies on Poincae inequality arguments based on
the conservation of mass. One is then left only with column 4 ofAg and A1 , which are associated
with h.

Remark 4.1. In [7], the quantity h prx;m(u)prxi is used to balance the 1t6 isometry term coming
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from the stochastic noise given by a suitable combination ofF; and F»,. In this paper, we have
analysedF; and F, separately, thus the quantity h prx;m(u)prxi has not quite emerged.

No need forg. This follows under the weaker assumptions , 2,2 1 2+ . The rsttermin
(31) is of Gronwall type, simply because
Z
m(u)dx C+ kuk,?2, C+ Ckuk?.:
D

As for the second term in (31), it is also of Gronwall type. We write
z z z
C(f rg) m@uu 2dx C(f ;g) u? 2dx+C(f ;g) u? 21y dx+ C:
D D D

This yields
z Z
C(f rg) m(uu Zdx C(f g) u' Zdx+C:
D D
For 2 1< +2and > 2wegetthat =( 1 2) 1. We use the Helder inequality to
obtain
Z Z 12 Z
C(f rg) u® Zdx C(f rg) u dx C(f ,g) u dx+C:

When 1= +2, the above inequality is also trivially valid. This means that columns 1 and 2 of
Ap and A1 for the family (F1) are bounded by Gronwall terms, and g is thus super uous.

Remark 4.2. It is worth noticing that, in the conservative case with quadratic mobility, the
potential W is actually needed. The potential W is only involved in bounding all the terms in
family (F4), while it is not necessary to deal with the families(F1), (F2), (F3), and (F5). In the
non-conservative case with mobility m(u) not being quadratic, the use of W can be bypassed by
properly tuning h, which is needed for the family (F3) anyway. As a matter of fact, we can not use
W only, and we may actually not use it at all, as h carries the leading order.

The contents of this section have shown that the potentialh is concerned with addressing nonlin-
earities of the stochastic noise of(2) (i.e., analysis for 1 6 2 or » 6 2), while g is concerned with
being able to deal with noise of \large" size in regimes of both low and high density (i.e., analysis
for 1< 2and »> 2). In particular, the terms h(u)jr uj? and g(u) appear to be a plausible drift
correction for the speci ¢ case of the Dean-Kawasaki model irff1), which correspondsto 1 = 2 =1.

5 Considerations on a Galerkin discretisation of the problem

In this work we have dealt with an a priori regularity analysis for solutions to (2). More speci cally,
we have assumed the existence of a local regular solution @), and we have shown that it can
be extended up to any given timeT > 0 while also being positiveP-a.s. We devote this section to
explaining the major di culties one encounters when trying to prove existence of local solutions to
(2) in the conservative case (corresponding tdth  0,g 0).

One may rely on a Galerkin scheme for a spatial discretisation of the problem. Two natural basis
choices come up: (i) the trigonometric basis, see Subsection 1.1; (ii) the hat basis for the space of
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periodic linear nite elements on the uniform grid f0; h; 2h; ;2 h; 2 g, whereh in an integer
fraction of 2 , see [7].

The use of the trigopnometric basis might seem slightly more suitable to deal with the di erential
operators of (2). However, it is subject to a disadvantage. Form := 2 h 1, let uy, be the
solution to the m-dimensional Galerkin approximation of (2) with respect to an L 2-projection onto
Vm = fer;  ;emg. Itis not hard to see that computing the 1t6 formula for the functional F (up),
where F is the same as in Proposition 2.1, leads to a few terms carrying a projection operatory,
onto Vn,. In particular, one gets such a projection for the drift component associated withF;. This
is an issue, as having projections on the drift term annihilates the compensation that such term
could potentially have on the positive terms coming from the 1t6 correction for F1 and F,. One
can avoid the appearance of such projections by only considering quadratic quantities iny,, such
asF2(um). However, one loses any indication of positivity of the solutionsun,, which may only be
de ned up to a random time ; this is primarily due to the function W not being bounded near
the origin, thus preventing us from using the standard existence theory (see, e.g.9] Chapter 1V,
Theorem 2.2]). One can not get around this issue by simply smoothening the potentiav near the
origin, as to do so would not provide uniform estimates forE[F (um)]; one can intuitively see this
from the summary tables given in Subsection 3.3.

