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Abstract
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1 Introduction

A number of general central limit theorems (CLTs) have been proved recently for quantities arising
in stochastic geometry subject to a certain local dependence. See [18} 19, 20, 21} 22]] for some
examples. The present work is concerned with local central limit theorems for such quantities. The
local CLT for a binomial (n, p) variable says that for large n with p fixed, its probability mass func-
tion minus that of the corresponding normal variable rounded to the nearest integer, is uniformly
o(n ¥72). The classical local CLT provides similar results for sums of i.i.d. variables with an arbitrary
distribution possessing a finite second moment. Here we are concerned with sums of variables with
some weak dependence, in the sense that the summands can be thought of as contributions from
spatial regions with only local interactions between different regions.

Among the examples for which we obtain local CLTs here are the following. In Section [3|we give
local CLTs for the number of clusters in percolation on a large finite lattice box, and for the size of the
largest open cluster for supercritical percolation on a large finite box, as the box size becomes large.
In Sections 4| and [5| we consider continuum models, starting with random geometric graphs [[18]
for which we demonstrate local CLTs for the number of copies of a fixed subgraph (for example the
number of edges) both in the thermodynamic limit (in which the mean degree is (1)) and in the
sparse limit (in which the mean degree vanishes). For the thermodynamic limit we also derive local
CLTs for the number of components of a given type (for example the number of isolated points), as
an example of a more general local CLT for functionals which have finite range interactions or which
are sums of functions determined by nearest neighbours (Theorem[5.1)). This also yields local CLTs
for quantities associated with a variety of other models, including germ-grain models and random
sequential adsorption in the continuum.

We derive these local CLTs using the following idea which has been seen (in somewhat different
form) in [8], in [4], and no doubt elsewhere. If the random variable of interest is known to satisfy
a CLT, and can be decomposed (with high probability) as the sum of two independent parts, one of
which satisfies a local CLT with the same order of variance growth, then one can find a local CLT for
the original variable. Theorem below formalises this idea. The statement of this result has no
geometrical content and it could be of use elsewhere.

In the geometrical context, one can often use the geometrical structure to effect such a decompo-
sition. Loosely speaking, in these examples one can represent a positive proportion of the spatial
region under consideration as a union of disjoint boxes or balls, in such a way that with high prob-
ability a non-vanishing proportion of the boxes are ‘good’ in some sense, where the contributions
to the variable of interest from a good box, given the configuration outside the box and given that
it has the ‘good’ property, are i.i.d. Then the classical local CLT applies to the total contribution
from good boxes, and one can represent the variable of interest as the sum of two independent con-
tributions, one of which (namely the contribution from good boxes) satisfies a local CLT, and then
apply Theorem This technique is related to a method used by Avram and Bertsimas [[1]] to find
lower bounds on the variance for certain quantities in stochastic geometry, although the examples
considered here are mostly different from those considered in [I1].

In any case, our results provide extra information on the CLT behaviour for variables for numerous
geometrical and multivariate stochastic settings, which have arisen in a variety of applications (see
the examples in Section [5)).
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2 A general local CLT

In the sequel we let  denote the standard (N (0,1)) normal density function, i.e. x) =
(2 ) ¥exp( (1=2)x?). Then for > 0, the probability density function of the N (0, ?2) dis-
tributionis ! (x= ), x 2 R. Define the N (0, 0) distribution to be that of a random variable that
is identically zero.

We say a random variable X is integrable if EjXj < 1. We say X has a lattice distribution if there
exists h > 0 such that (X a)=h 2 Z almost surely for some a 2 R. If X is lattice, then the largest
such h is called the span of X, and here denoted hy. If X is non-lattice, then we set hy :=0. If X is
degenerate, i.e. if Var[X] = 0, then we set hy := +1. As usual with local central limit theorems,
we need to distinguish between the lattice and non-lattice cases. For real numbersa 0,b >0, we
shall write ajb to mean that either b is an integer multiple of aora=0. Whena=+1,b< 1 we
shall say by convention that ajb does not hold.

Theorem 2.1. Let V,Vq,V,, Vs, ... be independent identically distributed random variables. Suppose
for each n 2 N that (Y, S, Z,) is a triple of mtegralige random variables on the same sample space

such that (i) Y, and S, are independent, with S,, i (i) both n 2Ejz, (Y, +S,)j and
n'*2pP[Zz, & Y,+S,] tend to zeroasn ¥ 1; and (iii) for some 2[0,1),

n 2z, Ez) N 2) asn?¥ 1. (2.1)

ThenVar[V] 2 andif b, ¢y, ¢y, Cg, ... are positive constants with hyjbandc, n'2asn ¥ 1, then

jo] <«

1 u Ez,
sup ¢, P[Z,2[u,u+Db)] b — 0 asn? 1. (2.2)
u2R Cn

Also,
n =2y, EY,) ®N@, 2 Var[V]). (2.3)

Remarks. The main case to consider is ¢, = n'*?. The more general formulation above is convenient
in some applications, e.g., in the proof of Theorem Theorem [2.1] is proved in Section[7} Our
main interest is in the conclusion (2.2), but (2.3)), which comes out for free from the proof, is also
of interest.

3 Percolation

Most of our applications of Theorem [2.1] will be in the continuum, but we start with applications to
percolation on the lattice. We con3|der site percolation with parameter p, where each site (element)
of Z% is open with probability p and closed otherwise, independently of all the other sites. Given
a finite set B Z9, the open clusters in B are defined to be the components of the (random) graph
with vertex set consisting of the open sites in B, and edges between each pair of open sites in B that
are at unit Euclidean distance from each other. Let (B) denote the number of open clusters in B.
Listing the open clusters in B as C4,...,C (gy, and denoting by jC;j the order (i.e., the number of
vertices) of the cluster C;, we denote by L(B) the random variable max(jC4j, ...,JC (g)j), and refer
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to this as the size of the largest open cluster in B. Given a growing sequence of regions (B,), 1 in
Z9, we shall demonstrate local CLTs for the random variables (B,) and L(B,), subject to some
conditions on the sets B,, which are satisfied, for example, if they are cubes of side n. There should
not be any difficulty adapting these results to bond percolation.

For B ZY let jBj denote the number of elements of B. Let j@ Bj denote the number of elements
of Z% nB lying at unit Euclidean distance from some element of B. We say a sequence (B,,), ; of
non-empty finite sets in Z% has vanishing relative boundary if

1im j@BnJ=iBni = 0. (3.1
We write liminf(B,,) for [, 1 \m n Bm-

Theorem 3.1. Suppose d 2 and p 2 (0,1). Then there exists > 0 such that if (B,), 1 is any
sequence of non-empty finite subsets in Z¢ with vanishing relative boundary and with liminf(B,,) = Z¢,
then

iBnj 2 (By) E (Bn) TN P (3.2)
and

N . i E (By)
sup jBnj'?P[ B =j1 ' ———5—

P B2 1 0. (3.3)

For the size of the largest open cluster we consider a more restricted class of sequences (B,), 1.
Bt us say that (B,), 1 is a cube-like sequence of lattice boxes if each set B, is of the form
d

j=1([ ajn bjn] \Z), where a; , 2 N and b; , 2 N for all j,n, and moreover
.. inﬂ:al,n’ bl,niaz,ni b2,n’---aad,n’ bd,ng

liminf
ntl Sup'l:a—l,na l:)l,n- as n; b2,na <+ 8d s bd,ng

>0 (3.4)

which says, loosely speaking, that the sets B,, are not too far away from all being cubes.

Givend 2,and p 2 (0,1), let 4(p) denote the percolation probability, that is, the probability that
the graph with vertices consisting of all open sites in Z9 and edges between any two open sites that
are unit Euclidean distance apart includes an infinite component containing the origin. Let p.(d)
denote the critical value of p for site percolation in d dimensions, i.e., the infimum of all p 2 (0, 1)
such that 4(p) > 0. It is well known that p.(d) 2 (0,1) foralld 2.

Theorem 3.2. Supposed 2 and p 2 (p.(d),1). Then there exists > 0 such that if (B,)), 1 is any
cube-like sequence of lattice boxes in Z¢ with liminf(B,,) = Z¢, we have

jBni FA(L(B,) EL(B)) XN ?) (3.5)

and

o ) i EL(By)
sup jBhi*?PIL(B,) = j] o —"

3.6
2z jBnit™? (36)

Theorems [3.1] and [3.2] are proved in Section [8f Theorem [3.1]is the simplest of our applications of
Theorem [2.1]and we give its proof with some extra detail for instructional purposes.
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4 Random geometric graphs

For our results in this section and the next, on continuum stochastic geometry, let X4, X,,... be
i.i.d. d-dimensional random vectors with common density f. Assume throughout that f,, =
sup,-rd f(x) < 1, and that f is almost everywhere continuous. Define the induced binomial point
processes

X, =X (F) :=1FXq, ..., X308, N2 N. (4.1)
In the special case where f is the density of the uniform distribution on the unit [0,1]¢ cube we
write f  fy.

For locally finite X  RY and r >0, let G (X, r) denote the graph with vertex set X and with edges
connecting each pair of vertices x,y in X with jy xj r; herej j denotes the Euclidean norm
though there should not be any difficulty extending our results to other norms. Sometimes G (X, r)
is called a geometric graph or Gilbert graph.

Let (r,), 1 be asequence withr, ® Oasn ¥ 1. Graphs of the type of G (X, r,,) are the subject of
the monograph [[18]]. Among the quantities of interest associated with G (X, r,) are the number of
edges, the number of triangles, and so on; also the number of isolated points, the number of isolated
edges, and so on. CLTs for such quantities are given in Chapter 3 of [[18]] (see the notes therein for
other references) for a large class of limiting regimes for r,. Here we give some associated local
CLTs.

Let 2Nandlet be afixed connected graph with vertices. We follow terminology in [18]. With

denoting graph isomorphism, let G,, be the number of -subsets Y of X, such that G(Y ,r,)
(i.e., the number of induced subgraphs of G (X, r,) that are isomorphic to ). Let G, (denoted J,
in [[18]) denote the number of components of G (X, r,,) that are isomorphic to . To avoid certain
trivialities, assume that is feasible in the sense of [[18], i.e. that G(X , r) is isomorphic to  with
strictly positive probability for some r > 0. When considering G, we shall also assume that 2.
We shall give local CLTs for G,, and G,.

We assume existence of the limit
= lim (nr%) < 1, (4.2)

so that could be zero. If >0 then we are taking the thermodynamic limit.
We also assume that

Z:=n(nrd) 11 asnuy 1. (4.3)
Then (see Theorems 3.12 and 3.13 of [[18]]) there exists a constant = (f, , ) > 0, given
explicitly in terms of f, and in [[18], such that
lim JAvar(Gy) = % (4.4)
D
LG, EG,) T N(0, ?). (4.5)

We prove here an associated local central limit theorem for the case f  f.

Theorem 4.1. Suppose f  f,. Suppose k 2, and suppose assumptions (4.2) and (4.3) hold. Then
asn?t 1,

sup  ,PIG, =il o —1 xo (4.6)
j2z n
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We prove Theorem in Section @ It should be possible to obtain similar results for G, but we
shall do so only for the thermodynamic limit with > 0, as an example in the next section. In
the next section we shall see that for the case with > 0, it is possible to relax the assumption
that f fy in Theorem H when = 0, a similar extension to non-uniform densities should be
possible, but we content ourselves here with the case f  f; so as to provide one example where
the simplicity and the appeal of the approach do not get buried.

