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ON SYMMETRY BREAKING FOR THE NAVIER-STOKES
EQUATIONS

TOBIAS BARKER, CHRISTOPHE PRANGE, AND JIN TAN

ABSTRACT. Inspired by an open question by Chemin, Zhang and Zhang about
the regularity of the 3D Navier-Stokes equations with one initially small com-
ponent, we investigate symmetry breaking and symmetry preservation. Our
results fall in three classes. First we prove strong symmetry breaking. Speci-
fically, we demonstrate third component norm inflation (3rdNI) and Isotropic
Norm Inflation (INI) starting from zero third component. Second we prove
symmetry breaking for initially zero third component, even in the presence of
a favorable initial pressure gradient. Third we study certain symmetry pre-
serving solutions with a shear flow structure. Specifically, we give applications
to the inviscid limit and exhibit explicit solutions that inviscidly damp to the
Kolmogorov flow.

1. INTRODUCTION

Symmetries preserved by evolution play an important role in the mathematical
theory of the Navier-Stokes equations and Euler equations:

o’ +u” - Vu” + VP = vAu” inRy xT3 dive” =0, v>0. (1.1)

On the one hand, certain preserved symmetries lead to the preservation of certain
structures that grant smoothness of solutions [33], [4I]. On the other hand, pre-
served symmetries reduce the number of degrees of freedom of the Navier-Stokes
and Euler equations, which can make it possible to prove or numerically investigate
the existence of singularities [22], [14], [26] 27].

In this vein, in recent years there has been a substantial amount of activity
aimed at showing that additional assumptions of one component of the velocity field
(solving the Navier-Stokes equations) imply that the solution is regular. On the
other side of coin, this corresponds to showing that solutions of the Navier-Stokes
equations that become singular must do so in an isotropic manner. Research in this
direction was initiated in the seminal paper of Neustupa and Penel [37]. Since then
there have been many contributions to one-component regularity for the Navier-
Stokes equations, with recent contributions showing regularity provided that one-
component of the velocity field has a finite norm either almost preserved [10} [11]
or preservecﬂ with respect to the Navier-Stokes scaling symmetry [12] [13], 43].

The purpose of this paper is to understand the dynamics of the Navier-Stokes
equations when one-component of the initial data is zero. Throughout we will set
the third component of the initial data to be zero, without loss of generality. Our
main motivation is an open question raised by Chemin, Zhang and Zhang [I3] when
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1Currently one component regularity criteria in terms of norms preserved with respect to the
Navier-Stokes scaling symmetry, involve spatial norms with some differentiability or Lorentz time
norms. It remains a long standing open problem if a solution to the Navier-Stokes equations u,
with third component uz € LI(0, T; LP(R?)) (% + % =1, p € [3,00]) is smooth on (0,7] x R3.
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2 T. BARKER, C. PRANGE, AND J. TAN

discussing endpoint one-component regularity criteria. Specially, in [I3, page 873],
Chemin, Zhang and Zhang formulate the following open question:

(Q) [If] for some unit vector e of R3, [the component of the initial
data) |luin - e||H 3 is small with respect to some universal constant,

is it implied that there is no blow up for the Fujita-Kato solution
of (NS)?

1.1. Main results of the paper. In relation to the aforementioned open problem
(Q), our first two results show that initial data with zero third component can
exhibit third component norm inflation (3rdNI, Theorem and Isotropic Norm
Inflation (INI, Theorem with respect to critical norms specified in [7].

Theorem A (strong symmetry breaking). For any 0 < 6 < 1, there exists mean-
free COO(T3) solenoidal initial data uy, and ﬂi,ﬂ with vanishing third component,

[ in = Tinll g1 = lluihy = @ll s <9,
and such that the following holds true.
There exists a unique solution u (resp. @) of the Cauchy problem (L.1)) subject to
initial data iy, (resp. i) belonging to C°((0,T] x T3) for some time 0 < T < §
with 43 =0 on [0,T] x R and

_ 1
(T, ) = (T, pr . = (Tl > 5.
Moreover,
. 1
min ([[u (T, )[[zs, [0*(T, )| 2o, [ (T, ) [ 13) > 5 (1.2)

Theorem [A] does not provide negative evidence towards (Q), but demonstrates
that regularity in that case can only be granted by a yet to be discovered mechanism
unrelated to the preservation of smallness of the third component of the correspond-
ing solution. However, the solution in Theorem |A| remains small in Bo_ol’oo at T in
certain directions (see the discussion in subsection [1.3). Thus, the construction
in Theorem [A] does not rule out the possibility that solutions, with initial third
component equal to zero, remain small along some time-varying direction. Such a

possibility is in fact ruled out by our second result below.

Theorem A’ (strong isotropic symmetry breaking). For any 0 < § < 1, there
exists mean-free C’OO(T3) solenoidal initial data ui’| and Uy, with vanishing third
component,

[ in = Tinll g1 = lluihy = @hll s <9,
and such that the following holds true.
There exists a unique solution u of the Cauchy problem (1.1) subject to initial data
uin belonging to C>((0,T] x T?) for some time 0 < T < & and such that

inf  |u(T,-)-eflp2 > (1.3)

ecR3:|e|=1 g
We dub the norm inflation in all directions in (1.3]) ‘Isotropic Norm Inflation’
(INT).
Now define the initial pressure P,, associated to a given solenoidal initial data
Uuin, which satisfies

— APy, i= Vi, ¢ (V) ™. (1.4)

2This data has the structure given by (1.8). Our result shows that the solution map is not
continuous at %, in the critical space BO_OI,OO.
3This data has the structure given by (2.21)).
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Note that the initial data used to prove Theorems[A]and [A”] which will heuristically
be described in subsections [[.2]1.3] both necessarily generate an initial pressure
Py, that satisfies 3P, # 0. From the equation for the third component of the
associated solution , it is qualitatively clear that such an initial pressure will
always produce a solution that breaks the symmetry of the third component zero.
In this regard, we call pressure of this type unfavombleﬁ Notice that there are other
examples of plane-wave initial data that demonstrate symmetry breaking. We refer
for instance to Figure [I] that shows breaking for the Taylor-Green vortex

Uin (X1, T2, x3) = (8inx1 COS T3 cOS T3, — COS 1 Sin T cos x3, 0).
Notice that
AP, = 2(cosx3)? ((cos x1 cosxo)? — (sinz; sin x2)2)

so that the pressure for the Taylor-Green vortex is also unfavorable.

0.24
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0.0 T T T T T T
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0.0 T T

0.03 A
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0.011

0.00 1

FIGURE 1. Taylor-Green  vortex solution of  Navier-
Stokes with viscosity v = 1071, From top to bottom:
Ju' (o) rersy,  NwCot)llprersy and  [[u?(-, )] L1 (zs)- This
simulation shows breaking with initial pressure unfavorable
(see Footnote for a definition) to symmetry preservation.
Choice of parameters: total time 7' = 10 and time step
dt = 1072; spectral code by Mikael Mortensen taken from
https://github.com/spectralDNS/spectralDNS with (2°)3
mesh points.

4The terminology unfavorable refers here to the fact that the pressure is unfavorable to sym-
metry preservation.
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As a consequence of the above, for initial data wu;, with zero third component,
we say that an initial pressure P, is fcwombleﬂ if

divpul!, =0 with 93P, =0, where — APy, := Vyul : (Vyul

in in

)T, (15)

For a favorable initial pressure, the equation for the third component of does
not immediately imply that the third component of the solution breaks symmetry
and becomes non-zero. In the Theorem below we are able to demonstrate an
initial data, which has zero third component and favorable initial pressure, yet
the corresponding solution breaks the symmetry and has non-zero third component
on some time interval.

Theorem B (symmetry breaking despite favorable pressure gradient). We con-
sider the initial data

(1.6)

N +sinzs >
cos T1 , 0

N

which has favorable initial pressure gradient in the sense that 03Py, = 0, see .
Then there exists a positive constant Ny such that for any N > Ny, the initial data
given by generates a unique solution u to the Navier-Stokes equations (|1.1))
on [0,1] x T3 that satisfies

Uin= (COS 2N +sinxs’
3

t2

7 (1.7)

[ (¢, )| oo 2y ~

forany0§t§$<<l.

Remark 1 (comparison to other symmetry breaking results in the context of non-u-
niqueness). The non-uniqueness numerical results of Guillod and Sverék [24] con-
cern Leray-Hopf solutions of the Navier-Stokes equations that break a symmetry
class. In the context of the Euler equations and convex integration, symmetry
breaking and restoration mechanisms were explicitly investigated in [2]. The non-
uniqueness results for dissipative solutions of Euler by Scheffer [38], Shnirelman
[40], De Lellis and Székelyhidi [21], Isett [29] and for weak solutions of Navier-
Stokes by Buckmaster and Vicol [8] can also be seen as symmetry breaking results.
Our results are in a different vein though. We show breaking of symmetry on some
time interval where the solution is unique and smooth.

Remark 2 (comparison to other symmetry breaking results in the context of singu-
larity formation). Let us mention that symmetry breaking of the third component
plays a role in Hou’s recent numerical investigation of potentially singular axisym-
metric Navier-Stokes solutions [27]. There the initial data has third component
zero, yet it is subsequently observed in the numerics that ‘near the symmetry axis,
the upward axial velocity dominates the angular and radial velocities’ [27, page 2].