On the other hand, the use of the hat basis proved to be successful iff][in the case of quadratic
mobility. We limit ourselves to brie y summarising the two main reasons for this. Firstly, one may
rely on the so calledentropy consistencyfor the discrete mobility [8], which allows to discretise the
guadratic mobility in a piecewise constant function, for the bene t of relevant integral equations
and of projection purposes onto the nite-dimensional Galerkin approximation space. Secondly,
the solution uy, being piecewise linear, it has piecewise constant derivativam,.x . This fact allows
to detach contributions involving the quadratic term jum;xj2 from the contribution given by the
(nonlinear) term W %uy,), thus simplifying the analysis. Moreover, the contribution given by W %u,)
is in turn provided by the hat basis spatial discretisation of the problem, which allows to suitably
bound the ratios of the values ofuy, at adjacent grid nodes. These key observations allow the
authors in [7] to e ectively deal with the nonlinearities of the problem, represented by the quadratic
mobility and polynomial potential W, within the framework of a Galerkin scheme associated with
both positivity and appropriate tightness arguments for the solutions un,. However, this Galerkin
approximation scheme does not seem to be extendable (at least in the conservative case) to mobilities
whose square roots have unbounded rst derivatives, i.e., in which either 1 < 2 or 2> 2. One can
nd a justi cation of the previous statement by keeping in mind our discussion for the need of h
and g given in Section 4.

6 Conclusions

For equation (2), non-conservative contributions h and g appear to be necessary in order to show a
priori positivity of solutions in the case of non-quadratic mobility m. The role of h is to compensate

for nonlinearities arising from the It6 calculus associated with relevant functionals of the unknown
processu, while the role of g is to compensate for large noise in low and high density regimes. In
particular, the Dean-Kawasaki model seems to require a drift correction. The a priori positivity
analysis has been performed by using a functional representation with respect to the trigonometric
basis of L?. Establishing existence of local solutions (which could then be extended up to any time

T > 0 while preserving positivity) seems to be unpractical if one is to use a Galerkin approximation
scheme with respect to this basis; in the conservative case, there seems to be a good chance to prove
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existence of positive solutions with a Galerkin scheme with respect to the hat basis, but only in the
case of mobilities whose square roots have bounded rst derivatives ¢ > 2 and 2 < 2). If one is to
consider di erent ranges of ; and », then non-conservative corrections could be of use within the
hat basis discretisation framework.

Acknowledgements The Author is supported by a scholarship from the EPSRC Centre for Doc-
toral Training in Statistical Applied Mathematics at Bath (SAMBa), under the project EP/L015684/1.
The Author wishes to thank his Ph.D. supervisors Johannes Zimmer and Tony Shardlow for their
valuable suggestions and constant guidance.

References

[1] Sebastian Andres and Max-K. von Renesse. Particle approximation of the Wasserstein di usion.
J. Funct. Anal., 258(11):3879{3905, 2010. doi: 10.1016/}.jfa.2009.10.029.

[2] David Chandler. Introduction to modern statistical mechanics. The Clarendon Press, Ox-
ford University Press, New York, 1987. URL https://global.oup.com/academic/product/
introduction-to-modern-statistical-mechanics-9780195042771

[3] Federico Cornalba, Tony Shardlow, and Johannes Zimmer. A regularised Dean{Kawasaki model:
derivation and analysis. SIAM J. Math. Anal. , 51(2):1137{1187, 2019. doi: 10.1137/18M1172697.

[4] Ruth F. Curtain and Peter L. Falb. Ito's lemma in in nite dimensions. J. Math. Anal. Appl.
31:434{448, 1970. doi: 10.1016/0022-247X(70)90037-5.

[5] Giuseppe Da Prato and Jerzy Zabczyk.Stochastic equations in in nite dimensions, volume 152
of Encyclopedia of Mathematics and its Applications Cambridge University Press, Cambridge,
second edition, 2014. doi: 10.1017/CB09781107295513.

[6] David S. Dean. Langevin equation for the density of a system of interacting langevin processes.
J. Phys. A: Math. Gen., 29(24):L613{L617, 1996. doi: 10.1088/0305-4470/29/24/001.

[7] Julian Fischer and Gunther Gman. Existence of positive solutions to stochastic thin- Im
equations. SIAM J. Math. Anal. , 50(1):411{455, 2018. doi: 10.1137/16M1098796.

[8] Gunther Gnan and Martin Rumpf. Nonnegativity preserving convergent schemes for the thin
Im equation. Numer. Math., 87(1):113{152, 2000. doi: 10.1007/s002110000197.