5 General local CLTs in stochastic geometry

In this section we present some general local central limit theorems in stochastic geometry. We shall
illustrate these by some examples in the next section.

For our general local CLTs in stochastic geometry, we consider marked point sets in RY. Let M be an
arbitrary measurable space (the mark space), and let Py, be a probability distribution on M. Given
x=(x,t)2RY M andgiven y 2 RY, set y +x:=(y + x, t). Given also a 2 R, set ax = (ax, t).
We think of t as a mark attached to the point x 2 RY that is unaffected by translation or scalar
multiplication. Given X RY M,y 2R% anda2(0,1), lety+aX :=fy+ax:x2X g.
Let O denote the origin of RY. For x 2 RY, and r > 0, let B(x; r) denote the Euclidean ball
fy2RY:jy xj rg,andsetB (x;r):=B(x;r) M. SetB(r):=B(0;r)andB (r):=B (0;r).
Givennon-empty X RY MandY RY M, write

D(X ,Y ):=inffjx vyj:(x,t)2X ,(y,u)2Y forsome t,u2 Mg.

Let T, denote the volume of the d-dimensional unit ball B(1).

Suppose H(X ) is a measurable R-valued function defined for all finite X RY M. Suppose H
is translation invariant, i.e. H(y + X )=H(X )forall y2R% and all X .

Throughout this section we consider the thermodynamic limit; let r,,n 1 be a sequence of con-
stants such that (4.2)) holds with > 0. Define
Ho(X ) :=H(r,'X ). (5.1)

Let the point process X,, := fXq,...,X,g in RY be as given in (4.1), with f as in Section |4] (so
fmax < A and f is Lebesgue-almost everywhere continuous). Define the corresponding marked
point process (i.e., point process in RY M) by

X, =X, To)y -0 (X, Th)g,

where (T4, T,, T3,...) is a sequence of independent M -valued random variables with distribution
P, independent of everything else. We are interested in local CLTs for H,(X,), for general func-
tions H. We give two distinct types of condition on H, either of which is sufficient to obtain a local
CLT.

We shall say that H has finite range interactions if there exists a constant 2 (0, 1) such that

HCX LY )=H(X )+H(Y ) whenever D(X ,Y )> . (5.2)

In many examples it is natural to write H(CX ) as a sum. Suppose (Xx;X ) is a measurable R-
valued function defined for all pairs (x, X ), where X RY M is finite and x is an element of
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X . Suppose is translation invariant, i.e. (y+x;y+X )= (x;X )forally 2R%andall x, X .
Then induces a translation-invariant functional H ) defined on finite pointsets X ~ RY M by

<
HO(X )= X ). (5.3)
x2X

Givenr 2 (0,1) wesay hasrange rif ((x,t);X )= ((x,t);X \B,(x)) forall finite X

RY M andall (x,t) 2 X . Itis easy to see that if has range r for some (finite) r then H() has
finite range interactions, although not all H with finite range interactions arise in this way.

Let 2 N. Given any set X RY M with more than elements, and given x = (x,t) 2 X ,
set R (x; X ) to be the -nearest neighbour distance from x to X , i.e. the smallest r 0 such
that X \ B (x;r) has at least elements other than x itself. If X has or fewer elements, set
R (X ):=1.

We say that depends only on the nearest neighbours if for all x and X , writing x = (x, t) we have
X )= (X \B (X;R (x;X))).

We give local CLTs for H under two alternative sets of conditions: either (i) when H has finite range
interactions, or (ii) when H is induced, according to the definition , by a functional (x;X )
which depends only on the nearest neighbours, for some fixed

Given K >0 and n 2 N, define point processes U, , and Z,, in RY, and point processes U,k and
Z in RY M, as follows. Let U, ¢ denote the point process consisting of n independent uniform
random points U, ,...,U, ¢ in B(K), and let Z, be the point process consisting of n independent
points Z;,...,Z, in RY, each with a d-dimensional standard normal distribution (any other positive
continuous density on RY would do just as well). The corresponding marked point processes are
defined by

Un,K = f(Ul,K’ Tl)’ ey (Un,Kf Tn)g,
Zn = f(Zl, Tl)' Ceay (va Tn)g

Define the limiting span

h(H) := Ilnng Tth(Zn)' (5.4)

Theorem 5.1. Suppose that either (i) H has finite range interactions and hH(Zn) < 1 forsomen2 N,
or (ii) for some 2 N, H is induced by a functional (x;X ) which depends only on the nearest
neighbours, and hH(Zn) < 1 for some n 2 N with n> . Suppose also that H,(X,)) and H(U ) are
integrable for all n 2 N and K > 0. Finally suppose that

n 22(H,(X,) EHy(X.)) TNO, 2) asnt 1. (5.5)

Then >0andh(H) < 4, and for any b 2 (0, 1), with h(H)jb, we have
C

sup n'ZP[H,(X,) 2 [u,u+ b)] 'p
u2R

u EHL(X,)
nl=2

o
H

as n

(5.6)
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We prove Theorem [5.1]in Section[10] Analogues to this result and to Theorem [4.1]should also hold
if one Poissonizes the number of points in the sample, but we do not give details.

The corresponding result for unmarked point sets in RY goes as follows; we adapt our terminology
to this case in an obvious manner.

Corollary 5.1. Suppose H(X ) is R-valued and defined for all finite X  RY. Suppose H is translation
invariant, and set H,(X) := H(r, 1X). Suppose that either (i) H has finite range interactions and
hh(z,) < 1 for some n 2 N, or (ii) for some 2 N, H is induced by a functional (x;X) which
depends only on the  nearest neighbours, and hyz y < 1 for some n 2 N with n > . Suppose also
that H,(X,) and H(U,, ) are integrable for all n 2 N and K > 0. Finally suppose that

n 2(H.(X,) EH,(X,)) TN@O 2 asn?¥ 1. (5.7)

Then >0andh(H) < A and for any b 2 (0, ), with h(H)jb, we have

jo] <«

sup  n¥P[H,(X,) 2 [u,u+ b)] p — 21 ¥0 asn?® 1.
u2R

(5.8)

Corollary is easily obtained from Theorem by taking M to have just a single element, de-
noted t, say, and identifying each element (x, tg) 2 RY M with the corresponding element x of
RY.

To apply Theorem[5.1]in examples, we need to check condition (5.5). For some examples this is best
done directly. However, if we strengthen the other hypotheses of Theorem 5.1, we can obtain
from known results and so do not need to include it as an extra hypothesis. The next three theorems
illustrate this. As well (5.5), these results give us the associated variance convergence result

lim n Var[H (X )1= 2 (5.9

In the next three theorems, we impose some extra assumptions besides those of Theorem Writ-
ing supp(f) for the support of f, we shall assume that supp(f) is compact, and that also r,, satisfy

jir,9 nj=0(n'?), (5.10)

which implies (4.2) with = 1. We also assume certain polynomial growth bounds; see (5.11),
(5.13) and (5.14) below.

First consider the case where H = H() is induced by a functional (x;X ) with finite range r > 0.
For any set A, let card(A) denote the number of elements of A.

Theorem 5.2. Suppose H = H( ) is induced by a translation invariant functional (x;X ) having
finite range r and and satisfying for some > 0 the polynomial growth bound

i ((G1);X )i (card(X \B (x;r))) 8finiteX RY M, 8(x,1)2X .
(5.11)

Suppose hH(Zn) < 1 for some n 2 N, and suppose supp(f) is compact. Finally, suppose that (5.10)
holds. Then there exists 2 (0, 1) such that (5.5) and (5.9) hold, and h(H) < A and (5.6)) holds for
all b with h(H)jb.
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Now we turn to the general case of Condition (i) in Theorem where H has finite range inter-
actions but is not induced by a finite range . For this case we shall borrow some concepts from
continuum percolation. For >0, let H denote a homogeneous Poisson point process in RY with
intensity . Let H denote the same Poisson point process with each point given an independent
M -valued mark with the distribution P, .
Let . be the critical value for percolation in d dimensions, that is, the supremum of the set of all
= 0 such that the component of the geometric (Gilbert) graph G(H [f0g, 1) containing the origin
is almost surely finite. It is known (see e.g. [18]) that0 < < 1 whend 2and .= 1 when
d=1.
For non-empty X  RY, write diam(X) for supfijx yj: x,y 2 Xg. For X ~RY M, write
diam(X ) for diam( (X )), where denotes the canonical projection from R M onto RY.
Theorem 5.3. Suppose H(X ) is a measurable R-valued function defined for all finite X RY M,

and is translation invariant. Suppose supp(f) is compact. Suppose for some > 0 that the finite range
interaction condition (5.2)) holds, and suppose f and satisfy the subcriticality condition

U < o (5.12)

Assume (r,), 1 satisfies 1) and suppose also that hyz y < 1 for some n 2 N, and that there
exists a constant > 0 such that for all finite non-empty X RY we have

H(X ) (diam(X ) +card(X )) . (5.13)

Then there exists 2 (0, 1) such that (5.5) and (5.9) hold, and h(H) < A and if b 2 (0, 1) with
h(H)jb, then (5.6) holds.

Now we turn to condition (ii) in Theorem . Following [24]], we say that a closed region A RY
is a d-dimensional C*! submanifold-with-boundary of RY if it has a differentiable boundary in the
following sense: for every x in the boundary @ A of A, there isan open U RY, and a continuously
differentiable injection g from U to RY, such that 0 2 U and g(0) = x and g(U\([0,1) RY 1)) =
g(U)\ A

Theorem 5.4. Let 2 N. Suppose H = H() is induced by a  which depends only on the nearest
neighbours, and for some 2 (0, 1) suppose we have for all (x, X ) that

X)) @+R (X)) . (5.14)

Suppose also that supp(f) is either a compact convex region in RY or a compact d-dimensional
submanifold-with-boundary of RY, and suppose f is bounded away from zero on supp(f). Finally
suppose that the sequence (r,), 1 satisfi, and that hH(Zn) < 1 for some n 2 N with n >
Then there exists 2 (0, 1) such that (5.5) and hold, and h(H) < A and if b 2 (0, 1) with
h(H)jb then also holds.

We prove Theorems [5.2] and in Section In proving each of these results, we apply
Theorem and check the CLT condition (5.5) using a general CLT from [20], stated below as
Theorem

The conclusion that > 0 in Theorems and Corollary [5.1]is noteworthy because the result
from [120] on its own does not guarantee this. Our approach to showing > 0 here is related to
that given in [[1] (and elsewhere) but is more generic. A different approach to providing generic
variance lower bounds was used in [21]] and [[3]] but is less well suited to the present setting.
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6 Applications

This section contains discussion of some examples of concrete models in stochastic geometry,
to which the general local central limit theorems presented in Section |5| are applicable. Fur-
ther examples where the conditions for these general theorems can be verified are discussed in
[20] 21}, 22} [23].

6.1 Further quantities associated with random geometric graphs

Suppose the graph G (X,, ) is as in Section We assume here that (4.2) holds with > 0.
Theorem [5.1] enables us to extend the case > 0 of Theorem [4.1] to non-uniform f. It also yields
local CLTs for some graph quantities not covered by Theorem 4.1 we now give some examples.