Remark 3 (isotropic motion with initial third component zero). For the construction
in Theorem one can also show that for all e € R? with |e| = 1:

1
Thus at time 7', the velocity field is comparable in all unit directions with respect
to the BZ!__ norm, despite evolving from initial data with zero third component.

00,00

5The terminology favorable refers here to the fact that the pressure is favorable to symmetry
preservation. We demonstrate, see Theorem E that favorable pressure is still not enough to
preserve the vanishing of the third component of the velocity, if it is zero initially.
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FicURE 2. Simulation of the Navier-Stokes equations with
viscosity ¥ = 107! and initial data from Theorem taking
N = 1.1. From top to bottom: Hul(-,t)”Ll(Ta), Hu2(-,t)||L1(T3)
and |[u?(-,t)|| L1 (rs). This simulation shows breaking despite initial
pressure favorable (see Footnote [5| for a definition) to symmetry
preservation. Choice of parameters: total time 7" = 10 and time
step dt = 1072; spectral code by Mikael Mortensen taken from
https://github.com/spectralDNS/spectralDNS with (2°)3
mesh points.

Further results. Our interest here is on flows that preserve the symmetry u? = 0
and on applications of such flows.

There are indeed flows solving Navier-Stokes and Euler that have a shear-flow
structure and keep the third component identically zero, as for instance the plane
parallel channel flows (u!(x3,t),u?(x1,x3,t),0) introduced by Wang [44]. Rotating
these flows gives rise to a whole family of symmetry preserving pressureless shear
flows that we dub ‘2.75D shear flows’, which are defined as follows. Let A € Z be a
constant. Consider the initial data

uin = (f(Az1 + 22, 23), —Af(Az1 + 22, 23) — g(23),0), =z €T (1.8)

In fact, in the case that u;, merely belongs to L?(T?) (that corresponds to f or g
being rough), one can obtain a Leray-Hopf weak solution to the problem (1.1f) with
v > 0, and initial data u;,, given by

u” = (F,(t, Aty + 2, x3), —AF, (t, \£1 + T3, 73) — €% g(x3),0) (1.9)
where F, : Ry x T? — R is the unique global-in-time solution to
{atF,, — % g(yy) W F, = (N> +1)0? + 02)F, in T2 xR, (110
F (0, 51,92) = f(y1,92)-

For more insights about the derivation of these flows, we refer to Appendix [A]
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Remark 4 (2.75D shear flows for Euler). One also has ‘2.75D shear flows’ that solve
the Euler equations in a distributional sense:

uP(t,x) = (f()\xl +xo+tg(xs), z3), —Af(Ax1 + 22 +1tg(x3), x3) —g(xg),O), (1.11)
where f € L%(T?) and g € C>°(T?).

Inviscid damping. In Section [4.1] we show that the 2.75D shear flows for Euler,
see Remark [ inviscidly damp to the Kolmogorov flow. The Kolmogorov flow
uf = (0,sinx3,0) is a stationary solution of the 3D Euler equations in T. In [20]
Coti-Zelati, Elgindi and Widmayer exhibit 2D stationary solutions to the Euler
equations near u€ | thus demonstrating a lack of inviscid damping near . On the
other hand, 2.75D shear Euler flows can be used to produce explicit solutions
that inviscidly dampﬂ to uf® for large times. This and [20] show that dynamics near
the Kolmogorov flow in T? are rich and no generic behavior can be expected.

Vanishing viscosity. In Section we investigate the vanishing viscosity limit for
2.75D shear flow solutions of Navier-Stokes that are Onsager supercritical. Turbu-
lence theory from [30} BI], B2] predicts that if u” is a weak Leray-Hopf solution in
T3 x (0, 00), with viscosity v and initial data u;,, then generically one has anomalous
dissipation:

T

1iminfy//\vuV|2dxds > 0. (1.12)
v—0

0 T3
It is known that if and the vanishing viscosity limit holds in suitable topology,
then the corresponding Euler flow u” must belong to Onsager supercritical spaces
such as C5~ or Ho~. See [19] and [I5], for example.

Using 2.75D shear flows for the Navier-Stokes and Euler equations, we show in
Propositions [4.1] and [£:2] that the vanishing viscosity limit and the corresponding
Euler flow belonging to Onsager supercritical spaces are not sufficient conditions
for anomalous dissipation. Moreover in Proposition [.1} we build upon the work of
[] to give an example of a rough solution to the 3D Euler equations that satisfies
the local energy balance.

1.2. Heuristics for strong symmetry breaking. In this subsection, we give
some heuristics for Theorem [Al

The mechanism to get norm inflation in the critical Bgofoo space is well un-
derstood thanks to the work of Bourgain and Pavlovié¢ [7], and later Yoneda [45]
and Cheskidov and Dai [I6]. We mention here also the work of Wang [42], which
demonstrates norm inflation phenomena in the spaces B;O%q for 1 < ¢ <2, but the
construction is different from the one considered here.

Our point here is to explain how to get norm inflation on the third component
(3rdNTI), starting from data with third component equal to zero as in the case of
Theorem [A] Such norm inflation on the third component cannot be obtained from
the previously known constructions.

As a starting point, let us consider the general plane-wave initial data

K(r) Z Aj(vcos(kj - z) + v cos(kj - z)). (1.13)

j=1

Here v, v/ € R? are fixed constant vectors, £(r) is some function such that x(r) — 0
when r — 00, A; € [0,00) is a sequence of amplitudes growing geometrically, and
k. kj € R3 are two sequences of vectors whose magnitudes (approximately) grow at
a geometric rate. Hence the initial data given by is a superposition of highly

6We thank Hao Jia for this observation.



e

oscillating plane waves. This data covers the situations studied in [7, 45] [16]. In all
these studies, x(r) and the sequence A; need to be finely tuned in order to produce

a small BZ!._ norm at the initial time but then a large BO_OI’ norm after a short

00,00

time has passed.
We now describe the geometric constraints that we put on the vectors v, v/, k;
and kg. There are two obvious conditions. First, in order to satisfy the divergence-

free condition, we impose

o0

v-kj=0=v"-Kkj (3rdNI Condition 1)
Second, in order to have vertical velocity zero initially, we impose
vees=v -e3=0 (3rdNI Condition 2)

where e3 is the third vector of the canonical basis of R3. In order to produce norm
inflation in Bgo{oo from this superposition of highly oscillating plane waves, one
needs to produce a non-oscillating function from the interaction of the term oscil-
lating with wavenumber k; and the term oscillating with wavenumber k}. Hence,
following [7], 45], [16], we impose that there exists a fixed constant vector n € R?
such that
ki —kj=mn. (3rdNT Condition 3)
The norm inflation mechanism can be seen as a backward frequency cascade, pro-
ducing large-scale, non-oscillating, structures from small-scale, highly oscillating,
structures.
We now investigate the conditions needed to get norm inflation of the third
component. A computation of the second Duhamel iterate leads to the following

inflation term
t

K(r)2 Y (/e—<lkﬂ2+lk3|2><f—3>ds)7>(sm(n ) (v = (v ky)v). (1.14)
Jj=1 0
Notice that the third component of
sin(n - z)((v - k)v' — (v - kj)v) (1.15)

is zero. Hence, in order to get norm inflation on the third component, one needs
the quantity in to have a non-zero divergence, which will impose further
constraints on k;, ki, v, v/ and . This is in stark contrast with previous studies
[7, 45l [16], where the quantity in is divergence-free and hence the norm
inflation term remains in the span of v and v'.

Computing the Helmholtz-Leray projection in the norm inflation term we
get

P(sin(n - z)((v - k)v' — (v/ - k;)v)

—sin(n - 2) (v KV = (v/ - Ky)v = #((v KW ) = (v ) (v m)) ).
(1.16)

Therefore, we need

n-es#0 (3rdNTI Condition 4)
and

(v K - m) = (v ky) (v m) #0

in order to have norm inflation on the third component of the velocity. Using
(3rdNI Condition 1f) we can rewrite the last condition as

(v k(v - X5) # 0

ie.
v-ki#0 and v'-k; #0. (3rdNT Condition 5)
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Notice that conditions (3rdNI Condition 1))-(3rdNI Condition 5|) are necessary but
also sufficient to have norm inflation on the third component. There are many
possible choices within the constraints (3rdNI Condition 1)-(3rdNI Condition 5.
In particular, taking

v=(1,-X,0) and kj=()\1,2""K)

for A\, K € Z, one has a whole family of initial data u, with u$, = 0 that produces

norm inflation on the third component in BL'._ and such that uj, is close in BO_OI)OO
to a 2.75D shear flow initial data defined in (1.8).

1.3. Heuristics for strong isotropic symmetry breaking. From the previous
subsection, notice that for initial data of the form

k(1) Z Aj(vcos(kj - z) 4+ v’ cos(kj - x))

that satisfies (3rdNI Condition 1))-(3rdNI Condition 5f), the associated inflation term
(1.16) vanishes in the direction 1. Here

k; —k;j =n forallj. (1.17)

This represents a block in using such initial data for obtaining the isotropic norm
inflation (1.3) in Theorem
To overcome this, we instead take initial data of the form

TS

k(1) Z Aj(vjcos(kj - ) + vjcos(Kj - x))

=1
with k_j — kj = 7)j- (118)

Here, vj and v3 vary with j and crucially the low frequency vector n; points in
different directions depending on the index j. Specifically, we glue higher frequency
terms to the initial data in Theorem such that the added terms vj,va and n;
point in different directions depending on j.