[9] Nobuyuki Ikeda and Shinzo Watanabe. Stochastic di erential equations and di usion processes
volume 24 ofNorth-Holland Mathematical Library . North-Holland Publishing Co., Amsterdam-
New York; Kodansha, Ltd., Tokyo. URL https://www.sciencedirect.com/bookseries/
north-holland-mathematical-library/vol/24

[10] Kyozi Kawasaki. Microscopic analyses of the dynamical density functional equation of dense
uids. J. Statist. Phys., 93(3-4):527{546, 1998. doi: 10.1023/B:JOSS.0000033240.66359.6c.

[11] Vitalii Konarovskyi and Max von Renesse. Modi ed Massive Arratia ow and Wasserstein
di usion. Comm. Pure Appl. Math., pages 1{37, 2018. doi: 10.1002/cpa.21758.

[12] Vitalii Konarovskyi and Max von Renesse. Reversible coalescing-fragmentating Wasserstein
dynamics on the real line. arXiv preprint , 2017. URL https://arxiv.org/abs/1709.02839

114



17

[13] Vitalii Konarovskyi, Tobias Lehmann, and Max-K. von Renesse. Dean-Kawasaki Dynamics: -
posedness vs. Triviality. Electron. Commun. Probab, 24(8):1{9, 2019. doi: 10.1214/19-ECP208.

[14] Claudia Pevét and Michael Resckner. A concise course on stochastic partial di erential equations
volume 1905 ofLecture Notes in Mathematics Springer, Berlin, 2007. doi: 10.1007/978-3-540-
70781-3.

[15] Max-K. von Renesse and Karl-Theodor Sturm. Entropic measure and Wasserstein di usion.
Ann. Probab., 37(3):1114{1191, 2009. doi: 10.1214/08-A0P430.

115



4.2. Conclusions

We have considered a non-conservative version of the stochastic thin- Im equation
endowed with speci ¢ source potentials, namely, (2). Subject to the existence of a
su ciently regular solution de ned up to a random time, we have provided conditions
on the source potentials and the stochastic noise in order to extend such solution up to
any deterministic nite time (Theorem 2.2). Such result is based on a priori estimates
which are uniform w.r.t. the minimum and maximum (positive) values attained by
the solution. These estimates (proved in Proposition 2.1) follow from an application
of the 1t6 formula to the relevant functional F, which encodes the solution positivity
requirement by controlling the quantity ku k11, for some > 0. The proof of
Proposition 2.1 identi es conditions on the source potentials and the noise in such a
way that all families of terms (F1)-(F5) originated by the application of the It6 formula
are suitably controlled.

Despite not providing an existence proof for the solution to this thin- Im equation,
this work gives some insight on the structure of the DK class. Firstly, we give an indic-
ation of what the ‘magnitude’ of the source potentials should be (w.r.t. the mobility
coe cient/noise) in order for the model to guarantee (a priori) positivity of solutions.
Secondly, we are able to make a parallel to the reference work [24], by showing consist-
ency of the two settings in the case of quadratic mobility. More speci cally, in Section
4, we argue that the source potentials are not necessary in the case of quadratic mo-
bility (and this is indeed the case in [24]), and we associate the appearance of some
distinctive terms among (F1)-(F5) to a non-quadratic mobility.

We conclude by arguing (Sections 5 and 6), in accordance to the conclusions of
[24], that there appears to be substantial di culties in proving existence of positive
soluti?gs to a thin- Im equations featuring either a non-Lipschitz or a superlinear noise
term = m( ).
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Chapter 5