Number of components for G (X,,, r,). This quantity can be written in the form H,(X,), where
H(X) is the number of components of the geometric graph G (X, 1) (which clearly has finite range
interactions). In the the thermodynamic limit, this quantity satisfies the CLT (see Theorem
13.26 of [18]). Therefore, Corollary [5.1]is applicable here and shows that it satisfies the local CLT

(5.8).

Number of components for G (X,,, r,) isomorphic to a given feasible graph . This quantity, denoted
G, in Section (4, can be written in the form H,(X,), with H(X) the number of components of

G(X,1) isomorphic to . Clearly, this H has finite range interactions since (5.2) holds for = 2.
Also, it satisfies (5.7) by Theorem 3.14 of [18]. Therefore we can apply Corollary [5.1] to deduce

(5.8) in this case.

Independence number. The independence number of a finite graph is the maximal number k such that
there exists a set of k vertices in the graph such that none of them are adjacent. Clearly this quantity
is the sum of the independence numbers of the graph’s components, and therefore if for X =~ RY we
set H(X) to be the independence number of G (X, ) (also known as the off-line packing number
since it is the maximum number of balls of radius =2 that can be packed centred at points of X)
then H satisfies the finite range interactions condition (5.2) with r = 2. Therefore we can apply
Theorem|[5.3|to derive a local CLT for the independence number of G (X,,, r,,), as follows.

Theorem 6.1. Let > 0 and suppose (5.12) holds. Suppose r,, satisfy (5.10). If for X ~ RY we set
H(X) to be the independence number of G (X, ), then there exists 2 (0, 1) such that (5.7)) holds,
and if b 2 N then (5.8)) holds.

6.2 Germ-grain models

Consider a coverage process in which each point X; has an associated mark T;, the T; (defined for
i 1) being i.i.d. nonnegative random variables with a distribution having bounded support (i.e.,
with P[T; K] =1 for some finite K). Define the random coverage process

n =L, B(r, 'X;; T). (6.1)
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For U a finite union of convex sets in RY, let jUj denote the volume of U (i.e. its Lebesgue measure)
and let j@ Uj denote the surface area of U (i.e. the (d 1)-dimensional Hausdorff measure of its
boundary).

Theorem 6.2. Under the above assumptions, if (5.10) holds then there exists > 0 and ~ > 0 such
thatn 2 i Ej ) ®N@©, ?andn ¥2(@ .,j Ejo .j) ¥ N (0,~2), and moreover for

any b 2 (0, 1),
j@] E_ i <«
3 u
sup n*¥2P[j ,j2[u,u+b)] 1p % *0 asn?® 1.
uzR nl=
(6.2)
and
j@] E_ . <«
. u
sup n*¥2P[i@ ,j2[uu+b)] ~ b * *0 asn?® 1.
uzR nl=
(6.3)

Proof. The volume j ,j can be viewed as a functional H,(X ), where H(X) = HO(X ) with

((x,t); X ) given by the volume of that part of the ball centred at x with radius given by the
associated mark t, which is not covered by any corresponding ball for some other point x” 2 X with
x? preceding x in the lexicographic ordering. Since we assume the support of the distribution of the
T; is bounded, this has finite range r = 2K. Moreover, it satisfies the polynomial growth bound
so by Theorem [5.2) we get the CLT and local CLT for any b > 0 (in this example
h(H) = 0). Thus we have (6.2).

Turning to the surface area j@ j, this can also be viewed as a functional H,,(’X,,) for a different
H = H(O), this time taking (x;X) to be the uncovered surface area of the ball at x, which again
has range r = 2K and satisfies (5.11). Hence by Theorem we get the CLT and local
CLT for any b > 0 for this choice of H (in this example, again h(H) = 0). Thus we have (6.3). O

Remark. The preceding argument still works if the independent balls of random radius in the
preceding discussion are replaced by independent copies of a random compact shape that is almost
surely contained in the ball B(K) for some K (cf. Section 6.1 of [20]).

Other functionals for the germ-grain model. When f  f;, the scaled point process r, 1=dx, can
be viewed as a uniform point process in a window of side r 1=d_ CLTs for a large class of other
functionals on germ-grain models in such a window are considered in [[13], for the Poissonized point
process with a Poisson distributed number of points. Since the Poissonized version of Theorems|5.1
and should also hold, it should be possible to derive local CLTs for many of the quantities
considered in [[13], at least in the case where the grains (i.e., the balls or other shapes attached to
the random points) are of uniformly bounded diameter.

6.3 Random sequential adsorption (RSA).

RSA (on-line packing) is a model of irreversible deposition of particles onto an initially empty d-
dimensional surface where particles of fixed finite size arrive sequentially at random locations in an
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initially empty region A of a d-dimensional space (typically d = 1 or d = 2), and each successive
particle is accepted if it does not overlap any previously accepted particle. The region A is taken
to be compact and convex. The locations of successive particles are independent and governed by
some density f on A. In the present setting, we take the mark space M to be [0, 1] with Py, the
uniform distribution. Each point x = (x, t) of X represents an incoming particle with arrival time
t. The marks determine the order in which particles arrive, and two particles at x = (x,t) and
y = (y,u) are said to overlap if jx yj 1. Let H(X ) denote the number of accepted particles.
This choice of H clearly has finite range interactions ((5.2)) holds for = 2).

Then H,(X,,) represents the number of accepted particles for the re-scaled marked point process
r, 1Xn; note that the density f and hence the region A on which the particles are deposited, does
not vary with n. At least for r, = n 9, the central limit theorem for H,,(X,,) is known to hold; see
[22] for the case when A=[0,1]% and f  f, and [3] for the extension to the non-uniform case
on arbitrary compact convex A (note that these results do not require the sub-criticality condition
to be satisfied). Thus, the H under consideration here satisfies the condition (5.5)). Therefore
we can apply Theorem[5.1]to obtain a local CLT for the number of accepted particles in this model.

Theorem 6.3. Suppose f has compact convex support and is bounded away from zero and infinity on
its support. Suppose r, = n ¢ and suppose Z, = Hn(X,,) is the number of accepted particles in the
rescaled RSA model described above. In other words, suppose Z,, be the number of accepted particles
when RSA is performed on X, with distance parameter r, = n 9. Then there isa constant 2 (0, 1)
such that holds and for b = 1 and ¢ = n**?, holds.

It is likely that in the preceding result the condition r, = n ™9 can be relaxed to |b holding with
> 0. We have not checked the details.

In the infinite input version of RSA with range of interaction r, particles continue to arrive until
the region A is saturated, and the total number of accepted particles is a random variable with its
distribution determined by r. A central limit theorem for the (random) total number of accepted
particles (in the limit r ¥ 0) is known to hold, at least for f  f;; see [25]. It would be interesting
to know if a corresponding local central limit theorem holds here as well.

6.4 Nearest neighbour functionals

Many functionals have arisen in the applied literature which can be expressed as sums of functionals
of -nearest neighbours, for such problems as multidimensional goodness-of-fit tests [I5, [2]], multidi-
mensional two-sample tests [[14], entropy estimation of probability distributions [[17]], dimension es-
timation [I16]], and nonparametric regression [[10]]. Functionals considered include: sums of power-
weighted nearest neighbour distances, sums of logarithmic functions of the nearest-neighbour dis-
tances, number of nearest-neighbours from the same sample in a two-sample problem, and others.
Central limit theorems have been obtained explicitly for some of these examples [5, [14, [2]] and in
other cases they can often be derived from more general results [, 20} 21} [7]]. Thus, for many of
these examples it should be possible to check the conditions of Theorem (case (ii)).

We consider just one simple example where Theorem [5.4] is applicable. Suppose for some fixed

> 0 that H(X) is the sum of the -power-weighted nearest neighbour distances in X (for =1
this is known as the total length of the directed nearest neighbour graph on X). That is, suppose
H(X) =H O(X) with (x;X) given by minfjy  xj :y 2 X nfxgg. Then H,(X) =r, H(X),
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and clearly satisfies for some , so provided f is supported by a compact convex region in

RY or by a compact d-dimensional submanifold-with-boundary of RY, and provided f is bounded

away from zero on its support, Theorem5.4]is applicable with = 1. Hence in this case there exists
2 (0, 1) such that and (for any b 2 (0, 1)) are valid.

7 Proof of Theorem

t V,Vi,V,,V3,... be independent identically distributed random variables. Define =
Var(V) 2 [0,1]. In the case , = 0, Theorem is trivial, so from now on in this section,
we assume > 0. Let b, ¢y, ¢y, 3, ... be positive constants with hyjb and ¢, n'™?asn ¥ 1.

We prove Theorem [2.1]first in the special case where Z, =S, then in the case where Z,, =Y, +S,,,
and then in full generality. Before starting we recall a fact about characteristic functions.

Lemma7.1. If y =X thenforallt2R,asn ¥ 1
2 (@] 13

>
EQexp@itn 2 (v, EV)KS 1 0.
=1

Proof. See for example Section 3, and in particular the final display, of [[26]. O

P
Lemma 7.2. Suppose S, 2 ?:1 Viand y<1.Thenasn ¥ 1,

o] <<

1 u ES,
sup  ¢,P[S, 2 [u,u+Db)] b S E— 10 (7.1)
u2R Ch v

Proof. First consider the special case with ¢, = n'*2. In this case, holds by the classical local
central limit theorem for sums of i.i.d. non-lattice variables with finite second moment in the case
where hy = 0 (see page 232 of [6], or Theorem 2.5.4 of [9]), and by the local central limit theorem
for sums of i.i.d. lattice variables in the case where hy > 0 and b=hy 2 Z (see Theorem XV.5.3 of
[11]], or Theorem 2.5.2 of [9]).

To extend this to the general case with ¢,  n'™?, observe first that by the special case considered
above, n'*2P[S,, 2 [u,u + b)] remains bounded uniformly in u and n, and hence

jo] <L
i rnl=2 i — 1=2 Cn
supfj(n C)PLSy 2 [u,u+b)ljg=sup n™* 1 —= P[S,2[u,u+b)]
uz2R u2R n=
10 (7.2)
Also, for any K > 1,
jo] <« o] <«
su L i (2 e) 1=2 su L i
ixi K21=2 n'=2 Cn ixi KFr:1=2 n'=2 Cn
- 1=2 nl=2
2 e) = 1 o 10 (7.3)
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Also, for large enough n,
sup max — — (K 1)
jxj Knl=2 Cn B

and since K is arbitrarily large, combined with (7.3), this shows that
jo] <«
X X 1o
su — — L0}
x2lg ni=2 Cn

Combined with (7.2)), this shows that we can deduce (7.1) for general c,, satisfying ¢, n*2 from
the special case with ¢, = n*™? which was established earlier. O

Lemma 7.3. Theorem [2.1] holds in the special case where Z, =Y, +S,,.

Proof. Assume, along with the hypotheses of Theorem that Z, =Y, +S,,. Considering charac-
teristic functions, by (2.1) we have for t 2 R that

E exp itn ¥2(Y, EY,) E exp itn ¥2(S, ES,)
1 2
¥ exp( 5t ). (7.4)

If \ =1 then by Lemma[7.1] the second factor in the left hand side of (7.4) tends to zero, giving
a contradiction. Hence we may assume < 2 from now on.