The initial data we design in Theorem [A”] can be decomposed into three pieces
Ui = ull) + ul(i) + ul(i’) such that

@_, 3

e cach u;, ’-u, ’ separately generate an associated Navier-Stokes solution with

a norm inflation term, with each of these norm inflation terms being of
comparable size in BZ!

00,007
e the norm inflation term associated to u;, is the sum of the norm inflation

terms associated to u-(l)—u(B)

in in *
Careful choices of vj, VJf, k; and ka then give that the norm inflation terms associated

to ui(i)—ui(j) point in linearly independent directions. This, together with our choices
of vy, va, k; and ka and the fact that BZ' _ is an L>-based space, enable us to

00,00

show that for any fixed unit vector e
(i) the dot product of e with at least one of the norm inflation terms
associated to u'V-u(¥ has a BZ! _ norm with a large lower bound,

in ~%in 00,00

(ii) the lower bound in (i) also serves as a lower bound for the BZ!, norm

00,00
of the dot product of € with the norm inflation term associated to wuy,.

These features then imply that ui, generates a norm inflation term that has large

BZ! _norm in all unit directions. This in turn leads to the results described in

00,00

Theorem [A]



1.4. Heuristics for symmetry breaking despite favorable pressure gradi-
ent. In this subsection, we give some heuristics for Theorem

Let us first explain how we design the initial data. Our objective is to find an
initial data that will generate symmetry breaking despite favorable initial pressure
(see Footnote5)). The two fractions in u;, are there to fulfill the condition 93Py, = 0,
where P,, is defined by . We also remark that the order in ¢ in is expected
because 03P, = 0 at t = 0 formally implies that ,u® = 0 at ¢t = 0. The breaking
is not driven by the vertical derivative of the pressure at the initial time, as is the
case in Theorem [A] and for the Taylor-Green vortex, see Figure

In our proof, the condition N > Ny appears for technical reasons in order to
identify the leading order term. Indeed, for N large, the term involving S; is
the dominant term in the right hand side of . Notice also that the larger
the N, the closer our data is from the two-dimensional data (cosxs,cosx,0) that
generates a unique global two-dimensional solution to 3D Navier-Stokes. This has
two implications. First, one sees, that u;, generates a unique solution to the 3D
Navier-Stokes equations on [0,1] x T2 for N large. Second, the larger the N, the
weaker the symmetry breaking effect should be. This observation is consistent with

the bound O(2/N?) in (1.7).

Remark 5 (on the condition N > 1 in Theorem . Figure [2| shows a simulation
of the Navier-Stokes equations with initial data from Theorem [B| taking N = 1.1.
The graph shows that symmetry breaking happens in spite of the fact that N is
taken small. Therefore we expect that the result of Theorem [B] remains true for
1< N < Ng.

1.5. Outline of the paper. Section 2| is devoted to the proof of strong symme-
try breaking, namely Theorem [A] (see Subsection and to the proof of strong
isotropic symmetry breaking, namely Theorem (see Subsection . Section
addresses the proof of Theorem [B] i.e. symmetry breaking despite pressure favor-
able to symmetry preservation. The last part of the paper, Section [4] is concerned
with some applications of the 2.75D shear flows, which are symmetry preserving
shear flows. This section contains two types of results. First, in Section {4.1] we
investigate inviscid damping effects for 2.75D shear flow solutions of Euler. Second,
in Section we study Onsager supercritical inviscid limits of 2.75D shear flows.
Finally in Appendix[A] we give another perspective on the derivation of 2.75D shear
flows.

1.6. Notations and preliminary results. We begin this section by introducing
relevant notation. We denote by C' positive numerical constants that may change
from one line to the other, and we sometimes write A < B (resp. A <, B) instead
of A < CB (resp. A < C,B with the constant C' depending on a). Likewise,
A ~ B means that C1B < A < C3B with absolute constants Cy, C5. Throughout
the paper, i-th coordinate (i = 1,2,3) of a vector v will be denoted by v?, and
horizontal component of v will be denoted by v". For a real-valued matrix M,
MT represents its transpose, while for two multidimensional real-valued matrices
My, My, My : My denotes their standard inner product. For X a Banach space,
p € [1,00] and T € (0, 0], the notation LP(0,T; X) or L4.(X) stands for the set of
measurable functions f : [0,7] — X with ¢ — ||f(¢)||x in LP(0,T), endowed with
the norm || - [z x) == [lIl - [x|[zr(0,7). We keep the same notation for functions
with several components.

We recall that the Besov spaces B2 (with o > 0) is equipped with the norm

00,00

IOl pz2g, = s 200 e oo,
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Note also that one has the embedding
L3(T%) — B! (T%) (1.19)

for mean-free functions on the torusEI As is usual, we define the bilinear operator
t
B(u,v)(t,x) := —/e(t_T)A’P(u V) (1,2) dt
0

with P the projection on divergence-free vector fields (the so-called Helmholtz-Leray

projection).
We need the following obvious estimates for the one-dimensional heat kernel
1 —lag|?
K(t,z3) := e~ 1, VY (tzs) e Ry xT. (1.20)

Vart

Lemma 1.1. Let g € C°(T), then for any s € R, one has
1 % 9) (s, )l o< (r) < llgllzoe (T
and
(K *g)(s,:) = g()lzeecr) < 519" [l Loe(m)-
Finally, we state a standard absorbing lemma which is useful for our proofs.

Lemma 1.2. Suppose that y : [0,T] — [0,00) is continuous and satisfies y(0) = 0.
Furthermore suppose that for all t € [0,T], y satisfies the following inequality:

2
sup y(s) < a sup y(s)) +b swp y(s) +c,
s€[0,t] s€[0,t] s€[0,t]

with a,b,c >0 and b+ 2ac < %. Then we conclude that

sup y(s) < 2c.
s€[0,T]

2. STRONG SYMMETRY BREAKING

2.1. Proof of Theorem [A] In this section, our objective is to prove Theorem [A]
We investigate the growth of the vertical velocity for the three-dimensional Navier-
Stokes problem supplemented with initial data w;, that is close in the critical
Besov spaces B;O{OO to initial data considered in (L.8). For a heuristic description
of the growth mechanism with a focus on how to produce third component norm
inflation from anisotropic initial data, we refer to Subsection We proceed in
three steps.

"Let us give a short proof of this embedding. For a mean-free function v in L3(T3), for s > 1,

H Z efs\£|zeif'51}(§)HLoo(T3> :H Z 5|f|2673‘£|2e”'5%§|2HLOC(-ﬂ@)

|

€€73\{0} £€73\{0}
1 1
<( X @) X wer)
 Neezd\ (0} gez3\ {0}

C C
S;”U”L?(TB) < ;||U||L3(T3)7

—x

where C € (0, 00) is a universal constant. Notice that we used that the function ze™* is bounded

on R. For s € (0, 1], we rely on the result of Maekawa and Terasawa [35] for instance.
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Step 1: choice of the initial data. Let I'{,I's : N — R be such that
m 1 1
Ty(m):=> = and Ta(m):=T7(m) formeN. (2.1)
j=1
Let r be a large integer (to be specified later). We set initial data u;, and @, as
follows

T

1 k;
3 Ky ' cos(— 2 + (kj + 1)z3)),
u 00 Jz::l \/j(v cos(x1 + a2 + kjas) + v’ cos(—z2 + (kj + 1)z3))
Z— v cos(x1 + x2 + kjx3),
where v = (1, —1,0), v/ = (1,0,0) are vectors and we define the sequence k; =
2%T~2 (j=1,---,r). The existence time 0 < T < 1 is to be determined in terms

of r.
Obviously, @, has the structure (L.8)) by taking

A=1, fly,y2) = Z*VCOS (1 + Ejy2), g=0.

Thus the vertical velocity of the correspondmg 2.75D shear flow remains identically
zero for all positive time.
Notice that

v’ cos(—xg + (k; + 1)z3),

v/ cos(—aa + (kj + 1)z3) e~ (Rt + 11

e (uin — Tin)(2) = & = >

and for appropriate r, we have

T

ki 1 —((kv+1)2+1)8)
7_826 J
Z ,\/>

1
g e, <
o = Tl < iy s

i=1 v/
<t (Zk hekie) < S S 1
su is2e Y = “A\r).
o) s\ S To(r) !

In the above and in what follows, we use that series of the type ..y kjsée_kaz' s

and Z] en b se —kjs are uniformly bounded in s. This can be easily seen by splitting
the sum 1nt0 {7 : 167 % < 1} and its complement.