Conclusions

In this thesis, we discussed various modelling and analytical aspects for a class of
stochastic equations (which we have referred to as the Dean{Kawasaki class) by focusing
our attention on two speci c incarnations: the DK equation, and a thin- Im equation.
In Chapter 2, we enquired whether, and to which extent, regularising the original
DK equation (proposed in [15, 32]) can diminish its ill-posedness. We proposed a
regularised model in the case of independent particles. In contrast to [15], we con-
sidered particle of nite rather than atomic size, where the particle size is related to
their total number. This entailed several useful consequences. Firstly, we were able
to provide rigorous and precise estimates as for the ‘di erence’ between the micro-
scopic and mesoscopic representation of the noise in the model. Secondly, we obtained
suitable tightness for the model in the limit of the number of particles. Thirdly, we
showed existence and uniqueness of smooth solutions, in a high-probability sense, for
the resulting wave equation with mesoscopic DK type noise: key features here were the
small-noise regime of the noise, as well as its smooth Gaussian driving term.
In Chapter 3 we extended the analysis to the case of particles interacting through
a pairwise potential, thus generalising our model to more interesting and relevant sys-
tems. We relied on a suitable propagation of chaos result to refer the analysis of the
weakly interacting particle system in question to an auxiliary system of independ-
ent McKean{Vlasov type particles. We quanti ed the ‘price’ that one pays to switch
between the two systems, and concluded that it is negligible (as the number of particles
goes to in nity) due to the chosen regularisation. Using this fact, we were then able
to refer to the contents of Chapter 2 in many points, with the notable exception of the
tightness argument, which we adapted as a result of the decreased time regularity of
the model entailed by the propagation of chaos. We solved the resulting DK model
analogously to Chapter 2, with the addition of localisation techniques required to deal
with the superlinear interaction term fw"’ g
Finally, in Chapter 4, we picked up an open question from Chapters 2 and 3 (i.e.,
can we guarantee almost sure positivity of solutions to our regularised DK models?)
and discussed it for a wider set of members of the DK class. More speci cally, we took
inspiration from [24], and considered non-conservative modi cations of a stochastic
thin- Im equation. We showed that, in the presence of a su ciently regular local
positive solution, such solution can be extended (while remaining positive) up to any
nite time, provided that the non-conservative source potentials give a strong enough
‘repulsive singularity’ (w.r.t. to relevant features of the stochastic noise) at the null
density pro le. We then put our result into context by highlighting analogies with [24],
and drew some conclusions w.r.t. the DK class.

5.1. Possible future directions

Several problems concerning the DK class remain, to this date, open. Among the most
important ones, is the issue of positivity of solutions. This natural question applies
primarily to both Chapters 2 and 3. There, we have performed a low temperature
approximation (e.g., see the approximation of j. in [12, Approximation 3]) in order to
close our regularised DK models. This approximation, which is applicable only in local
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equilibrium, leads to a noise-perturbed wave equation. This equation’s drift does not
contain singularities which can ‘push the solution away’ from the null pro le. It would
be interesting to see whether a more sophisticated approximation of j,. , possibly in an
out-of-equilibrium regime, could provide such repulsive singularities.

On a related note, the DK class is formulated on the level of densities which depend
on position and time, but not on velocity. There is thus a signi cant gap between the
DK class and the Vlasov{Fokker{Planck type equations (see for instance [19]), where
densities also depend on velocity. In fact, the hydrodynamic limit which is used to
derive Vlasov{Fokker{Planck type equations allows for an explicit identi cation of the
equations’ drifts. As our regularised DK models are reduced models with half the space
dimensions, it is unsurprising that more di culties arise when trying to close them in
the relevant densities , j . It would be interesting to investigate whether one can
‘bridge’ between the Vlasov{Fokker-Planck class and the DK class in order to get a
better understanding of the deterministic drift for the latter (in the speci c case of our
regularised DK models, a better understanding of j,. ). On this matter, introducing
particle mass in the underlying Langevin dynamics and investigating vanishing mass
limits seems to be a relevant starting point [51].

The matter of repulsive singularities in the drift is naturally associated with the
contents of Chapter 4. With respect to the contents of this chapter, it would interesting
if one could prove the existence of local positive solutions, instead of taking this as an
assumption. More speci cally, it would be interesting to see whether the numerical
schemes found in [24, 27] can be adapted in the case of general monomial mobility and
repulsive source potentials.

Additionally, it would be good to gain additional insight in the scaling N = 1,
which we have used in Chapters 2 and 3, and whose heuristic meaning has been given in
Subsection 1.8. From an analytical perspective, it would be interesting to investigate
how much can be lowered without altering the current results (we have already
encountered sub-optimal bounds in our analysis). From a physics perspective, it would
be interesting to see whether there is a speci ¢ choice of which leads to a meaningful
representation of j,. , or to a non-trivial noise in the macroscopic limit (even though
this goes beyond the small-noise regime analysis we have so far carried out). From
a numerical perspective, we have never conducted numerical simulations for relevant
smoothed densities. It would be interesting to understand whether, and in which sense,
the scaling a ects the computational e ciency for the simulation of the densities ( ;j ).
This question applies in the case where ( ;J ) is associated with the ‘exact’ Langevin
particle system, and also in the case where it is a solution to the regularised DK models
we have derived in Chapters 2 and 3.

Finally, it would be a signi cant achievement to lift the DK class analysis to higher
spacial dimensions, even though this appears to be challenging.
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