By the Central Limit Theorem,
n 12(s, ES,) 1 N(Q, 2). (7.5)

By (74) and (75), 2 2andsetting 2:= 2 2 0, wehavethatn ¥2(Y, EY,)is
asymptotically N (0, 2). Hence,

D
¢,' (Yo, EY,) TN, 2). (7.6)
That is, (2.3) holds.
Letu 2 R and set
t:=t(u,n):=c,'(u EZ). 7.7

Since we assume that Z, =Y,, +S,,, by independence of Y, and S,, we have

P[Z,2[uu+b)]=P[c,'(Z, EZ)2c,'[u EZ,u+b EZ)]

T v, EY, S» ESn.
= P ———2dx P ——2¢, [u EZ,,u+b EZ)) x
1 Ch Cn
so that
Zl
Y, EY,
¢,P[Z, 2 [u,u+Db)] = P — 2dx
1 Cn
c,P S, ES,2[u EZ, xc,u EZ, xc,+Dh)
Zl
Y, EY,
= P C—2dx cP S, ES,2[(t x)c,(t x)c,+Db)
1 n
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By Lemmal7.2]

b y
CnF> Sn ESnZ[nd,nd+b) = - +gn(y)

Vv \
where
supjg,(y)j ¥0 as n ¥ 1. (7.8)
y2R
Hence,
b t c (Y, EY
chP[Zn 2 [u,u+b)]=E — n (' ) +g, t ¢ MY, EY)
\ \
so by (7.8), to prove (2.2), it suffices to prove
¢ t Wy, EY, Ez )
swp 0 e & BT 12 =5
u2R \ Cn

(7.9)

Suppose this fails. Then there is a strictly increasing sequence of natural numbers (n(m),m 1)
and a sequence of real numbers (u,,,m 1) such that with t, := t(u,,,n(m)), we have

2 1 13
tm Cn(m)(Yn(m) EYn(m)) 5

\" Cn(m)

1 u, E Zy(m)

liminf E 4 > 0.
mi1 v

(7.10)

By taking a subsequence if necessary, we may assume without loss of generality, either that t, ¥ t
forsome t 2 R, or thatjt,j ¥ A asm ¥ 1. Consider first the latter case. Ifjt,,,j ® 1 asm ¥ 1,

then by (7.6),

P[jtm cn(}n)(Yn(m) EYn(m))j jtijZ] P[jcn(%n)(Yn(m) EYn(m))j jtijZ]
10,

and hence 2 L ]
E4 Vl tm Cn(m)(Yn(m) EYn(m)) 5 1o
v

Since cn(}n)(um EZ\m)) is equal to t, by , we also have under this assumption that

1 Uy E Zn(m)
Cn(m)

In the case where t,, ¥ t for some finite t, we have by 1b that t,, cn(fn)(Yn(m) E Yn(m)) CONverges

in distributionto t W, where W; N (0O, 3). Henceasm ¢ 1,
2

tends to zero, and thus we obtain a contradiction of (7.10).

1
tm Comy (Ynmy  E Ynmy)
ga n(m) S JIE (t Wp)= )
\Y

=E fwz(t Wl)!

2523



where W,  N(O, \2,), with probability density function fyy,(x) := Vl (x= y). If we assume
Wy, W, are independent, then E fy,(t W,) is the convolution formula for the probability density
function of W; +W,, which is N (0, ?2), so that

Efw,(t W)= fu ()= 1 (t=).

On the other hand, since cn(}n)(um E Z,m)) is equal (by 1» to t,, which we assume converges
to t, we also have that

un E Zn(m) t

1 1

Cn(m) ) '
and therefore we obtain a contradiction of (7.10) in this case too.

Thus (7.10) fails, and therefore (7.9) holds. Hence, (2.2) holds in the case with Z, =Y, +S,,. O

Proof of Theorem Set Z) :=Y, +S,. By the integrability assumptions, Z! is integrable. By (2.1)
and the assumption that n **?Ejz, Zz!j ¥ Oasn ¥ 1,

n 2@z Ez)) WAN@© %) asni¥i. (7.11)
Let b > 0 with hyjb. By Lemma[7.3, 2 VarV and (2.3) holds and
C D
0 1 u EZ]
sup  cyP[Z, 2 [u,u+Db)] b _— 10 asn?t 1.
u2R Ch
Hence, by the assumption n**2P[Z, & z'] ¥ 0,
C ;D
1 u EZ]
sup ¢ ,P[Z, 2 [u,u+ b)] b _— 10 asn?t 1,
u2R Ch

and since the assumption n **?Ejz, Zzlj ¥ 0implies thatc, '(EZ, EZ') ¥ 0asn ¥ 1,and
is uniformly continuous on R, we can then deduce (2.2)). O

8 Proof of theorems for percolation

We shall repeatedly use the following Chernoff-type tail bounds for the binomial and Poisson distri-
butions. Fora>0set "(a):=1 a-+aloga. Then (1)=0and "(a) >0 fora?2 (0,1)nflg.

Lemma 8.1. If X is a binomial or Poisson distributed random variable with EX = > 0. Then we
have for all x > 0 that

PIX x] exp( ~(x=)), x ; (8.1)
P[IX x] exp( ~(x=)), x . (8.2)
Proof. See e.g. Lemmas 1.1 and 1.2 of [18]]. 0
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Proof of Theorem Let (B,), 1 be a sequence of non-empty finite subsets in Z¢ with vanishing
relative boundary. The first conclusion follows from Theorem 3.1 of [[19], so it remains to
prove (3.3).

For x 2 Z9 let kxk4 denote the “4 -norm of x, i.e., the maximum absolute value of its coordinates.
Let B> be the set of points x in By, such that all y 2 Z% withky xk; 1 arealsoin B,. Since
jBn n Bpj=j@ Byj is bounded by a constant depending only on d, the vanishing relative boundary
condition implies jBYj=jB,j ¥ 1asn ¥ 1.

Hence, by the pigeonhole principle, for all large enough n we can choose a set of points
Xn,10 Xn,21 -1 Xnps djg jz2c 1N By such that kx,; Xn kK1 3 for each distinct j,k in
f1,2,...,b5 9jB,j=2cg (let these points be chosen by some arbitrary deterministic rule).

For1 j b5 9jB,j=2c, let I,; be the indicator of the event that each vertex y 2 Z% with ky
Xp jKa = 1 is closed, and list the j for which I, ; = 1, in increasing order, as J(n,1)...,J(n,Np,),
Ps 4iB,j=2c
=1
Then N,, is binomially distributed with parameter (1 p)®" 1, so by Lemma

where N,, := In,j- Let IE”. be the indicator of the event that the vertex X, ; is itself open.

limsupjB,j *logP[N, <5 91 p)** 1jB,j=4] <O. (8.3)
nt? 1

Set b, := b5 (1 p)3d LiB,j=4c. Let V;, Vs, ... be a sequence of independent Bernoulli variables
with parameter p, independent of everything else. Recalling that (B) denotes the number of open
clusters in B, set

minBgNy)
0 .— 0 . P — 0
Sy = In,J(n,j)’ Y= (B, S,
=1
and
(o >¥)*
S, :=8] + Vi,
j=1

F)
where x™ := max(x, 0) as usual, and the sum ?:1 is taken to be zero.

In this case, the ‘good boxes’ discussed in Section (1] are the unit 4 -neighbourhoods of the sites
Xn,3(n,1) Xn,3(n,2)s - - - Xn,3(nmin(b,N,))- 1T Xn,j 18 at the centre of a good box, it is (if open) isolated from
other open sites, so that Y,, is simply the number of open clusters in By, if one ignores all sites X, ;(n j)
(1 j min(b,, N,)). Hence Y, does not affect the open/closed status of these sites.

Thus S,, has the Bin(b,,, p) distribution and its distribution, given Y,,, is unaffected by the value of
Y, so S, is independent of Y,,. Also,

(O
(Bn) (Yn+Sp)=S; Sp= Vi
=1

so that by (8.3), both jB,j*?P[ (B,) & Y, +S,] and jB,j Y2Ej (B,) (Y, +S,)j tend to zero as
n ¥ 1. Combined with (3.2) this shows that Theorem [2.1] is applicable, with h, = 1, and that
result shows that (3.3)) holds. 0
In the proof of Theorem [3.2} and again later on, we shall use the following.
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Lemma 8.2. Suppose 4,..., n, areindependent identically distributed random elements of some mea-
surable space (E,E). Suppose m 2 N and :E™ ¥ R is measurable and suppose for some finite K
thatfor j=1,...,m,

K sup i (X X Xm) (xl,...,x?,...,xm)j.

SetY= ( 4,.-.., m)- Thenforanyt=>0,
PLiY EYj t] 2exp( t?=(2mK?)).

Proof. The argument is similar to e.g. the proof of Theorem 3.15 of [[18]]; we include it for com-
pleteness. For 1 i m IgbF; be the -algebra generated by 4,..., ;, and let Fq be the trivial

-algebra. ThenY EY = :n:1 D; with D; := E[Y]jF;] EILYjF; 1], the ith martingale difference.
Then with ? independent of 4,..., |, with the same distribution as them, we have

Di=EL Cgeees iveee m) Coveens Sy miFil

so that jD;j K almost surely and hence by Azuma’s inequality (see e.g. [[18]) we have the result.

Proof of Theorem Assume d 2 and p > p.(d). Let (B,), 1 be a cube-like sequence of lattice

boxes in Z9. For finite non-empty A Z% we define the diameter of A, written diam(A), to be

maxfkx ykq : X 2Ay 2 Ag.

Set , := ddiam(B,)*"“%e. Let B]" be the set of points x in B, such that all y 2 Z¢ with ky

61 n are also in B,. Then we claim that jB"j=jB,j ¥ 1asn ¥ 1. Indeed, writing B, =
d

J.:1([ ajn, bj n] \Z), from the cube-like condition 1» we haveforl j dthat ,=o(aj,+
bjn)asn ¥ 1, and therefore

Y Y
JB:PJ = (bj,n + aj,n 2 n) = (1 + 0(1)) (aj,n + bj,n):
=1 =1

justifying the claim.
By the preceding claim, and the pigeonhole principle, for all large enough n there is a deterministic
set of points Xp 1, X2, .-+ Xnps djg,j=2c 1N By such that kx,; Xnkka 3 for each distinct j,k in
f1,2,...,b5 9jB,j=2cg.
For1 j b5 9jB,j=2c, let Ih,; be the indicator of the event that (i) each vertex y 2 Z9 with
Ky  Xujka =1 is open, and (ii) the open cluster in B, containing all y 2 Z% with ky Xnjke =1
has diameter at least .
Set m(n) :=h5 dp3d 1 4(p)jBnj=8c, with 4(p) d(la:r;oting the percolation probability. List the j for

dip i=
which I,; =1as3(n, 1), ..., J(0,Ny), with N, := 2% 18077

In,j- Then we have for n large that
. . d
EN.] b5 “jBpj=2cp® * 4(p) 2m(n).