Step 2: analysis of the second approximation. Now, we analyze the second
approximate solution associated with initial data wi,. In order to do that, let us
first recall uy (t, ) = e*®uy, with

T

1 ks )
uy(t,2)= > 4(VCOS x1 + o + kjas) e Ritt
0=y 2y Vet i73)

+ v’ cos(—x2 + (k;j + 1)x3) e_((kj+1)2+1)t), (2.2)

SWe empbhasize that k; is a scalar. Comparing the data to (1.13), we see that here x(r) := L

Ta(r)?
Aj \[,k —(1,1,k)andkjf:(O,fl,ijrl).
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and vy := B(uy,u;) with

1 T T .
va(t:2) = Foes 22 / =R PU; (7, ) dr,

2:1j:10
where
_kik; +
Uis(r,z) == m(va (7,2) +v' G (7, ))
and

1
G;rj (r,z) = —§(sin (xl + 2w + (kj — ki — 1)333) + sin (xl + (kj + ki + 1)3@3))

e~ (B +(kit1)*+3)7

1
G, ,(r,z) = fi(sin (— 21— 220+ (kj — ki + 1)) +sin (@1 + (kj + ki + 1)1’3))

x e~ ((kj+1)2+k7+3)7
We see that
! kﬂz ! i —(2k24+2k;+4
UJJ(T r) = if(v —v) sin (xl + 229 7%) e~ (2kj+2k;+4)T
J
2
Lk

5 (v + V') sin(z1 + (2k; + 1)a3) e~ (2K +2k; +4)r
J
.t -

=: UJ-J-(7'7 x) + U]-J-(7'7 x).

So we can decompose vp as vy = va1 + Vg2 + V2 3, Where

va1(t, x) Z/ S PU;,rj(T7$)d7'7

vao(t, x) = elt=ma PU; (7, z)dr, (2.3)
J Lo

Ug’g(tx) = ZZ/ P ,j(T -T) +Uj, Z(T S(})) dr.
] 1<y 0

Note that v ; will be the term producing the norm inflation.

Lemma 2.1. We have the following key estimates:

Fl(’l“) 1
llve.1(t, )l Lee(rsy S =TI}(r), fort>0 (2.4)
R R
and for each components of ve1 on the time interval [T/320,T],
1
vz (8 Mgz = 1032 g, = 1034t ) gz RTP(), (25)
1
2,1t Mes = 031t )es = 0312, )llze 2 TF (7). (2.6)
Moreover, fort >0
1 _2
Jona (e Maces 5 gy =T 1), (2.7
1 _2
[v2,3(t, )| oo 13y S =T (), (2.8)

T3(r

~—
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L e

Proof of Lemma[2] First, a direct computation gives that

o=
—~
o
=)
~~

T8 (r) ¢t

P (v —v)sin(zy + 219 — 23)) = ésin(ml + 219 — x3) (—1,1,1).

Then, by the definition of v, ; in (2.3) and the above equality,
s 1(t x 1, 1, 1 Z / (t—7) Sln(xl + 229 — xg) (2k2+2k +4)T dr.
67

Thus for t > 0

[va,1(t, )|z S

ﬂ
<. \ﬁw

/ —2k27' dr < F (r)

5(r)

,1

F
j:].

The vertical component of vy 1 is given by

¢

TN

vg”l(t,x) == L / e sin(z) + 2y — x3) e~ (2K +2k; + )7 g (2.10)
I3(r) = 67 4

Using this and that k27T = 64, we obtain

t

1 N
||’U2 1( )”B 1 z sup < is% /676(t77—+s) 6*4]@]2»7' dT)

I3 s
2(r) s>0 = ;
Tt |
> F21( ) € . /k2 —4kT g
2\r) 3 Y J
1 K1 2
Z z (1 6_4k3t)
N3(r) =
> 1 Tlu_e*)>F“” (2.11)
~ T30 & ~ T30)

for t € [T/256,T] with T < 1. Moreover, we see that the components of vy are

comparable, and due to the embedding (1.19)), we get (2.5 and (2.6]) easily.
Next, let us estimateﬂ v2o(t, ) and uq (¢, x) for t > 0. We have by the definition

of v9s in (2.3)) that

t
1 K 2 >
o < - A —(14+(2k;4+1)%)(t—7) 7(2kﬁj+2kj+4)7—d
Ioaatt e S 5 3 /e : .
- 0

1 — o~ (2k7+2k; —2)t

(2k2 4 2k; — 2)t

A

T
k2t 67(216?+2kj+4)t
130 &

1 i 2 1
< Swesg L
e 2 S

9n the computation follows, we drop the Helmholtz-Leray projector P since its contribution
is harmless.
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(1—67(2k?+2kj72)t . . . .
(2k2+'2k‘72)t is uniformly bounded for ¢ > 0. Similarly,
5 J

from (2.2)) we have for ¢t > 0,

1 T 9l g2 1
VAt e S i S0 (WS

Jj=1

where we used that

Thus, we have shown and .
Finally, using 7 < k — 1 for ¢ < j and Z K < IJ it is easy to see that

—2(kj — k;)? = —2k§ — 2(k; — 2k)k; < —(2k7 + K3).

Therefore we have for v 3

[v2,3(t, )L < Fz
2 g 11<J
t
x/ P)(t=7) 4 o= Chjrhit1) (t— )) U2k T o
0
R 12 2
< kz/efzki(t*ﬂ e kT dr
70 2"
0
3 1.2
. 1 —e 1kt 1
< K2tem ikt < . O
EOP IR e

Step 3: error analysis. We will show that for appropriately chosen 0 < T < 1,
there exists a solution u on [0,7] x T3. We will then analyze the remainder term
w between u and the second iterate. Showing the existence of u is equivalent to
finding w satisfying the integral equation

w=F, + Fy+ Fy (2.12)
with
Fy :=B(w,u1) + B(uy,w) + B(w, va) + B(va, w),
Fy :=B(w,w),
Fs5 :=B(u1,v2) + B(va, u1) + B(va, v2).
Then w is given by u = 41 + v2 + w. From Lemma we have for vy that
[v2(t, Lo S llv2,1 (8 )L + [lv2,2(t )L + [lv2,2(t, )l L~

ST (). (2.13)
From (2.9, we have for ¢t > 0
ur(t, )L~ < F1 ( )2 (2.14)

By the L*° bilinear estimate and estimates —, we havefor 0 <t <T < 1,
t

IB(A, u1)(t, )| gr;é(r)/(t—r)—%r—%ch sup [|A(, )| 1o

te[0,T]

1
1
3 / 1 —S %5_%d5 sup H14(t7)||L°C
J t€[0,T]

_1
ST () e A, )l Lo (2.15)
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t

1B(A; v2)(t, )|~ S Fi%(r)/(t —7)"7dr sup [|A(t, )|z

0 t€[0,T]
ST (VT sup |JA(t, )|z, (2.16)
te[0,T]
t
1B(u1,v2)(t, )| e S T7 3 (r)T3 (1) /(t — )i rdr <1, (2.17)
0
t
|1B(vz,v2)(t, )| S TF(r)TF (1) /(t —7)"2dr ST (VT (2.18)
0
and
IB(A, B)(t,)|L~ S VT sup [|A(t, )|z~ sup || B(t, )|z~ (2.19)
te[0,T] t€[0,T

We take § = Fl_%(r) and T'=I'7 (7). Notice that T < § and vT'(1 +I‘1%(7")\/T) <

_1
I'; ?(r) < 1 for large r. Using this and (2.15))-(2.19)), we can apply [23] Lemma
A.1]. This gives the existence of w € C([0,T] x T?). We also infer that

sup [lw(t, )|l L~
t€[0,T]

S sup (I1B(w, u)ll + [B(w, v2)llL + [Bw, w)l| L + [[Blu, v2)l L
tel0,T

+ [|B(va, v2)|| )
< (Csw ot o) VT + (0750 + TEEVT) sup [, e

ref0.1] tefo.7]
2
(1 +T3 (r )\FT) .

The choice of T' made above allows us to apply an absorbing argument (see Lemma
. Hence we have the following a priori bound for sufficiently large r

1
sup [Jw(t, )|~ STT(r). (2:20)
te[0,7)

We now prove the main theorem. Thanks to Lemma and (2.20)), (2.14), we
conclude that for ¢ € [T'/256,T] and large enough r

(e, M g =l + 03+ 5
> (o3t Mg — a8l g = ot M s
> (o3 1 (t, g — lozalt, Yo — ozt Yz — flur(t, )l
~ Jleo(t, )

1 2 L 1 1
ZIT(r) =T 7 () =T (r) 2T (r) =

57
where we used the embedding (1.19). We finally obtain (1.2)) using (2.6), v =
uj + v2,1 + V2,2 + v2 3 + w and the fact that
1
lur(t )l zoe + [lva,2(E )l Lo + [Jv2,3(E Lo + [[w(E; )L < T7 (r).
This completes the proof of Theorem [A]
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2.2. Proof of Theorem [A’] The outcome of the previous proof is that the data
is well-designed to show the norm inflation on the third component. This
data will serve as a first building block for constructing the initial data for Theorem
[A7l Two other blocks will be added in order to prove Isotropic Norm Inflation as
stated in . The objective of this construction is to rule out the possibility of
compensations between different components.