Changing the open/closed status of a single site z in B,, can change the value of I, ; only for those j
for which kx,j  zkq +» and the number of such j is at most (2 , + 1)9. Moreover, for n large

2 ,+1% (@@iamB,)¥*) +3)¢  39(diamB,)** 39jB,j*™
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so that the total change in N, due to changing the status of a single site z is at most 3%jB,j*™*. So

by Lemma|[8.2]
m(n)?

2iByj(3"]Bni*™*)?

PIN, m(m] PON, ENpj m(nm] 2exp

and hence

limsupjB,j ™logP[N, m(n)]<O0. (8.4)
nt1

Let Vq,V,,... be a sequence of independent Bernoulli variables with parameter p, independent of
everything else. For1 j b5 9jB,j=2c, let IE”. be the indicator of the event that the vertex x, j is
open. Set

min(B4O.Ne) (M)
0 .— 0 . —cl
Sy = hhamps  Sni=Sh Vi
j=1 j=1

Let Y, be the size of the largest open cluster in B, if the status of x; , is set to ‘closed’ for the first
min(m(n), N,) values of j for which I, ; = 1.

Then S,, has the Bin(m(n), p) distribution and we assert that its distribution, given Y, is unaffected
by the value of Y,, so S, is independent of Y,. Indeed, Y, is obtained without sampling the status of
the sites x, j for the first min(m(n), N,) values of j for which I, ; = 1.

To go into more detail, consider algorithmically sampling the open/closed status of sites in B, as
follows. First sample the status of sites outside [;fx; ;9. Then sample the status of those x, ; for
which the “ 4 -neighbouring sites are not all open (for these sites, I, ; must be zero). At this stage, it
remains to sample the status of sites x,, ; for which the “, -neighbouring sites are all open, and for
these sites one can tell, without revealing the value of x, ;, whether or not I, ; = 1 (and in particular
one can determine the value of N;,). At the next step sample the status of all x, ; except for the first
min(N,, m(n)) values of i which have I, ; = 1. At this point, the value of Y, is determined. However,
the value of S,, is determined by the status of the remaining unsampled sites together with some
extra Bernoulli variables in the case where N, < m(n), so its distribution is independent of the value
of Y, as asserted.

Next, we establish that L(B,) = Y, + S,, with high probability. One way in which this could fail
would be if N, < m(n), but we know from that this has small probability. Also, we claim that
with high probability, all sites x,, ; for which 1, ; = 1 have all their neighbouring sites as part of the
largest open cluster, regardless of the status of x,;. To see this, let A, be the event that (i) there is
a unique open cluster for B, that crosses B,, in all directions (in the sense of [19]) and (ii) all other
clusters in B, have diameter less than . Then we claim that P[A%] decays exponentially in , in
the sense that

limsup(diamB,,)**“ log P[A?] < 0. (8.5)
n¥ 1

The proof of (8.5) proceeds as in proof of Lemma 3.4 of [[19]; we include a sketch of this argument
here for completeness.

First suppose d = 2. For a given rectangle of dimensions ( ,=3) |, the probability that it fails to
have an open crossing the long way decays exponentially in |, (see Lemma 3.1 of [[19]). Consider
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the family of all rectangles of dimensions ( ,=3) |, or of dimensions , ( ,,=3), with all cornersin
( ,=3)Z?2, having non-empty intersection with B,,. The number of such rectangles is O(diam(B,,)"~*).
By the preceding probability estimate, all rectangles in this family have an open crossing the long
way, except on an event of probability decaying exponentially in . However, if all these rectangles
have an open crossing the long way, then event A,, occurs and we have justified ford =2.

For d 3, by the well known result of Grimmett and Marstrand [[12]], there exists a finite K such
that there is an infinite open cluster in the slab [0,K] RY ! with strictly positive probability. By
dividing B,, into slabs of thickness K we see for 1 i d that the probability that there is no open
crossing of B, in the i-direction decays exponentially in diam(B,,). Moreover, for i & j, by a similar
slab argument (consider successive slabs of thickness K in the i direction), the probability that there
is an open cluster in B, that crosses B, in the i direction but not the j direction decays exponentially
in diam(B,,). Similarly the probability that there are two or more disjoint open clusters in B,, which
cross in the i direction decays exponentially in n. Finally by a further slab argument, the probability
that there is an open cluster which has diameter at least ,=d in the i direction but fails to cross the
whole of B, in the j direction, decreases exponentially in ,. This justifies ford 3.

Note that the occurrence or otherwise of A, is unaffected by the open/closed status of those x, ; for
which 1, ; = 1. Also, for large enough n, on event A,, whatever status we give to these x, j, the
unique crossing cluster is the largest one because it has at least diam(B,) elements while all other
clusters have at most O(diam(B,,)***) elements.

If N, m(n) and event A, occurs, then for each j  m(n), the site x, ;(nj) is in the largest open
cluster if and only if it is open, since if it is open then it is in an open cluster of diameter at least .
This shows that if N, m(n) and event A, occurs, we do indeed have L(B,)) = Y,+S,,. Together with
the previous probability estimates and , this shows that jB,j'>P[L(B,) & Y, +S,] ¥ Oas
n ¥ 1. Moreover, by the Cauchy-Schwarz inequality,

EiL(Bn) (Ya+Sn)i=ELL(B,) (Yo +Sp)ilfN, <m(n)g [AL]

(P[Ny <m(M]+PIATD *(EL(L(Bn) (Yn+Sn)* D™
(P[Nn < m(n)] + PLAT])"(iByj + m(n)) ¥ O.

By Theorem 3.2 of [[19], the first conclusion (3.5) holds, and by the preceding discussion, we can
then apply Theorem 2.1 with h, = 1, to derive the second conclusion (3.6). O

9 Proof of Theorem

We are now in the setting of Section |4} Assume f  f;, and fix a feasible connected graph  with

vertices (2 < 1.). Assume also that the sequence (r,)), ; is given and satisfies and (4.3).
Then P[G(X ,1=( +3)) 12(0,1). LetQ1,Qn2:- -, Qnm(n) b€ disjoint cubes of side ( +5)r,,
contained in the unit cube, with m(n) (( +5)r,) Yasn ¥ 1. For1l j m(n), let I, be the
indicator of the event that X, \ Q,,; consists of exactly ~points, all of them at a Euclidean distance
greater than r, from the boundary g Qn,j- List the indices j  m(n) such that I, ; =1, in increasing

order, as J1, ..., Jon,, With N := :nz(z) ;- Then

EN,=m(n)(( +3)=( +5))? P[Bin(n,(( +5)r,)?)= 1, 9.1)
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and henceasn ¥ 1, since nrg is bounded by our assumption ,
EN, ! +3) ( +5) % rdC Dexp( n( +5)r?). (9.2)

Recalling from that | := pW, we can rewrite (9.2) as
EN, ' +3)7 ( +5) ¢ Z2exp( n( +5)%r%) 9.3)

asn ¥ 1. Moreover, for the Poissonized version of this model where the number of points is Poisson
distributed with mean n, we have the same asymptotics for the quantity corresponding to N,, (the
binomial probability in is asymptotic to the corresponding Poisson probability). Set to be
one-quarter of the coefficient of ﬁ in , if the exponential factor is replaced by its smallest value
in the sequence, i.e. set

=@ N Y +3)9 ( +5) diﬂfexp( n( +5)rd). (9.4)

Then >0 by our assumption (4.2) on r,,.

Lemma 9.1. Itis the case that

limsup

ZlogP N,< 2 <o.
nt® 1

n

Proof. Let > 0 (to be chosen later). Let M, be Poisson distributed with parameter (1 )n,
independent of the sequence of random d-vectors X1, X5, .... Define the Poisson point process

Pn(l ) :=fX1,...,XMng.
Let Nﬂ be defined in the same manner as N, but in terms of P,  rather than X,,. That is, set

DD

1.

nj
=1
with IE”. denoting the indicator of the event that P,; )\ Q; consists of exactly points, all at
distance greater than r, from the boundary of Q, ;. List the indices j M, such that If]’j =1as
3B

0 D-
na1: n,N?

Since (9.3) holds in the Poisson setting too, using the definition of , we haveasn ¥ 1 that
EN' 11 +3)7 (+5 Q@ ) Z2exp( n(@ ) +5%d. (9.5)

By (9.3) and (9.5), we can and do choose > 0 to be small enough so that EN! > (3=4)E N, for
large n.

By (9.3) and (9.4) we have for large nthat2 2 (5=8)EN,. Also, N} is binomially distributed,

and hence by Lemma[8.1} P[N{ <2 2] decays gxponentially in 2.

By Lemma (8.1} except on an event of probability decaying exponentially in n, the value of M, lies
between n(1 2 ) and n. If this happens, the discrepancy between N, and Ng is due to the addition
of at most an extra 2 npointsto P,; . IfalsoN) 2 Zthentohave N, < 2 atleast 2 of
the added points must land in the union of the first d2 ﬁe cubes contributing to Nﬂ.
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To spell out the preceding argument in more detail, let1 j m(n). If M, <n and Ig’j =1 and
Xk 2Qy,j for My <k n, then I,; =1, since in this case X, \Q,; =Py )\Qp;j. Therefore if
M,<nandN! 2 2and

x d2 2
1ka2[j:1 Qn,\]gng<

2
nl
k=M, +1

then X, \Qnngj & Pha )\QMgj forat mostb ,cvaluesof j2[1,2 ﬁ], and hence

d2>e
N, oo, 42 fe o §
j=1
Hence, if n(1 2 )<M,<nandN! 2 2and Pyz”:ﬂdilne 1fX, 2 [?221 'Z‘einJo g< , then
n n,j
N, 2 Hence
PINn< 2Nl 2 2n 2 n<M,<n]
P[Bin(d2 ne,d2 2e(( +5)ry)%)> 2]
Since nrr‘]i is assumed bounded, we can choose small enough so that the expectation of the

binomial variable in the last line is less than ( =2) ﬁ and then appeal once more to Lemma
to see that the above conditional probability decays exponentially in ﬁ Combining all these
probability estimates give the desired result. O

Proof of Theorem[4.1] Set p :=P[G (X ,1=( +3)) 1. Let V4, V5, ... be a sequence of independent
Bernoulli variables with parameter p, independent of X,,. Let

min(b>ei¢,Nn)
st = 1fG(Xa \Qnynj)i™) O Yai=G, S,
j=1
and
(YD
S, =S\ + Vi,
=1

P
where x* := max(x, 0) as usual, and the sum ?:1 is taken to be zero.

For each j, given that 1,; = 1, the distribution of the contribution to G,, from points in Q, ; is
Bernoulli with parameter P[G (( +3)r,X ,ry) 1, which is p. Hence S, is binomial Bin(b ﬁc, p).
Moreover, the conditional distribution of S, given the value of Y,,, does not depend on the value of
Y,., and therefore S, is independent of Y,.. By (4.5),

_ D
b 2c (G, EG, IN(@, ' 2.
Moreover,

2
5® SN 5
EjGn (Yn + Sn)j =E4 Vj5 pb ﬁCP[Nn < 2]

n



so that by Lemma 9.1, both P[G, & Y,+S,Jand ,'EjG, Y, Spjtendtozeroasn ¥ 1.
Hence, Theorem [2.1] (with h, = 1) is applicable, with b 2c playing the role of n in that result and

122 playing the role of c,, yielding

¢ k EG )
1=2 — 1=2 1 n
R e Tl
asn ¥ 1. Multiplying through by %2 yields (4.6). O

10 Proof of Theorem

Recall the definition of hy (the span of X) from Section

Lemma 10.1. If X and Y are independent random variables then hy .y jhy.

Proof. If hy,y = O there is nothing to prove. Otherwise, set h = hy,y. Then, considering character-
istic functions, observe that

1=JEexp(2 i(X +Y)=h)j=jE exp(2 iX=h)j jE exp(2 iY=h)j

so that JE exp(2 iX=h)j =1 and hence hjhy. O

We are in the setup of Section 5| Recall that the point process Z,, consists of n normally distributed
marked points in RY, while U,k consists of n uniformly distributed marked points in B(K). Set
hnk :=hu,_ ) Seth, = hyz ), and recall from 1' that h(H) :=liminf,,y 41 h,.

Lemma 10.2. Suppose either (i) H has finite range interactions and hH(Zn) < 1 for some n, or (ii)

H = HO) is induced by a -nearest neighbour functional (x;X ), and hH(Zn) < 1 for some n >
Then h(H) < A, and if h(H) > 0, there exists 2 N and K > 0 such that h = h(H). If h(H) =0,
then for any " > O there exists 2 N and K > 0 such that h , <™. In case (ii), we can take such
that additionally +1.

Proof. The support of the distribution of H(U, ) is increasing with K, so hy xojhy, « for K K.
Hence, there exists a limit h, ; such that

hna = KIi!m1 hn (10.1)
and also we have the implication
hn’]_ >0 =) oK : hﬂ,K = hn,l- (102)

Also, for all K the support of the distribution of H(Un'K) is contained in the support of H(Z), so
that

hn = hH(Zn) hn,K! 8K, (103)
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and hence h, h, 5 forall n. We assert that in fact
hn,l =h,. (10.4)

This is clear when h, ; = 0. When h, ; > 0, there exists a countable set S with span h, ; such
that P[H(U, ) 2 S] = 1 for all K. But then it is easily deduced that P[H(Z,) 2 S] = 1, so that

h, h, 1, and combined with (10.3) this gives (10.4).

We shall show in both cases (i) and (ii) that h,, tends to a finite limit; that is, for both cases we shall
show that

h(H) = nIllm1 h, = nIllml hpa < 1. (10.5)
Also, we show in both cases that

h(H)>0 =) 9ny 2N :h, =h(H) 8n ny. (10.6)

If h(H) > 0, the desired conclusion follows from (10.6)), (10.4) and (10.2). If h(H) = 0, the desired
conclusion follows from (10.5) and (10.1)).

Consider the case (i), where H has finite range interactions. In this case, we shall show that for all
n,

hn+1jhnv (10-7)

and since we assume h, < 1 for some n, clearly implies and (10.6).

We now demonstrate in case (i) as follows. By and (10.2)), to prove it suffices to
prove that h,;jh, « for all K. Choose such that holds. There is a strictly positive probability
that the first n points of Z, lie in B(K) while the last one lies outside B(K + ). Hence by
and translation-invariance, the support of the distribution of H(Z,,,) contains the support of the
distribution of H(U, ) + H(f(0, T)g), where T is a Py, -distributed element of M, independent of
U, - Hence by Lemma([10.1] hy,ajhnk, so holds as claimed in this case.

Now consider case (ii), where we assume H = H() with (x;X) determined by the nearest
neighbours. We claim that if j +land“ + 1 then

hjs-jh; and hj,-jhe. (10.8)

By (10.2)) and (10.4), to verify (10.8)) it suffices to show that

Given K, let B and B° be disjoint balls of radius K, distant more than 2K from each other. There
is a positive probability that Z;, - consists of j points in B and “ points in B, and if this happens
then (since we assume min(j,“) > )) the nearest neighbours of the points in B are also in B,
while the  nearest neighbours of the points in B® are also in B, so that H(Zj+‘) is the sum of
conditionally independent contributions from the points in B and those in B’. Hence the support of
the distribution of H(Zj+.) contains the support of the distribution of H(ULK) + H(UN.’K), where
H(U~.’K) is defined to be a variable with the distribution of H(U.’K) independent of H(ULK). Then
follows from Lemma([10.1]

2532



Define
0_ -
h’ = ] mil hp,.

Then for all ** > 0 we can pick | +1withh; h'+", and then by we have h. h'+"
for * j+ + 1. This demonstrates for this case (with h(H) = h'), since we assume h, < 1
for some n. Moreover, if h(H) > 0, then in the argument just given we can take " < h(H) and
then for ©  j+ +1 we must have h-jh;, which can happen only if h- = h;, so by , in fact
h. =h; =h(H). That is, we also have (10.6) for this case. 0

Since we are in the setting of Section [5, we assume (as in Section 4)) that f is an almost everywhere
continuous probability density function on R with f,,, < 1. The point process X, RYisa
sample from this density, and the marked point process X RY M is obtained by giving each
point of X, a Pp,-distributed mark. Recall also that we are given a sequence (r,) with =
lim,uq nrrﬂj 2 (0,1). Recall from that H,(X ) := H(r, 1X ) for a given translation-invariant
H.

Our strategy for proving Theorem[5.1]goes as follows. First we choose K as in Lemma[10.2] Then
we choose constants K and m in a certain way (see below), and use the continuity of f
to pick (n) disjoint deterministic balls of radius r, such that f is positive and almost constant
on each of these balls. We use a form of rejection sampling to make the density of points of X, in
each (unrejected) ball uniform. We also reject all balls which do not contain exactly m points of X,
in a certain ‘good’ configuration (of non-vanishing probability). The definition of ‘good’ is chosen
in such a way that the contribution to H,, from inside an inner ball of radius Kr,, is shielded from
everything outside the outer ball of radius r,. We end up with (n) (in probability) unrejected
balls, and the contributions to H,(X,) from the corresponding inner balls are independent (because
of the shielding) and identically distributed (because of the uniformly distributed points) so the sum
contribution of these inner balls can play the role of S, in Theorem 2.1

In the proof of Theorem|5.1} we need to consider certain functions, sets and sequences, defined for
> 0. For x 2 RY with f (x) > 0, define the function

infff (y):y 2 B(X; ry)g

= , 10.10
I 0V = T (y) -y 2B g (1010)
and for x 2 RY with f(x) >0and g, (x)>0,andz2B(x; r,), define
infff 1y 2 B(x;
Pn, (x,2):= (v):y 280 )9 (10.11)

f2)

Since we assume f is almost everywhere continuous, the function g,, converges almost everywhere
an fx : f(x) > 0g to 1. By Egorov’'s theorem (see e.g. [Q]), given > 0 there is a set A with

A f(x)dx 1=2, such that f (x) is bounded away from zeroon A and g, (x) ¥ 1 uniformly on

A .
Since we assume (4.2) with >0 here, for n large enough nr¢ <2 . Set

( )=2 (d+2)!dl dfmaJ;( 1.

2533



Given = 0, we claim that for n large enough so that nrﬂ < 2 , we can (and do) choose points
X n1re- X np (yne NA withjx 00 x W j>2 rpforl  j<k b ( )nc To see this we
use a measure-theoretic version of the pigeonhole principle, as follows. Suppose inductively that
we have chosen X 1,...,X pk, With k<b ( )nc. Then let x ., be the first point, according
to the lexicographic ordering, in the set A n ['j‘le(x nj»2 Ty)- Thisis possible, because this set is
non-empty, because by subadditivity of measure,

z

f(X)dX k!d(2 rn)d fmax < ( )n!d(2 rn)d fmax
Z

:nrg:(4 )<1=2 f(x)dx,
A

[?:1B(X N, j ;2 rn)

justifying the claim. Define the ball
B nj:=B(X nj )i B ;=B nj M) M.

TheballsB ,1,...,B b ( ync @re disjoint.

Let Wy, W5, Ws, ... be uniformly distributed random variables in [0, 1], independent of each other
and of (Xj)?=1, where X; = (X;, T;). For k 2 N, think of W as an extra mark attached to the point
Xk- This is used in the rejection sampling procedure. Given , if X, 2B, ;, let us say that the point
Xy is  -red if the associated mark W, is less than p,, (X j, Xi). Given that X, liesin B ,; and is

-red, the conditional distribution of X, is uniform over B, ;.

Now let m 2 N, and suppose S is a measurable set of configurations of m points in B( ) such that
P[Un 2S]>0. The number m and the set S will be chosen so that given there are m points
of X, inball B ,;, and given their rescaled configuration of lies in the set S, there is a subset of
these m points which are ‘shielded’ from the rest of X,,.

Given S (and by implication andm),forl j b ( )nc, letls ,; be the indicator of the event
that the following conditions hold:

The point set X,,\ B nj consists of m points, all of them -red;
The configuration r, *( x ,;+(X,\B ,;)isinS.

P
LetNg o= o™
J(S.n,Ng p).

Is njs and list the i for which Isnj=1 in increasing order as J(S,n,1)...,

Lemma 10.3. Let >0,and m2 N. Let S be a measurable set of configurations of m pointsin B( )
such that P[U,, 2 S ]>0. Then: (i) there exists > 0 such that

limsup n tlogP[Ng ,< n] <O, (10.12)
nt1
and (ii) conditional on the values of Ig ,; for 1 i b ( )nc and the configuration of X, outside

B nisny L LB nis.nng,) thejoint distribution of the point sets

(X nas KXo NB nasnn)) -l (X nas aNs ) T Xn \B n3s nNs 1))

is that of Ng , independent copies of U, each conditioned tobe in S .
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Proof. Consider first the asymptotics for E [Ng ,]. Given a finite point set X RYandasetB RS,
let X (B) denote the number of points of X in B. Fix m. Since f is bounded away from zero and
infinityon A and g, ¥ 1uniformly on A , we have uniformly over x 2 A that

z z

n f(y)dy =nf(x) (F(y)=f(x)dy ¥ 91,y f(x)
B(x; rn) B(X; rn)

Hence by binomial approximation to Poisson,

d m d
PIX,(B(x; ry))=m] !( fa TG0 e;?( Ya T(0) asn ¥ 1,

and this convergence is also uniform over x 2 A .

Given m points X, in B, j, the probability that these are all -red is at least g,, (x)™ so exceeds %
if nis large enough, since g, ¥ 1 uniformly on A .

Given that m of the points X, liein B, ;, and given that they are all -red, their spatial locations are
independently uniformly distributed over B, ;; hence the conditional probability that r T x njt
(Xn\B ;) liesin S is a strictly positive constant.

These arguments show that liminf,y 1 n 1E[Ng n] = 0. They also demonstrate part (ii) in the
statement of the lemma.

Take >0with2 <Iliminf,y4 n E[Ng nl- We shall show that P[Ng , < n] decays exponen-
tially in n, using Lemma The variable Ng |, is a function of n independent identically distributed
triples (marked points) (X, Ty, Wy).