Step 1: choice of the initial data. Let I'; and I'y be defined as in (2.1)). Let r
be a large integer (to be specified later). We set initial data wu;, as follows:

’I"B

1 k;

Upn==—— Y —=(vjcos(k;-x)+ vicos(ki-x)), 2.21
FQ(T);\/]%J (kj - ) + vjcos(kj - z)) (2.21)

where we define the sequence k; = 23973 (j =1, --- ,7’3and where vj, v}, kj, k]

are vectors which (contrary to the construction in Theorem depend on j in the
following way:

(1,-1,0), 1<j<m, (1,0,0), 1<j<r,
VJ: (17070)’ T+1Sj§7’2, 9 vg: (171a0)7 T"'lSjST'Q,
(1,1,0), r?+1<j<r?, (0,1,0), r24+1<j<r3,
and
(1,1,k), 1<j5<m, 0,-1,k;+1), 1<j<r,
kj = (0,1,kj), r+1<j<r? | K= (=1,1,k;), r+1<j<r2
(1,-1,kj), r+1<j<r3, (1,0,k;), r2+1<j<y

Notice that we have the following relations
vi-kj=0=vj-kj, vj-e3=0=v;- ez,

which guarantee that the data is incompressible and has vanishing third component.
Moreover, we have a low frequency vector

(1327 71)3 1 S] S r,
n; =k — k= 1,0,0), r+1<j<r? (2.22)
(Oa_170)7 7‘2+1§j§7a3

that varies according to j. This is key to the Isotropic Norm Inflation mechanism.
Notice that

I, I<j<m, -1, 1<j<rm,
vickj=¢ -1, r+1<j<r? | vjomy= L, r+1<j<r?
L, rP+1<j<r?, -1, rP+1<j<r8

Step 2: analysis of the second approximation. As above, we consider the
second Duhamel iterate from which the norm inflation comes

vy := B(uy,u1),

10as above, the existence time 0 < T' < 1 is to be determined in terms of r.
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where u; := e'®uy, is the first Duhamel iterate. We identify the inflation term V2,1

by decomposing as above, cf. (2.3)): va = va1 + v2,2 + v2 3, Where

3 t
1 T
—_ (t—7)A +
vo1(t,x) = 20 Z/e PU; (T, 2)dr,
J=1 0
s t
voo(t,x) 1= elt=") PU ;(Tox)dr (2.23)
J 10
vo3(t,x) 1= et=7) Ui j(r,z) +Uj(T, 9:)) dr.
] 1<y 0
Here,
kik; . .
U, (r,z):=— 2\/;7vj ((Vl kJ)<51n((k +k;) - ) + sin((k; — ki) x)) (k1% +1ks %)
+ (vi-kj) (sm((kj + k) - x) + sin((k; — k) - x)>€*7'(|kj\2+|k£|2)>
kzkj / / . ’ —T(‘k/|2+|k,‘2)
2\/17"3'((“ kJ)(Sln((k +k;) - ) + sin((k; — k;) x))@
+ (vi kj)(sm((k’ + ki) - z) +sin((k} — ki) )) —7(|k;j1 k] ))
and
Uji(r,z) = U]Tj(’l', x) + U, (1, ),
with
2 2 112
U7 = =5k (w3 (vj ) sin(dg+14) e

o+ vj(vy - ) sin((K] + k) - z)e 7))

j
Using the relation (2.22)), it appears that

1 1 1)
Ugl(t 1, 5454 26]/ —6(t— ‘re (2k +2k; +4)TS]H(IL’1+2$2*ZL’3) dr

(O’_]'VO) - k2 —(t—7) — (342K T -

*WZ ?§ e (T sin () dr
j=r+1 0

3

k‘2
Z /e (t=7) o= (3+2k)7 Tsin(—xq) dr. (2.24)

7"2+1

Essentially the same arguments as in Lemma 1] yield that for all ¢ > 0

lva,2(t, ) lLoe(rs) S 2 ) = Fl_g(T), (2.25)
[v2,3(E, Moo (rey S T30~ T3 (r), (2.26)
s (2. ) L iyt (2.27)

||L°°('JT3 N m

Let us focus on obtaining a lower bound in BOO « Of the dot product of vg (%, ")
with any unit direction. This is the main difference with respect to the proof of
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Theorem [A| We claim that for all ¢ € [T/320,T], for r > 64,

s
oeri _ l021(6) -ellpo R TT (). (2.28)

To show this, we make use of the structure of the inflation term v 1 in (2.24)
and we also utilize the following simple fact from algebra. Namely for any unit
vector (a, 3,7) € R?,

o -1 «a 0 « 1 1
max 6 |- 1 , s 11 -1 , 68 110 > —.
gl 1 gl 0 gl 0 2
(2.29)

According to (2.29)), first suppose that the unit vector e = («, 3, ) satisfies

le’ -1 1
1 > 2.30
) Ew (2:30)

Using this, the form of vy 1 in (2.24]) and the same arguments as in (2.10)-(2.11)),
we obtain that for ¢ € [1/320,T]

2
1 Sup..os2e” k3 _ _
sup s2 \eSAm,l(t, 0,0,3) el 2 8>0 E / 6(t=7) o =7(2k]+2k;+4) g
s>0

= col

=T

(r).
Hence, in the first case (2.30) we get that for all ¢t € [T//320,T] and r > 64

1
l[o2,1(:-) - ell gz, 2 TT(r)-

For the second case according to (2.29)), suppose that the unit vector e = (o, 8,7)
satisfies
«a 0 1
g -1 ]>—= (2.31)
gl 0 V2

From this, the form of vy 1 in (2.24]) and similar arguments as in the first case, we
obtain that for ¢t € [T/320,T] and r > 64

r? 2
1 SUp,.s2e? k B o2
sups?|e*®uy1(t,5,0,5) e 2 g>0 E (=)= CRH3) g
s>0 j=r+1

>rm
~ T

= wl=

=~ 2T

().

L =
~—

2
1 T
7 2 g
L3(r) j=rt1
Hence, in the second case (2.31)) we get that for all ¢ € [T/320,T] and r > 64
loaa(t, ) - ell gt 2 TH(0).

For the third and final case according to (2.29), suppose that the unit vector
e = (a, 8,7) satisfies

(2.32)
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From this, the form of vy ; in (2.24]) and similar arguments as in the previous cases,
we obtain that for ¢ € [T/320,T] and r > 64

t
—s 2
sup s7[e*2vg 1 (,0,,0) - €| 2 S“ps>0526 Z kﬂ/e—(t 7)o (2K3+3) g
s>0 2 J
Jj=r2+1 0
1 &1L
2 52y 2T
~T3(r) 2 j T3~

j=r2+1

Hence, in the third case (2.32)) we get that for all ¢t € [T'/320,T] and r > 64

1
v21(t,-) - el gz 2 T7(r).
Combing these three cases, we see that we have established (2.28)).
Using ([2.28)) with (2.25)-(2.27]), we see that the final error analysis is carried out

_1
as in Step 3 of Theorem |A| above, chosing § = T', *(r) and T = T '(r). This
concludes the proof of Theorem [A7]

3. SYMMETRY BREAKING IN THE PRESENCE OF FAVORABLE PRESSURE

The objective of this section is to prove Theorem[B] In the following, we construct
an initial data (ul , 0) satisfying condition and such that the condition u® = 0
is instantly broken for the Navier-Stokes problem . For further insights about
the heuristics behind our construction, we refer to Subsection

In this section, we use the data introduced in Theorem [B}

N
Uin= | COS T2 m, COS T1 T
3

First, let us explain why a unique solution u exists on [0, 1] x T? for N sufficiently
large. Let

2D
Uin

and let u?P € L>°((0,1) x T?) be the two-dimensional global solution. Then,

sin xg sin xg
Uin — u?nD = | —coszg ——————, cosz; ,0 (3.1)
N +sinxg N

= (cos xg,cos1,0)

and we see finding u is equivalent to finding U on [0, 1] x T? satisfying
U = e ®(uin — u2P) 4+ B(U,u*P) + B(u*P,U) + B(U,U). (3.2)

Using the previously discussed L°°-bilinear estimates and 7 we see that for
sufficiently large N we can apply [23, Lemma A.1] on successive time intervals to
get existence of U € L>((0,1) x T?) satisfying (3.2).

We rewrite the Navier-Stokes equations as

u=ePuy, + B(u,u).

Now, we define the first and the second approximate solutions in the following
natural way: let u; = e'®u;, and

Uy = ePuy, + v with g := B(uy,uq).

We denote the difference between u and the second approximation us by w. Then
w satisfies the integral equation (2.12)).
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Step 1: analysis of v5. We show that for the initial data u;, the third component
of the first approximate solution uj has a non-zero L* norm for a short time
interval. Notice that
2
et cos xg €93 (7N+£{n =)
uy (t,z)= e~tcosxy W : (3.3)
0

Recalling the definition

t

va(t,x) = —/e(th)AP(ul -Vup)(7, x) dr,

0
we have
¢ e~ 27 cos g sin o F(1,23)
va(t, ) = /e(t_T)AP e 2T sinxy cosxy F(7,23) | dr
0
l 0
= -2 / e 2Tet=AD 0 dr

sin x1 sin xg O3 F'(1, x3)

0

t cos xq sin e O3 F (1, x3)
/6_27 (t— T)A ~A)! sinzy cosy O3F (1, x3) dr
0

2sin x4 sin 2203 F (7, x3)

(3.4)

where F(1,23) 1= Yte¢ _sinzs eTa?»( N )

N N+sinzg

Since we are not able to write an explicit formula for 03 F, we need to determine
the main contributions of 93 F' while keeping control of the remainder parts. Unlike
the case of [42], there is no way to use the Taylor series e™® = ZjeN (TjA!)J

m there is a

remainder term m and thus we are not able to control the tail, even for a
N

short time. Therefore, our idea is to first write a Taylor expansion for {57
then compute the associated heat flows.