Consider the effect of changing the value of one of the marked points ((X, T, W) to (X, T®, W?), say).
The change could affect the value of Ig , ; for at most two values of j, namely the j with X 2B ;
and the j" with X’ 2B, 4. So by Lemmaﬁ

PNs n ENsnj> n] 2exp( ?n=8),
and (10.12)) follows. O

Proof of Theorem[5.1under condition (i) (finite range interactions). Recall that h(H) is given by (5.4).
Since condition (i) includes the assumption that hH(Zn) < 1 for some n, by Lemma we have
h(H) < 4. Let b > 0 with h(H)jb. Let" 2 (0,b). Let 2 N, and K >0, be as given by Lemma|10.2
Thenh y =h(H)ifh>0,orh y <"ifh=0. Moreover H(U ) is integrable by assumption. Set

h gbb=h (¢ ifh (>0
o= Ko T K (10.13)
b if h K =0.
Choose 2 (0, 1) such that (5.2) holds. We shall apply Lemma|10.3lwith =K+ . LetS be the
set of configurations of points in B(K+ ) such that in fact all of the points are in B(K). By Lemma
10.3} we can find > 0 such that, writing N, for Ns , we have exponential decay of P[N, < n].

Let Vq,V,,..., be random variables distributed as independent copies of H(U ), independently of
X, - Set
min(ie.Ny) (b M><NL)™
0 ._ . N
S, = Ho(X,, \ By, IS ,n")), Sy=S,+ Vj.
‘=1 =1
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min(b nc,Nn)B
‘=1 K+ ,n,J(S,n,*)"

By Part (ii) of Lemma given that N, n, for each * we know that r, *( X 3.0 +
X,)\B (K+ ) is conditionally distributed as U ,, conditionalon U ,, 2 S ;in other words,
distributed as U .. Therefore the distribution of S, is that of the sum of b nc independent copies
of H(U ), independent of the contribution of the other points. Let Y, denote the contribution of
the other points, i.e.

Thus, S?] is the the total contribution to H,(X|,) from points in [

Yo i=Ha(X,) S
Since the distribution of S, given the value of Y,, does not depend on the value of Y,,, S, is inde-
pendent of Y,,.

By assumption H,(X.) and S, are integrable. Clearly n?P[H,(X,) & Y, + S;] is at most
n'*2P[N, < n], which tends to zero by (10.12). Also by conditioning on N,,, we have that

b M)
n 22EjHL(X,) (Yo +Spi=n 2E Vv
j=1
n ¥2E[b nc N)'IE V;
n ¥*2p ncP[N, n]E Vv, , (10.14)

which tends to zero by (10.12). This also shows that Y, is integrable By the assumption (5.5,

b nc 2(H,(X,) EH,(X,) TN@© ! 3, (10.15)

and so, since h jby, Theorem[2.1]is applicable, and yields
C

u EH.(X
sup ( MPPIH (X)) 2[uu+by)] 2 by %)
u2R

( n)1:2( 1 2)1:2

(10.16)

and dividing through by 2 gives 1' in all cases where b = b;. In general, suppose b & b;.
Then h(H) = 0 (else h ¢ = h(H) and h(H)jb so b = b; by (10.13)), and hence h x <™. Since
b, bby (10.13), we have that

jo]

) u EH,(X))

. 1=2 1 - — 1¥ns
inf N PIHA(X,) 2 [u,u+b)] b 12

j@]

. u EH,(X))

. 1=2 1 i n
ulgé n"“P[H,(X,) 2 [u,u+ b;)] by nl=2

+ by b2 )
so that by (10.16), since b b ",
o]

RN 1=2 1
Ilmmfdgg; n"“P[H,(X,) 2 [u,u+ b)] b

u EHR(X,)

nl=2 —@2)
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Similarly, setting b, :=h db=h e, we have that
jo}

) u EH, (X
sup nl'ZP[Hn(xn) 2 [u,u+b)] 'b 1—2n( )
uzg n=

) u EH,(X))

. 1=2 1 i n

ulgé n"“P[H,(X,) 2 [u,u+b,)] + b, nl=2

+ b, D)2 ) P

so that since b, b ,

jo] <«
_ u EH,(X " _
limsupsup n“2P[H,(X,) 2 [u,u+ b)] Ip % —2 ) ¥
n®l1l u2R n-—
Since " > 0 is arbitrarily small, this gives us (5.6). O

Proof of Theorem under condition (ii). We now assume that H, instead of having finite range, is
given by with  depending only on the nearest neighbours. Again, by Lemma we have
that h(H), given by (5.4), is finite.

Let b > 0 with h(H)jb. Let " 2 (0,b). Let 2 N and K > 0, with + 1, by as given by Lemma
Then h y =h(H) if h(H) > 0, and h <™ if h(H) = 0. Also, H(U ) integrable, by the
integrability assumption in the statement of the result being proved.

Let B4,B,,...,B be a minimal collection of open balls of radius K, each of them centred at a
point on the boundary of B(4K), such that their union contains the boundary of B(4K). Let B be
the ball B(K).

We shall apply Lemma[10.3with =5K, withm=( +1) ,andwith S as follows. Let S be the
set of configurations of m=( +1) pointsin B( )= B(5K), such that each of B4,...,B contains
at least  points, and [;_, B; contains exactly points, and also the ball B, contains exactly
points (so that consequently there are no points in B(5K) n [;_,B;). A similar construction (using
squares rather than balls, and with diagram) was given by Avram and Bertsimas [[1] for a related
problem.

With this choice of and S, let the locations x , j = Xsk n j, the balls B, ; = Bsk ,j» the indicators
Is n,j» and the variables Ng , and J(S , n, ) be as described just before Lemma|10.3, By that result,
we can (and do) choose = 0 such that (10.12)) holds.

For1 “ Ng p, the point process r, 3 Xsk,nds ) + (Xn \ Bsk s ) has  points within
distance K of the origin, and also at least points in each of the balls B4,...,B .

Since +1, for any point configuration in S , each point inside B(K) has its nearest neighbours
also inside B(K). Also none of the points in B(5K)nB(K) has any of its nearest neighbours in B(K).
Finally, any further added point outside B(5K) cannot have any of its nearest neighbours inside
B(K), since the line segment from such a point to any point in B(K) passes through the boundary
of B(4K) at a location inside some B;, and any of the or more points inside B; are closer to the
outside point than the point in B(K) is. To summarise this discussion, the points in B(K) are shielded
from those outside B(5K).

Given n, let W((lll) Ko ,W((b+ri§) cx De a collection of (marked) point processes which are each
distributed as U, 5 conditioned on U,y o 2 S, independently of each other and of X,.
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Forl1 j b ncsetV:= H(W((jll) 5K \ B (K)), so that V;,V,,... V, 4 are random variables

distributed as independent copies of H(U ), independent of X;,. Define S?] and S, by

min(b X&Ns ) (b ncyds n)*
st = Ha(X, \B (Xsk nis ney: Kn))i  Spi=S)+ V..
‘=1 j=l

Also set Y, :=H,(X,) S

Thus S?1 is the total contribution to H,(X,) from points in B (Xskn (s n:Krn), 1
min(b nc,Ng ). On account of the shielding effect described above, S, is the sum of b nc in-
dependent copies of a random variable with the distribution of H(U ). Moreover, we assert that
the distribution of S,,, given the value of Y, does not depend on the value of Y,, and therefore S, is
independent of Y,,.

Essentially, this assertion holds because for any triple of sub- -algebras F;,F,, F3, if F; _F5 is

independent of F3 and F is independent of F, then F; is independent of F, _ F3 (here F; _F;

is the smallest -algebra containing both F; and F;). In the present instance, to define these
-algebras we first define the marked point processes Y; for1 j b nc by

8

<1, 1 Xsknaes i) * Kn NBog s p)) 11§ min( nc,Ns p)

(J Ns.n) ] ]
( +1)S 5K ifNs ,<j b nc

Yj::_
-W

Take F; to be the -algebra  generated by the wvalues of J(S,n1),...,
J(S,n,min(b nc,Ng ,)) and the locations and marks of points of X, outside the union of
the balls Bsy n (s 1)+ -+ Bsk,ni(s nmin neNs ) Take F» to be the -algebra generated by the
point processes Y; \ B (5K)nB (K),1 j b nc. Take F; to be the -algebra generated by the
point processes Y;\ B (K),1 j b nc. Then by Lemmaand the definitionof S, F; _F,
is independent of F; and F, is independent of F»,, so F; is independent of F, _ F3. The variable
S, is measurable with respect to 4, and by shielding, the variable Y, is measurable with respect to
F, _ F3, justifying our assertion of independence.

By the assumptions of the result being proved, H,(X,) and S, are integrable. Clearly
n*2P[H,(X,) & Y, +S,] is at most n**2P[Ng , < n], which tends to zero. Also, as with (10.14)
in Case (i), we have that n l=2Ean(Xn) (Y, +S,)j tends to zero by , and Y, is integrable.
By (.9).

b nc 22(H,(X,) EH,(X,) TNQ@ ! 32, (10.17)

and so, since h jb;, Theorem [2.1]is applicable with Z, = H, (X)), yielding
C

sup ( MMPIHL(X,) 2 [u,u+Dby)] 2 p u EHA(X,)

— 10,
fu2Rg ( nt=2 1=

asn ¥ 1. Multiplying through by 12 yields 1) for this case, when b; = b. If b; & b, we can
complete the proof in the same manner as in the proof for Case (i). O
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11 Proof of Theorems|5.2|, (5.3 and |5.4]

The proofs of Theorems[5.2] [5.3|and[5.4] all rely heavily on Theorem 2.3 of [20] so for convenience
we state that result here in the form we shall use it. This requires some further notation, besides the
notation we set up earlier in Section

As before, we assume (X, X ) is a translation invariant, measurable R-valued function defined for

all pairs (x, X ), where X RY M is finite and x is an element of X . We extend the definition

of (x,X )tothecase where X RY M andx2 (R M)nX , by setting (x,X ) to be
(x, X [ fxg) in this case. Recall that H( ) is defined by (5.3).

Let T be an M -valued random variable with distribution Py, , independent of everything else. For

> 0 let M be a Poisson variable with parameter , independent of everything else, and let
P be the point process fX4,...,Xyu g, which is a Poisson point process with intensity f(). Let
P =1(X{,T1),...,(Xm » Tm )g be the corresponding marked Poisson process.

Given >0, we say is -homogeneously stabilizing if there is an almost surely finite positive
random variable R such that with probability 1,

(0. T);(H \B G:R)LY)= ((0,T);H \B (0;R))

for all finiteY (RYnB(0;R)) M. Recall that supp(f) denotes the support of f. We say that is
exponentially stabilizing if for 1 and x 2 supp(f) there exists a random variable R, such that

(( 9%, T); ¥9P \B (x; ¥R, )HLY)
= (( ¥, T); TP NB (x; YR, )
forall finiteY (R%nB(x; 'R, ))) M, and there exists a finite positive constant C such that
P[R,, >s] Cexp( C 1), s 1, 1, f 2 supp(f).

For k 2 N [ fOg, let T, be the collection of all subsets of supp(f) with at most k elements.
For k 1 and A = fxq,...,x,g 2 Ty nTy 4, let A be the corresponding marked point set
(X1, T1), ..., (Xk, T )g where Tq,..., Ty are independent M -valued variables with distribution Py,,
independent of everything else. If A 2 Ty (so A = ;) let A also be the empty set.