Since u3 = v3 we need to consider

_ CcOS T3 2 1
W F (7, 23) = T{Nl_ T 75;3(7) 783_1<7)
OsF(1,23) =€ (I—-eM)e (N T sinzg)? + coszg (e ) e

B . 78§ _ %
(N + sinxs)(e 1)((N+sinx3)2)}.

to

single out the main parts of d3F. Indeed at each order of eT05 __coszs

and

It is clear that due to the structure of the initial data one has that 93 F'(7, z3)|r=0 =

0 and 9-03F(7,23)|r=0 ~ wz. Thus, for a short time 93 F(7,x3) ~ =.
We write
# = i - SlnfL'?, + Rl(xd) with Rl(xg) = %
N +sinzg N N2 (N + sinx3)N?

Then, we have

(@ D) (5 ) = €% D)5~ T + Ralas))

N +sinzs N N2
Sin$3 —r 702
= (1—e )+ (% —DRi(ws).  (35)
Notice that di N+§1mw3 = — (Ni‘;?;fgg)g, so one has that
Cos T3 cosxs  sin(2zx3) . (3N + 2sinz3) sin? 23 cos x3
= — R th R :=
(N + sinz3)? N2 N3 + Ralws)  wi 2 (N +sinx3)2N3
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Furthermore,
2 ( COS T3 ) s N (cosacg B sin(2x3) R )
(6 ) (N+Sin$3)2 (6 ) N2 N3 + 2(%‘3)
cosT3, _. sin(2x 4y 02
= N23(e 71)+%(176 47y (e7% — 1)Ry(x3).
(3.6)
For the first term in the formula of 03 F', we note that
92 COS T3 _coswz _. sin(2x3) 4, g2
¢ 3<(N+Sinx3)2) SNz ¢ TN ¢ T *Fz(a). (3.7)

Substituting (3.5))-(3.7)) into the formula of d3F and then using (3.4)), we get
t

2
Aud(t,x) = e /e(th)A{sin 1 sin xo sin(2x3) (e 707 — 674T)} dr
0

¢

2

e /e(t*T)A{sin 1 sin xo sin 3 sin(2z3) (e 737 — e*”)} dr
0

¢
+ /e(t*T)AQe*‘gT sin z; sin xQ{N(l - €T)€T8§R2(l’3)
0
+ cosxg(eTag —1DRy(x3) — (N + sinxg,)(e”??Zi - 1)R2(x3)} dr
=: 51 (t, .’)3) + Sg(t, .’L‘) + S3(t, LL’)

Now, we are ready to estimate Au3(¢, ) in the space BO_O%OO for a small time ¢ (0 <
t < 1). For s > 0, we find that

A8 (tx) =

t
N2 sin x4 sin x5 sin(2x3) /e (ths—7) (=67 _ e ) dr
0

1
=3z sin z; sin zy sin(2z3)(te 7% — (e 4 — e76))e 0

thus
[51(¢, )|l =2 = sup slle*2S1(t, )|l Lo (2
’ s>0

3.8)
1 —4t —6s 1 tz (
=zl - @™ Spse T 2 G N

To estimate €52 Ss, let us recall the formula

1
sin x3 sin(2x3) = 3 cos(x3) — 3 cos(3x3),
then

¢
1
28y (t, x) = ﬁsmzl sin zqe 2(t+5)/ (t+s=7)03 <COS(3.T3) *COSIg)( T e PT)dr
0

oo\»—l

1
= N3 sin x1 sin x5 cos(3x3)

1
- N sin x1 sin o cos x5 | te 3¢ +

»Jk\r—‘
I
| =
ml
w
~+
N———
o
|
w
w
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Thus, we have
€52 S5 (¢, )| oo (19

1 /1 1 1 1 1 1
< e <863t _ Zei?t + 8611t> e~ 1ls 4 = (te?)t Lol 4e3t> o35

and
[|S2(t, ) g=2 = supsHeSASg(t,-)HLoo(Ta)
o0, 00 >(]
: S

Lo (L s 1 4t -3t Loa 1 s 48
<N3(e <8(€ _1)+Z(1_6 )| +e t+Ze ~1 21;1886 <3—F
(3.9)

To estimate S3, we write
t

e Sy(t, x) = 272+ gin x4 sin mg/e_T{N(l - eT)e(t+s)8§R2(x3)
0
+ ltts =)o (cos x3(e” o5 _ 1)Ry(z3) — (IV +sin $3)(6Ta§ - 1)R2($3)) } dr,

and by Lemma
€2 S5 (t, )| poo (12

< 2e2(t49)

e {(€7 = DN Rall oy + 7| Rl eiry + (N + D7l Rl ey} dr

o\w

< 272049 (1 = Lt e Y| Rl ey + (1= (6 + e (1R ey + (N + DIIRE (o)) }

It is easy to check that

16
[ R2llLo Ty < i
and
48 928
1Bz < 0 RS~ < 2og-
Thus
5 496 2
HS3(t7')||Bgo%w = 5283”6 ASS(ta ')HLOO(W) < o N3 (3.10)

Let Ny := 6000. Combining (3.8 - (3.10), we have for all N > Ny,

luz(t, Mpe > [[Aus(t, )l g2,
1 2
>[92 )l pzz, — 19208 M gz2, — 1S5t )l g2 2 T2e N2
(3.11)

Step 2: further analysis of v;. Similar to previous computations, one obtains
that

.
|0sF (. ~>|\m> FIBE( o S (312)
Thus, from (3.4) and ( we have
! 2
o t
oot Mieies) S 180at Momrs S [ Radrs e (313

0
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Meanwhile, from (3.3 we see that
lur(t, )|l poo(rsy Se™ (3.14)

Step 3: final error estimate. Now we analyze the remaining part of the solution,
which we denote by w. We use L°° bilinear estimates for controlling the error.

Recall equation (2.12)), estimates , (3.14). Therefore using the equation for
the perturbation (2.12) and the estlmates (13.13] -7 we have for all 0 < T < 1,

sup [lw(t,-)|| Loe (13)
0<t<T

< sup (IB(w,ur)llze + [1B(ur, w)l|ze + [|B(w, v2)| L + [|B(va, w)|
0<t<T

+ [|B(w, w)| o< | B(u1, v2)|| Lo + [[B(v2, ur)|| Lo + [|B(va, v2)| 1)
< sup ([[B(w,ur)llzee + [[B(w, va)l| L + | B(w,w)||zoe + [1B(u1,v2)]| Lo~
0<t<T

+ 1B(v2, v2)| o)

. 17 . T: T3
+W+oi?£ l[w(t, )|l Lo (r3) OiltlgTHw(v')HLw(Tz)wL ~ta )

N|=

<T

By an absorbing argument (see Lemma for T« 1 and N > 1, we obtain
T3
sup_[lw(t, )|l pee (r2) S N (3.15)
0<t<T
Using the fact that u® = u3 + w3, estimates (3.11]) and (3.15)) imply that

[0 (&, )| poe 3y > w3 (t, )| oo crsy — lw(t, )| poe r3)
1 t3 t2
> 2 _ )y >
t (N2 N) ~ N2
and
2

t
[ (8, M zos o3y < Nt )| oe (zo) + [[w(ts )| os 23y S el

forany0§t§ﬁ<<1.
This completes the proof of Theorem [B]

4. 2.75D SHEAR FLOWS

4.1. 2.75D shear flows and nonlinear inviscid damping. Let us now describe
the aforementioned example of a 3D Euler solution that weakly converges but does
not strongly converges to the Kolmogorov flow u® = (0,sinz3,0) in L?(T?) as
t — oo. In (L.11)), take f(y1,y2) = siny; and g(y3) = —sinys. Then the following
smooth initial data

(sin(Azy + x2), —Asin(Az; + 29) +sinxz, 0), = €T3
gives a global-in-time solution to the 3D Euler equations of the form

sin()\xl + x9 — tsin xg)
W= =) sin()\xl + 29 — tsin .’L'g) +sinzsy | - (4.1)

Next consider a continuous function 7 : [0, 5] — R, which is compactly supported
in (0, 7). Moreover, consider

1
sin(¢sinxz)n(zs) drs /sm nlarcsin(y)) dy — 0, as t — oo, (4.2)
0

Vi

O\NH
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where we used the fact that {sin(ty)}+>o converges weakly to zero in the space
L?([0,1]). Using the same arguments used to establish (4.2), one can conclude that
{sin(Az1 + z2 + t cos z3) }4~0 weakly converges to zero in L?(T?) as t — oo. Hence,
uf(-,t) converges weakly to u” in L?(T?) as t — co. To see that u”(-,t) does not
converge strongly to € in L?(T?) as t — oo, note that the L? norm of u®(-,t) is
conserved in time and is initially not equal to the L? norm of uf<.

4.2. 2.75D shear flows and Onsager supercritical inviscid limits. The so-
lution u” : Ry x T3 — R? defined by (1.9) satisfies the following energy equality

t
llu? (¢, ) |22 + 21///|Vu”(s,x)|2 dads = ||uin |32, for all t > 0. (4.3)

0 T3
Such solutions are unique in the class of 2.75D flows sharing the same symmetry,
yet may not necessarily be unique in the general class of weak Leray-Hopf solutions

with the same initial data in L? ('H‘?’)E Recall from (1.11) that the corresponding
Euler solution with initial data (1.8)) is given by

uP(t,x) = (f(Ae1 + 22 +tg(as), x3), —Af(Ax1 + 22 + tg(z3), 13) — g(23),0). (4.4)
In this section, we investigate properties of u”, u” and the vanishing viscosity limit.
Proposition 4.1. Let f € L*(T?%;R) and g € C*°(T). Consider initial data ui, of

the form (1.8) with associated f,g. Suppose that u” is the global-in-time solution
9

given by (1.9) to the problem (L1) (v > 0) with initial data w,, and u is the
global-in-time solution given by (4.4) for the 3D Euler equations with initial data

Uin -
The above set up implies that the following holds true:
(1) VT > 0,u” — u? in L2((0,T) x T?) as v — 0.
(2) (pointwise convergence) ¥V t > 0,u”(t, ) — uf(t,-) in L*(T?) as v — 0.
(8) There is an absence of anomalous dissipation in the vanishing viscosity
limit. Namely, for all t >0 :

v—0

t
lim V//|Vu”(s,x)\2da:ds =0. (4.5)
0 T3

(4) Let f € L3(T?;R) then u satisfies the local energy balance. Namely for all
positive p € C°(Ry x T3 R) and t >0

lﬂf@@%@@@—/mmm%@mm
'JT?) 'JTS

t
= //6S<p|uE\2 + [uf Puf - Vo dads.  (4.6)
0 T3

Proof of Proposition[{.1 We first prove item (1). Following the same arguments as
[5, Theorem 5], we see that

uw’ Suf in L0, T;L*(T?) asv — 0. (4.7)
Using arguments along the same lines as [4], we have that for all ¢ > 0,

lu® (-, t)l[72 = lluinllZo- (4.8)

11By weak-strong uniqueness, 2.75D shear flows (1.9) with f € LP, p > 3, and g € C* are
unique amongst the general class of weak Leray-Hopf solutions.
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Thanks to (4.7]), one has that
u” — uf weakly in L2((0,T) x T?), as v — 0. (4.9)

Then it is enough to show

T T
//|u”(s,x)|2dxds — //|uE(s,m)|2dacds, as v — 0. (4.10)
0 T3 0 T3

We have the integrated energy balances:

T T t
//\u”(t,x)|2dxdt+2V///|Vu”(5,a:)|2dxdsdt=T||uinH%2,
0 T3 0 0 T3

T

//\uE(t,:zz)|2dxdt:T||uinH%2.

0 T3

From the first energy balance above,
T
lim sup // |u” (t, )| dedt
v—0
0 T3
t

T T
< limsup //\u“(t,x)|2dmdt+2u///|Vu (s,2)|* drdsdt | = T||uinl|%2.
v—0
0 0 T3

0

From and .,

T
T ||uin |32 ://|uE(t,ac)|2dxdt§hmi(r)1f //|u”(t,a:)|2dxdt
v—
0 T8 0 T3

Thus ([4.10) is satisfied and we get u” — u¥ in L2((0,T) x T?) as v — 0.
To prove item (2), we proceed similarly as for item (1). First, due to ((1.9)-(1.10)
and the energy equality (4.3]), we have that

sup ||6tuu||L2(07T;W71,2(T3)) < 0. (4.11)

This, togetheﬂ with a classical diagonalisation argument argument and (4.7)),
yields that
Vt>0 u’(,t) —uf(-,t) in L*(T3). (4.12)

Using (4.3) again, we write

lim sup/ lu” (t, z)|? do
3

v—0
¢
< lim sup </|u”(t,x)|2dx+2V//|Vu”(s,x)deds) = ||win|3 2.
v T3 0 T3

By virtue of (4.12)) and the energy balance (4.8]) for the associated Euler flow, we
write

Jusnle = [ Pt o) do < timint [ (t,2) do < a3
3 T3

12\We refer to [39) page 104] where a similar argument is used.



26 T. BARKER, C. PRANGE, AND J. TAN

Thus
/|u”(t,a:)|2dx—>/\uE(t,x)|2d:c, as v 0,
3 3

which together with (4.12)) gives item (2).
For the proof of item (3), notice that for any ¢ > 0,

t
/|u"(t,x)\2da:+2V//|Vu”(s,x)|2dxds: |2 :/\uE(t,x)de.
T3 0 T3 T3

It is then easy to find that

1ir% /|u tx|2dx+21///|Vu (s,)|* drds /|u (t,z)* dz.
v—

Combining with item (2) implies (4.5).

Let us now prove item (4). The proof includes two steps: at first, we mollify f
to get a series of smooth solutions in the form of and write down the local
energy equalities for these smooth solutions, then we pass to the limit by using that
f € L? (which is sharp as an assumption in view of the nonlinear contribution to
the right-hand-side of (£.6))).

Note that since f € L3(T?;R), there exists sequence {fx}ren € C*°(T?;R) such
that || fx — fllzz = 0, k — oo. Define

uE’k(t,x) = (fe(A\z1 + 22 + tg(zs), x3), = Afr(Az1 + 22 + tg(xs), x3) — g(x3),0).

By Fubini’s theorem, one has
[u®*(t, ) —u®(t, )70

< (AP +1) / ey + oo + tg(as),23) — FOt1 + 22 + tg(as), z3)° do

=2x(|AP + Dl fx = fll7s = 0, as k= oo
and
lim Hu (0, ) - uin(')HL2 =0.
k—o0

E.k

Now, since u?** is smooth on R, x T3, we have that for any positive p € C* (R, x

T3) and t > 0,

/ B (1, 2)Poolt, @) do
T3

¢
=/|uE’k(0,x)|2<p((),x) dx—|—//3t<p|uE’k\2+|uE’k|2uE’k-V(pda:ds.
3 0 T3

Using above convergence properties, we pass to the limit as £ — oo, and obtain the
energy balance (4.06)). O

Note that the third item in Proposition only gives convergence of energy
pointwise. Below we show that if the Euler solution has some additional Onsager
supercritical Sobolev regularity, then one obtains a uniform convergence of the
energy (i.e. u¥ — u” in L>°(R; L?(T?))) and a rate of vanishing of the anomalous
dissipation. Proposition also implies that the sufficient conditions in [I8] and
[36] on the Euler flow for the inviscid limit to hold in L°° (R, ; L?*(T?)) are not
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necessary conditions. For 2D results on the vanishing viscosity and conservation of
energy in Onsager supercritical regimes we refer to [I7], 34].
In particular, we have the following result.
Proposition 4.2. Let f € H(T%R) with ¢ € (0, %) Consider initial data w;, in
the form of with associated f and g € C*°(T). Suppose that u” is the global-
in-time solution given by for the proble (v > 0) with initial data wy,,
4.4

and u® is the global-in-time solution given by ([&.4)) for the 3D Euler equations with
nitial data Uiy

The above set up implies that the following holds true:

(1) Fort >0 and v € (0,1),

t
V//|Vu”|dacds§1/€C'()\,£,t7 lg' [ o | £ Ee)-
0 T3
(2) If f € HY(T%R) with £ € [5,2), then
u’ —uf  in C([0,T]; L3(T3)), VT >0
and for any ¢ € [0,¢) and v € (0,1),

sup [ (6) = w6 e < VDO 00T, gl | Fllare)- (413)
telo,

Proof. First let us establish item (1). Fix v > 0. For f € L?(T%R), let T,(f) := F,
be such that F), satisfies (1.10). Then

T, : L*(T?) — L?(0, 00; H*(T?)) N C([0, c0; L*(T?))
is a Well—deﬁne(_i linear operator, due to the uniqueness of solutions to (1.10) in the
class L2(0, 00; HY(T?))NC([0, 00; L2(T?)) with L? initial data. Furthermore, an L?
energy estimate on (1.10]) yields
1
1T ()l Lo 0,00:22)> V2 I T () 20 005500y < I Il2- (4.14)

When f € H'(T?), applying an H' energy estimate to (1.10) and then Gronwall’s
inequality yields

1 ctl|g’|| oo
1T (Dl 0ty P IT (Dl ooty S W0 [ s, (415)

Here, ¢ > 0 is a universal constant. Using (4.14)-(4.15)), we can apply [28, Theo-
rem 2.2.10], [6, Theorem 6.45] and the interpolation theory for linear operators [1]
Theorem 7.23]. This yields that for every f € H*(T?) (¢ € (0,3)) and t > 0

VE|E | oo ssrieey S €912 | £l e (4.16)

Applying similar arguments pointwise in time to T, (f) also yields that for every
feH T?) (£€(0,2) andt >0

1Full e onstrey S 1915 | £l . (4.17)

Using the interpolation inequality for Sobolev spaces Hélder’s inequality and (4.16))-
[.17) gives that for any f € H(T?) (¢ € (0,2)) and ¢ > 0:

t t
v [ 9B Pdnds <v [ 1B G BB ) 0 ds
0 T2 0

1-¢
< OO Bl 1 (7 /HF Wees)
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Se (i) et p g, (4.18)
Recall that u” is given by (1.9), where A € Z\ {0}. Together with (4.18)), this gives

t t

¢
1///|Vu”|2dxds§/\41///|VFV\2d:z:ds+1///|Ve”58§g\2d1’ds
0 T3 T3 T

0 0
Se () NI Ne=| £, + tv]|g'|| .