We say that is binomially exponentially stabilizing if there exist finite positive constants C," such
that for all x 2 supp(f) and all landn2 N\(@ ") ,(2+"™) ),and A 2 T,, thereis a
random variable R, , o such that

(C 7%, T); B9, LA)INB (x; ¥R, naNLY)
= (( ¥%,T); ¥UX, LA )I\NB (x; YRy na))) (11.1)

for all finite Y  (RYnB(x; YR, ,a)) M, and such that all 1andalln2 N\ ((1
"y ,(1+") ),and all x 2supp(f) andall A 2T,,

P[Ry, na >s] Cexp( C1s), s 1.
Given p >0 and " > 0, we consider the moments conditions

sup EL (( %, T); P [A)Fl<1 (11.2)
1,x2supp(f),A2S;
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and

sup EL (( ¥, T); ¥(X, [A)I<1. (11.3)
1,n2N\((1 ") ,(1+") ),x2supp(f),A2S3

Theorem 11.1. Suppose H = H() is induced by translation-invariant . Suppose that is f (x)-
homogeneously stabilizing for Lebesgue-almost all x 2 supp(f), and is exponentially stabilizing,
binomially exponentially stabilizing and for some " > 0 and p > 2 satisfies and (11.3). Suppose
frax < A and supp(f) is bounded. Suppose ( (n),n 1) is a sequence taking values in R* with
i () nj=0(n¥™?)asn ¥ 4. Then there exists 0 such that

n 1:2(H( )( (n)l:dxn) EH¢ )( (n)1=dxn)) D! N (0, 2)’
andn Var(HO( (n)¥X ) ¥ 2asn ¥ 1.

Theorem [11.1}is a special case of Theorem 2.3 of [20]], which also provides an expression for in
terms of integrated two-point correlations; that paper considers random measures given by a sum
of contributions from each point, whereas here we just consider the total measure. The sets 4
and (for all 1) in [[20] are taken to be supp(f). Our is translation invariant, and these
assumptions lead to some simplification of the notation in [[20].

Proof of Theorem The condition that (x;X ) has finite range implies that H = HO) has
finite range interactions. Since has finite range r, is -homogeneously stabilizing for all >0,
exponentially stabilizing and binomially exponentially stabilizing (just take R = r, R, = r and
Rx, na =1).

We shall establish by applying Theorem|[11.1] We need to check the moments conditions
and in the present setting. Since we assume that f,,, < 1, forany > 0andany n2 N with
n 2 ,andany x 2 supp(f), the variable card(X, \ B (x;r 1=dy) is binomially distributed with
mean at most ¥ 4f...2r%. Hence by Lemma(8.1] there is a constant C, such that whenever n 2
and x 2 supp(f) we have

Plcard(X, \B (x;r ¥)>u] Cexp( u=C), u 1. (11.4)
Moreover by and the assumption that has range r, for A 2 T3 we have
EL ("% 1) "X, LA N “E[(d+card(X,\B (x;r )" ]

so by (11.4) we can bound the fourth moments of (( *9x,T); ¥9(X, [ A )) uniformly over
(x, ,n,A)2supp(f) [1,1) N Tzwithn 2 . Thisgivesus (11.3) (forp=4and" =1=2)
and (11.2) may be deduced similarly.

d

Hence, the assumptions of Theorem are satisfied, with (n) in that result given by (n)=r_".

By Theorem for some 0 we have (5.5) and (5.9). Then by Theorem we can deduce
that > 0andh(H) < A and (5.6) holds whenever h(H)jb. O

Proof of Theorem Under condition (5.2)), the functional H(X ) can be expressed as a sum
of contributions from components of the geometric (Gilbert) graph G(X, ), where X := (X )
is the unmarked point set corresponding to X (recall that denotes the canonical projection
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from RY M onto RY.) Hence, H(X ) can be written as H( (X ) where (x;X ) denotes the
contribution to H(X ) from the component containing (x), divided by the number of vertices in
that component. Then (x;X ) is unaffected by changes to X that do not affect the component of
G (X, ) containing (x), and we shall use this to demonstrate that the conditions of Theorem|11.1]
hold, as follows (the argument is similar to that in Section 11.1 of [[18]]).

Consider first the homogeneous stabilization condition. For > 0, let R( ) be the maximum Eu-
clidean distance from the origin, of vertices in the graph G(H [fOg, ) that are pathwise connected
to the origin. By scaling (see the Mapping theorem in [[15]]), R( ) has the same distribution as
times the maximum Euclidean distance from the origin, of vertices in G(H « [ fOg,1) that are
pathwise connected to the origin. Then R( ) is almost surely finite, forany 2 (0, ¢ ,).

Changes to H at a distance more than R( ) + from the origin do not affect the component
of G(H [ fOg, ) containing the origin and therefore do not affect ((0,T);H ). This shows
that is -homogeneously stabilizing forany < 9 , and therefore by assumption 1; the
homogeneous stabilization condition of Theorem holds.

Next we consider the binomial stabilization condition. Let x 2 supp(f). LetR, | beequalto plus

the maximum Euclidean distance from **9x, of vertices in G( *(X, [ fxg), ) that are pathwise
connected to  “x. Changes to X, at a Euclidean distance greater than ™R, | from x will

have no effecton (( ¥9x,T); ¥IX).

Using 1) let " 2 (0,1=2) with (1 +")? 9f,, < . The Poisson point process Pra+) ==
L. ST X Myzamy 9 is stochastically dominated by Hy¢__ (14 (we say a point process X is stochasti-
cally dominated by a point process Y if there exist coupled point processes X, Y ! with X? Y

almost surely and X having the distribution of X and Y ? having the distribution of Y ). Hence by
scaling, ™ P+ is stochastically dominated by Hy¢ _ (14+- , and hence we have for n a+"

that ¢ Pn+m is stochastically dominated by H¢ ;2. Therefore for u>0,
P[Ry, n>Ul P[Mpasry <nl+PR(L+")fma)>u 1. (11.5)

By scaling, the second probability in equals the probability that there is a path from the origin
in G(H aq4my2¢ [ 70g,1) to a point at Euclidean distance greater than u 1 from the origin.
By the exponential decay for subcritical continuum percolation, (see e.g. Lemma 10.2 of [[18]]), this
probability decays exponentially in u (and does not depend on n).

Let :=diam(supp(f)) (here assumed finite). By Lemma[8.1] the first term in the right hand side
of decays exponentially in n. Hence, there is a finite positive constant C, independent of
such that provided we have n> (1 ") ¥ we have forallu  ¥9( + ) that

P[Myg+ny<nl Cexp( C * *%) Cexp( (( + )C) *u).

On the other hand P[R, ,>u] =0 foru> 1=d(¢ + ). Combined with (11.5) this shows that
there is a constant C such that for all (x,n, ,u) 2supp(f) N [1,,1)>withn (1+") ,we
have

P[Rx, n>u] Cexp( u=C). (11.6)

Now suppose A 2 T3, and x 2 supp(f). Let R, , A beequal to plus the maximum Euclidean
distance from 79x, of vertices in G( (X, [ A [fxg), ) that are pathwise connected to *9x.
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Changes to X, [ A at a Euclidean distance greater than 1=dRXY n.a from x will have no effect on
(( ¥9x,T); ¥U(X, [A ));thatis, (11.1) holds. To check the tail behaviour of R, A, SUppOse
for example that A has three elements, x4, X, and X3. Then it is not hard to see that

Rx, JNA Rx, n + Rxl, ,n + sz, n + Rx3, ,ns

and likewise when A has fewer than three elements. Using this together with (11.6), it is easy to
deduce that there is a constant C such that for all (x,n, A, ,u)2supp(f) N T3 [1,1)?with
n (1+") ,andwe have

P[Rx, na =>Uu] Cexp( u=C). (11.7)

In other words, is binomially exponentially stabilizing.

Next we check the moments condition (11.3)), with p = 4 and using the same choice of " as before.
By our definition of and the growth bound (5.13), we have for all (x,n, A, ) 2supp(f) N
T, [1,1)°withn  (1+")that

EL (( ¥, T); ¥, [A)*1 “E[(card(C)+diam(C))* 1, (11.8)

where C is the vertex set of the component of G( (X, [ A [ fxg), ) containing ™9x. By
(11.7), there is a constant C such that for all (x,n,A, ,u) 2 supp(f) N T3 [1,1)? with
n (1+") we have

P[diam(C) >u] Cexp( u=C); (11.9)
Moreover,

P[card(C)>u] P[diam(C) > u¥?D]+ P[card(X,\B(x; ¥ CDy)>u 4]
(11.10)

and the first term in the right hand side of (11.10) decays exponentially in u>?% py (11.9). Since
card(X,\ B(x; ¥9urM)) is binomially distributed with

E [card(X,\ B(x; F9u¥CDy)] ul?w f .n=,
by Lemma8.1] there is a constant C such that for all (x,n, ,u) with n (1 +") we have that
Plcard(X,\B(x; ¥u¥CD)>u 4] Cexp( C ).

Thus by (11.10) there is a constant, also denoted C, such that for all (x,n, A, ,u) withn a+"
we have
P[card(C)>u] Cexp( C lu €Dy,
and combining this with (11.9) and using (11.8)) gives us a uniform tail bound which is enough to
ensure (11.3). The argument for (11.2) is similar.
Thus our satisfies all the assumptions of Theorem and we can deduce (5.5) and (5.9) for
5.1

some 0 by applying that result with  (n) =r_ d. Then by applying Theorem 5.1, we can deduce
that >0 and h(H) < A and (5.6) holds whenever h(H)jb. 0
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Proof of Theorem Suppose the hypotheses of Theorem hold, and assume without loss of
generality that (x,X ) = 0 whenever X n fxg has fewer than elements. We assert that under
these hypotheses, there exists a constant C such that for all (x,n, ,u) 2supp(f) N [1,1)? with
n2[ =2,3 =2]and n , we have

P[ ¥R ((x,T);X,)>u]l Cexp( C 'u). (11.11)

Indeed, if supp(f) is a compact convex region in RY and f is bounded away from zero on supp(f),
then is demonstrated in Section 6.3 of [[20], while if supp(f) is a compact d-dimensional
submanifold-with-boundary of RY, and f is bounded away from zero on supp(f), then (11.11)
comes from the proof of Lemma 6.1 of [[24].
Itis easy tosee that is -homogeneously stabilizing forall > 0. Also, forany (x, A) 2 (supp(f)
T3) we obviously have R ((x,T);X [A ) R ((x,T);X )and hence by (11.11), is binomially
exponentially stabilizing, and exponential stabilization comes from a similar estimate with a Poisson
sample.
We need to check the moments conditions to be able to deduce via Theorem With
as in the growth bound (5.14), we claim that there is a constant C such that for any A 2 T,
any x 2 supp(f), and any u > 0, and for all (x,n,A, ,u) 2 supp(f) N T3 [1,1)? with
=2 n 3 =2,andn , we have

PO (( ¥9%,T); ¥(X, LA Di>ul P[ @+ R ((x,T),X,)) >u]
Cexp( C u®¥). (11.12)

Indeed, the first bound comes from (5.14), and the second bound comes from (11.11). Using

(11.12)), we can deduce the moments bound (11.3) for p = 4 and " = 1=2. We can derive (11.2)
similarly. Thus Theorem is applicable, and enables us to deduce (5.5) and (5.9) for some

0, in the present setting. Then by using Theorem 5.1} we can deduce that > 0and h(H) >0
and (5.6)) holds whenever h(H)jb. 0
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