This establishes item (1).
Let us now prove item (2). Define

F(t,x1,x2) := f(z1 + tg(xa), x2),
which is a distributional solution to
OF —g(y) 1 F =0 inT? xRy
{F(anl,gﬂ) = f(y1, v2)-
Furthermore, by Fubini’s theorem
[E @ ze = [Ifll2 VE=0. (4.20)

Similar arguments as those used to establish (#.17)) give that for all f € H* and
t>0

(4.19)

1F N o 0,070y S miax(L, g’ [|zoe ) (11| ere- (4.21)
Hence, using this and (4.17)) gives
1E = Fll oo 0110y S (max(L,t]]g || poe)” + e 1) £ e (4.22)

Using (4.21)), (4.20]) and the interpolation inequality for Sobolev spaces, one deduces
that

1
1N 0 7%y Se max(Lytllg o) 21| fllzze- (4.23)
Similarly, (4.14) and (4.17) imply
ctllg’ |l oo
1Bl sy S0 € e (1.24)

Using the interpolation inequality for Sobolev spaces and Holder’s inequality, we
have

t t
26— 1) 2(3_0)
v [IRIR g ds <o [ IR P IRIGE s
0 0

t .
2(6—1) 5t 1
SR (v [ 1B ds) ™ 2,
0
Using this and (4.16])-(4.17)) gives
t
c "|| L oo -1
/ [FIZ, g ds < eIl | )5, (). (4.25)
0

Next, we consider the equation satisfied by F, — F":
2
0i(Fy = F) = g(y2) 01(F, — F) =("%2g — g(ys))01 F,
+ (A +1)02 +03)F, inT? xR, (4.26)
(FV - F)(an17y2) =0.
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Performing an L? energy estimatﬂ on (4.26) gives

t
I(E, — F)(t, )20 =2 / / ("% g — g(y2))OFo (Fy — F)dyrdysds (4.27)
0 T2
t

+ 2//1/(()\2 +1)87 + 93)F,(F, — F)dyydysds := I + 1.
0 T2
First, let us estimate I:

t
1
1) evd? 3
1] < 2t2 |2 g — g oo (0,0 | Fo — F||L°°(0,t;L2>(/ ||31Fu||2L2d8) .
0

This, Lemma [[.1], (4.14) and (4.20) imply that
1S 202 fll2llg” - (4.28)
Now we estimate I in (4.27):

1
2

t
1
11 < 200302+ DIE = Fl o (v [ 1R )
0

Using (4.23)-(4.24) and (4.25) gives

’ !
cltllg’ll 00 ctllg’llp oo

I <o )T+ (A2 4+ e 2 (max(L,t]lg|p<)? +e 2 )| fllme. (4.29)

Combining (4.28)-(4.29) gives

sup ||, (t,-) = F(t,-)|7-
t€[0,T]

Se (D) FFEO 4 1)e
eTlg’ll oo 3 1
+e 2 ) fllge +T2vz (| fllzzllg” | pee- (4.30)

Using this, the fact that u” and u® are given by (1.9) and (4.4) and Lemma
we get the following. Namely,

sup [[u”(t,-) —u®(t, )|
t€[0,T]

etTllg’ |l oo
=

1
max(1, Tg'[| )2

T g’ || 00
3

2
<o osup [P — gl + (WT)TTE(N + 1)e (max(1,T|g'||z=)?
te[0,T]

cTlg’llpoo
2

3 1
+e WA e + T2 ]| fllz2llg” || e

ctTlg |l oo

S W9 lp= + WD) ITE(N + e = = (max(L, T|g'||1=)?

eTllg i poo 3 1
=N e +T2v2 ) fllzz g [l (4.31)
This gives (4.13)) for ¢/ = 0 as required. To get (4.13) for ¢/ € (0,¢) we interpolate
(.30) with (4.22)) to get

sup [[F(t,) = F(t, )| o < 3O~ DT gl woe, 1 flLa2e). (4.32)
te[0,T]
Furthermore, using Lemma [T.1] we see that

v 2
sup [le"%2g — gll g S (VT)|lgllws.~- (4.33)
t€(0,T]

13A1 subsequent estimates can be rigorously justified by approximating f € H¢ by smooth
fx — fin HE
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By similar reasoning as the £ = 0 case we then get

sup [[u”(t,) — u® (¢, )| g
t€[0,T)

’ 2
<A sup ||Fy(t) = F(t )l ge + sup e P2g — gl e (4.34)
t€[0,T7] t€[0,T7]

Combining this with (4.32)-(4.33) gives (4.13) for all ¢’ € [0, ¥) as required. O

4.3. Strong ill-posedness for 3D Euler equations in anisotropic spaces.
Let f € WYP(T; WH4(T)), g € WH4(T) and p, q € [2,00). For A € Z\ {0}, consider
the following initial data

(f(Az1 + 22, m3), —Af(Az1 + 22, 23) — g(x3),0) € WHP(T* WH(T)),

which generates an explicit solutioﬁ u? in the form of to the 3D Euler equa-
tions on the torus. Using identical reasoning as in [3], it is clear that the roughness of
g means that (¢, ) will not lie in the expected solution space W1 (T2; W14(T))
for any positive time ¢, which shows strong ill-posedness in the sense of Hadamard
(non-existence) in the anisotropic Sobolev space. We also anticipate that it is
possible to show illposedness of the 3D Euler equations for initial data that has
dependence on three spatial dimensions and belongs to other anisotropic spaces
(analogous to the isotropic spaces considered in [4]).

APPENDIX A. HEURISTICS FOR THE STRUCTURE OF 2.75D SHEAR FLOWS

In this appendix we give some heuristics about the derivation of 2.75D shear
flows. As mentioned earlier, they are rotated versions of the parallel flows intro-
duced by Wang [44]. Here we outline another derivation based on the analysis of
the following reduced Navier-Stokes system

o +ul - Vyu + VP = Aul,
03P =0,

Al
divpu = 0, (A1)

uh|t:0 = u}qn'

We dub that system the ‘2.75D Navier-Stokes equations’[l"] Tt is well-known that

solutions to this system with H' data are smoothE
Consider initial data ul of the form

uh, = (220(2), —016(x) ). (A2)
Let us look for solutions of system (A.1)) under the form
uh = (82<I>(t,x), —01<I>(t,x)) ~Vio, (A.3)

14The fact that this is a weak solution to the 3D Euler equations uses the same arguments as
in [4, Theorem 2]

50nce we get a solution for system , then it also satisfies the so-called primitive equations,
see for example the works of Cao and Titi [9] and Hieber and Kashiwabara [25] on primitive
equations.

167 byproduct of Theorem |B| is that system is ill-posed for generic data in H'. The
proof is by contradiction. In fact, if for any initial data uf‘n satisfying condition , there always
exists a solution u® to the problem on some time interval [0, T], then one can extend u to a
solution (u",0) for the 3D Navier-Stokes problem . By local well-posedness theory for ,
regularity results in [37] and weak-strong uniqueness, one confirms that « = (u",0) is the unique
solution on [0, 7] supplemented with initial data (u? ,0). In particular, it implies that u® = 0 will

be preserved.
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where Vit := (02, —0;). Notice that the pressure is now given by
{AhP = —divy,(u" - Vjul) = 2 det (Hessian, ®)
03P =0,
where we used the vector identities
divi ((VE®) - V4(Vi-®)) = dividivi, (Vi) & (VD))
= (VaVi @) : (Vu Vi ®)" = —2det (Hessian, @),
where
010, 03
In order to have d5 P = 0, one has to satisfy
05 det (Hessianh <1>) =0.
If there exist a function ¥ : T x Ry — R and a constant A € Z such that
La®(t,x) =V(t,x3) with Ly := 01 — Adq, (A.4)

2
Hessiany,:= ( Or 010 ) .

then we have

B o Ro N\ [ 510,®
815,\@—625,\¢—0 l1.e. ( 8182<I> ) —)\( 8%‘1) 5

and thus
det (Hessian, ®) = 0. (A.5)
In the following, we will focus on the case (A.4) for the Cauchy problem (A.I).

Concerning the initial data, we also need to look for a function ¢ : T — R such
that

£26(x) — b(xs) = 0. (A.6)
Recalling that the velocity u® = Vﬁ@ and taking into consideration , one has
ul - V! = (—1,\) Uoie

and P is a constant. Finally, we are lead to considering the following system
010 ® — W (t, 13) 030 = ADp® in R x T3,
Ot NO2® + W (t,23)) — ANU(t,23) 030 = A(ND® + U(t,z3))  in R, x T3,
(@, ¥)|t=0 = (¢,%) with Lx¢—1(zs) =0,
which can be simplified as
010y ® — W(t, x3) 020 = AD,® in Ry x T3,
0y (t,x3) = 03V(t, x3) in Ry x T, (A.7)
(@, V)[¢=0 = (¢,)) with Lx¢ —tp(x3) = 0.

In conclusion, ¥(t,z3) = (Kxv)(t, x3), where K is the one-dimensional heat kernel
see (1.20]), and 0, satisfies the linear transport-heat equation

Ow+V -Vo=Av inRy xT® with V = (0,-¥(t,23),0),

(A.8)

Vin = 82(725
Take ¢(x3) = g(x3) and
Azxy+x2
¢(x) = p(Axy + @2, 23) = / f(yr,@3) dyy + 219 (ws).
0

Obviously, ¢(x) and ¢ (x3) satisfy (A.6), so the associated solution 02®(t,z) of
(A-8) for which u" given by (A.3) solves problem (A T]).
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